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Abstract In 2018, Jungin Lee [5] gave a necessary and sufficient condition for a diagonal quadratic form
YolaiX 12 where a; € Z for all i, 1 <i < m for representing all 2 x 2 matrices over Z. In this paper, we will
consider the imaginary quadratic field Q(+/—7). Its ring of integers O is a principal ideal domain. Q(+/—7) is the
only imaginary quadratic field such that O is a principal ideal domain and 2 is a product of two distinct primes
in O (upto units). With O as above, in this paper we give a necessary and sufficient condition for a diagonal
quadratic form a1 X 12 +ar X % + a_gX% where ay, az, az € O to represent all 2 x 2 matrices over O.

Keywords Imaginary quadratic number field - Ring of integers - Diagonal quadratic form - Universal form -
Principal ideal domain
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1 Introduction

Representation of integers as sums of squares was introduced by Pierre de Fermat [3] who stated the following
result: a prime number p € N is a sum of two squares if and only if p = I(mod 4). In 1770, Joseph Louis
Lagrange [3] proved that every positive integer can be written as a sum of atmost four squares over Z. Throughout
this paper R will always denote a commutative ring with unity.

Definition 1 Let m > 2 be an integer. An m—ary quadratic form ¢ over R is a homogeneous polynomial in

m-variables of degree 2. Thus we can write ¢(X1, X2, ..., Xp) = Zm ' a;j X;X; where a;; € R for all i,
i,j=

1 <i<m.Ifa;; =0foralli # j then q is called as a diagonal quadratic form.

The result of Lagrange obtained above can be reformulated easily in terms of diagonal quadratic forms rep-
resenting elements of certain rings. The question of diagonal quadratic forms representing elements of certain
matrix rings too, therefore occurs naturally as a generalization of the above result. We first recall a few results in
the context of matrices, then state the result of Jungin Lee, which is the motivation for obtaining the results in
this paper. We then state and prove the main result of the paper. We begin with the definition of universality of a
diagonal quadratic form over matrix rings.
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Definition 2 Let n > 2 be an integer and let R be a commutative ring with unity. Let M, (R) denote the set
m
of all n x n matrices with entries from R. A diagonal quadratic form Z a;i X 1'2’ where a; € R is said to be

universal over M, (R) if for every A € M, (R) there exist N1, Na, ..., le_e M, (R) depending on A such that
m

> aiN? = A
i=1

In 1975, M. Griffin and M. Krusemeyer proved the following result.

Proposition 3 [2] Let n > 2 be an integer. If 2R = R, then every matrix in M, (R) is a sum of three squares of
matrices in My (R). Thus, if n > 2 and 2R = R, the diagonal quadratic form X* + Y? + Z? is universal over
M, (R).

In 1986, L. N. Vaserstein [10] proved that for n > 2, every matrix in M, (Z) is a sum of squares of three matrices
in M, (Z) i.e., the quadratic form X 2 4 ¥2 4 72 is universal over M,,(Z). L. N. Vaserstein gave a proof of the
above result by proving the following theorems.

Theorem 4 [11] Let n > 2 be an integer. A matrix A € M, (R) is a sum of squares in M, (R) if and only if
trace(A) is a square mod 2R.

Theorem 5 [10] Let n > 2 be an integer. Let A € M, (R) be such that A can be written as a sum of squares in
M, (R). Then A can be written as a sum of three squares in M, (R).

In 1987, D. R. Richman [8] proved that for n > k > 2, every matrix in M, (Z) is a sum of seven k-th powers in
M,,(Z). This result can again be interpreted easily in terms of universality of a certain diagonal quadratic form.
Further, an extremely elegant criterion for the rings of integers of algebraic number fields (Z being a particular
example) was obtained by S. A. Katre and S. A. Khule. We recall it here: let K denote an algebraic number field
and Ok denote its ring of integers. In 1999, S. A. Katre and S. A. Khule [4] proved that forn > k > 2,everyn xn
matrix over Ok is a sum of k-th powers if and only if ged(k, discriminant Ok ) = 1, where discriminant Og
denotes the discriminant of the ring of integers Ok .

In 2017, Jungin Lee [5] gave a necessary and sufficient condition to check when a diagonal quadratic form

Zm i X 1-2, a; € 7 1is universal over M;(7Z). We recall below his theorem:
1=

Theorem 6 [5] An integral quadratic form E m |G Xl2 is universal over M»(Z) if and only if there is no prime
1=

which divides m — 1 numbers of a1, az, ..., ay, and there exist three numbers of a1, a, . .., a, which are not

multiples of 4.

The proof of the above theorem essentially used the fact that Z is a unique factorization domain. Assuming
universality it was proved that both the conditions stated above hold by using the result that a X and a; X ]2 +ar X %
where a, ay, ay € Z are not universal over M>(Z,) and M>(Z4) respectively, where p is a prime in Z. Assuming
the given conditions they proved that the matrix equation a; X % + agX% + a3 X % = A has a solution for any
A € My(Z) where X; € M»(Z) are constructed. Also note that Z is the ring of integers of Q. Hence it is an
interesting question to ask whether such a criterion exists for matrices over rings of integers of a quadratic field.
We know that for a quadratic field Q(+~/D) where D = 8K + 1 for some K € Z, 2 is a product of two distinct
primes (upto units) in its ring of integers [6]. If we consider imaginary quadratic fields then we know that only
for

De{-1,-2,-3,-7,—11,-19, —43, —67, —163},

the corresponding ring of integers is a principal ideal domain [7]. We know that from the above set only for
D = —1,-2,—7; 2 is not a prime in the corresponding ring of integers. Moreover, only for D = —7; 2 is a
product of two distinct primes in the corresponding ring of integers and for D = —1, —2; 2 is a square of a prime
in the corresponding ring of integers. In 1999, S. A. Katre and S. A. Khule [4] proved that for D = —1, —2 not
every 2 x 2 matrix over the corresponding ring of integers can be written as a sum of squares. They proved that
this happens only if the discriminant of the ring of integers of these number fields is even. So our main focus will
be the imaginary quadratic number fields with the property that the ring of integers is a principal ideal domain
and 2 is a product of two distinct prime factors in the ring of integers.

For the rings of integers of imaginary quadratic number fields, there is only one such ring. This is when D = —7.
In this paper, we are going to consider this case i.e., the quadratic field Q(v/—7). Let O denote its ring of integers.
We will prove the following theorem:

@ Springer
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1+ /-7
Theorem 7 Let O = Z[§] where § = bk

ay,az,as € O is universal over M>(O) if and only if ay, ay, a3 are pairwise coprime and none of them is
divisible by o for every prime divisor o of 2.

. The diagonal quadratic form alX% + azX% + a3X% with

2 Preliminaries

We make the following notation conventions: Let x;,a; € Ofor1 <i <mnand1 < j < m.

(1) x1,...,x5 | @1, ...,ay means x; | aj foralli, j (1 <i <mand1 < j <m).
(2) x1,...,x, a1, ...,ay means x; ta; foralli, j (1 <i <mand 1 < j <m).

