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Abstract A hybrid binary tree is a complete binary tree where each internal node is labeled with 1 or 2, but with
no left (1, 1)-edges. In this paper, we consider enumeration of the set of hybrid binary trees according to the
number of internal nodes and some other combinatorial parameters. We present enumerative results by giving
Riordan arrays, bivariate generating functions, as well as closed formulas. As a consequence, we obtain some
new combinatorial matrices, one of which is analogous to the Borel triangle. We also present a bijection between
the set of all hybrid binary trees with n internal nodes and the set of generalized Schroder paths from (0, 0) to
(2n, 0) which are consist of up steps u = (1, 1), horizontal steps i = (2, 0), down steps d = (1, —1), and double
up steps U = (2, 2), and never travel below the x-axis.

Keywords Binary tree - Hybrid binary tree - Riordan array - Generating function - Generalized Schroder path -
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1 Introduction

A rooted tree in which the children of each node are ordered is called a plane tree, or an ordered tree [2,6,8,9,20,
27]. A complete binary tree is a ordered tree in which every internal node has exactly 2 children, i.e., a left child
and a right child. We will draw complete binary trees with the root on the top level, and call them binary trees
for short. Define the leftmost (resp. rightmost) path of a vertex v in a binary tree to be the longest path starting
from v with each vertex being the left (resp. right) child of its parent. The leftmost (resp. rightmost) path of the
root of a binary tree is called the left (resp. right) boundary of the tree [7,18].

In 1994, Pallo [17] introduced hybrid binary trees as equivalence classes of binary trees with respect to
associativity. A hybrid binary tree is a binary tree whose internal nodes are labeled by a symbol a (associative)
or n (non-associative), with the restriction that no internal node labeled « has a left child labeled a. Let &, denote
the number of hybrid binary trees with n internal nodes. A recurrence relation for the sequence (4,,) is given by
Pallo [17]. The first 6 terms are 1, 2,7, 31, 154, 820; it is sequence A007863 in OEIS [21]. Gu et al. [11,12]
considered 2-binary trees which are binary trees with the root is colored black and the other internal nodes are
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Fig. 1 A hybrid binary tree with 15 internal nodes
. 1 1 2
Fig. 2 Decomposition hybrid trees according to the label of root

either black or white, and they proved that the number of hybrid binary trees with n internal nodes equals

2n+1

=2 zl'(n—iu><2n+i1—i>'

i=n+1

In [19], Panholzer and Prodinger studied d-ary trees whose vertices are coloured by k colours in a specific
way and found some closed formula related to the generalized Catalan numbers. Recently, Hong and Park [14]
generalized the hybrid binary trees to the hybrid d-ary trees where every internal vertex is labeled with either
1 or 2 and every leaf with O, but with no leftmost (1, 1) labeled edges. In this paper, we consider some refined
enumerations of hybrid binary trees. For the sake of simplicity, we define hybrid binary tree as the following
form in accordance with [14].

Definition 1.1 A hybrid binary tree is a binary tree in which each internal node is labeled with either 1 or 2, but
with the restriction that no internal node labeled 1 has a left child labeled 1. A internal node labeled by 1 (resp.
2) is called a 1-node (resp. 2-node).

For example, a hybrid binary tree with 15 internal nodes is shown in Figure 1.

Theorem 1.2 Let H(1) = Y ;2 hyt" be the generating function for hy, the number of hybrid binary trees with
n internal nodes. Then,
H(t) =14 tH@) +tH@)* + 2 H(t) . (1.1)

Proof Let H(t) = > o2y hyt" be the generating function of all hybrid binary trees, according to the number of
internal nodes. Every hybrid binary tree is one of the form shown in Fig. 2, where each t; is an arbitrary hybrid
binary trees, possibly empty. From here, we get H(t) = 1 +tH(t) + tH()? +2H(1)3. O

Corollary 1.3 The generating function for the empty tree or hybrid binary trees with root labeled by 1 is
given A(t) = 1 4+ tH(t) + t?H(t)3, which corresponds the sequence A011272, the first few terms are
1,1,3,13,64,339,...

Corollary 1.4 The generating function for the empty tree or hybrid binary trees with root labeled by 2 is given
B(t) =1+ tH(t)z, which corresponds the sequence A011270, the first few terms are 1, 1,4, 18,90, 481, . ..

