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Abstract Let Y be an integral nodal curve. We show that the connected component of the moduli space of torsion
free sheaves of rank 1 on the compactified Jacobian J̄ (Y ) of Y , which contains Pic0 J̄ (Y ), is isomorphic to J̄ (Y )
under the map induced by the Abel–Jacobi embedding of Y in J̄ (Y ). We determine the Chern classes (in Chow
group) of the Picard bundles on the desingularisation of the compactified Jacobian over a nodal curve Y . We
study the relation between the singular cohomology of J̄ (Y ), J̃ (Y ) and J (X) and use it to determine the singular
cohomology of the compactified Jacobian of an integral nodal curve. We prove that the compactified Jacobian
of an integral nodal curve with k nodes is homeomorphic to the product of the Jacobian of the normalisation X0
and k rational nodal curves of arithmetic genus 1.

Keywords Compactified Jacobian · Singular cohomology · Picard bundles · Chern classes

1 Introduction

In this paper, we continue the study of the compactified Jacobian J̄ (Y ) of a nodal curve Y and vector bundles
on it initiated in [6,7]. In [6,7], we proved a generalised Poincaré formula and Riemann singularity theorem for
J̄ (Y ) and some applications of them to Brill-Noether theory on J̄ (Y ). We showed that the Picard bundles on
J̄ (Y ) are stable, but unlike in the case Y is smooth, the duals of the Picard bundles are not ample.

The compactified Jacobian of Y is the moduli space of torsionfree sheaves of rank 1 and degree 0 on Y .
It contains the generalised Jacobian J (Y ) i.e., the moduli space of locally free sheaves of rank 1 and degree 0
on Y as an open dense subset. The autoduality of the compactified Jacobian of a nodal curve was first proved
by Esteves et al. [9] in the following form. They showed that there is an isomorphism Pic0( J̄ (Y )) ∼= J (Y )
induced by the Abel-Jacobi embedding iY : Y → J̄ (Y ). The results of [9] were extended to curves with planar
singularities by Arinkin [1] and to tree like curves by Esteves and Rocha [11].

We prove a more general version of the autoduality for J̄ (Y ). Let T F0( J̄ (Y )) denote the component of the
moduli space of torsion free sheaves of rank 1 on J̄ (Y ) which contains Pic0 J̄ (Y ).

Theorem 1.1 (see Theorem 2.4 for a more detailed statement) Let Tres : T F0( J̄ (Y )) −→ T F0(Y ) = J̄ (Y )
denote the morphism defined by F �→ F |Y (i.e., F �→ i∗Y F). Then the morphism Tres is an isomorphism.

It restricts to an isomorphism Pic0 J̄ (Y ) −→ J (Y ) .
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After this paper was written, we have learnt that there are many versions of autoduality of J̄ (Y ), there are also
generalisations to families of compactified Jacobians [10,12]. In case of an integral curve (with at most planar
singularities), Arinkin extended the results of [10] and also proved that there is a Fourier–Mukai transform
F : Db( J̄ (Y ))→ Db( J̄ (Y )) which is an equivalence of the bounded derived categories [2]. For arbitrary nodal
curves, this is done by Melo et al. [14].

Our proof is different from all of them and more transparent. The compactified Jacobian J̄ (Y ) has a natural
desingularisation J̃ (Y ). We show that there is a P

1-bundle P on Pic0 J̃ (Y ) together with an isomorphism Pres :
P ∼= J̃ (Y ) and this isomorphism induces the isomorphism Tres giving autoduality.

Let L be the (normalised) Poincaré sheaf on J
0
(Y ) × Y and let L̃ be the pullback of L to J̃ 0(Y ) × Y . We

denote the two projections of J̃ 0(Y )× Y by ν and q respectively. Let L̃(d) = L̃⊗ q∗(OY (dt)) where t ∈ Y is
a smooth point. We define the direct image sheaves

Ed := ν∗(L̃(d)).
These sheaves are vector bundles on J̃ 0(Y ) if d ≥ 2g − 1 (g being the arithmetic genus of Y ) and are called
Picard bundles.

There are naturally defined cycles W̃ j of dimension j , j = 1, . . . , g on J̃ (Y ) (see Sect. 4.1 for details). We
describe the Chern classes of the Picard bundles in terms of these cycles. Let k be the number of nodes of Y .

Theorem 1.2 (Theorem 4.1) In the Chow group of J̃ 0(Y ), the Chern classes of the Picard bundle are given by

cm(E
∗
d ) = W̃g+k−m .

cm(Ed) = (−1)m W̃g+k−m .

