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Abstract In 2018, Jungin Lee [5] gave a necessary and sufficient condition for a diagonal quadratic form∑m
i=1 ai X2

i where ai ∈ Z for all i , 1 ≤ i ≤ m for representing all 2 × 2 matrices over Z. In this paper, we will
consider the imaginary quadratic field Q(

√−7). Its ring of integers O is a principal ideal domain. Q(
√−7) is the

only imaginary quadratic field such that O is a principal ideal domain and 2 is a product of two distinct primes
in O (upto units). With O as above, in this paper we give a necessary and sufficient condition for a diagonal
quadratic form a1 X2

1 + a2 X2
2 + a3 X2

3 where a1, a2, a3 ∈ O to represent all 2 × 2 matrices over O.

Keywords Imaginary quadratic number field · Ring of integers · Diagonal quadratic form · Universal form ·
Principal ideal domain
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1 Introduction

Representation of integers as sums of squares was introduced by Pierre de Fermat [3] who stated the following
result: a prime number p ∈ N is a sum of two squares if and only if p ≡ 1(mod 4). In 1770, Joseph Louis
Lagrange [3] proved that every positive integer can be written as a sum of atmost four squares over Z. Throughout
this paper R will always denote a commutative ring with unity.

Definition 1 Let m ≥ 2 be an integer. An m−ary quadratic form q over R is a homogeneous polynomial in

m-variables of degree 2. Thus we can write q(X1, X2, . . . , Xm) =
∑m

i, j=1
ai j Xi X j where ai j ∈ R for all i ,

1 ≤ i ≤ m. If ai j = 0 for all i �= j then q is called as a diagonal quadratic form.

The result of Lagrange obtained above can be reformulated easily in terms of diagonal quadratic forms rep-
resenting elements of certain rings. The question of diagonal quadratic forms representing elements of certain
matrix rings too, therefore occurs naturally as a generalization of the above result. We first recall a few results in
the context of matrices, then state the result of Jungin Lee, which is the motivation for obtaining the results in
this paper. We then state and prove the main result of the paper. We begin with the definition of universality of a
diagonal quadratic form over matrix rings.
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Definition 2 Let n ≥ 2 be an integer and let R be a commutative ring with unity. Let Mn(R) denote the set

of all n × n matrices with entries from R. A diagonal quadratic form
∑m

i=1
ai X2

i , where ai ∈ R is said to be
universal over Mn(R) if for every A ∈ Mn(R) there exist N1, N2, . . . , Nm ∈ Mn(R) depending on A such that∑m

i=1
ai N 2

i = A.

In 1975, M. Griffin and M. Krusemeyer proved the following result.

Proposition 3 [2] Let n ≥ 2 be an integer. If 2R = R, then every matrix in Mn(R) is a sum of three squares of
matrices in Mn(R). Thus, if n ≥ 2 and 2R = R, the diagonal quadratic form X2 + Y 2 + Z2 is universal over
Mn(R).

In 1986, L. N. Vaserstein [10] proved that for n ≥ 2, every matrix in Mn(Z) is a sum of squares of three matrices
in Mn(Z) i.e., the quadratic form X2 + Y 2 + Z2 is universal over Mn(Z). L. N. Vaserstein gave a proof of the
above result by proving the following theorems.

Theorem 4 [11] Let n ≥ 2 be an integer. A matrix A ∈ Mn(R) is a sum of squares in Mn(R) if and only if
trace(A) is a square mod 2R.

Theorem 5 [10] Let n ≥ 2 be an integer. Let A ∈ Mn(R) be such that A can be written as a sum of squares in
Mn(R). Then A can be written as a sum of three squares in Mn(R).

In 1987, D. R. Richman [8] proved that for n ≥ k ≥ 2, every matrix in Mn(Z) is a sum of seven k-th powers in
Mn(Z). This result can again be interpreted easily in terms of universality of a certain diagonal quadratic form.
Further, an extremely elegant criterion for the rings of integers of algebraic number fields (Z being a particular
example) was obtained by S. A. Katre and S. A. Khule. We recall it here: let K denote an algebraic number field
and OK denote its ring of integers. In 1999, S. A. Katre and S. A. Khule [4] proved that for n ≥ k ≥ 2, every n×n
matrix over OK is a sum of k-th powers if and only if gcd(k, discriminant OK ) = 1, where discriminant OK
denotes the discriminant of the ring of integers OK .

In 2017, Jungin Lee [5] gave a necessary and sufficient condition to check when a diagonal quadratic form∑m

i=1
ai X2

i , ai ∈ Z is universal over M2(Z). We recall below his theorem:

Theorem 6 [5] An integral quadratic form
∑m

i=1
ai X2

i is universal over M2(Z) if and only if there is no prime

which divides m − 1 numbers of a1, a2, . . . , am and there exist three numbers of a1, a2, . . . , am which are not
multiples of 4.

The proof of the above theorem essentially used the fact that Z is a unique factorization domain. Assuming
universality it was proved that both the conditions stated above hold by using the result that aX2 and a1 X2

1 +a2 X2
2

where a, a1, a2 ∈ Z are not universal over M2(Zp) and M2(Z4) respectively, where p is a prime in Z. Assuming
the given conditions they proved that the matrix equation a1 X2

1 + a2 X2
2 + a3 X2

3 = A has a solution for any
A ∈ M2(Z) where Xi ∈ M2(Z) are constructed. Also note that Z is the ring of integers of Q. Hence it is an
interesting question to ask whether such a criterion exists for matrices over rings of integers of a quadratic field.
We know that for a quadratic field Q(

√
D) where D = 8K + 1 for some K ∈ Z, 2 is a product of two distinct

primes (upto units) in its ring of integers [6]. If we consider imaginary quadratic fields then we know that only
for

D ∈ {−1,−2,−3,−7,−11,−19,−43,−67,−163},
the corresponding ring of integers is a principal ideal domain [7]. We know that from the above set only for
D = −1,−2,−7; 2 is not a prime in the corresponding ring of integers. Moreover, only for D = −7; 2 is a
product of two distinct primes in the corresponding ring of integers and for D = −1,−2; 2 is a square of a prime
in the corresponding ring of integers. In 1999, S. A. Katre and S. A. Khule [4] proved that for D = −1,−2 not
every 2 × 2 matrix over the corresponding ring of integers can be written as a sum of squares. They proved that
this happens only if the discriminant of the ring of integers of these number fields is even. So our main focus will
be the imaginary quadratic number fields with the property that the ring of integers is a principal ideal domain
and 2 is a product of two distinct prime factors in the ring of integers.
For the rings of integers of imaginary quadratic number fields, there is only one such ring. This is when D = −7.

In this paper, we are going to consider this case i.e., the quadratic field Q(
√−7). Let O denote its ring of integers.

We will prove the following theorem:
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Theorem 7 Let O = Z[δ] where δ = 1 + √−7

2
. The diagonal quadratic form a1 X2

1 + a2 X2
2 + a3 X2

3 with

a1, a2, a3 ∈ O is universal over M2(O) if and only if a1, a2, a3 are pairwise coprime and none of them is
divisible by σ 2 for every prime divisor σ of 2.

2 Preliminaries

We make the following notation conventions: Let xi , a j ∈ O for 1 ≤ i ≤ n and 1 ≤ j ≤ m.

(1) x1, . . . , xn | a1, . . . , am means xi | a j for all i, j (1 ≤ i ≤ n and 1 ≤ j ≤ m).
(2) x1, . . . , xn � a1, . . . , am means xi � a j for all i, j (1 ≤ i ≤ n and 1 ≤ j ≤ m).

Definition 8 (Greatest Common Divisor) An element d ∈ O is said to be a greatest common divisor of a, b ∈ O
(abbreviated as gcd(a, b)) if the following conditions hold:

(i) d | a and d | b
(ii) if d1 | a and d1 | b for some d1 ∈ O then d1 | d. We denote this d by gcd(a, b) and it is unique upto

multiplication by units.