Definition 8 (Greatest Common Divisor) An elementd € O is said to be a greatest common divisor of a, b € O
(abbreviated as ged(a, b)) if the following conditions hold:

(i) d|aandd | b
(ii) if d; | a and dy | b for some d; € O then d; | d. We denote this d by gcd(a, b) and it is unique upto
multiplication by units.

Proposition 9 [1] Let a,b € O be both non-zero. If d = gcd(a, b), then there exist x1,xy € O such that
d = ax| + bx».

Remark 10 Leta, b € O be both non-zero and d = ged(a, b). From Proposition 9 there exist x, y € O such that
ax +by = d. Then both x and y can be taken to be non-zero. For this we consider a(x +tb) + b(y —ta) = d for
—X

b
Then x; and x; are both non-zero and we still have ax; + by; = d.

—X
some ¢ € O. Choose any non-zero ¢t € O such thatt # 5 Yt , Y € O.Letx; =x+tbandy; =y —ta.
a a

Lemma 11 For non-zero a, b, c € O if gcd(b, c) = 1 then there exists a non-zero k € O such that ¢ | a + kb.

Proof As ged(b, ¢) = 1 from Remark 10 there exist non-zero A, i € O such that Ab + pc = 1. Multiplying this

equation by a we get a + (—aA)b = (ap)c and it implies that ¢ | a + kb where k = —aA # 0. O
Fora = a + by/—7 € Q(/—7) where a, b € Q let @ = a — b/—7 denote its conjugate in Q(+/—7).
14+ /-7
We know that O = Z[§] = {a—i—b(S ca,beZand§ = +T . We have @ € O then @ € O [7]. Note
further that
_ 1—/-7 _ _
5= — €0, N@)=85=2, traced=08+6=1, 8§>—86+2=0 (11.1)

Also we have that O is a Euclidean domain (and hence a principal ideal domain and a unique factorization domain
too) and 1 are the only units in O [7]. In the rest of the paper, we shall fix 2 = 88 as the prime factorization of
2 in O. Other factorizations of 2 are 2 = (—1)(=8)8 = (—1)8(—8) = (—8)(—3). Any of these factorizations do
not affect the results of this paper.

The following Lemma gives conditions to check divisibility of algebraic integers by prime factors 8 and &
of 2.

Lemma 12 Let a, b € Z and consider a + bé € O. Then,

(i) 8 | a+ bd if and only if a is even.
(ii) 8 | a + bd if and only if a and b have same parity modulo 2.
(iii) 8 ta+ bs and § 1 a + bS if and only if a is odd and b is even.

Proof (1) Suppose a + b6 = §(x + y§) for some x, y € Z. Then from Equation (11.1), we have a 4+ b§ =
—2y + (x + y)& which implies that @ = —2y and hence a is even. Conversely, suppose a is even then clearly
S |a+bdas2=346.

(ii) Suppose a + b8 = 8(x + y8) = (1 — 8)x + 2y = (x + 2y) — x8 which implies that a and b have same
parity modulo 2. Conversely, suppose a and b are both even then clearly § | a + b8 as 2 = 85. Now suppose
that @ and b are both odd then we can write a + b8 = (a +b) — b(1 — 8) = (a + b) — bS. We have a + b is
even and hence divisible by . So we get § | a + b8.
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Proof of (iii) follows immediately from (i) and (ii). |

Remark 13 Let m € O be a prime such that & #£ §, §. From Lemma 12 we have 7 = (4t; + 1) + (212)8 or
7 = (41 4+ 3) + (212)8 for some t1, 1, € Z. Hence, we always have 72 = 1(mod 4).

Remark 14 (i) Let J be the principal ideal generated by o in @ where ¢ is a prime factor of 2. We have
|©/J| = |N(c%)| = 4 and it is easy to check that @/ J is ring isomorphic to Z4 under the map ¢ defined by
047501475 Lo+s5and (1 +0)+ 75 3,

(i1) As O/J is afinite ring so any non-zero element is either a unit or a zero divisor. Leta € O thena+J € O/J
is a zero divisor if and only if a + J = b + J for some b € O thatis a = oc for some ¢ € O.

(iii) There are 4 equivalence classes of O(mod 2) which have representatives 0, 1, §, 1 + 8.
(iv) If (8) and (§) denote the ideals of O generated by § and & respectively, then ©/(8) and O/ (§) are fields of
order 2.

Now we prove our main Theorem 7.

3 Universality implies necessary conditions

In this section we first prove that the diagonal quadratic forms a X 2 and 1 X % + azX% where a,ay,ap €
O are not universal over M>(O). These results are used in proving that if the the diagonal quadratic form
a1 X % + ang +azX % is universal, then a1, a, a3 are pairwise coprime and none of them is divisible by o2 for
every prime divisor o of 2.

3.1 Some observations

Lemma 15 A quadratic form aX? where a € O is not universal over M (O). In fact for any non-zero proper
ideal I of O, aX? is not universal over My (O/1) .

Proof Assume on the contrary that is X2 is universal over M,(O). Let I be any non-zero proper ideal in O
then we have aX? where @ = a + I € O/I is universal over M>(O/I). We know that O/ is a non-zero finite
ring [9] which implies that M>(O/1) is a finite set. Consider the function ¢ : M (O/I) — M>(O/I) defined

2
) _|00" __]00
by Y — aY thenwehavea|:001| _a|:10

finite set we get ¢ is not surjective. Therefore, a X 2 is not universal over M»(©/1) and hence not over M» (). O

2
i| which implies that ¢ cannot be injective. As M>(O/I) is a

Lemma 16 A quadratic form alX% + GQX% where ay, ay € O is not universal over M>(O).

Proof Assume on the contrary that a; X 12 + azX% is universal over M>(QO). Suppose that there exists a prime
7 € O such that v divides a;. Then we have ElzX% is universal over M, (O/(x)) where ay = ar + () € O/ (),
a contradiction to Lemma 15. Similar argument holds if 7 divides a,. Thus, there is no prime that divides a; and
a> that is a; and a are both units in O. This implies that a| = a; + (02) anday = ar + (02) are units in O/(oz)
where & = § or 5. Then we have Zth% + 6_12)(% is universal over M»(©/(c2)). From Remark 14 (i), we have
¢(ay), ¢p(ay) are units in Zy that is ¢ (a), ¢(az) € {T, 3}. Further by assumption, we get ¢>(&1)X% + ¢>(&2)X%
is universal over M»>(Z4). However, X 12 + X % and X 12 +3X % are not universal over M»(Zy4) [5] as each of them

does not represent |:(1—) (3)] and |:g gi| Also 3X]2 + §X§ is not universal over M (Z4) as 3X% +3x2 = |:(:_’; (I)i|
for some X1, X» € M»(Z4) would imply that X% + X2 = |:(1) g , a contradiction. m|

3.2 Proof of universality implies necessary conditions

Suppose that a1 X % +arX % +a3X % is universal over M, (). Then it is universal over M, (/1) for every ideal 1
of O. Suppose that aj, az, a3 are not pairwise coprime. Without loss of generality suppose 7 | ged(az, az) where
w isaprimein O. Let [ be the principal ideal generated by 7 in O. Then we have a; X f wherea; = a1+1 € O/1
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58 M. Nullwala, A. S. Garge

is universal over M>((O/I), a contradiction to Lemma 15. Now without loss of generality suppose that «? | a3
where « is a prime divisor of 2. As ay, az, a3 are pairwise coprime we have « { a1, ap and from Remark 14 (ii)
we get aj and ap are units in @/J where J is an ideal generated by o?in O. Then a; X % + ElzX% is universal
over M»(O/J). From Remark 14 (i), we get X12 + X2, X% + Z_%X% or .’_’>(X12 + X%) is universal over M»(Zy4), a
contradiction [5].