Our main goal is to count the hybrid binary trees according to the number of 1-nodes or 2-nodes, subject to
various conditions. The main tools are symbolic method, Riordan arrays and generating functions. The paper
is structured as follows. In Section 2 we review some definitions and notation about Riordan arrays. Then, by
enumerating hybrid binary trees according to two decompositions about right boundary, we obtain two Riordan
arrays whose row sums are the sequence (/,),>0. At the end of this section, by enumerating a subclass of hybrid
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Fig. 3 An example of hybrid binary tree whose length of 2-segment is 3 and an example of hybrid binary tree whose length of
1-segment is 2

binary trees which consist of trees whose nodes on the left boundary are all labeled by 2, we obtain a Riordan
array whose weighted row sum sequence is also the sequence (%,),>0. In Section 3, we enumerate hybrid binary
trees according to the number of 1-nodes or 2-nodes by using the symbolic method [10] and bivariable generating
functions, and we obtain some new combinatorial matrices, one of which is analogous to Borel’s triangle [1].
In Section 4, we present a bijection between the set of all hybrid binary trees with n internal nodes and the set
of generalized Schroder paths from (0, 0) to (2n, 0) which are consist of up steps # = (1, 1), horizontal steps
h = (2,0), down steps d = (1, —1), and double up steps U = (2, 2), and never travel below the x-axis.

2 Refined enumeration of the hybrid binary trees

In this section, we consider two refined enumerations of the hybrid binary trees by applying Riordan array method.
Remember that an infinite lower triangular matrix R = (r,, k) k>0 is a Riordan array if there exist two generating
functions g(r) and f(¢) with g(0) = 1, £(0) = 0 and f’(0) # 0, such thatr,, ; = ("1 () f (¥, n,k € N. The
Riordan array corresponding to the pair g(¢), f(¢) is denoted by (g(¢), f(¢)). If we multiply (g(¢), f(¢)) by a
column vector (bo, by, ...)T with the generating function b(¢), then the resulting column vector has generating
function g(#)b(f(¢)). This property is known as the fundamental theorem of Riordan arrays or summation
property [4,13,15,16,22-24]. The production of two Riordan arrays (g(¢), f(¢)) and (d(¢), h(t)) is defined by
the rule

(g(0), f(@)) x (d(t), h(1)) = (g()d(f (1)), h(f(1))). (2.1
We recall that the set of all Riordan matrices is a group under the operator ““ x ". The identity matrix (1, #) is the
group identity and the inverse of (g(¢), f(¢)) is

(g), fFO) ™" = /g(fF@)), f(1)), (2.2)

where f(t) is the compositional inverse of f(¢), i.e., f(f(t)) = f(f(t)) =t.

In a hybrid binary tree, its root is labeled by 1 or 2. If the root of a hybrid binary tree is labeled by 2, the
2-segment on the right boundary is the maximal sequence of edges starting from the root in which each vertex is
labeled by 2. The length of the 2-segment is defined as the number of its vertices. If the root of a hybrid binary
tree is labeled by 1, then the length of its 2-segment is 0. The length of the 1-segment is defined similarly. See
Figure 3 for example.

Let A, x be the number of hybrid binary trees with n internal nodes such that the length of the 2-segment
on the right boundary is k, and let B, ; be the number of hybrid binary trees with # internal nodes such that the
length of the 1-segment on the right boundary is k. Then the first few rows of the matrices A = (A, k), ken and
B = (B k)n,keN are

1 0 0 000 1 0 0000

1 1 0 000 1 1 0000

A= 33 1 000 B— 4 2 1000
11312 5 100} 1189 3100
64 57 25 710 90 44 15410
339296 133429 1 481232792251

Theorem 2.1 Let A, i be the number of hybrid binary trees with n internal nodes such that the length of the
2-segment on the right boundary is k. Then the infinite triangular matrix A = (Ay i) keN has a Riordan array
expression given by

A= (A0, tH (1)),
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Fig. 4 Decomposition hybrid trees according to the length of the 2-segment on the right boundary

1 1

Fig. 5 Decomposition hybrid trees according to the length of the 1-segment on the right boundary

where A(t) = 1+ tH(t) + t>H (1), and H(t) is determined by equation (1.1).