Proposition 9 [1] Let a, b ∈ O be both non-zero. If d = gcd(a, b), then there exist x1, x2 ∈ O such that
d = ax1 + bx2.

Remark 10 Let a, b ∈ O be both non-zero and d = gcd(a, b). From Proposition 9 there exist x, y ∈ O such that
ax +by = d. Then both x and y can be taken to be non-zero. For this we consider a(x + tb)+b(y − ta) = d for

some t ∈ O. Choose any non-zero t ∈ O such that t �= −x

b
,

y

a
if

−x

b
,

y

a
∈ O. Let x1 = x + tb and y1 = y − ta.

Then x1 and x2 are both non-zero and we still have ax1 + by1 = d.

Lemma 11 For non-zero a, b, c ∈ O if gcd(b, c) = 1 then there exists a non-zero k ∈ O such that c | a + kb.

Proof As gcd(b, c) = 1 from Remark 10 there exist non-zero λ, μ ∈ O such that λb +μc = 1. Multiplying this
equation by a we get a + (−aλ)b = (aμ)c and it implies that c | a + kb where k = −aλ �= 0. �	
For α = a + b

√−7 ∈ Q(
√−7) where a, b ∈ Q let ᾱ = a − b

√−7 denote its conjugate in Q(
√−7).

We know that O = Z[δ] =
{

a + bδ : a, b ∈ Z and δ = 1 + √−7

2

}

. We have α ∈ O then ᾱ ∈ O [7]. Note

further that

δ̄ = 1 − √−7

2
∈ O, N (δ) = δδ̄ = 2, trace δ = δ + δ̄ = 1, δ2 − δ + 2 = 0 (11.1)

Also we have that O is a Euclidean domain (and hence a principal ideal domain and a unique factorization domain
too) and ±1 are the only units in O [7]. In the rest of the paper, we shall fix 2 = δδ̄ as the prime factorization of
2 in O. Other factorizations of 2 are 2 = (−1)(−δ)δ̄ = (−1)δ(−δ̄) = (−δ)(−δ̄). Any of these factorizations do
not affect the results of this paper.

The following Lemma gives conditions to check divisibility of algebraic integers by prime factors δ and δ̄

of 2.

Lemma 12 Let a, b ∈ Z and consider a + bδ ∈ O. Then,

(i) δ | a + bδ if and only if a is even.
(ii) δ̄ | a + bδ if and only if a and b have same parity modulo 2.

(iii) δ � a + bδ and δ̄ � a + bδ if and only if a is odd and b is even.

Proof (i) Suppose a + bδ = δ(x + yδ) for some x, y ∈ Z. Then from Equation (11.1), we have a + bδ =
−2y + (x + y)δ which implies that a = −2y and hence a is even. Conversely, suppose a is even then clearly
δ | a + bδ as 2 = δδ̄.

(ii) Suppose a + bδ = δ̄(x + yδ) = (1 − δ)x + 2y = (x + 2y) − xδ which implies that a and b have same
parity modulo 2. Conversely, suppose a and b are both even then clearly δ̄ | a + bδ as 2 = δδ̄. Now suppose
that a and b are both odd then we can write a + bδ = (a + b) − b(1 − δ) = (a + b) − bδ̄. We have a + b is
even and hence divisible by δ̄. So we get δ̄ | a + bδ.
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Proof of (iii) follows immediately from (i) and (ii). �	
Remark 13 Let π ∈ O be a prime such that π �= δ, δ̄. From Lemma 12 we have π = (4t1 + 1) + (2t2)δ or
π = (4t1 + 3) + (2t2)δ for some t1, t2 ∈ Z. Hence, we always have π2 ≡ 1(mod 4).

Remark 14 (i) Let J be the principal ideal generated by σ 2 in O where σ is a prime factor of 2. We have
|O/J | = |N (σ 2)| = 4 and it is easy to check that O/J is ring isomorphic to Z4 under the map φ defined by

0 + J
φ
−→ 0̄, 1 + J

φ
−→ 1̄, σ + J
φ
−→ 2̄ and (1 + σ) + J

φ
−→ 3̄.
(ii) As O/J is a finite ring so any non-zero element is either a unit or a zero divisor. Let a ∈ O then a + J ∈ O/J

is a zero divisor if and only if a + J = σb + J for some b ∈ O that is a = σc for some c ∈ O.
(iii) There are 4 equivalence classes of O(mod 2) which have representatives 0, 1, δ, 1 + δ.
(iv) If (δ) and (δ̄) denote the ideals of O generated by δ and δ̄ respectively, then O/(δ) and O/(δ̄) are fields of

order 2.

Now we prove our main Theorem 7.

3 Universality implies necessary conditions

In this section we first prove that the diagonal quadratic forms aX2 and a1 X2
1 + a2 X2

2 where a, a1, a2 ∈
O are not universal over M2(O). These results are used in proving that if the the diagonal quadratic form
a1 X2

1 + a2 X2
2 + a3 X2

3 is universal, then a1, a2, a3 are pairwise coprime and none of them is divisible by σ 2 for
every prime divisor σ of 2.

3.1 Some observations

Lemma 15 A quadratic form aX2 where a ∈ O is not universal over M2(O). In fact for any non-zero proper
ideal I of O, aX2 is not universal over M2(O/I ) .

Proof Assume on the contrary that is aX2 is universal over M2(O). Let I be any non-zero proper ideal in O
then we have ā X2 where ā = a + I ∈ O/I is universal over M2(O/I ). We know that O/I is a non-zero finite
ring [9] which implies that M2(O/I ) is a finite set. Consider the function ϕ : M2(O/I ) → M2(O/I ) defined

by Y
ϕ
−→ āY 2 then we have ā

[
0 0
0 0

]2

= ā

[
0 0
1 0

]2

which implies that ϕ cannot be injective. As M2(O/I ) is a

finite set we get ϕ is not surjective. Therefore, aX2 is not universal over M2(O/I ) and hence not over M2(O). �	
Lemma 16 A quadratic form a1 X2

1 + a2 X2
2 where a1, a2 ∈ O is not universal over M2(O).

Proof Assume on the contrary that a1 X2
1 + a2 X2

2 is universal over M2(O). Suppose that there exists a prime
π ∈ O such that π divides a1. Then we have ā2 X2

2 is universal over M2(O/(π)) where ā2 = a2 + (π) ∈ O/(π),
a contradiction to Lemma 15. Similar argument holds if π divides a2. Thus, there is no prime that divides a1 and
a2 that is a1 and a2 are both units in O. This implies that ā1 = a1 + (σ 2) and ā2 = a2 + (σ 2) are units in O/(σ 2)

where σ = δ or δ̄. Then we have ā1 X2
1 + ā2 X2

2 is universal over M2(O/(σ 2)). From Remark 14 (i), we have
φ(ā1), φ(ā2) are units in Z4 that is φ(ā1), φ(ā2) ∈ {1̄, 3̄}. Further by assumption, we get φ(ā1)X2

1 + φ(ā2)X2
2

is universal over M2(Z4). However, X2
1 + X2

2 and X2
1 + 3̄X2

2 are not universal over M2(Z4) [5] as each of them

does not represent

[
1̄ 0̄
0̄ 3̄

]

and

[
0̄ 0̄
0̄ 2̄

]

. Also 3̄X2
1 + 3̄X2

2 is not universal over M2(Z4) as 3̄X2
1 + 3̄X2

2 =
[

3̄ 0̄
0̄ 1̄

]

for some X1, X2 ∈ M2(Z4) would imply that X2
1 + X2

2 =
[

1̄ 0̄
0̄ 3̄

]

, a contradiction. �	

3.2 Proof of universality implies necessary conditions

Suppose that a1 X2
1 +a2 X2

2 +a3 X2
3 is universal over M2(O). Then it is universal over M2(O/I ) for every ideal I

of O. Suppose that a1, a2, a3 are not pairwise coprime. Without loss of generality suppose π | gcd(a2, a3) where
π is a prime in O. Let I be the principal ideal generated by π in O. Then we have ā1 X2

1 where ā1 = a1 + I ∈ O/I
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58 M. Nullwala, A. S. Garge

is universal over M2(O/I ), a contradiction to Lemma 15. Now without loss of generality suppose that α2 | a3
where α is a prime divisor of 2. As a1, a2, a3 are pairwise coprime we have α � a1, a2 and from Remark 14 (ii)
we get ā1 and ā2 are units in O/J where J is an ideal generated by α2 in O. Then ā1 X2

1 + ā2 X2
2 is universal

over M2(O/J ). From Remark 14 (i), we get X2
1 + X2

2, X2
1 + 3̄X2

2 or 3̄(X2
1 + X2

2) is universal over M2(Z4), a
contradiction [5].