4 Sufficient conditions imply universality

In this section we prove that if the diagonal quadratic form a; X % + azxg + a3 X % with ay, as, az pairwise
coprime and none of them is divisible by o2 for every prime divisor o of 2 (that is 52, 52 1 ayapas), then
a1 X % + agX% + a3 X % is universal. Under these conditions, the diagonal quadratic form is exactly one of the
following types:

Type I: Both § and § divide none of the a;; 1 <i < 3 thatis 8, § { ajaza;.

Type II: § divides exactly one of the a; and & divides none of the a; that is § | ajazas and § { ajasas.

Type I1I: § divides exactly one of the a; and § divides none of the g; that is 5 | ajazaz and 8 1 ajazas (notice
the symmetry in Type II and III).

Type IV: 2 | @; forsomei (1 <i < 3).

Type V: 8 | a;, 8 | aj forsome i, j (1 <i # j <3).

We will prove that for any |:I: CSI :| € M>(O) there exist X, Xp, X3 € M>(O) such that a1X12 ~|—a2X§ + a3X§ =
Pq
rs |
4.1 Matrix equation of form I
In order to prove universality of the diagonal quadratic form a; X 12 +ar X % +a3X % over M, (0O) we shall assume
that X1, X, X3 € M»(O) are of a specific type and then explicitly construct them depending on the matrix which

they need to represent. Following is the matrix equation of form I [5] corresponding to the diagonal quadratic
form alX% + azX% + agX% :

X y 2 X y 2 ON 2 pPq
1 1 2 2 _
alfeta] relEaZa] o [15] - [70)

The above matrix equation has a solution if and only if all the four equations below have a solution:

a (¥ + yi121) + ax(x3 + y222) + asN = p (16.1)
aic1yr +axc2y2 =4q (16.2)
aic1z1 + axc2z2 =r (16.3)
ai(vi1z1 + (c1 —x)) + a2 (222 + (2 — x2)*) +a3N =5 (16.4)

Using Equation (16.1) it is easy to show that Equation (16.4) can be rewritten as
2(ajc1x1 +axerxy) = p—s+ alc% + azc% (16.5)

Once we have found ¢;, x;, v, zi, N € O such that Equations (16.1), (16.2), (16.3) and (16.5) hold then it follows
that for same c¢;, x;, v;, zi, N € O Equation (16.4) also holds. This is because from Equation (16.1) and (16.5)
we geta; (yiz1 + (c1 —x1)?) +a2(y222 + (2 —x2)?) +a3N = a1 (x? +y1z1) +a2(x3 + y222) +a3N +aic? +
arcs —2(ajc1x) + axerxz) = p — (p —s5) = 5.

Let a3 = 8%5Yd where x, y € {0, 1} and 8, § td.Let g = ged(ajcy, axea), vs = s and vz = ;_l—i. From

8)(
Remark 13 we have d2 = 1(mod 4).
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Remark 17 To prove that form I has a solution it is enough to first prove that for some fixed value of ¢; and ¢;
there exists a solution of Equations (16.2), (16.3) and (16.5) and then for some solution of these equations, if
we prove that a; (xl2 + y1z1) + a2 (x% + y2z2) — p is divisible by a3, then we are able to find N € O such that
Equation (16.1) holds.

In Claim 20 we state sufficient conditions to prove the existence of a solution of the matrix equation of form I.
Motivation of conditions (a) and (b) of Claim 20 is that the solution of Equations (16.2), (16.3) and (16.5) exists
only if g = ged(ajcy, axca) divides both ¢ and r and also 2g divides p — s + alc% + azc%. If d is not a unit and
o | a3 where 0 = § or § then conditions (c) and (d) of Claim 20 together with replacements in Remark 18 and
Lemma 19 enable us to prove that a; (x% +y1z1) + a2 (x% + y2z2) — p is divisible by d and o and consequently
by as.

Remark 18 [5] Translational replacement: Let A = a1(x12+y111)+a2(x§+y2z2)—p forsomea;, x;, yi, zi, p €
O where i = 1, 2. If for some v, 1, k, ¢y, c2 € O we replace

y1 = y1 + kvaxca, y2 — y2 — kvajc
Z1 = 21 +tvaxcy, 72 —> 72 — tvajc

then A changesto A+vaja(t P+k(Q+tR)),where P = yjco—y2c1, QO = z1co—z2c1and R = v(a1c%+a2c§).
Proof of Remark 18: With the above replacements we get A changes to

a1 (x7 + (y1 + kvazer) (z1 + tvazer)) + ax(x3 + (y2 — kvaycr)(za — tvaicy)) — p
= ai(x{ + y121 + tvazcayy + kvazcazy + ktvia3e3) + az(x3 + y222 — tvajcrya
—kvajcizo + ktvza%c%) -p
= A +vaiax(t(yica — yac1) + k((z1€e2 — z2¢1) + tv(aict + axc3)))
= A+vajax(tP +k(Q +tR)),

where P = yjc2 — y2c1, Q = z1¢2 —z2c¢1 and R = v(alc% + azc%).

Lemma 19 Let a, b, c,d,e € O be such that both a and b are non-zero. Let y € O be both non-zero and
non-unit. Suppose gcd(b,y) = 1. If any one of ¢, d, e is coprime to y then there exist ki, ky € O such that
B =a+ b(kic + ky(d + kye)) is divisible by y.

Proof Case (i) Suppose ged(d, y) = 1.
Take k; = 0 then we have B = a + kobd. As ged(bd, y) = 1 and a # 0 then from Lemma 11 there exists
ky € O such that y | B.
Case (ii) Suppose ged(c, y) = 1.
Take k» = 0 then we have B = a + k1bc. As ged(be, y) = 1 and a # 0 then from Lemma 11 there exists
k1 € O suchthat y | B.
Case (iii) Suppose gcd(e, y) = 1, gcd(d, y) # 1 and ged(c, y) # 1.
We first choose k; € O such that gcd(d + kje, y) = 1 and a + kjbc # 0. Let « be the product of those
prime factors of ¥ which does not divide d and if no such prime factor exists then take « = 1. Asa # 0 we
can choose suitable k; € {—«, «} such that a + k1bc # 0. We have ged(ky, d) = 1. If d + kje = 0 then we
getd = —kje. As ged(d, y) # 1 then for some prime 7 € O we have 7 | gcd(d, y). Further we get 7 | d
and | y. Asd = —kje we get w | kj or 7w | e, a contradiction as ged(k, d) = 1 and ged(e, y) = 1. So we
have d + ke # 0. Now suppose there exists a prime 7 € O such that 7 | ged(d + kie, y) then 7w | d + kje
andrm | y. Asm | y we have either 7 | d or w | k;. If w | d and we have 7 | d + kje then we get 7 | e,
a contradiction as ged(e, y) = 1. If w | k1 and we have | d + kje then we get w | d, a contradiction as
gcd(d, k1) = 1. This implies that ged(d + kje, y) = 1. As ged(b, y) = 1 so we get ged(d + kie, y) = 1.
Then from Lemma 11 there exists kp € O such that y | B, where B = a + b(kjc + ko (d + kje)). m|

We now state and prove a claim such that on verifying that the conditions of the claim are met, we can obtain
solutions X1, X», X3 for universality of a diagonal quadratic form alX% + azX% + agX%. This is done in the
next section. Below we first give a proof of the claim.

