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Abstract In this paper, we solve the Diophantine equation x24+C = y" inpositive integers x, y > 1; k,I,m >0
and n > 3 with ged(x, y) = 1, when C = 2K73/41™ and C = 2K73/89™.
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1 Introduction

The Diophantine equation
4+ C=n" x,y>1,n>3, (1.1)

where C is fixed positive integer is known as generalized Ramanujan-Nagell equation and this has been studied
by many authors for different values of C. Fermat proved that when (1, C) = (1, 2), the only solution to (1.1)
is (x,y) = (5,3). Lebesgue [23] proved the non-existence of solution in the case C = 1. It is known, due
to Shorey and Tijdeman [30] that such an equation always has finitely many solutions. In [14], Cohn solved
(1.1) for 77 values of C in the range [1, 100] with A = 1 and the remaing values of C in this range has been
covered in [9,28]. Studies for the solutions of (1.1), with A = 2,4 can be seen in [2,25] and other related
articles. Several authors became interested on solving (1.1) for the case C = p‘l” pgz e pZ", where p;’s are
disticnt primes, k > 1, a@; > 0. The combined work in the articles [3-5,13,21,22] yields the complete solution to
(1.1) for the case (A, C) = (1, p{'), whereas the cases (A, C) = (2, p{") and (A, C) = (4, p{") can be found in
[7,15,32]. There are some results concerning the the solutions of (1.1) for the case (A, C) = (1, pf” pgz) for some
primes pi, p2 < 19. For instance, the solutions of (1.1) for C = 2“pb, p € {3,5,11,13,17,19,29, 41} and
C = S“p”, p € {11, 13, 17} has been studied in [1,10,11,18,24,26,27,29,31]. Recent progress in this direction
has been done by taking A = 1 and C as products of powers of certain primes. For instance, the solutions of
(1.1) for C = 293%p¢, p € {11,13,17}, C = 2913%p¢, p € {5, 17} and C = 2911°19¢ has been studied in
[12,16,17,19,20].

The consideration of the values of C as product of powers of 2 and powers of two odd primes can also be
considered as certain generalizations to the values of C which are product of powers of 2 and powers of a odd
prime or some combination of powers of different primes. Except the prime 41, all the primes in the above list
of C =2%p?, p odd has been used for atleast one extension.
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70 S. G. Rayaguru

To further extend the above studies, we consider the Diophantine equation
x4 2k73l5m =y 5 € {41, 89} (1.2)

and search for all non negative integer solutions x, y, k, [, m, n with x, y > 1 and ged(x, y) = 1. As particular
cases we explore all the solutions with C = 2¢ pb , for p = 41,73, 89 which extends the list of odd primes to
{3,5,11,13,17,19, 29, 41, 73, 89}.

Using the results of primitive divisors and finding the S—integral values using MAGMA, we completely
solve (1.2) except for the case 11 {n and § = 89.

2 Main theorem and preliminaries

In this section, we state our main theorem and discuss some results and statements regarding the primitive divisors
of Lucas sequence that we need during the proof.

The case k = [ = m = 0, gives x> + 1 = y". It has been proved that this equation has no positive integer
solution when n > 3 (see [23]). Further, it is easy to see that this equation has no solution whenn = 0 orn = 2,
whereas an infinite family of solutions (x, y) = (m, m? + 1) exists when n = 1.

Furthermore, (1.2) has no positive integer solution when n = 0. It is easy to see that when n = 1, (1.2) has
infinitely many solutions in parametraized form

(x,y) € {21, 4% + 2%73!8™), (2t + 1, 417 + 4t + 2F7318™ + 1)}; £ > 0.

When n = 2, (1.2) can be written as
x2 4 2k73l5m = 2, (2.1)
If x is even, then y is odd (since gcd(x, y) = 1) and so k = 0. Thus, (2.1) reduces to
(y +x)(y — x) = 73'8™.

Since ged(x, y) = 1, we have ged(y — x, y + x) = 1. Thus, we obtain the solutions

o y) € |sm — 730 s 4730 §m73l — 1 §gm73l 4
Y > T 2 ’ > T 2 '

Similarly, if x is odd and y is even, then we obtain the above solutions just by replacing the positions of x and y.
If x and y both are odd, then ged(y — x, y + x) = 2 giving k = 2. Thus, (2.1) can be written as

X2+ x+736m =v2 1Y,

where x = 2X + 1 and y = 2Y + 1. Reading this modulo 2 ensures that no solution exist. Hence, from now we
assume that n > 3.