4 Sufficient conditions imply universality

In this section we prove that if the diagonal quadratic form a1 X2
1 + a2 X2

2 + a3 X2
3 with a1, a2, a3 pairwise

coprime and none of them is divisible by σ 2 for every prime divisor σ of 2 (that is δ2, δ̄2
� a1a2a3), then

a1 X2
1 + a2 X2

2 + a3 X2
3 is universal. Under these conditions, the diagonal quadratic form is exactly one of the

following types:

Type I: Both δ and δ̄ divide none of the ai ; 1 ≤ i ≤ 3 that is δ, δ̄ � a1a2a3.
Type II: δ divides exactly one of the ai and δ̄ divides none of the ai that is δ | a1a2a3 and δ̄ � a1a2a3.
Type III: δ̄ divides exactly one of the ai and δ divides none of the ai that is δ̄ | a1a2a3 and δ � a1a2a3 (notice
the symmetry in Type II and III).
Type IV: 2 | ai for some i (1 ≤ i ≤ 3).
Type V: δ | ai , δ̄ | a j for some i, j (1 ≤ i �= j ≤ 3).

We will prove that for any

[
p q
r s

]

∈ M2(O) there exist X1, X2, X3 ∈ M2(O) such that a1 X2
1 + a2 X2

2 + a3 X2
3 =

[
p q
r s

]

.

4.1 Matrix equation of form I

In order to prove universality of the diagonal quadratic form a1 X2
1 + a2 X2

2 + a3 X2
3 over M2(O) we shall assume

that X1, X2, X3 ∈ M2(O) are of a specific type and then explicitly construct them depending on the matrix which
they need to represent. Following is the matrix equation of form I [5] corresponding to the diagonal quadratic
form a1 X2

1 + a2 X2
2 + a3 X2

3 :

a1

[
x1 y1
z1 c1 − x1

]2

+ a2

[
x2 y2
z2 c2 − x2

]2

+ a3

[
0 N
1 0

]2

=
[

p q
r s

]

.

The above matrix equation has a solution if and only if all the four equations below have a solution:

a1(x2
1 + y1z1) + a2(x2

2 + y2z2) + a3 N = p (16.1)

a1c1 y1 + a2c2 y2 = q (16.2)

a1c1z1 + a2c2z2 = r (16.3)

a1(y1z1 + (c1 − x1)
2) + a2(y2z2 + (c2 − x2)

2) + a3 N = s (16.4)

Using Equation (16.1) it is easy to show that Equation (16.4) can be rewritten as

2(a1c1x1 + a2c2x2) = p − s + a1c2
1 + a2c2

2 (16.5)

Once we have found ci , xi , yi , zi , N ∈ O such that Equations (16.1), (16.2), (16.3) and (16.5) hold then it follows
that for same ci , xi , yi , zi , N ∈ O Equation (16.4) also holds. This is because from Equation (16.1) and (16.5)
we get a1(y1z1 + (c1 − x1)

2)+ a2(y2z2 + (c2 − x2)
2)+ a3 N = a1(x2

1 + y1z1)+ a2(x2
2 + y2z2)+ a3 N + a1c2

1 +
a2c2

2 − 2(a1c1x1 + a2c2x2) = p − (p − s) = s.

Let a3 = δx δ̄yd where x, y ∈ {0, 1} and δ, δ̄ � d. Let g = gcd(a1c1, a2c2), vδ = a3

δx
and vδ̄ = a3

δ̄y
. From

Remark 13 we have d2 ≡ 1(mod 4).
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Remark 17 To prove that form I has a solution it is enough to first prove that for some fixed value of c1 and c2
there exists a solution of Equations (16.2), (16.3) and (16.5) and then for some solution of these equations, if
we prove that a1(x2

1 + y1z1) + a2(x2
2 + y2z2) − p is divisible by a3, then we are able to find N ∈ O such that

Equation (16.1) holds.

In Claim 20 we state sufficient conditions to prove the existence of a solution of the matrix equation of form I.
Motivation of conditions (a) and (b) of Claim 20 is that the solution of Equations (16.2), (16.3) and (16.5) exists
only if g = gcd(a1c1, a2c2) divides both q and r and also 2g divides p − s + a1c2

1 + a2c2
2. If d is not a unit and

σ | a3 where σ = δ or δ̄ then conditions (c) and (d) of Claim 20 together with replacements in Remark 18 and
Lemma 19 enable us to prove that a1(x2

1 + y1z1) + a2(x2
2 + y2z2) − p is divisible by d and σ and consequently

by a3.

Remark 18 [5] Translational replacement: Let A = a1(x2
1 +y1z1)+a2(x2

2 +y2z2)− p for some ai , xi , yi , zi , p ∈
O where i = 1, 2. If for some v, t, k, c1, c2 ∈ O we replace

y1 → y1 + kva2c2, y2 → y2 − kva1c1

z1 → z1 + tva2c2, z2 → z2 − tva1c1

then A changes to A+va1a2(t P+k(Q+t R)), where P = y1c2−y2c1, Q = z1c2−z2c1 and R = v(a1c2
1+a2c2

2).

Proof of Remark 18: With the above replacements we get A changes to

a1(x2
1 + (y1 + kva2c2)(z1 + tva2c2)) + a2(x2

2 + (y2 − kva1c1)(z2 − tva1c1)) − p

= a1(x2
1 + y1z1 + tva2c2 y1 + kva2c2z1 + ktv2a2

2c2
2) + a2(x2

2 + y2z2 − tva1c1 y2

−kva1c1z2 + ktv2a2
1c2

1) − p

= A + va1a2(t (y1c2 − y2c1) + k((z1c2 − z2c1) + tv(a1c2
1 + a2c2

2)))

= A + va1a2(t P + k(Q + t R)),

where P = y1c2 − y2c1, Q = z1c2 − z2c1 and R = v(a1c2
1 + a2c2

2).

Lemma 19 Let a, b, c, d, e ∈ O be such that both a and b are non-zero. Let γ ∈ O be both non-zero and
non-unit. Suppose gcd(b, γ ) = 1. If any one of c, d, e is coprime to γ then there exist k1, k2 ∈ O such that
B = a + b(k1c + k2(d + k1e)) is divisible by γ .