Claim 20 Let g = gcd(ajicy, arcy) and az = 8*8Yd where x, y € {0, 1} and 5,8 1 d. Suppose for suitable
c1, ¢y € O the corresponding g satisfies conditions (a), (b) and (c):
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(@ glq,r,

(b) 2g | p — s +aict + axc3,

(c) dt alc% + azc%.
Further suppose 8 or § divides a3 (Note that both 8, 8 may divide az too). Then assume in this case that the
condition below holds:

(d) Ifo | a3 where 0 = § or 8 then o Ry = v, (alc% + azc%) or for some solution of Equations (16.2) and
(16.3) atleast one of P = cpy1 — c1y2 and Q = c221 — ¢122 is not divisible by o.

Then form I has a solution (in ©O). (Note here that condition (d) need not be checked if 8 and § both do not
divide a3).

Proof of the claim: Note that g = gcd(ajc1, axc2) and Proposition 9 implies that there exist x;, y;, z; € O
such that ajc1y; + axca2y2 = g, ajc1z1 + axcaza = g and 2(ajc1x1 + axcaxz) = 2g. Using conditions (a) and
(b) and by multiplying the above equations with suitable factors in O, we get solution of Equations (16.2), (16.3)
and (16.5).

Let A = al(x12 +yiz1) + az(x% + y222) — p. If A = 0 then we have a3 | A and hence we get the required
result. Suppose A # 0. Now we replace solution of Equations (16.2) and (16.3) as in Remark 18 such that
Equations (16.2) and (16.3) still hold and a; (xl2 + yiz1) + a2 (x% + y2z2) — p becomes divisible by a3. Apply
Remark 18 with v = 2 so that values of yi, y2, 21, z2 modulo o where ¢ = § or § are invariant which implies
that condition (d) still holds. We get

Ay = A+ 2a1a2(tP + k(Q +tR))

where P = coy1 — c1y2, @ = 221 — c122 and R = 2(ajc] + axc3). As A # 0 and ged(d, 2ajaz) = 1, from
condition (c) we get gcd(d, R) = 1. Then from Lemma 19 with y = d and b = 2aa; there exist k, t € O such
that d divides A;. If 8, 8 { a3 then we have a3 | A and hence the result.

Suppose o | a3 where 0 = & or 8. If A = 0 then we have a3 | A; and hence we get the required result.
Suppose A # 0. Replace as in Remark 18 with v = v, we get

Ay = A1 +vsa1a2(tP + k(Q +tRs))

where P = yjco — yac1, Q = z1¢0 — z2¢1 and Ry = v, (alc% + azcg). From condition (d) we have o { R, or
atleast one of P and Q is not divisible by . As A} # 0 and gcd(vyajaz, o) = 1 by Lemma 19 with y = o
and b = vyaja; there exist k, r € O such that o | A,. Note that d | A, as d divides v, as well as A;. If & 1 a3
then we have a3 | A, and hence the required result. Assume further we also have ¢ | a3 and A, # 0. Note that
values of yi, y2, z1, z2(mod o) are invariant after the two replacements above as ¢ | 2, v,. Apply Remark 18
with v = v; we get

Az = As +vsarary(tP +k(Q +tR3))

Further by similar argument as above we get ¢ | a; (x% +yiz1) + a2 ()c22 + y2z2) — p. Continuing both the steps

above, we get that a3 | aj (xl2 + y1z1) + az(xg + y222) — p and hence we get N € O such that Equation (16.1)
holds.

4.2 Proof of universality of Types I, II and III

To prove that diagonal quadratic forms of Type I, IT and III are universal we consider matrix equation of form I
and choose ¢ and ¢, depending on the value of p — s(mod 2) such that all the conditions of Claim 20 hold.

Type I: 5, S J[ ajazas.

Here we have a3 = d. The following table gives values of c¢; and ¢, corresponding to the values of p —
s(mod 2). Note that alc% + azc% (mod 2) is evaluated by using Lemma 12 and Remark 13.

For every case in Table 1 we have g = 1 and d 1 alc% + agc% so condition (a) and (c) hold. The table above
shows that condition (b) also holds. We have 8, § { a3. Therefore from Claim 20 we get the required result.

Type II: § | ajazas and g J[ ajazas.

Consider the following cases depending on the divisibility of p — s, g and r by 8.

Case 1: Not all of the p — s, ¢ and r are divisible by §.
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Table 1 Type I

p — s(mod 2) cl ) alc% + azcg(mod 2)
0 d 1 0
1 2d 1 1
) 5d 1 )
5 8d 1 5

Table 2 Type II, Case 1 (i)

p — s(mod 2) c1(mod &) co(mod §) Rs(mod §)
1 0 1 1
§ 0 1 1

Table 3 Type II, Case 1 (ii)

p — s(mod 2) c1(mod 8) c2(mod §) P(mod 8) Rs(mod 8)
0 1 1 i+ 0
3 1 1 i+ 0

Table 4 Type II, Case 2

%(mod 2) 1 &) p — s+ aic} + axc3(mod 26)
0 sd 5 P (? +82d%d, + 8a2> =0
1 d 2 8(% +d%d) +26ay) =0
5 2d 5 3(? +4d%d) +8ay ) =0
5 d 5 5(? +d2d1+8a2>50

Without loss of generality let §, 5 tay,ap and a3 = 8d where d € O and §, 5 { d. Take values of ¢| and ¢
as in Table 1. Thenwe have g = 1,2 | p — s + alc% + azc§ and d 1 alc% + azcg that is conditions (a), (b) and
(c)hold. As & | a3 and & { a3 so now we prove that condition (d) holds for §.

Case 1 (1))8 1t p —s.

We have p —s = 1 or §(mod 2). Table 2 above shows that for both the possibilities we have 8 { Rs. Therefore
condition (d) hold and from claim 20 we have the required result.

Case 1 (i1))8 | p—sand § 1gq.

We have p — s = 0 or §(mod 2) and Table 3 above shows for both of these possibilities we have Ry =
O(mod §). We have P = coy; — c1)2.

As § 1 g from Equation (16.2), we have y; + y» = 1(mod §) then from the above table we get § 1 P.
Therefore condition (d) holds and hence from Claim 20 we have the required result.

Case 1 (ili))§ | p—sand § 1 r.

Similar proof can be written as in case (ii) above by considering Equation (16.3) in place of Equation (16.2).