We study the relation between the singular cohomology of J̄ (Y ), J̃ (Y ) and J (X). we use it to compute the
singular cohomology of the compactified Jacobian of an integral nodal curve.

Proposition 1.3 (Proposition 5.3)

(1) For a nodal curve Y := Xk with k ≥ 1 nodes, the singular cohomology of the compactified Jacobian J̄ (Xk)

is determined inductively by isomorphisms

Hi ( J̄ (Xk),Z) ∼= Hi ( J̄ (Xk−1),Z)⊕ Hi−1( J̄ (Xk−1),Z)⊕ Hi−2( J̄ (Xk−1),Z) .

(2)

Hi ( J̄ (Xk),Z) ∼= H2g(Xk )−i ( J̄ (Xk),Z) .

Theorem 1.4 (Theorem 5.4) For a nodal curve with m nodes, the dimension of the singular cohomology of J̄ (Y )
is given by the formula

hi ( J̄ (Y ),Z) =
j=m∑

j=0

(
m

j

) (
g − j

i − 2 j

)
. (1.1)

The study of mixed Hodge structure on the cohomology of the compactified Jacobian will be done in a
subsequent paper.

We have the following result on the topology of the compactified Jacobian of an integral nodal curve.

Theorem 1.5 (Theorem 6.2) The compactified Jacobian J̄ (Xk) of an integral nodal curve Xk with k nodes is
homeomorphic to the product J (X0)× Y 1× · · ·× Y k where J (X0) is the Jacobian of the normalisation X0 and
for each j = 1, . . . , k, Y j is the rational nodal curve of arithmetic genus 1 obtained by identifying the points
Cx j and Cz j of P(Cx j ⊕ Cz j ).

This work led to the study of the the Hodge theory of the compactified Jacobian [8].

2 The isomorphism between J̄(Y) and T F0( J̄(Y)): Case of one node

In this section, we assume that Y is a nodal curve with only singularity one node y. The case of many nodes will
be considered in the next section.
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2.1 Notation

Let p : X → Y be the normalisation map and x, z ∈ X points lying over y. Let J (X) denote the Jacobian of X
and J (Y ) the generalised Jacobian of Y .

Assume that g(X) ≥ 1. Let iX : X → J (X) be the Abel-Jacobi map for X defined by x �→ OX (x − x0). It
is well known that iX is an embedding and induces an isomorphism i∗X : Pic0 J (X) ∼= J (X). Let J̃ (Y ) denote
the desingularisation of the compactified Jacobian J̄ (Y ) of Y and π : J̃ (Y )→ J (X) the projection map [6,15].
The embedding iX lifts to an embedding

ĩ X : X → J̃ (Y ) , π ◦ ĩ X = iX .

We often identify X with its images under these embeddings.
Let T F0( J̄ (Y )) denote the irreducible component of the moduli space of torsion free sheaves of rank 1 on

J̄ (Y ) containing Pic0( J̄ (Y )). There is an embedding iY : Y → J̄ (Y ) defined by x �→ OX (−x0)⊗ I ∗x , where Ix is
the ideal sheaf of x . Our aim in this section is to show that iY induces an isomorphism i∗Y : T F0( J̄ (Y ))→ J̄ (Y ).
It is known that iY induces an isomorphism i∗Y : Pic0( J̄ (Y )) ∼= J (Y ) [9], our proof also gives a different proof
of this result.

Lemma 2.1 The projection π induces an isomorphism

π∗ : Pic0 J (X) ∼= Pic0 J̃ (Y ) .

Proof Since J̃ (Y ) is a P
1-bundle over J (X), we have Pic J̃ (Y ) ∼= Pic J (X)× Z where Pic J (X) is embedded

in Pic J̃ (Y ) by the morphism L �→ π∗L for a line bundle L on J (X). Since Z is discrete, it follows that
Pic 0 J̃ (Y ) ∼= Pic0 J (X) . ��
Proposition 2.2 There is a P

1-bundle P on Pic0 J̃ (Y ) together with an isomorphism

Pres : P ∼= J̃ (Y ) .

Proof Let N → Pic0 J̃ (Y )× J̃ (Y ) be the universal bundle.
Let Nĩ X (x)

:= N |Pic0 J̃ (Y )×ĩ X (x)
and Nĩ X (z)

:= N |Pic0 J̃ (Y )×ĩ X (z)
, both regarded as line bundles on Pic0 J̃ (Y ).

Define

P := P(Nĩ X (x)
⊕Nĩ X (z)

) .