Proof Case (i) Suppose gcd(d, γ ) = 1.
Take k1 = 0 then we have B = a + k2bd. As gcd(bd, γ ) = 1 and a �= 0 then from Lemma 11 there exists
k2 ∈ O such that γ | B.
Case (ii) Suppose gcd(c, γ ) = 1.
Take k2 = 0 then we have B = a + k1bc. As gcd(bc, γ ) = 1 and a �= 0 then from Lemma 11 there exists
k1 ∈ O such that γ | B.
Case (iii) Suppose gcd(e, γ ) = 1, gcd(d, γ ) �= 1 and gcd(c, γ ) �= 1.
We first choose k1 ∈ O such that gcd(d + k1e, γ ) = 1 and a + k1bc �= 0. Let α be the product of those
prime factors of γ which does not divide d and if no such prime factor exists then take α = 1. As a �= 0 we
can choose suitable k1 ∈ {−α, α} such that a + k1bc �= 0. We have gcd(k1, d) = 1. If d + k1e = 0 then we
get d = −k1e. As gcd(d, γ ) �= 1 then for some prime π ∈ O we have π | gcd(d, γ ). Further we get π | d
and π | γ . As d = −k1e we get π | k1 or π | e, a contradiction as gcd(k1, d) = 1 and gcd(e, γ ) = 1. So we
have d + k1e �= 0. Now suppose there exists a prime π ∈ O such that π | gcd(d + k1e, γ ) then π | d + k1e
and π | γ . As π | γ we have either π | d or π | k1. If π | d and we have π | d + k1e then we get π | e,
a contradiction as gcd(e, γ ) = 1. If π | k1 and we have π | d + k1e then we get π | d, a contradiction as
gcd(d, k1) = 1. This implies that gcd(d + k1e, γ ) = 1. As gcd(b, γ ) = 1 so we get gcd(d + k1e, γ ) = 1.
Then from Lemma 11 there exists k2 ∈ O such that γ | B, where B = a + b(k1c + k2(d + k1e)). �	
We now state and prove a claim such that on verifying that the conditions of the claim are met, we can obtain

solutions X1, X2, X3 for universality of a diagonal quadratic form a1 X2
1 + a2 X2

2 + a3 X2
3. This is done in the

next section. Below we first give a proof of the claim.

Claim 20 Let g = gcd(a1c1, a2c2) and a3 = δx δ̄yd where x, y ∈ {0, 1} and δ, δ̄ � d. Suppose for suitable
c1, c2 ∈ O the corresponding g satisfies conditions (a), (b) and (c):
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(a) g | q, r,
(b) 2g | p − s + a1c2

1 + a2c2
2,

(c) d � a1c2
1 + a2c2

2.
Further suppose δ or δ̄ divides a3 (Note that both δ, δ̄ may divide a3 too). Then assume in this case that the
condition below holds:

(d) If σ | a3 where σ = δ or δ̄ then σ � Rσ = vσ (a1c2
1 + a2c2

2) or for some solution of Equations (16.2) and
(16.3) atleast one of P = c2 y1 − c1 y2 and Q = c2z1 − c1z2 is not divisible by σ .

Then form I has a solution (in O). (Note here that condition (d) need not be checked if δ and δ̄ both do not
divide a3).

Proof of the claim: Note that g = gcd(a1c1, a2c2) and Proposition 9 implies that there exist xi , yi , zi ∈ O
such that a1c1 y1 + a2c2 y2 = g, a1c1z1 + a2c2z2 = g and 2(a1c1x1 + a2c2x2) = 2g. Using conditions (a) and
(b) and by multiplying the above equations with suitable factors in O, we get solution of Equations (16.2), (16.3)
and (16.5).

Let A = a1(x2
1 + y1z1) + a2(x2

2 + y2z2) − p. If A = 0 then we have a3 | A and hence we get the required
result. Suppose A �= 0. Now we replace solution of Equations (16.2) and (16.3) as in Remark 18 such that
Equations (16.2) and (16.3) still hold and a1(x2

1 + y1z1) + a2(x2
2 + y2z2) − p becomes divisible by a3. Apply

Remark 18 with v = 2 so that values of y1, y2, z1, z2 modulo σ where σ = δ or δ̄ are invariant which implies
that condition (d) still holds. We get

A1 = A + 2a1a2(t P + k(Q + t R))

where P = c2 y1 − c1 y2, Q = c2z1 − c1z2 and R = 2(a1c2
1 + a2c2

2). As A �= 0 and gcd(d, 2a1a2) = 1, from
condition (c) we get gcd(d, R) = 1. Then from Lemma 19 with γ = d and b = 2a1a2 there exist k, t ∈ O such
that d divides A1. If δ, δ̄ � a3 then we have a3 | A1 and hence the result.

Suppose σ | a3 where σ = δ or δ̄. If A1 = 0 then we have a3 | A1 and hence we get the required result.
Suppose A1 �= 0. Replace as in Remark 18 with v = vσ we get

Aσ = A1 + vσ a1a2(t P + k(Q + t Rσ ))

where P = y1c2 − y2c1, Q = z1c2 − z2c1 and Rσ = vσ (a1c2
1 + a2c2

2). From condition (d) we have σ � Rσ or
atleast one of P and Q is not divisible by σ . As A1 �= 0 and gcd(vσ a1a2, σ ) = 1 by Lemma 19 with γ = σ

and b = vσ a1a2 there exist k, t ∈ O such that σ | Aσ . Note that d | Aσ as d divides vσ as well as A1. If σ̄ � a3
then we have a3 | Aσ and hence the required result. Assume further we also have σ̄ | a3 and Aσ �= 0. Note that
values of y1, y2, z1, z2(mod σ̄ ) are invariant after the two replacements above as σ̄ | 2, vσ . Apply Remark 18
with v = vσ̄ we get

Aσ̄ = Aσ + vσ̄ a1a2(t P + k(Q + t Rσ̄ ))

Further by similar argument as above we get σ̄ | a1(x2
1 + y1z1) + a2(x2

2 + y2z2) − p. Continuing both the steps
above, we get that a3 | a1(x2

1 + y1z1) + a2(x2
2 + y2z2) − p and hence we get N ∈ O such that Equation (16.1)

holds.

4.2 Proof of universality of Types I, II and III

To prove that diagonal quadratic forms of Type I, II and III are universal we consider matrix equation of form I
and choose c1 and c2 depending on the value of p − s(mod 2) such that all the conditions of Claim 20 hold.

Type I: δ, δ̄ � a1a2a3.
Here we have a3 = d. The following table gives values of c1 and c2 corresponding to the values of p −

s(mod 2). Note that a1c2
1 + a2c2

2(mod 2) is evaluated by using Lemma 12 and Remark 13.
For every case in Table 1 we have g = 1 and d � a1c2

1 + a2c2
2 so condition (a) and (c) hold. The table above

shows that condition (b) also holds. We have δ, δ̄ � a3. Therefore from Claim 20 we get the required result.
Type II: δ | a1a2a3 and δ̄ � a1a2a3.
Consider the following cases depending on the divisibility of p − s, q and r by δ.
Case 1: Not all of the p − s, q and r are divisible by δ.
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Table 1 Type I

p − s(mod 2) c1 c2 a1c2
1 + a2c2

2(mod 2)

0 d 1 0
1 2d 1 1
δ δ̄d 1 δ

δ̄ δd 1 δ̄

Table 2 Type II, Case 1 (i)

p − s(mod 2) c1(mod δ) c2(mod δ) Rδ(mod δ)

1 0 1 1
δ̄ 0 1 1

Table 3 Type II, Case 1 (ii)

p − s(mod 2) c1(mod δ) c2(mod δ) P(mod δ) Rδ(mod δ)

0 1 1 y1 + y2 0
δ 1 1 y1 + y2 0

Table 4 Type II, Case 2

p − s

δ
(mod 2) c1 c2 p − s + a1c2

1 + a2c2
2(mod 2δ)

0 δd δ δ

(
p − s

δ
+ δ2d2d1 + δa2

)

≡ 0

1 d 2 δ

(
p − s

δ
+ d2d1 + 2δ̄a2

)

≡ 0

δ 2d δ δ

(
p − s

δ
+ 4d2d1 + δa2

)

≡ 0

δ̄ d δ δ

(
p − s

δ
+ d2d1 + δa2

)

≡ 0

Without loss of generality let δ, δ̄ � a1, a2 and a3 = δd where d ∈ O and δ, δ̄ � d. Take values of c1 and c2
as in Table 1. Then we have g = 1, 2 | p − s + a1c2

1 + a2c2
2 and d � a1c2

1 + a2c2
2 that is conditions (a), (b) and

(c) hold. As δ | a3 and δ̄ � a3 so now we prove that condition (d) holds for δ.
Case 1 (i) δ � p − s.
We have p−s ≡ 1 or δ̄(mod 2). Table 2 above shows that for both the possibilities we have δ � Rδ . Therefore

condition (d) hold and from claim 20 we have the required result.
Case 1 (ii) δ | p − s and δ � q.
We have p − s ≡ 0 or δ(mod 2) and Table 3 above shows for both of these possibilities we have Rδ ≡

0(mod δ). We have P = c2 y1 − c1 y2.
As δ � q from Equation (16.2), we have y1 + y2 ≡ 1(mod δ) then from the above table we get δ � P .