Case 2: Each of p — s, ¢ and r is divisible by 4.

For this case without loss of generality let a; = §d; where §, 5 {1 d; and §, B { az, a3. For this case we have
p—s
a3 =d.Asé | p —s we have

p—Ss

€ O. Table 4 below gives values of ¢ and ¢, corresponding to the values

of

(mod 2). Note that p — s + alc% + azcg (mod 20) is evaluated by using Lemma 12 and Remark 13.

For every case in Table 4 we have ¢ = § and d { a; c% + azcg. As § | g, r so condition (a) and (c) hold. The
table above shows that condition (b) also holds. As 8, § { a3 and hence from Claim 20 we get the required result.
Type III: By considering similar cases as in Type II above we get the required result.

N
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4.3 Matrix equation of form II

Diagonal quadratic forms of Type IV and V cannot be proved universal by using matrix equation of form I
(see Appendix). If p — s % O(mod 2) then in next subsection we prove that there exists solution to matrix
equation of form I corresponding to diagonal quadratic form of Type IV and V. From Appendix we get that if
p —s = 0(mod 2), then we may not get solution by using form I for some values of ¢ and . Therefore we define
matrix equation of form II in which we assume that p — s = O(mod 2) and prove that solution exists for all
values of ¢ and r. Consider a diagonal quadratic form a; X 12 + ang + a3 X% of the Type IV or V then we have
2 | ajazaz and 82, 82 t ay, az, az. Also there exists a; such that §, 5 t a; and without loss of generality let a, be
the such coefficient of the diagonal quadratic form. Following is the matrix equation of form II corresponding
to diagonal quadratic form a1 X % + ang + a3X?2,.

X1 V1 2 X2 2 2 0 1 : P4
all:zl c1—x1:| +a2|:zg—lc2—x2:| +a3|:z363—2a2k] =|:rs]

Note here that we have a different form for X, and X3 as compared to that in form I. The above matrix equation
has a solution if and only if all the four equations below have a solution:

a1 (¢} 4 y1z1) + ax(x3 + y2(za — 1)) +azzz = p (20.1)
ajc1yr + axcays + azes — 2axazk = q (20.2)
aic1z1 + arca(zo — 1) + azza(cs — 2axk) = r (20.3)
a1(yiz1 + (c1 —x0)) + ax(3a(z2 — 1) + (2 — x2)%) + a3(z3 + (c3 — 202k)*) = s (20.4)

Using Equation (20.1) it is easy to see that Equation (20.4) can be written as:
2(ajc1x1 +axcaxy) = p—s+ a1c% + azcg + a3c§ —4arazcsk + 4a3a%k2. (20.5)

Once we have found x;, y;, z;,¢j, [,k € Ofor1 <i <2and 1 < j < 3 such that Equations (20.1), (20.2),
(20.3) and (20.5) hold then it follows that for the same x;, y;, z;, cj, [, k € O Equation (20.4) also holds. This is
because from Equation (20.1) and (20.5) we get aj (y1z1 + (c1 — x1)%) + a2 (y2(z2 — I) + (c2 — x2)?) + a3(z3 +
(c3 —2a2k)?) = ai (x7 + y121) + a2 (x5 + y2(z2 — 1)) + a3z3 + a1¢3 + axcs + azc3 — 4azrasesk + 4ajask® —
2(ajcix) +axepxp) = p— (p —s) =5. B o

Let a3 = §*8d where x,y € {0,1},d € O and 8,8 t d. Take yp = 0, ¢, = 1l and ¢3 = a8¢8' where
e, f € {0, 1} are chosen suitably. Note that e and f are possibly chosen non-zero only if § and & divides a3
respectively. If ¢ — a3cz = 0 then take ¢; = d. If ¢ — azc3 # 0 then let o be the product of those prime factors
of ¢ — azc3 other than § and § with multiplicity which divide a3. If there are no such prime factors of ¢ — a3cs,

then take @ = 1. So we have gcd (w, d) = 1 and for this case take ¢; = «.
o

From Remark 13 we have ¢; = 1(mod 4). Let g1 = ged(ajcr, az) and g2 = ged(ay, 2a2a3). As ay, az, a3
are pairwise coprime we get g1 = 1.

In Claim 22 we state sufficient conditions to prove the existence of a solution of the matrix equation of form
II. Motivation for these conditions is given in Remark 21 below. Then a proof of Claim 22 is given by proving
steps in Remark 21.

Remark 21 To prove that matrix equation of form II has a solution it is enough to do the following steps:

Step 1: Prove that there exist y;, k € O such that Equation (20.2) i.e., ajcy; — 2axazk = g — azc3 holds.
Step 2: Eliminate z3 from Equation (20.3) by substituting [ = a3z3(8¢8/ — 2k) and prove that there exist
71, 22 € O such that Equation (20.3) i.e., ajc1z1 + a2c2z2 = r holds.

Step 3: Prove that there exist x1, x2 € O such that Equation (20.5) holds.

Step 4: Let A = a; (xl2 + yi1z1) + azxg — p. Then prove that for some solution of equations in the above
steps we have a; (x12 +yi1z1) + azxg — p is divisible by a3 i.e., we are able to find z3 € O such that Equation
(20.1) i.e., al(xl2 + y1z1) + azxg + azzz = p holds. Finally we get [ € O of the form in Step 2 and hence
the existence of the solution of the matrix equation of form II.

We now state and prove a claim such that on verifying that the conditions of the claim are met, we can obtain
solutions X1, X», X3 for universality of the diagonal quadratic form a; X % +ar X % +a3X % Below we first give
a proof of the claim.
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Claim 22 We have c3 = 2887 where e, f€{0,1}, p—s =0(@mod 2) and §, 5 tay. Let gy = ged(ay, 2aza3).
Suppose for suitable values of e, f € {0, 1} the corresponding c3 and g; satisfy conditions (a) and (b) below:

(@) 2| aj +az +ascs,
(b) g2 1 q —azcs.

Further suppose § or 8 divides a3 (Note that both 8, § may divide az too). Then assume in this case that the
condition below holds:
p—=s al+a2+a3c§
2 _
Then form II has a solution (in O). (Note here that condition (c) need not be checked if § and § both do not
divide a3).

(¢)Ifo | a3 where o = 8 or & then = p(mod o).

Proof of the claim: First consider Equation (20.2) i.e.,
ajc1y) — 2arazk = g — azcs. (22.1)

We obtain solutions y;, k € O of the above equation such that both are non-zero and gcd(y;, d) = 1. Such a
choice will help to prove Step 4 of Remark 21.

Case 1: Suppose g — azcz = 0.

Then we have ¢; = d as defined before Remark 21. Take y; = 20,88 and k = a; which satisfies Equation
(22.1) and as ged(2a28%8”, d) = 1 we have ged(y;, d) = 1.

Case 2: Suppose g — azc3 # 0.