Theorem 2.1 The only solutions of the equation
x2 4 2k73lsm =y 5 e {41,89), x,y > 1,ged(x, y) =1,k [,m >0

are given in Table 1 whenn = 3 and (x, y, k,l,m,n) = (7,3,5,0,0,4), (38,5, 0,0, 2, 5) except for the case
11t n with § = 89.

Let {£},,>0 be the general Lucas sequence £,, = ”::gm , and discriminant A = ( — 77)°. A prime factor ¢
of L,, is called primitive if ¢ t A ]_[2":_11 L. If such g exists, then we have that ¢ = (%) (mod m), where (6_1)

is the Legendre symbol.

Theorem 2.2 Let L, = L,,(n, ) be a Lucas sequence. If m > 5 is a prime then L,, has a primitive prime
divisor except for finitely many pairs (n, 1) which are explicitly given in [8, Table 1].
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On the Diophantine equation x> 4+ C = y" 71

Table 1 Solutions of (3.1)

) X y k l m X y k l m
5 3 1 0 0 2 2 2 0 0
11 5 2 0 0 40 12 7 0 0
41 and 89 2723 195 1 1 0 970 98 2 1 0
219 73 6 2 0 326821 4745 12 2 0
77964 1825 0 2 0 95 27 1 2 0
322 55 2 2 0 1752 146 3 2 0
10439 657 15 2 0
583 81 6 1 1 191347 3321 13 0 2
738 82 2 0 2 205 41 4 0 2
123 41 5 0 2 49733 1353 11 0 2
1271 123 1 1 2 246 82 2 1 2
59081 1517 2 1 2 1168 146 3 2 1
4962467 29273 21 2 1 6724 369 0 1 3
41 575531 11817 18 1 3 156429145 290321 6 2 2
7562 426 2 1 3 3577 365 2 2 2
5329 657 4 3 1 12475727 53793 10 3 1
117019 2409 5 2 2 47961 5329 7 4 1
122713 2993 5 2 3 3619559 24017 11 2 3
802835385 863809 4 2 4 26874147 122713 10 3 4
2489730781 1844057 16 3 4 242666673 412961 8 3 5
6 5 0 0 1 1891 153 6 0 1
1009 465 12 0 1 74 18 2 0 1
403 57 8 0 1 3517525488983 231295025 18 2 6
445 89 6 0 2 4361 267 1 0 2
7105 641 15 1 1 801 89 3 0 2
356 89 0 1 2 14653939 59897 18 1 2
89 104931 2225 3 1 2 318353 6497 12 2 2
4167959 25899 1 2 2 29701 995 1 1 3
513263 6497 8 2 2 102973 2225 3 1 3
1803566105 1481681 10 2 2 185074165 324761 4 0 4
451497 7921 6 1 4 615007355 1912521 31 3 2
474281 6497 4 3 2 2012023 19313 10 3 2
27263164 90593 0 4 2 1140624 15842 3 2 4
75440543042989 8287111913 4 4 2 679998139 773289 5 2 4

3 Proof of Theorem 1

Assume that y is even, then x is odd (since x and y are coprime) giving k = 0. Applying modulo 8, (1.2) gives
x2 4+ 73lsm =2 (mod 8), but since n > 3, y" =0 (mod 8) is a contradiction. Therefore, y is odd.
We first consider the case n = 3. Thus, (1.2) can be written as

x2 4 2k73lsm = y3 . 5 € (41,89}, x,y > 1,ged(x, y) = 1,k, I, m = 0. (3.1)

Proposition 3.1 All solutions of (3.1) are given in Table 1.