Therefore condition (d) holds and hence from Claim 20 we have the required result.
Case 1 (iii) δ | p − s and δ � r .
Similar proof can be written as in case (ii) above by considering Equation (16.3) in place of Equation (16.2).
Case 2: Each of p − s, q and r is divisible by δ.
For this case without loss of generality let a1 = δd1 where δ, δ̄ � d1 and δ, δ̄ � a2, a3. For this case we have

a3 = d. As δ | p − s we have
p − s

δ
∈ O. Table 4 below gives values of c1 and c2 corresponding to the values

of
p − s

δ
(mod 2). Note that p − s + a1c2

1 + a2c2
2(mod 2δ) is evaluated by using Lemma 12 and Remark 13.

For every case in Table 4 we have g = δ and d � a1c2
1 + a2c2

2. As δ | q, r so condition (a) and (c) hold. The
table above shows that condition (b) also holds. As δ, δ̄ � a3 and hence from Claim 20 we get the required result.
Type III: By considering similar cases as in Type II above we get the required result.
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4.3 Matrix equation of form II

Diagonal quadratic forms of Type IV and V cannot be proved universal by using matrix equation of form I
(see Appendix). If p − s �≡ 0(mod 2) then in next subsection we prove that there exists solution to matrix
equation of form I corresponding to diagonal quadratic form of Type IV and V. From Appendix we get that if
p − s ≡ 0(mod 2), then we may not get solution by using form I for some values of q and r . Therefore we define
matrix equation of form II in which we assume that p − s ≡ 0(mod 2) and prove that solution exists for all
values of q and r . Consider a diagonal quadratic form a1 X2

1 + a2 X2
2 + a3 X2

3 of the Type IV or V then we have
2 | a1a2a3 and δ2, δ̄2

� a1, a2, a3. Also there exists ai such that δ, δ̄ � ai and without loss of generality let a2 be
the such coefficient of the diagonal quadratic form. Following is the matrix equation of form II corresponding
to diagonal quadratic form a1 X2

1 + a2 X2
2 + a3 X2

3.

a1

[
x1 y1
z1 c1 − x1

]2

+ a2

[
x2 y2

z2 − l c2 − x2

]2

+ a3

[
0 1
z3 c3 − 2a2k

]2

=
[

p q
r s

]

Note here that we have a different form for X2 and X3 as compared to that in form I. The above matrix equation
has a solution if and only if all the four equations below have a solution:

a1(x2
1 + y1z1) + a2(x2

2 + y2(z2 − l)) + a3z3 = p (20.1)

a1c1 y1 + a2c2 y2 + a3c3 − 2a2a3k = q (20.2)

a1c1z1 + a2c2(z2 − l) + a3z3(c3 − 2a2k) = r (20.3)

a1(y1z1 + (c1 − x1)
2) + a2(y2(z2 − l) + (c2 − x2)

2) + a3(z3 + (c3 − 2a2k)2) = s (20.4)

Using Equation (20.1) it is easy to see that Equation (20.4) can be written as:

2(a1c1x1 + a2c2x2) = p − s + a1c2
1 + a2c2

2 + a3c2
3 − 4a2a3c3k + 4a3a2

2k2. (20.5)

Once we have found xi , yi , z j , c j , l, k ∈ O for 1 ≤ i ≤ 2 and 1 ≤ j ≤ 3 such that Equations (20.1), (20.2),
(20.3) and (20.5) hold then it follows that for the same xi , yi , z j , c j , l, k ∈ O Equation (20.4) also holds. This is
because from Equation (20.1) and (20.5) we get a1(y1z1 + (c1 − x1)

2) + a2(y2(z2 − l) + (c2 − x2)
2) + a3(z3 +

(c3 − 2a2k)2) = a1(x2
1 + y1z1) + a2(x2

2 + y2(z2 − l)) + a3z3 + a1c2
1 + a2c2

2 + a3c2
3 − 4a2a3c3k + 4a2

2a3k2 −
2(a1c1x1 + a2c2x2) = p − (p − s) = s.

Let a3 = δx δ̄yd where x, y ∈ {0, 1}, d ∈ O and δ, δ̄ � d. Take y2 = 0, c2 = 1 and c3 = a2δ
e δ̄ f where

e, f ∈ {0, 1} are chosen suitably. Note that e and f are possibly chosen non-zero only if δ and δ̄ divides a3
respectively. If q − a3c3 = 0 then take c1 = d. If q − a3c3 �= 0 then let α be the product of those prime factors
of q − a3c3 other than δ and δ̄ with multiplicity which divide a3. If there are no such prime factors of q − a3c3,

then take α = 1. So we have gcd

(
q − a3c3

α
, d

)

= 1 and for this case take c1 = α.

From Remark 13 we have c2
1 ≡ 1(mod 4). Let g1 = gcd(a1c1, a2) and g2 = gcd(a1, 2a2a3). As a1, a2, a3

are pairwise coprime we get g1 = 1.
In Claim 22 we state sufficient conditions to prove the existence of a solution of the matrix equation of form

II. Motivation for these conditions is given in Remark 21 below. Then a proof of Claim 22 is given by proving
steps in Remark 21.

Remark 21 To prove that matrix equation of form II has a solution it is enough to do the following steps:

Step 1: Prove that there exist y1, k ∈ O such that Equation (20.2) i.e., a1c1 y1 − 2a2a3k = q − a3c3 holds.
Step 2: Eliminate z3 from Equation (20.3) by substituting l = a3z3(δ

e δ̄ f − 2k) and prove that there exist
z1, z2 ∈ O such that Equation (20.3) i.e., a1c1z1 + a2c2z2 = r holds.
Step 3: Prove that there exist x1, x2 ∈ O such that Equation (20.5) holds.
Step 4: Let A = a1(x2

1 + y1z1) + a2x2
2 − p. Then prove that for some solution of equations in the above

steps we have a1(x2
1 + y1z1)+ a2x2

2 − p is divisible by a3 i.e., we are able to find z3 ∈ O such that Equation
(20.1) i.e., a1(x2

1 + y1z1) + a2x2
2 + a3z3 = p holds. Finally we get l ∈ O of the form in Step 2 and hence

the existence of the solution of the matrix equation of form II.

We now state and prove a claim such that on verifying that the conditions of the claim are met, we can obtain
solutions X1, X2, X3 for universality of the diagonal quadratic form a1 X2

1 + a2 X2
2 + a3 X2

3. Below we first give
a proof of the claim.
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Claim 22 We have c3 = a2δ
e δ̄ f where e, f ∈ {0, 1}, p − s ≡ 0(mod 2) and δ, δ̄ � a2. Let g2 = gcd(a1, 2a2a3).

Suppose for suitable values of e, f ∈ {0, 1} the corresponding c3 and g2 satisfy conditions (a) and (b) below:

(a) 2 | a1 + a2 + a3c2
3,

(b) g2 | q − a3c3.