As ay, ap, az are pairwise coprime and 82,82 Y ayapaz we get g» € {1, 6, 5, 2}. We have ¢; = « as defined
before Remark 21 then gcd(ajcy, 2a2a3a) = ago. Further from condition (b) and ged(w, g2) = 1 we get
ag> | ¢ — azcz. From Remark 10 there exist y|, k" € O both non-zero such that ajc1y] — 2aa3ak’ = ago.
By multiplying the above equation with suitable factors in O we get solutions y1, k € O of Equation (22.1)
where y; = y|B1 and k = ak’B; for some B, B2 € O. Note that o | k. We have ged(y1, d) = 1 because
from Equation (22.1) we have the following equation in O:

g —ascs
o

k
ayyy + 2612613; = 22.2)

So if for 7 (a prime factor of d other that § and §), 77 | y; and also 7 | a3 then from the above equation we get

—asc . —asc
| u, a contradiction to gcd <u, d) =1.
o o

Take | = a3z3 (Se 5§ — 2k) then Equation (20.3) is reduced to
aicizy +axza =r. (22.3)

Since g1 = ged(ajcy, az) = 1, from Proposition 9 there exist z, z2 € O such that ajciz; + a2z2 = 1. By
multiplying the above equations with suitable factors in O we get a solution of Equation (22.3).

Now consider Equation (20.5). As ¢} = 1(mod 2) and ¢; = 1, from condition (a) we getajc} +arc3+azc3 =
ay +apy+as c% (mod 2) = 0(mod 2) and this implies that right hand side of Equation (20.5) is divisible by 2. As
g1 = ged(ajcy, az) = 1, then from Proposition 9 there exist x1, xo € O such that Equation (20.5) holds.

Let A = a; ()cl2 +yiz1) + azx% — p.If A = 0 then we have a3 | A and hence we get the required matrices
X1, X2, X3 € M»(O) that give a solution to form II. Suppose A # 0. Replace

Z1 —> 21 +may, zp — 22 — maicj. (22.4)
Then Equation (22.3) still holds and we get
A=A+ marary;. (22.5)

As gcd(a_lazyl, d) = 1 from Lemma 11 with b = ajazy; and ¢ = d there exists m € O such that d | Al
If 8, 8 a3 then we have a3 | A; and hence we get the required result. Suppose o | a3 where o = § or § then
o fay,asz. If Ay = Owehaveas | Aj and hence we get the required result. Suppose A # 0. From Equation (20.5)
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2 2 2
p—s ajcy +ax+asc p—s aj+ax—+azc
1 3 %kzz + 3(In

we getajcix) +axxy = —2aazczk+2aza odo)

2 2 2 2
as c% = 1(mod 4) and ¢, = 1. Further from condition (c) we get
ajcix) + azxxy = x1 + x2(mod o) = p(mod o). (22.6)

From Remark 14 (iv) we have A1 = x; + x2 + y1z21 — p(mod o). Then from Equation (22.6) we have
A} = yi1z1(mod o). If y;z; = 0(mod o) then we have o | Aj. Suppose y;z; # 0(mod o) then we have o { y;
and o { zj as o is a prime factor of 2. Replace

71 —> 21 +m/da2c2, 70 —> 70 — m/dalcl.

Then Equation (20.3) still holds and we get Ay = A| + m'dajazy;. As gcd(ajazyy, o) = 1 then from Lemma
11 with b = dajayy; and ¢ = o there exists m’ € O such that o | A,. Note thatd | A as d | A therefore we
getod | Ar.

If & 1 a3 then we have a3 | A, and hence we get the required result. Assume further we also have ¢ | a3 and
Aj # 0. Using condition (c), Equation (20.5), if required then replace

21 = 721 +m’odarcr, 70 — 70 — m"odajcy

and by similar argument as above we get o | al(xf + yi1z1) + a2x22 — p. Continuing both the steps above we

getas | a ()cl2 + yi1z1) + azxg — p and hence we get z3,[ € O. This gives all the entries required to determine
X1, X7 and X3.

4.4 Proof of universality of Types IV and V

In this subsection we will prove that diagonal quadratic forms of Type IV and V are universal. For these types
we sometimes need to use form I and verify that conditions of Claim 20 hold. In the remaining cases we use
form II and verify that conditions of Claim 22 hold.

Type IV: 2 | g; forsomei (1 <i < 3).
Now we consider the following cases depending on the value of p — s(mod 2) and prove the result for each of
the cases.

Case1: p — s = 1(mod 2)

Consider the matrix equation of form I. Without loss of generality suppose both 8, § { aj, a; and a3 = 2d
where d € O and 8, 8 td. Take ¢; = 2d and ¢ = 1. Then we have g = 1 and d ¢t alc% + azc% so conditions
(a) and (c) of Claim 20 hold. From Lemma 12 and Remark 13 we get2 | p —s +a 1c% + azcg which implies
that condition (b) holds. We have 8, § | az so we will prove that condition (d) holds for both § and 5. We have
Rs = vs(aic? + axc3) = 1(mod ) and R5 = vs(aic? + azc3) = 1(mod §). Therefore condition (d) also holds
and hence from Claim 20 we have the required result.

Case 2: p — s = §(mod 2).

Case 2 (i) Atleast one of ¢ and r is not divisible by 6.

Suppose § 1 g. Consider the matrix equation of form I. Without loss of generality let 8, & { a1, a» and a3 = 2d
where d € O and 8, § td.Take ¢c; =d and ¢y = 5. Then we have g=1landd{ alc% + azc% so conditions (a)
and (c) hold. From Lemma 12 and Remark 13 we get2 | p — s + ai c% + a2c§ which implies that condition (b)
holds. We have 8, § | a3 so we prove that condition (d) holds for both § and . We have Ry = 1(mod §) and this
implies that condition (d) holds for §.

As § t ¢ from Equation (16.2) we get y; + y2 = 1(mod §). Consider P = cpy; —c1y2 = y1 + y2(mod §) =
1(mod §) thatis § 1 P. Therefore condition (d) also holds for § and hence we have the result.

If & 1 r then by considering Equation (20.3) in place of Equation (20.2) a similar proof can be written.

Case2 (i) 8 | g and § | r.

Consider the matrix equation of form I. Without loss of generality let a; = 2d; where d; € O and 8, § t

di, ar, a3. For this case we have a3 = d. As p — s = 6(mod 2) so we have p — s — § = O(mod 2). Further
— S

p—s —38 ="2aforsomea € O. As § is a prime divisor of 2 in O so we get § | p — s that is P € O. From
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Table 5 Type 1V, Case 2 (ii)

p—s 2 2
T(mod 2) cl (653 p — S +aici + axc;(mod 26)

1 d 5 5 ?Mcﬂdlw@) =0
5 sd 5 5 % +28d%d, + 8a2> =0

the previous equation we get — 1 = ba and it implies that = 1 or §(mod 2). Table 5 above gives

p—s p—s
8 8
p—
3
We have g = § for each case in Table 5. As § | ¢, r and d | alc% + agc% which implies that conditions (a)
and (c) of Claim 20 hold. The table above shows that condition (b) also holds. As §, § f a3 hence from Claim 20

we have the required result.

the values of ¢ and ¢, corresponding to the value of ’ (mod 2).

Case 3: p — s = §(mod 2).
This case can be proved by considering similar cases as in Case 2 above.

Case 4: p — s = 0(mod 2).