Proof Rewriting (3.1) as (Z)‘—3)2 = (le)2 — D, where D is cube-free and implicitly defined by 2€73/8” = Dz°,
one can see that D = 2973%6¢ with0 < a,b,c <Sandz = 297387 with0 < < £, 0<p<i o<y <2
Thus, with X = ;—3 and Y = ;—72, we get

x3=v?*-D. (3.2)

Therefore we need to calculate all {2, 73, é}-integral points on 216 elliptic curves defined by (3.2).
We use MAGMA to determine all the {2, 73, §}-integral points on the above elliptic curves satisfying
ged(numerator(X), numerator(Y)) = 1 and check for the desired solutions. All the solutions are listed in
Tablel (except those for which xy = 0). This completes the proof. O

Corollary 3.2 Forn > 1, the equation
x2 4 2k73lsm = 3§ e (41,89}, k,I,m > 0,

has no solution in positive integers x and y satisfying gcd(x, y) = 1.
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Table 2 Solutions of (3.3)

) X y k l m X y k l m X y k l m
7 3 5 0 0 33 7 5 0 1 87 13 9 0 1
65 9 5 1 0 840 29 0 0 2 41943 205 12 0 2
41 543 25 5 1 1 945 71 13 1 1 2737 57 10 1 1
583 27 6 1 1 2961 55 7 1 1 1193039 1095 16 2 1
7663 105 9 1 2 47815 219 6 2 1 657 73 7 2 1
170487 413 7 2 1
7 3 5 0 0 65 9 5 1 0 6433 81 8 1 1
89 57 11 7 0 1 8103 91 15 0 1 3248 57 0 1 1
8 9 0 1 1 4583 69 8 1 1 367 105 8 1
5073 89 6 1 2 45117943 6717 8 1 3
Proof Since y obtained as the solutions of (3.1) are not perfect powers (see Table 1), the equation x242k73l5m =
y" has no solution when 3|n. o
We now consider the case n = 4. Thus, (1.2) can be written as
x2 4 2k73l5m = y* 5 € (41,89}, x,y > 1, ged(x, y) = 1,k, I, m > 0. (3.3)
Proposition 3.3 The only solutions to (3.3) are given by Table 2.
Proof Rewriting (3.3) as (Z)‘—z)2 = (%)4 — D, where D is fourth power-free and implicitly defined by 2k73lgm —
Dz*, one can see that D = 2973%6¢ with 0 < a,b,c <3andz =2°73/8” with0 <a < 5,0<p <1 0<
y < %.Thus, with X = Zx—z and Y = %, we get
X>=v*-D. (3.4

Therefore we need to calculate all {2, 73, §}-integral points on 64 hyperelliptic curves defined by (3.4). We use
MAGMA to determine all the {2, 73, §}-integral points on the above elliptic curves and check for the desired
solutions. The only solutions obtained in this process (except those for which xy = 0) are listed in Table 2. This
completes the proof. O

As above, the following corollary follows immediately from proposition 3.3:
Corollary 3.4 Forn > 1, the equation
x2 4 2k73lsm =y s < (41,89}, k,I,m > 0,

has no solution in positive integers x and y satisfying gcd(x, y) = 1.
Proposition 3.5 Let p > 5 be a prime. Then the only solution of

x2 4 2k73lsm = yP . 5 € (41,89}, x,y > 1, ged(x, y) = 1,k, [, m >0 (3.5)
is given by (x,y,k,l,m) = (38,5,0,0, 2) except when (p, §) = (11, 89).
Proof Recall that y is odd. We first write (3.5) as

x2+d? =yP, (3.6)

where d € {1,2,41,73, 82, 89, 146, 178, 2993, 5986, 6497, 12994} depending on the exponents k, [, m and
7 = 2973°8¢ for some integers a, b, ¢ > 0.
Let OF be the ring of integers of the field F = Q(+/—d). We factorize (3.6) in F as:

(x +z\/—_d) (x —z\/—_d) =yl

and so the ideals (x + z+/—d) and (x — z+/—d) are coprime in F, for gcd(y, 2x) = 1. Hence, (x + z+/—d)
is a p'" power of some ideal Z C O. Using Mathematica we obtain the class number /(d) corresponding to
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On the Diophantine equation x> 4+ C = y" 73

each d. Since h(d) € {1,4, 8,12, 16, 32,48, 64}, gcd(h(d), p) = 1 and so 7 is a principal ideal. Since d # 3
(mod 4) and p is also coprime to the order of the unit group of Of, we can write

p
x+zd/—d =P = (u + v\/—d) 3.7)
with u, v € Z. Conjugating (3.7) and subtracting the two relations, we obtain
n? —qP  2473b5¢

7 cOrNQ=7. (3.8)
n—n

thus, v|2473%8¢. Since ged(x, y) = 1, it is also easy to verify that u and v must be coprime too. Hence,  and 7
form a Lucas pair. The corresponding Lucas sequence is defined by

P _}P
L, ="

, forn > 0.

n—n
By Theorem 2.2, for n > 5 except for finitely many Lucas pairs that are listed in [8, Table 1] £,, does not have a
primitive divisor. First, we assume £,, doesn’t have a primitive divisor. A quick look at [8, Table 1] reveals that
in this case £, can not have a primitive divisor. Assuming £, has a primitive divisor ¢, it follows from (3.8) that
q € {2,73, 6}. Since g = £1 (mod p) and we are assuming p > 5, the possibilities are p = 5,7 when § = 41
and p =5, 11 when § = 89 respectively.