Further suppose δ or δ̄ divides a3 (Note that both δ, δ̄ may divide a3 too). Then assume in this case that the
condition below holds:

(c) If σ | a3 where σ = δ or δ̄ then
p − s

2
+ a1 + a2 + a3c2

3

2
≡ p(mod σ).

Then form II has a solution (in O). (Note here that condition (c) need not be checked if δ and δ̄ both do not
divide a3).

Proof of the claim: First consider Equation (20.2) i.e.,

a1c1 y1 − 2a2a3k = q − a3c3. (22.1)

We obtain solutions y1, k ∈ O of the above equation such that both are non-zero and gcd(y1, d) = 1. Such a
choice will help to prove Step 4 of Remark 21.

Case 1: Suppose q − a3c3 = 0.
Then we have c1 = d as defined before Remark 21. Take y1 = 2a2δ

x δ̄y and k = a1 which satisfies Equation
(22.1) and as gcd(2a2δ

x δ̄y, d) = 1 we have gcd(y1, d) = 1.
Case 2: Suppose q − a3c3 �= 0.
As a1, a2, a3 are pairwise coprime and δ2, δ̄2

� a1a2a3 we get g2 ∈ {1, δ, δ̄, 2}. We have c1 = α as defined
before Remark 21 then gcd(a1c1, 2a2a3α) = αg2. Further from condition (b) and gcd(α, g2) = 1 we get
αg2 | q − a3c3. From Remark 10 there exist y′

1, k′ ∈ O both non-zero such that a1c1 y′
1 − 2a2a3αk′ = αg2.

By multiplying the above equation with suitable factors in O we get solutions y1, k ∈ O of Equation (22.1)
where y1 = y′

1β1 and k = αk′β2 for some β1, β2 ∈ O. Note that α | k. We have gcd(y1, d) = 1 because
from Equation (22.1) we have the following equation in O:

a1 y1 + 2a2a3
k

α
= q − a3c3

α
(22.2)

So if for π (a prime factor of d other that δ and δ̄), π | y1 and also π | a3 then from the above equation we get

π | q − a3c3

α
, a contradiction to gcd

(
q − a3c3

α
, d

)

= 1.

Take l = a3z3
(
δe δ̄ f − 2k

)
then Equation (20.3) is reduced to

a1c1z1 + a2z2 = r. (22.3)

Since g1 = gcd(a1c1, a2) = 1, from Proposition 9 there exist z1, z2 ∈ O such that a1c1z1 + a2z2 = 1. By
multiplying the above equations with suitable factors in O we get a solution of Equation (22.3).

Now consider Equation (20.5). As c2
1 ≡ 1(mod 2) and c2 = 1, from condition (a) we get a1c2

1+a2c2
2+a3c2

3 ≡
a1 + a2 + a3c2

3(mod 2) ≡ 0(mod 2) and this implies that right hand side of Equation (20.5) is divisible by 2. As
g1 = gcd(a1c1, a2) = 1, then from Proposition 9 there exist x1, x2 ∈ O such that Equation (20.5) holds.

Let A = a1(x2
1 + y1z1) + a2x2

2 − p. If A = 0 then we have a3 | A and hence we get the required matrices
X1, X2, X3 ∈ M2(O) that give a solution to form II. Suppose A �= 0. Replace

z1 → z1 + ma2, z2 → z2 − ma1c1. (22.4)

Then Equation (22.3) still holds and we get

A1 = A + ma1a2 y1. (22.5)

As gcd(a1a2 y1, d) = 1 from Lemma 11 with b = a1a2 y1 and c = d there exists m ∈ O such that d | A1.
If δ, δ̄ � a3 then we have a3 | A1 and hence we get the required result. Suppose σ | a3 where σ = δ or δ̄ then

σ � a2, a3. If A1 = 0 we have a3 | A1 and hence we get the required result. Suppose A1 �= 0. From Equation (20.5)
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we get a1c1x1 +a2x2 = p − s

2
+ a1c2

1 + a2 + a3c2
3

2
−2a2a3c3k +2a3a2

2k2 ≡ p − s

2
+ a1 + a2 + a3c2

3

2
(mod σ)

as c2
1 ≡ 1(mod 4) and c2 = 1. Further from condition (c) we get

a1c1x1 + a2x2 ≡ x1 + x2(mod σ) ≡ p(mod σ). (22.6)

From Remark 14 (iv) we have A1 ≡ x1 + x2 + y1z1 − p(mod σ). Then from Equation (22.6) we have
A1 ≡ y1z1(mod σ). If y1z1 ≡ 0(mod σ) then we have σ | A1. Suppose y1z1 �≡ 0(mod σ) then we have σ � y1
and σ � z1 as σ is a prime factor of 2. Replace

z1 → z1 + m′da2c2, z2 → z2 − m′da1c1.

Then Equation (20.3) still holds and we get A2 = A1 + m′da1a2 y1. As gcd(a1a2 y1, σ ) = 1 then from Lemma
11 with b = da1a2 y1 and c = σ there exists m′ ∈ O such that σ | A2. Note that d | A2 as d | A1 therefore we
get σd | A1.

If σ̄ � a3 then we have a3 | A2 and hence we get the required result. Assume further we also have σ̄ | a3 and
A2 �= 0. Using condition (c), Equation (20.5), if required then replace

z1 → z1 + m′′σda2c2, z2 → z2 − m′′σda1c1

and by similar argument as above we get σ̄ | a1(x2
1 + y1z1) + a2x2

2 − p. Continuing both the steps above we
get a3 | a1(x2

1 + y1z1) + a2x2
2 − p and hence we get z3, l ∈ O. This gives all the entries required to determine

X1, X2 and X3.

4.4 Proof of universality of Types IV and V

In this subsection we will prove that diagonal quadratic forms of Type IV and V are universal. For these types
we sometimes need to use form I and verify that conditions of Claim 20 hold. In the remaining cases we use
form II and verify that conditions of Claim 22 hold.

Type IV: 2 | ai for some i (1 ≤ i ≤ 3).
Now we consider the following cases depending on the value of p − s(mod 2) and prove the result for each of
the cases.

Case 1: p − s ≡ 1(mod 2)

Consider the matrix equation of form I. Without loss of generality suppose both δ, δ̄ � a1, a2 and a3 = 2d
where d ∈ O and δ, δ̄ � d. Take c1 = 2d and c2 = 1. Then we have g = 1 and d � a1c2

1 + a2c2
2 so conditions

(a) and (c) of Claim 20 hold. From Lemma 12 and Remark 13 we get 2 | p − s + a1c2
1 + a2c2

2 which implies
that condition (b) holds. We have δ, δ̄ | a3 so we will prove that condition (d) holds for both δ and δ̄. We have
Rδ = vδ(a1c2

1 + a2c2
2) ≡ 1(mod δ) and Rδ̄ = vδ̄(a1c2

1 + a2c2
2) ≡ 1(mod δ̄). Therefore condition (d) also holds

and hence from Claim 20 we have the required result.

Case 2: p − s ≡ δ(mod 2).
Case 2 (i) Atleast one of q and r is not divisible by δ.
Suppose δ � q. Consider the matrix equation of form I. Without loss of generality let δ, δ̄ � a1, a2 and a3 = 2d

where d ∈ O and δ, δ̄ � d. Take c1 = d and c2 = δ̄. Then we have g = 1 and d � a1c2
1 + a2c2

2 so conditions (a)
and (c) hold. From Lemma 12 and Remark 13 we get 2 | p − s + a1c2

1 + a2c2
2 which implies that condition (b)

holds. We have δ, δ̄ | a3 so we prove that condition (d) holds for both δ and δ̄. We have Rδ̄ ≡ 1(mod δ̄) and this
implies that condition (d) holds for δ̄.