Proof Let Ax(t) = Y oo, Ankt" be the generating function for the set of hybrid binary trees that the length of
the 2-segment on the right boundary is k. Every hybrid binary tree is of one of forms shown in Figure 4, where
each o represents the empty tree or a hybrid tree with root labeled 1, and each t; represents the empty tree or
any hybrid tree. Then, Ag(t) = A(t) = 1 +tH(t) + t>H (1), and Ax(t) = A(t)(t H(1))*. From the definition
of Riordan array we obtain the desired result. O

Theorem 2.2 Let B, i be the number of hybrid binary trees with n internal nodes such that the length of the
1-segment on the right boundary is k. Then the infinite triangular matrix B = (By, ;) keN has a Riordan array
expression given by

B = (B(1),1B()),
where B(t) = 1 + tH(t)?, and H (1) is determined by equation (1.1).

Proof Let Br(t) = Z;’lik B, xt" be the generating function for the set of hybrid binary trees that the length of
the 1-segment on the right boundary is k. Every hybrid binary tree is of one of forms shown in Figure 5, where
each 7; represents the empty tree or a hybrid tree with root labeled 2. Then, By(t) = B(t) = 1 +tH (t)z, and
By (1) = B(t)(B(1))X. Hence, the result follows from the definition of Riordan array. ]

Theorem 2.3 Forn > k > 0, we have

k+1 n—k 2n+2

n+j\(2n+2 J 2j+itk— —k—j
3]+l+ ne_1yn ]’
L 2 ()G e

=0 i

1 S i\ 2n 2 j L ,
B — 32]+l*l’£ _lnfj'
o= 2 2 (1)) (ot e

i
j=0 i=0 J

Bn,k =

Proof Let f(t) = tB(t) = t + {>H(t). Then B = (By t)n.teN = (@ f(r)). From (1.1) we have

H()=14tH@)+tH@)>+1*H@)?
= (1 +tHO) + H@®) + 12 H()?)
= @ + f(H(),
which is equivalent to

Q)

tH(@) = = oL
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Now, f () becomes

f@) =1+ 12H(t)?
f@)?

BAROENOE

from which we get that

FO = fF@): =11 — fF()*+ (O~

Consequently, we obtain

td—fa* 1= f0)?

TO= =70y =70 ~ T=3/0+ 107

Using Lagrange inversion formula (see [5,25]), we have
Bux = [1"1(1+tH0H) (@ + P HOH* =" f (o)

1
:[tn_k]k+1 1-0n2\""
n+1 1—3t+t2

s k]k+1§:i2’:( +1> 2n+2)( >3f'—l(—1)"+’t"+-/'+’
J=

ZZ( ><2n+2>< )32,+,+k "1y,
=0 k=i—j

Setting k = 0 yields

1 n 2n+2 ntj 242 j
B — 32]+l —n N j
L & ()0 e
This completes the proof. O

Theorem 2.4 Let h,  be the number of hybrid binary trees with n internal nodes and the length of its left
boundaryis k, where each node on its left boundary is labeled by 2. The infinite triangular matrix H = (hp, i )n keN
has a Riordan array expression given by

H=(,tH()),

where H (t) is determined by equation (1.1).

Proof Let hi(t) = Y 72 hy k" be the generating function for the set of hybrid binary trees whose length of
left boundary is k and each node on its left boundary is labeled by 2. Then ho(t) = 1, and hi(¢) = *H (t)k , as
illustrated in the following Figure 6. From the definition of Riordan array we obtain the desired result. O
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Fig. 6 Decomposition hybrid trees with no 1-nodes on the left boundary

Applying the Lagrange inversion formula (see [5,25]), we obtain

Mok = ["1(tH (1))F
_ ryn—k E 1+1 !
=l ]n<1—t—t2)

k 00 1 ‘ '
="M= <n+’_ )t/(l + 1)t
n 4 Jj

Jj=0

oo n+j - . o
— [f”—k]EZZ(n—F]. l) <n—!—]>t1+z
n Jj i

j=0i=0
_5"2"<n+j—1)( n+j )
neg\ n—k—j)

The first few rows of H = (h, x)n ken are

Multiplying by the Fibonacci vector (1, 2, 3, 5, 8, 13, ...), which has the generating function Z,f‘;o Fk+21k =