Since the sign ¢ = £1 (mod p) coincides with (_Td)’ we have d € {1,2,73, 146} when (p,q) =
(5,41), (11, 89). Therefore, the equations

x2 4 2k73l41m =3Py p£5
and

x% 4+ 2k73189™ = yP: p £ 11
have no positive integral solutions. Hence, to complete the proof of Proposition 3.5, it only remains to study the
equation x% + 2€73/41™ = y°. Clearly, ¢ = 41. We divide the remaining part of this equation in four cases.

Casel: d = 1.
In this case, (3.7) becomes

x+z/-1= (M-I-U\/—_l)S
and equating the imaginary parts gives
v(5ut — 10u?v? + v*) = 2973b41°. (3.9)
Thus, v € {1, £2%, +73b0, 42417301 } for some integers 1 < ag, a; < aand1 < by, by < b (since gcd(gq, (n—

7)?) = ged(41, —4v?) = 1). We also note that y = u” 4+ dv? = u® + v? is odd.
Letting v = +£1, it follows from (3.9) that ¢ = 0 and so

5ut — 10u® + 1 = £73%41¢.

Since y is odd, # must be even and thus, applying modulo 8, it follows that the sign on the right hand side is
positive. We write the above equations as

w? ifb=c=0 (mod?2),
41w?  ifb=0,c=1 (mod?2),
73w?  ifb=1,¢=0 (mod?2),
2993w? ifb=c=1 (mod?2),

5ut — 10u?0? + vt =

where
73b/241¢/2 ifb=c=0 (mod?2),
_ 73b/241(c=1)/2 ifb=0,c=1 (mod?2),
W= 73-1/241¢/2 ifb=1,¢c=0 (mod?2),

73B=D/241€=D/2 ifp=c=1 (mod 2).
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74 S. G. Rayaguru

Using MAGMA we see that the only solution to 5ut — 10u?v? + v* = w?is (u, w) = (0, 1), which gives
x = 0. Again, the equation S5ut — 10u2v? + v* = 41w? gives (u, w) = (£2, —1) yielding (x, y, k,l,m) =
(38,5, 0,0, 2). The other equations doesn’t possess any integer solution.

We now consider v = £2% and it follows from (3.9) that

5u* — 10u?v? + v* = 297073k (3.10)
Since, y = u? + v2 is odd, it forces u to be odd, which gives a — ap = 0. Thus,
5ut — 10u*v? + v* = £73%41¢.

Reading it modulo 8 yields that this has no integer solution.
Letting v = £73%, (3.9) gives

5ut — 10u®v? + v* = £2973b~bog1€,

Since y = u? + v? is odd, u must be even. Applying modulo 8, the above equation reduces to 1 = +2¢ (mod 8)
which is not possible as a > 1.
Next, we let v = £247351 Thus, it follows from (3.9) that

S5ut — 10u?v? + v* = 220 a73b=bigqe,

Since, y is odd, # must be odd forcing a — a; = 0. Now reducing this equation modulo 8, we get 5 = £1
(mod 8) which is not possible.

Casell: d = 2.
In this case, (3.7) becomes

5
x+zv/=-2= (u + v\/—2)
and equating the imaginary parts gives
v(Sut —20u?v? + dvt) = 2973%41°. (3.11)

Thus, v = £2973% for some integers 0 < ap < aand 0 < by < b as ged(q, (n — m?) = ged(41, —4v?) = 1.
Since, y = u? + dv? = u? + 2v% is odd, u is odd. Thus, the above equation reduces to

Sut — 20u?v? + 4v* = £2979073b=bog e,
Applying modulo 4, we get a = ag and so,
Sut — 20u%v? + 4vt = £730"bogge,

Further, reading this modulo 8 with ay > 0, we get 5 = £1 (mod 8) which is not possible.