As δ � q from Equation (16.2) we get y1 + y2 ≡ 1(mod δ). Consider P = c2 y1 − c1 y2 ≡ y1 + y2(mod δ) ≡
1(mod δ) that is δ � P . Therefore condition (d) also holds for δ and hence we have the result.

If δ � r then by considering Equation (20.3) in place of Equation (20.2) a similar proof can be written.
Case 2 (ii) δ | q and δ | r .
Consider the matrix equation of form I. Without loss of generality let a1 = 2d1 where d1 ∈ O and δ, δ̄ �

d1, a2, a3. For this case we have a3 = d. As p − s ≡ δ(mod 2) so we have p − s − δ ≡ 0(mod 2). Further

p − s − δ = 2a for some a ∈ O. As δ is a prime divisor of 2 in O so we get δ | p − s that is
p − s

δ
∈ O. From
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Table 5 Type IV, Case 2 (ii)

p − s

δ
(mod 2) c1 c2 p − s + a1c2

1 + a2c2
2(mod 2δ)

1 d δ δ

(
p − s

δ
+ δ̄d2d1 + δa2

)

≡ 0

δ δd δ δ

(
p − s

δ
+ 2δd2d1 + δa2

)

≡ 0

the previous equation we get
p − s

δ
− 1 = δ̄a and it implies that

p − s

δ
≡ 1 or δ(mod 2). Table 5 above gives

the values of c1 and c2 corresponding to the value of
p − s

δ
(mod 2).

We have g = δ for each case in Table 5. As δ | q, r and d � a1c2
1 + a2c2

2 which implies that conditions (a)
and (c) of Claim 20 hold. The table above shows that condition (b) also holds. As δ, δ̄ � a3 hence from Claim 20
we have the required result.

Case 3: p − s ≡ δ̄(mod 2).
This case can be proved by considering similar cases as in Case 2 above.

Case 4: p − s ≡ 0(mod 2).
Without loss of generality let δ, δ̄ � a1, a2 and a3 = 2d where d ∈ O, δ, δ̄ � d. Consider the matrix equation

of form II. We first prove that condition (a) of Claim 22 holds. Here c2 = 1 and a3 as discussed before Claim 22.
From Lemma 12 we have a1 + a2 + a3c2

3 = a1 + a2 + 2dc2
3 ≡ 0(mod 2) so condition (a) holds. Also condition

(b) holds as g2 = gcd(a1, 2a2a3) = 1. Note that condition (a) and (b) hold for any e, f ∈ {0, 1}. We know that
c3 = a2δ

e δ̄ f where e, f ∈ {0, 1}. As δ, δ̄ | a3 so we make suitable choice of e, f ∈ {0, 1} such that condition

(c) holds for both δ and δ̄. Consider
p − s

2
+ a1 + a2 + a3c2

3

2
= p − s

2
+ a1 + a2

2
+ da2

2δ2e δ̄2 f . Then from

Remark (14) (iv) we get
p − s

2
+ a1 + a2 + a3c2

3

2
≡ δe(mod δ) and

p − s

2
+ a1 + a2 + a3c2

3

2
≡ δ̄ f (mod δ̄) and

this implies that we can choose e, f ∈ {0, 1} depending on the value of p(mod δ) and p(mod δ̄) respectively
such that condition (c) holds for both δ and δ̄. Therefore from Claim 22 we have the required result.
Type V: δ | ai , δ̄ | a j for some i, j (1 ≤ i �= j ≤ 3).

Case 1: p − s ≡ 1(mod 2).
Consider the matrix equation of form I. Without loss of generality let a1 = δd1, a2 = δ̄d2 and δ, δ̄ � d1, d2, a3.

For this case we have a3 = d. Let c1 = d and c2 = 1 then we have g = 1 and d � a1c2
1 + a2c2

2. So conditions
(a) and (c) hold. From Lemma 12 and Remark 13 we get p − s + a1c2

1 + a2c2
2 ≡ 0(mod 2). Therefore condition

(b) holds. As δ, δ̄ � a3 so from Claim 20 we have the required result.

Case 2: p − s ≡ δ(mod 2).
Consider the matrix equation of form I.
Case 2 (i) Atleast one of q and r is not divisible by δ.
Suppose δ � q. Without loss of generality let a1 = δ̄d1 and a3 = δd and δ, δ̄ � d1, d, a2. Take c1 = d,

c2 = 1 then we have g = 1 and d � a1c2
1 + a2c2

2 so conditions (a) and (c) hold. From Lemma 12 and Remark
13 we get p − s + a1c2

1 + a2c2
2 ≡ 0(mod 2). Therefore condition (b) holds. We have δ | a3 and δ̄ � a3 so we

prove condition (d) holds for δ. As δ � q from Equation (16.2) we get y1 + y2 ≡ 1(mod δ) and it implies that
P = c2 y1 − c1 y2 ≡ δ̄y1 − y2(mod δ) ≡ y1 + y2(mod δ) ≡ 1(mod δ) that is δ � Pδ . So condition (d) holds and
hence from Claim 20 we have the required result.

If δ � r then similar proof can be written as above.
Case 2 (ii) δ | q, δ | r
Without loss of generality let a1 = δd1, a2 = δ̄d2 where δ, δ̄ � d1, d2, a3. For this case we have a3 = d. As

p−s ≡ δ(mod 2) so we have
p − s

δ
≡ 1 or δ(mod 2). Table 6 below gives the values of c1 and c2 corresponding

to the value of
p − s

δ
(mod 2).
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Table 6 Type V, Case 2 (ii)

p − s

δ
(mod 2) c1 c2 p − s + a1c2

1 + a2c2
2(mod 2δ)

1 d δ δ

(
p − s

δ
+ d2d1 + δδ̄d2

)

δ δd δ δ

(
p − s

δ
+ d2δ2d1 + δδ̄d2

)

We have g = δ for each case in Table 6. As δ | q, r and d | a1c2
1 + a2c2

2 so conditions (a) and (c) hold. The
table above shows that condition (b) also holds. As δ, δ̄ � a3 from Claim 20 we get the required result.

Case 3: p − s ≡ δ̄(mod 2)

By interchanging the role of δ and δ̄ in Case 2 above, we get the result.
Case 4: p − s ≡ 0(mod 2)

Case 4 (i) Atleast one of q and r is not divisible by δ̄.
Suppose δ̄ � q. Without loss of generality let a1 = δ̄d1, a3 = δd where d1, d ∈ O and δ, δ̄ � d1, d, a2.

Consider the matrix equation of form II. As δ̄ � a3 take f = 0. From Lemma 12 we have a1 + a2 + a3c2
3 =

δ̄d1 + a2 + δda2
2δ2e ≡ δ̄ + 1 + δ(mod 2) ≡ 0(mod 2) so condition (a) holds. We have g2 = gcd(a1, 2a2a3) = δ̄.

As δ̄ � q and δ̄ � a3c3 then from Remark 14 (iv) we get δ̄ | q − a3c3 that is g2 | q − a3c3, so condition (b)
holds. Note that conditions (a) and (b) hold for any value of e ∈ {0, 1}. As δ | a3 so we make suitable choice of

e ∈ {0, 1} such that condition (c) holds for δ. Consider
p − s

2
+ a1 + a2 + a3c2

3

2
= p − s

2
+ δ̄d1 + a2 + δda2

2δe

2
.

If e = 0 we have
δ̄d1 + a2 + δdc2

3

2
= δ̄d1 + a2 + δda2

2

2

= B(say) and if e = 1 we have let C = δ̄d1 + a2 + δdc2
m

2

= δ̄d1 + a2 + δdδ2a2
2

2
= δ̄d1 + a2 + δda2

2(1 + δ2 − 1)

2

= B + da2
2

(
δ3 − δ

2

)

= B − da2
2

(
δ(1 − δ)(1 + δ)

2

)

= B − da2
2(1 + δ)

≡ B + 1(mod δ). Then from Remark 14 (iv) we can choose e ∈ {0, 1} depending on the value of p(mod δ)

such that condition (c) holds for δ. Therefore from Claim 22 we have the required result.