1_1:’ o the resulting function is

1+¢ 1+tH(t)
1,tH(1)) - = = H(1),
( ) 1—t—1t2 1—tH@) —t2H@1)? @
which is equivalent to the matrix equation
1 0 0000 1 1
01 0000 2 2
02 1000 3 7
07 4100 S 1= 31| 2.3)
03118610 8 154
0154903381 13 820
This gives the formula
n
hn = hu i Fira. 2.4)
k=0
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Note that the (n, k)-element of the Riordan array A = (A(¢), t H(t)) can be expressed as
Ak = [("A@O(CH (0))*
= ["1(1 + tH (1) 4+ > H (1))t H (1))
= ["1CH @) + ["1¢H@) ! + [T H )
= huk + ket + Ryt k3.

3 Some statistics on the hybrid binary trees

In this section, we enumerate the hybrid binary trees according to the number of 1-nodes or 2-nodes. Our main
tool is bivariable generating functions and the Lagrange inversion formula (see [5, 10,25,26]). The result matrices
are not Riordan arrays, but the sequences of the row sums of these matrices are (/1,,),>0.

Theorem 3.1 Let S, i be the number of hybrid binary trees with n nodes among which there are k 1-nodes.

Then
k
1 n+1\/2n—k\(n—k
Snk = .
" n+1.2< i )( n )(k—i)
i=0
Proof By the decomposition of hybrid trees in Fig. 2, the bivariate generating function S(¢, x) for hybrid binary
trees according to the number of 1-nodes (marked by x) and number of all nodes (marked by ¢) is determined by

S(t,x) =1+ xtS(t, x) + 1S, x)> + xt28(, x)°, (3.1

Thus, S(z, x)t is the reverse series of %—)‘;)’ Using Lagrange inversion formula, we obtain

Suk = [1"x*18(t, x) = [("T'x*1S (1, x)1

1
- 1[t"xk](1 +x[)n+1(1 —f— th)—(VH-l)
n
n+l1 oo
P k n+
()
Z ey
n+1 . J .
" k]2<n+1>x1t (n+J>Z<J>xqt/+q
J q
q=0
oo n+l Jj
n+1\/m+ji\[(J\ i1, ir:
[tnxk] < )( )( > t+qtz+j+q
H ;

R

i=0 j=0

J )(r + xt%)/

2
2

k

=A4ZVTU@73@i3

i=0

The first few rows of (Sy k)n.keN are

0
0

A= O
coco

1
1
2 1
5 15 10 1
14 56 63 20
42 210 336 196 35

0
0
0
(Sn,i)n k=0 = (1)

0
0---
0---
0
0
1
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The sequence (Sy,0),>0 is the sequence A0O00108 (Catalan numbers); the sequence (S,,1),>1 corresponds to
the sequence A001791; the sequence (Sy,2),>2 corresponds to the sequence A145885.

Corollary 3.2 Let T,  be the number of hybrid binary trees with n nodes among which there are k 2-nodes.

Then
B B R AR YA
S A k J\n—k—i)

=

Theorem 3.3 Let U, i be the number of hybrid binary trees with n nodes among which there are k 1-nodes

adjacent to a leaf. Then
U 1 K n+j bi
n’k_n—i—l,=0 k j n—k—j)

J

Proof By the decomposition hybrid trees in Fig. 2, the bivariate generating function U (¢, x) = Y 720> rep
Un,kxkt” satisfies

Ut,x)=1+xtU(t, x)+tU(t, x)> + 12U (1, x). (3.2)
Using Lagrange inversion formula, we obtain the desired result. O

The first few rows of (U k)n.ken are

1 0 0 000---
1 1.0 000---
33 1. 000--
1014 6 100

U =
Untdn iz 38 65 40 10 1 0---
1...

154 315 245 90 15

The sequence (U, 0)n>0 corresponds to the sequence A001002.