Without loss of generality let &, 5 fai,ay and az = 2d whered € O, 6, 5 t d. Consider the matrix equation
of form II. We first prove that condition (a) of Claim 22 holds. Here ¢» = 1 and a3 as discussed before Claim 22.
From Lemma 12 we have a; + a» + agc% =a;+ax+ 2dc§ = O(mod 2) so condition (a) holds. Also condition
(b) holds as g» = gcd(ay, 2axaz) = 1. Note that condition (a) and (b) hold for any e, f € {0, 1}. We know that
c3 = ax8°87 where e, f € {0, 1}. As 8,8 | a3 so we make suitable choice of e, f € {0, 1} such that condition

_ 2 _ _
(¢) holds for both § and §. Consider P 5 fLa + a22+ BG _ P 5 LA —;az + da38%¢5>/ . Then from
, — +ay + asc - +ay+azey _ < <
Remark (14) (iv) we get P 5 i + a a22 43 = §°(mod 8) and P 5 i + a a22 43¢ = §/(mod §) and

this implies that we can choose ¢, f € {0, 1} depending on the value of p(mod §) and p(mod 8) respectively
such that condition (c) holds for both é and §. Therefore from Claim 22 we have the required result.
Type V: 6 | a;, § | aj forsome i, j (1 <i # j < 3).

Case 1: p — s = 1(mod 2).

Consider the matrix equation of form I. Without loss of generality leta; = édy,a; = 8dr and 8, § tdy,dy,as3.
For this case we have az = d. Let ¢; = d and ¢; = | then we have ¢ = 1 and d ¢ alc% + azc%. So conditions
(a) and (c) hold. From Lemma 12 and Remark 13 we get p — s + alc% + azc% = O(mod 2). Therefore condition
(b) holds. As 8, & t a3 so from Claim 20 we have the required result.

Case 2: p — s = §(mod 2).

Consider the matrix equation of form I.

Case 2 (i) Atleast one of g and r is not divisible by §.

Suppose § t g. Without loss of generality let a; = 8d; and a3 = 8d and 8,8 tdi,d,ay. Take ¢ = d,
¢y = 1 then we have g = 1 and d ¢t alc% + azc% so conditions (a) and (c) hold. From Lemma 12 and Remark
13wegetp—s+ alc% + azcg = (O(mod 2). Therefore condition (b) holds. We have § | a3z and 5 1 az so we
prove condition (d) holds for 8. As § { g from Equation (16.2) we get y; + y» = 1(mod §) and it implies that
P =cay1 —c1y2 =8y — y2(mod §) = y; + y2(mod §) = 1(mod §) that is § 1 Ps. So condition (d) holds and
hence from Claim 20 we have the required result.

If § { r then similar proof can be written as above.

Case2 ()6 | g,8 | r

Without loss of generality let a; = 6dy, ap = 8dy where 8,8 td, da, az. For this case we have a3 = d. As

p—s = §(mod 2) so we have p—s = 1 or §(mod 2). Table 6 below gives the values of ¢j and ¢» corresponding

p—

5 (InOd 2)‘

to the value of
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Table 6 Type V, Case 2 (ii)

p—s 2 2
T(mod 2) cl (o) p — S +aicy + axc;(mod 25)
1 d 5 5 ? +d2dy + 3Sd2>

5 5d 5 5 ? +d282d, + SSdz)

We have g = § for each case in Table 6. As 6 | ¢g,r and d | a 1C% + azcg so conditions (a) and (c) hold. The
table above shows that condition (b) also holds. As 8, § 1 a3 from Claim 20 we get the required result.

Case 3: p — s = §(mod 2)

By interchanging the role of § and & in Case 2 above, we get the result.
Case 4: p — s = 0(mod 2)

Case 4 (i) Atleast one of ¢ and r is not divisible by 5.

Suppose & { g. Without loss of generality let a; = 8dy, a3 = 8d where dy,d € O and 8,8 { dy,d, ay.
Consider the matrix equation of form II. As S t a3 take f = 0. From Lemma 12 we have a; + a» + (136% =
Sdy +ar + 8da%82€ = § 4 1 4+ 8(mod 2) = 0(mod 2) so condition (a) holds. We have g, = ged(ay, 2aza3) = 6.
As 8 1 ¢ and &  azc; then from Remark 14 (iv) we get § | ¢ — asc3 that is g2 | ¢ — azcs, so condition (b)
holds. Note that conditions (a) and (b) hold for any value of e € {0, 1}. As § | a3 so we make suitable choice of

. . - +ay + azc} —s 8di +ap + 8da3s*
e € {0, 1} such that condition (c)holdsforé.Conmderp s+a1 dara; _ P S+ 1T % .

5 2 T 22 2 2 )

If e = 0 we have Ltat G | + a2 +éda;

2 i 2 i

éd Sd
= B(say) andifﬂ’:lwehaveletcz%
B 8dy + ar + Bdazag _ 8di + a» +5da%(1 $82-1)
= . 3 _ ‘
-4 51 —8)(1+35

=B+da§< 3 >=B—da§<%>23_da§(l+5)

= B + 1(mod §). Then from Remark 14 (iv) we can choose e € {0, 1} depending on the value of p(mod §)
such that condition (c) holds for §. Therefore from Claim 22 we have the required result.

If § | g and & 1 r then consider matrix |:§ Zi| and take transpose of matrix equation after writing similar

proof as above to get the required result.

Case 4 (ii) Atleast one of ¢ and r is not divisible by §.

Suppose § 1 g. Without loss of generality leta; = 8d,a3 = 8d whered;,d € ©and$, § tdy,d, ay. Consider
matrix equation of form I As § { a3 take e = 0. From Lemma 12 we have a| +a»+a3c3 = 8di +ar+8da35*/ =
8 4+ 1 4+ 8(mod 2) = 0(mod 2) so condition (a) holds. We have g» = ged(ay, 2aza3) = 8. As 8 {q and § 1 aszcs
then from Remark 14 (iv) we getd | ¢ —ascs3 thatis g2 | ¢ —azcs, so condition (b) holds. Note that conditions (a)
and (b) hold for any value of f € {0, 1}. As § | az so we make suitable choice of f € {0, 1} such that condition

- — a) + ay + azc? — 8dy + ay + 8dazs*!
(c) also holds for 8. Consider L 3 u + 2 2T _P3 + 4 2 2-

2 2 3
Y) 8dc? od Sda?
If f =0 we get 1+a;+ G _ 1+a22+ a3
8d Sdc?
:B(SaY)andiff=1wegetletcz$
_ 8di +ay +8d8%a;  bdy +ax +bday (145 — 1)
= . _ ‘
i) 858 —1 58(1+35
=B+da§< 5 >=B+dag(¥)=3—da§<%>
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Table 7 Type V, Case 4 (iii)

: ; ® (mod 2) c1 €2 B=p—s+aci+ad B(mod 4)
0 2d 2 2 ? +2d%a, + 2a2> 0
1 5d 5 2 ? +5d%d, + 542) 0
p—s B
5 2 5 2( 557 +2d%a + od; 0
5 3d 2 2 ? +5d%d, + 2a2> 0

= B + 1(mod §). Then from Remark 14 (iv) we can choose f € {0, 1} depending on the value of p(mod 8)
such that condition (c) holds for §. Therefore from Claim 22 we have the required result.