If δ̄ | q and δ̄ � r then consider matrix

[
p r
q s

]

and take transpose of matrix equation after writing similar

proof as above to get the required result.
Case 4 (ii) Atleast one of q and r is not divisible by δ.
Suppose δ � q. Without loss of generality let a1 = δd1, a3 = δ̄d where d1, d ∈ O and δ, δ̄ � d1, d, a2. Consider

matrix equation of form II. As δ � a3 take e = 0. From Lemma 12 we have a1+a2+a3c2
3 = δd1+a2+δ̄da2

2 δ̄2 f ≡
δ + 1 + δ̄(mod 2) ≡ 0(mod 2) so condition (a) holds. We have g2 = gcd(a1, 2a2a3) = δ. As δ � q and δ � a3c3
then from Remark 14 (iv) we get δ | q −a3c3 that is g2 | q −a3c3, so condition (b) holds. Note that conditions (a)
and (b) hold for any value of f ∈ {0, 1}. As δ̄ | a3 so we make suitable choice of f ∈ {0, 1} such that condition

(c) also holds for δ̄. Consider
p − s

2
+ a1 + a2 + a3c2

3

2
= p − s

2
+ δd1 + a2 + δ̄da2

2 δ̄2 f

2
.

If f = 0 we get
δd1 + a2 + δ̄dc2

3

2
= δd1 + a2 + δ̄da2

2

2

= B(say) and if f = 1 we get let C = δd1 + a2 + δ̄dc2
3

2

= δd1 + a2 + δ̄d δ̄2a2
2

2
= δ̄d1 + a2 + δ̄da2

2(1 + δ̄2 − 1)

2

= B + da2
2

(
δ̄3 − δ̄

2

)

= B + da2
2

(
δ̄(δ̄2 − 1)

2

)

= B − da2
2

(
δ̄δ(1 + δ̄)

2

)
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Table 7 Type V, Case 4 (iii)

p − s

2
(mod 2) c1 c2 B = p − s + a1c2

1 + a2c2
2 B(mod 4)

0 2d 2 2

(
p − s

2
+ 2d2a1 + 2a2

)

0

1 δ̄d δ 2

(
p − s

2
+ δ̄d2d1 + δd2

)

0

δ 2d δ 2

(
p − s

2
+ 2d2a1 + δd2

)

0

δ̄ δ̄d 2 2

(
p − s

2
+ δ̄d2d1 + 2a2

)

0

≡ B + 1(mod δ̄). Then from Remark 14 (iv) we can choose f ∈ {0, 1} depending on the value of p(mod δ̄)

such that condition (c) holds for δ̄. Therefore from Claim 22 we have the required result.

If δ | q and δ � r then consider matrix

[
p r
q s

]

and take transpose of matrices after writing similar proof as

above to get the required result.
Case 4 (iii) δ | q, r and δ̄ | q, r that is 2 | q, r .
Consider the matrix equation of form I. Without loss of generality let a1 = δd1, a2 = δ̄d2 where d1, d2 ∈ O

and δ, δ̄ � d1, d2, a3. For this case we have a3 = d. As p − s ≡ 0(mod 2) so we have
p − s

2
∈ O. Table 7 below

gives the values of c1 and c2 corresponding to the value of p − s(mod 2).
We have g = 2 for each of the case in Table 7. As 2 | q, r and d � a1c2

1 + a2c2
2 so conditions (a) and (c) hold.

The table above shows that condition (b) also holds. As δ, δ̄ � a3 from Claim 20 we have the required result.

5 Appendix

For diagonal quadratic forms where 2 | a1a2a3 i.e., of type IV and V and p − s ≡ 0(mod 2) we do not get a
solution for some values of q and r by using form I matrix equation. Note that conditions (a) and (b) of Claim 20
are necessary and sufficient conditions for form I matrix equation to have a solution. For existence of solution of
form I matrix equation it is necessary that a3 | a1(x2

1 + y1z1)+a2(x2
2 + y2z2)− p for some solution of Equations

(16.2), (16.3) and (16.5). We give two examples below.

Example 23 Consider the diagonal quadratic form δX2
1 + δ̄X2

2 + X2
3 which is of Type V. Let

[
p q
r s

]

=
[

0 1
1 0

]

.

We have p − s ≡ 0(mod 2) and δ, δ̄ � q, r . Suppose matrix equation of form I has a solution. As q = r = 1 from
Equation (16.2) and (16.3) we get g = gcd(a1c1, a2c2) = 1. We have σ | a1a2 where σ = δ, δ̄. That is σ | a1 or
σ | a2. Without loss of generality suppose that σ | a1. From Equation (20.5) we have a1c2

1 + a2c2
2 ≡ 0(mod 2).

As σ | a1c2
1 + a2c2

2 we get σ | a2c2
2 and this implies that σ | g, a contradiction.

Example 24 Consider the diagonal quadratic form X2
1 + X2

2 +2X2
3 which is of Type IV. Let

[
p q
r s

]

=
[

1 δ

δ −1

]

.

We have p − s = 2 ≡ 0(mod 2) and δ | q, r and δ̄ � q, r . Suppose matrix equation of form I has a solution. As
q = r = δ from Equation (16.2) and (16.3) we have g = gcd(a1c1, a2c2) ∈ {1, δ}. From Equation (20.5) we get
a1c2

1 + a2c2
2 ≡ 0(mod 2).

Suppose a1 = 2. As 2 | a1c2
1 + a2c2

2 we get 2 | a2c2
2 and this implies that δ̄ | g, a contradiction as g ∈ {1, δ}.

Similarly we can prove that a2 �= 2. Therefore we have a1 = a2 = 1 and a3 = 2.
If g = 1 then δ, δ̄ � c1, c2 as δδ̄ = 2 | a1c2

1 + a2c2
2. As δ | q from Equation (16.2) we have δ | y1 if and

only if δ | y2. Also δ | r then from Equation (16.3) we have δ | z1 if and only if δ | z2. From Remark 14(iv)

we get y1z1 + y2z2 ≡ 0(mod δ). From Equation (16.5) i.e., c1x1 + c2x2 = 1 + c2
1 + c2

2

2
and Remark 13 we get

x1 + x2 ≡ 0(mod δ). Then from Remark 14(iv) we get A = x2
1 + y1z1 + x2

2 + y2z2 − p ≡ 1(mod δ). So for no
solutions of Equation (16.2), (16.3) and (16.5) we have δ � a1(x2

1 + y1z1) + a2(x2
2 + y2z2) − p, a contradiction

as δ | a3. Therefore we get g �= 1.
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If g = δ then δ | c1, c2 as δ � a1, a2. From Equation (16.5) and Remark 13 we get c1x1+c2x2 = 1+ c2
1 + c2

2

2
≡

1 + δ2(mod δ) ≡ 1(mod δ), a contradiction as δ | c1, c2. Therefore we get g �= δ. Hence form I matrix equation
does not have a solution.

Having proved the above theorem, we make the following conjecture:

Conjecture Let K be a quadratic number field such that its ring of integers OK is a principal ideal domain and

2 is a product of distinct primes in OK . A diagonal quadratic form
∑m

i=1
ai X2

i , where a1, a2, . . . , am ∈ OK

is universal over M2(OK ) if and only if m ≥ 3, there is no prime in OK dividing m − 1 algebraic integers of
a1, a2, . . . , am and for every prime divisor σ of 2 there exist three algebraic integers of a1, a2, . . . , am which are
not divisible by σ 2.
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