Let N ′ be the universal bundle on Pic0 J (X) × J (X). Lemma 2.1 implies that N is the pull back of N ′
by the morphism (π∗)−1 × π . It follows that the restriction N |Pic0 J̃ (Y )×ĩ X (X)

is isomorphic to the pull back of
N ′|Pic0 J (X)×iX (X)

.

Note that under the isomorphism i∗X × (iX )
−1 : Pic0 J (X)× iX (X) ∼= J (X)× X , the Poincare bundle LX

on J (X)× X pulls back to N ′|Pic0 J (X)×X .

Since π ◦ ĩ X = iX and π∗ is an isomorphism (by Lemma 2.1), we get ĩ∗X = i∗X ◦ (π∗)−1 and hence

ĩ∗X × ĩ−1
X = (i∗X × (iX )

−1) ◦ ((π∗)−1 × π |ĩ X (X)
) .

This implies that the following diagram is commutative.

Pic0 J̃ (Y )× ĩ X (X)
ĩ X
∗×(ĩ X )

−1

−→ J (X)× X

(π∗)−1 × π ↓ ||

Pic0 J (X)× iX (X)
i∗X×(iX )

−1

→ J (X)× X

We have

(ĩ∗X × (ĩ X )
−1)∗LX = ((π∗)−1 × π |ĩ X (X)

)∗ ◦ ((i∗X × (iX )
−1))∗LX

= ((π∗)−1 × π |ĩ X (X)
)∗N ′|Pic0 J̃ (X)×iX (X)= N |Pic0 J̃ (Y )×ĩ(X)
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108 U. N. Bhosle, A. J. Parameswaran

It follows that there is an isomorphism (ĩ∗X × (ĩ X )
−1)∗((LX )x ⊕ (LX )z) ∼= (Nĩ x ⊕Nĩ z) inducing an isomor-

phism of P
1-bundles

P(Nĩ X (x)
⊕Nĩ X (z)

) ∼= P((ĩ∗X × (ĩ X )
−1)∗((LX )x ⊕ (LX )z)) = ((ĩ∗X × (ĩ X )

−1)∗P((LX )x ⊕ (LX )z))

i.e. an isomorphism

Pres : P −→ J̃ (Y ) ,

lying over the isomorphism

i∗X : Pic0 J (X)→ J (X) .

��
Remark 2.3 We have two divisors Sx , Sz in J̃ (Y ) and Sx ∩ X = {x}, Sz ∩ X = {z}, (identifying X with ĩ X (X))
[6]. Let N1, N2 be line bundles on Sx , N1 ∼= N2. Consider quotients q : N1⊕ N2 → N , N ∼= N1. Let p1 and p2
denote the restrictions of q to N1 and N2 respectively. Then for i = 1, 2, pi = ai id , ai nonzero scalars with
(a1, a2) �= (0, 0). Hence such quotients q form a P

1.
For N ∈ Pic0 J̃ (Y ), we have N ∼= τ ∗N , τ being the canonical isomorphism Sx ∼= Sz (both being canonically

isomorphic to J̄ (X) − J (X)). Consider quotients qN : N |Sx ⊕ τ ∗N |Sz → QN with QN isomorphic to N |Sx .
Then (qN )|x : Nx ⊕ Nz → (QL)x or equivalently, (qN )|x ∈ P(Nx ⊕ Nz), the fibre of P over N . By the previous
paragraph, qN �→ qN |x is an isomorphism. Thus points of P correspond to pairs (N , QN ) as above. The map
Pres maps (N , qN ) to its restriction (N |X , (qN )|x ).

The variety J̃ (Y ) is the moduli space of generalised parabolic line bundles on Y [4]. The pairs (N , qN ) are
generalised parabolic line bundles on J̃ (Y ) [5] and Pres is defined by the restriction of a generalised parabolic
line bundle on J̃ (Y ) to a generalised parabolic line bundle on Y .

Theorem 2.4 (1) There is a family N̄ → P × J̄ (Y ) of torsionfree sheaves on J̄ (Y ) parametrised by P. If
N̄Y := N̄ |P×iY (Y ), then for P ∈ P, the sheaf N̄Y |P×Y on Y is isomorphic to the torsionfree sheaf of rank 1
corresponding to the point h ◦ Pres(P) ∈ J̄ (Y ).

(2) There is a surjective birational morphism h̃ : P→ T F0( J̄ (Y )) such that the following diagram commutes.

P
Pres−→ J̃ (Y )

h̃ ↓ ↓h

T F0( J̄ (Y ))
Tres−→ J̄ (Y )

Here Tres denotes the morphism defined by F �→ F |Y (i.e., F �→ i∗Y F).
(3) The morphism

Tres : T F0( J̄ (Y )) −→ T F0(Y ) = J̄ (Y )

is an isomorphism. It restricts to an isomorphism

Pic0 J̄ (Y ) −→ J (Y ) .