If § | ¢ and & 1 r then consider matrix |:qp :j| and take transpose of matrices after writing similar proof as

above to get the required result.
Case 4 (iii) 6 | g, rand & | g, r thatis2 | g, r. B
Consider the matrix equation of form I. Without loss of generality let a; = 8dy, ap = §dp where dy, d, € O

and 8, § td,, dy, as. For this case we have a3 = d. As p — s = 0(mod 2) so we have p—? € O. Table 7 below

gives the values of ¢1 and ¢, corresponding to the value of p — s(mod 2).
We have g = 2 for each of the case in Table 7. As 2 | ¢, r and d ¢ alc% + agc% so conditions (a) and (c) hold.

The table above shows that condition (b) also holds. As 8, § { a3 from Claim 20 we have the required result.

5 Appendix

For diagonal quadratic forms where 2 | ajaza3 i.e., of type IV and V and p — s = O(mod 2) we do not get a
solution for some values of g and r by using form I matrix equation. Note that conditions (a) and (b) of Claim 20
are necessary and sufficient conditions for form I matrix equation to have a solution. For existence of solution of
form I matrix equation it is necessary that az | aj (xl2 +yi1z1)+az (x% + y222) — p for some solution of Equations
(16.2), (16.3) and (16.5). We give two examples below.

Example 23 Consider the diagonal quadratic form § X7 + §X3 + X3 which is of Type V. Let |:lr) (s] :| = [(1) (1)]

We have p —s = 0(mod 2) and 8, § { ¢, r. Suppose matrix equation of form I has a solution. As ¢ = r = 1 from
Equation (16.2) and (16.3) we get g = ged(ajcy, azca) = 1. We have o | ajas where o = 8, 8. Thatis o | aj or
o | a>. Without loss of generality suppose that o | a;. From Equation (20.5) we have alc% + azc% = O(mod 2).
Aso | alc% + azcg we get o | azc% and this implies that o | g, a contradiction.

rs 5 —1

We have p —s =2 = 0(mod 2) and § | ¢, r and & { ¢, r. Suppose matrix equation of form I has a solution. As
q = r = ¢ from Equation (16.2) and (16.3) we have g = gcd(ajcy, axca) € {1, §}. From Equation (20.5) we get
ajc? 4+ axc3 = 0(mod 2).

Suppose a; = 2. As2 | alc% + azcg we get 2 | azcg and this implies that § | g, a contradiction as g € {1, 8}.
Similarly we can prove that ay # 2. Therefore we have a; = ap = 1 and a3 = 2.

If g = 1then 8,8 {ci,cr a8 88 = 2 | ajc? + axc3. As § | g from Equation (16.2) we have § | y; if and
only if § | y». Also § | r then from Equation (16.3) we have 6 | z; if and only if § | z». From Remark 14(iv)
c% + c%

Example 24 Consider the diagonal quadratic form X 12 +X % +2X % which is of Type IV. Let [p 4 i| = [ s ]

we get y1z1 + y2z2 = 0(mod §). From Equation (16.5) i.e., cjx1 + cox2 = 1 + and Remark 13 we get

X1 + x2 = 0(mod §). Then from Remark 14(iv) we get A = x% + 121 —l—x% 4+ y220 — p = 1(mod §). So for no
solutions of Equation (16.2), (16.3) and (16.5) we have § { a; ()cl2 + y1z1) + az(xg + y222) — p, a contradiction
as 8§ | az. Therefore we get g #= 1.
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2 2
cy+c¢
If g = §thend | ¢y, cpasd { ay, ap. From Equation (16.5) and Remark 13 we getcjx;+caxp = 1+% =

1 4+ 82(mod &) = 1(mod &), a contradiction as § | ¢1, ¢2. Therefore we get g # §. Hence form I matrix equation
does not have a solution.

Having proved the above theorem, we make the following conjecture:

Conjecture Ler K be a quadratic number field such that its ring of integers Ok is a principal ideal domain and
2 is a product of distinct primes in Og. A diagonal quadratic form Zin_l a; Xl-z, where ay, az, ..., a, € Ok
is universal over M>(Ok) if and only if m > 3, there is no prime in Ok dividing m — 1 algebraic integers of
ai, ay, ..., any and for every prime divisor o of 2 there exist three algebraic integers of ay, aa, . . ., a, which are
not divisible by o.

Acknowledgements We thank Professor S. A. Katre for informing us about the paper of Jungin Lee. The first author would like to
thank Dr. Mukesh D. Patil and Dr. Arpita Palchowdhury for support and encouragement. The authors take the opportunity to thank
Professor R. M. Pawale, Head, Department of Mathematics, University of Mumbai. We are also extremely grateful to the anonymous
referee.

References

1. David S. Dummit, Richard M. Foote, Abstract Algebra, Wiley.
2. Malcolm Griffin, Mark Krusemeyer, Matrices as Sums of Squares, Linear and Multilinear Algebra, 1977, Volume 5, Issue 1,
33-44.

3. Kenneth Ireland, Michael Rosen, A Classical introduction to Modern Number Theory, Springer.

4. S. A. Katre, Sangita A. Khule, Matrices over orders in Algebraic number fields as sum of k-th powers, Proceedings of the
American Mathematical Society, 1999, Volume 128, 671-675.

. Jungin Lee, Integral matrices as diagonal quadratic forms, Linear and Multilinear Algebra, 2017, Volume 66, Issue 4.

. Raghavan Narasimhan, S. Raghavan, S. S. Rangachari, Sunder Lal, Algebraic Number Theory, Tata Institute of Fundamental
Research, Bombay, School of Mathematics, 1966.

. Ivan Niven, Herbert S. Zuckerman, Hugh L. Montgomery, An Introduction to the Theory of Numbers, Wiley, 1991.

. David R. Richman, The Waring problem for matrices, Linear and Multilinear Algebra 22, 1987, 171-192.

. Mak Trifkovic, Algebraic Theory of Quadratic Numbers, Springer.

L. N. Vaserstein, Every integral matrix is the sum of three squares, Linear and Multilinear Algebra, 1986, Volume 20, Issue 1,

1-4.

11. L. N. Vaserstein, On the sum powers of matrices, Linear and Multilinear Algebra, 1987, Volume 21, Issue 3, 261-270.

N

S © o=

1

Springer Nature or its licensor (e.g. a society or other partner) holds exclusive rights to this article under a publishing agreement
with the author(s) or other rightsholder(s); author self-archiving of the accepted manuscript version of this article is solely governed
by the terms of such publishing agreement and applicable law.

@ Springer




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 600
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.01667
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 600
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 2.03333
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 2250
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (sRGB IEC61966-2.1)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<


    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200036002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200036002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /ESP <>
    /ETI <>
    /FRA <>



    /HUN <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 6.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200036002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 6.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>


    /SKY <>

    /SUO <>
    /SVE <>
    /TUR <>

    /DEU <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


		2024-01-30T19:00:25+0530
	Preflight Ticket Signature