Case III: d = 73.
In this case, (3.7) becomes

5
x+2/"T3 = (u + v«/—73>
and equating the imaginary parts gives
v(5ut — 730uv? + 532090%) = 2973%41°. (3.12)

Thus, v = £2973% for some integers 0 < ap < aand 0 < by < b as ged(q, (n — ﬁ)z) = gcd(41, —4v2) =1.
Thus, the above equation reduces to

5u* — 730u%v? + 5329v* = £29-%0730—bog 1€,

We note that, y = u? + dv? = u? + 7302 is odd. Assuming v even, we get a = ag and thus modulo 8 the above
equation reduces to 5 = 1 (mod 8) which is a contradiction. If v is odd, then u is even which gives a = ay
and reading it modulo 8, the sign in the right hand side is positive. Thus,

5u* — 730u%v? + 5329v* = 730 Po41¢. (3.13)
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On the Diophantine equation x> 4+ C = y" 75

Thus, if b — bg = 2Bg and ¢ = 2Cy, then (3.13) can be written as
5U* —730U% + 5329 = V2
with

u 73804160
o, vy=(-,——»,
v

V2

which is a {2, 73}-integral point on the above quartic curve. Using MAGMA, we conclude that there do not exist
such points. Similarly, if b — bg = 2By + 1 and ¢ = 2Cy + 1, then (3.13) can be written as

5U% — 730U% + 5329 = 2993 V2
with

u 7380410
‘U 9

(Uv V) = <;7 2

which is a {2, 73}-integral point on the above quartic curve. Using MAGMA, one can check that there is no such
point. Now, depending on whether (b — by, ¢) = (2Bg+1,2Cq) or (b — by, ¢) = (2By, 2Co+ 1), we read (3.13)
as

5U% —730U% + 5329 = 73V2 or 5U* — 730U2 + 5329 = 41V?

respectively. We use MAGMA to determine all {2, 73}-integral points above the quartic curves and conclude that
no such points exist.

Case IV: d = 146.
In this case, (3.7) becomes

% +2V146 = (u+ vV/"146)
and equating the imaginary parts gives
v(5u* — 1460u’v? + 21316v*%) = 2973%41°. (3.14)
Thus, v = 29735 for some integers 0 < ap < a and 0 < by < b and the above equation reduces to
Sut — 1460u?v? 4 21316v* = £297%730=bog ¢,

As y = u® 4+ dv? = u® + 146v? is odd, u is always odd. Reading it modulo 4 gives a — ap = 0 and further
applying modulo 8, we get 5 = £1 (mod 8) which is not possible. O

Since, the solution y obtained in Proposition 3.5 is not a perfect power, we have the following corollary:
Corollary 3.6 Forn > 1,,k,l,m > 0, the equation
x4 2K73l8m = yPr 5 e (41,89}, x,y > 1, ged(x, y) = 1, (3.15)
has no solution except when (p, §) = (11, 89).

The proof of Theorem 2.1 follows from Proposition 3.1, Corollary 3.2, Proposition 3.3, Corollary 3.4,
Proposition 3.5 and Corollary 3.6.
Further, we have the following:

Corollary 3.7 Forn > 3, a, b > 0, the only solutions of the equation
2429417 =y" x,y > 1, ged(x,y) =1,

are given by (x,y,a,b) € {(5,3,1,0),(2,2,2,0),(11,5,2,0), (40,12,7,0)} when n = 3, (x,y,a,b) =
(7,3,5,0,4) whenn =4 and (x,y,a,b) = (38,5,0,2) whenn = 5.
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Corollary 3.8 Forn > 3, a,b > 0, the only solutions of the equation
420730 = )" x,y = 1 ged(x, y) =1,

are given by (x,y,a,b) € {(5,3,1,0),(2,2,2,0), (11,5, 2,0), (40, 12,7,0), (2723, 195, 1, 1)} whenn = 3
and (x,y,a,b) =(7,3,5,0) whenn = 4.

Corollary 3.9 Forn > 3 with 11 {n and a, b > 0, the only solutions of the equation

x? 42989 = y" x,y > 1, ged(x,y) =1,
are given by (x,y,a,n) € {(5,3,1,3),(2,2,2,3),(11,5,2,3), (40, 12,7,3), (7,3,5,4)} when b = 0 and
(x,y,a,n) € {(6,5,0, 3), (1009, 465, 12, 3), (1891, 153, 6, 3)} when b = 1.
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