Theorem 3.4 Let V, i be the number of hybrid binary trees with n nodes among which there are k 2-nodes that
are not left children of 1-nodes. Then

1 - n+1 n—+j Jj
Vo= —— .
o n+1z(n+k—2j>< j )(j—k)

J=0

Proof By the decomposition hybrid trees in Fig. 2, the bivariate generating function V (¢, x) = Y ;2> 7
Vn,kxkt” satisfies

V(t,x) =141V, x)+xtV(t,x)> + 12V (1, x)°. (3.3)
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—xt—12)t

Hence, V (¢, x)t is the reverse series of d 777 - By Lagrange inversion formula, we have

Vi = [1"x* 1V (e, x) = ["HxR v @, x)r

1
= ——["x"10 + 0" (1 = xt — %)~ D
n+1

1 n+1 n+1 o0
=n+1[t”xk]z< )t’Z( )( 412

i=0 j=0

e YEC B
e ESET( ) (e

j=0i=0 g=0

n+1nzn+1 n j ]
k 2j+i—n
- [“ZZ&)( i)

i=0 j=0

1 i n+1 n+j J
_n+1]_=k n+k—2j j j—k)

0
The first few rows of (V, k)n.ken are
1 0 0 0 0O
1 1.0 0 0 O--
23 2 0 0 O0--
511 10 5 0 0
V =
Vniniz0 = 70 10 S1 35 14 0 ...
42 148 238 224 126 42 - - -
The classical Catalan numbers C,, = ﬁ (zn") occur on the diagonal as well as in the first column of this matrix.

The row sums are the sequence (h,),>0 = (1,2,7, 31, 154, 820, ...). We note that this matrix is analogous to
the Borel triangle [1].

The second column (V;,,1),>1 corresponds to the sequence A014301, which is the number of internal nodes
of even outdegree in all ordered rooted trees with n + 1 edges, it is also the number of protected vertices in all
ordered rooted trees with n + 1 edges, where a protected vertex in an ordered tree is a vertex at least 2 edges
away from its leaf descendants [3].

4 Bijection between the hybrid binary trees and the generalized Schroder paths

In this section, we establish a bijection between the set of all hybrid binary trees with n internal nodes and the
set of generalized Schroder paths from (0, 0) to (2n, 0), which are lattice paths in the first quadrant starting at
point (0, 0), ending at (2n, 0), and consisting of up steps u = (1, 1), horizontal steps 2 = (2, 0), down steps
d = (1, —1) and double up steps U = (2, 2).

We use G, to denote the set of all generalized Schrdder paths from (0, 0) to (2x, 0). Now we use the symbolic
method [10,25] to compute the generating function of the sequence g, = |G, |.

From the first return decomposition a nonempty lattice path « in G = |-, G, may be decomposed using
one of the following forms

hB, updy,UBdyds,
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B
B o
N NN VNN

Fig. 7 Canonical factorization of a generalized Schroder path

Fig. 9 The generalized Schroder path vy (T') for T in Figure 1

where B, y, and § are paths in G = | =, G, (see Figure 7). From this decomposition, the generating function
g(t) =Y 02 ) gnt" satisfies the equation

g() =1+41g(1t) +1g(t)* +12g(1)>. 4.1)
Therefore, by Theorem 2.1, g, = h,,.

Theorem 4.1 There is a bijection between the set of hybrid trees with n internal nodes and the set of generalized
Schroder paths from (0, 0) to (2n, 0).

Proof Given a hybrid tree with n internal nodes (assume n > 1), we first transform it into a Dyck path of length
2n with up steps labeled in two ways (1 or 2) and avoiding 11, i.e., a up step labeled 1 is not followed immediately
by another up step labeled 1. Starting from the root, traverse the edges of the hybrid tree in preorder. To each left
edge xy, there corresponds a up step labeled x, which is denoted by u,; and to each right edge, there corresponds
a down step. This gives us a labeled Dyck path 6(T') of length 2n. For example, for the tree T in Figure 1, there
corresponds the labeled Dyck path in Figure 8, which is

0(T) = urururuiduidurdddduruiurddduururddurddudusrd.

Then, we need to transform this labeled Dyck path into a generalized Schroder path v (7'). This transformation
is done as follows. Traverse the path 6 (T") from left to right replacing each uu, with U, and replacing each u;d
with &. Finally, deleting the labels of other up steps, we obtain the generalized Schroder path ¥ (T').

For the tree T in Figure 1, there corresponds to the generalized Schroder path in Figure 9, which is

W (T) = UuhhudddduUdddUhduddhud.
O
Remark 4.2 In [26], the authors studied a family of lattice paths consisting of steps from the set {(1, 0), (1, 1),

(0, 1), (0, 2)}, and staying under the main diagonal y = x. We proved that the number of such lattice paths from
(0, 0) to (n, n) is also given by h,,.
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