Proof (1) Let H(x, z) denote the direct image (on Pic0 J̃ (Y )) of the sheaf

F1 := Hom(N |Pic0 J̃ (Y )×Sx
, (id × τ)∗(N |Pic0 J̃ (Y )×Sz

) .

It is a line bundle on Pic0 J̃ (Y ) whose fibre over N ∈ Pic0 J̃ (Y ) is isomorphic to the vector space Hom
(N |Sx , τ

∗(N |Sz )).
The line bundle H(x, z) embeds in the P

1-bundle P (as the complement of the infinity section) with f ∈
Hom (N |Sx , τ

∗N |Sz )mapping to qx where qx is the quotient of Nx ⊕ Nz by the graph of f |x ∈ Hom (Nx , Nz).
Similarly, the direct image H(z, x) of the sheaf

F2 := Hom(N |
Pic0QJ(Y)×Sz

, (id × τ−1)∗(N |
Pic0QJ(Y)×Sx

))
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is a line bundle on Pic0 J̃ (Y ). The line bundle H(z, x) embeds in P as the complement of the zero section. One
has H(x, z) ∪ H(z, x) = P and H(x, z) ∩ H(z, x) is a C

∗-bundle over Pic0 J̃ (Y ).
Let N1 be the pull back of N to H(x, z) × J̃ (Y ). By the construction of H(x, z) we have a tautological

section of Hom(N1|H(x,z)×Sx , (id × τ)∗N1|H(x,z)×Sz). This section gives (by taking graphs) a line sub bundle
of the vector bundle N1|H(x,z)×Sx ⊕ (id × τ)∗N1|H(x,z)×Sz , let Q1 be the corresponding quotient line bundle.
Similarly, one can define N2 and a quotient line bundle Q2.

The pull back NP of N to P × J̃ (Y ) restricts to N1 on H(x, z) × J̃ (Y ) ⊂ P × J̃ (Y ) and to N2 on
H(z, x)× J̃ (Y ) ⊂ P × J̃ (Y ). There is a surjective restriction map

((id × h)∗NP )|(H(x,z)∩H(z,x))× J̄ (Y )→ ((id × h)∗NP )|(H(x,z)∩H(z,x))×( J̄ (Y )−J (Y )) .

The latter is isomorphic to

(id × h)∗(N1|(H(x,z)∩H(z,x))×Sx ⊕ (id × τ)∗N1|(H(x,z)∩H(z,x))×Sz ) .

There is a surjective quotient map

(id × h)∗(N1|(H(x,z)∩H(z,x))×Sx ⊕ (id × τ)∗N1|(H(x,z)∩H(z,x))×Sz )→ Q1|(H(x,z)∩(H(z,x))×( J̄ (Y )−J (Y )) .

The composite of all these maps is a surjective map

((id × h)∗NP )|(H(x,z)∩H(z,x))× J̄ (Y ) → Q1|(H(x,z)∩(H(z,x))×( J̄ (Y )−J (Y )) .

Similarly there is a surjective map

((id × h)∗NP )|(H(x,z)∩H(z,x))× J̄ (Y ) → Q2|(H(x,z)∩(H(z,x))×( J̄ (Y )−J (Y )) .

There is a canonical isomorphism q12 making the following diagram commutative.

((id × h)∗NP )|(H(x,z)∩H(z,x))× J̄ (Y ) = ((id × h)∗NP )|(H(x,z)∩H(z,x))× J̄ (Y )

↓ ↓

Q1|(H(x,z)∩H(z,x))×( J̄ (Y )−J (Y ))
q12−→ Q2|(H(x,z)∩H(z,x))×( J̄ (Y )−J (Y ))

Point wise, q12 can be described as follows. An element of Q1 corresponds to a quotient of N1|Sx ⊕τ ∗(N1|Sz) by
the graph of an isomorphism f : N1|Sx ⊕ τ ∗(N1|Sz ). The map q12 maps it to the quotient of N1|Sx ⊕ τ ∗(N1|Sz )

by the graph of f −1 : τ ∗(N1|Sz )→ N1|Sx .

Patching the line bundles Q1 and Q2 by the isomorphism q12 gives a quotient line bundle Q of (id×h)∗NP .
Define a torsion free sheaf N̄ of rank 1 on P × J̄ (Y ) by

0→ N̄ → ((id × h)∗NP )→ Q→ 0 . (2.1)

The torsion free sheaf N̄ is a flat family of torsion free sheaves of rank 1 on J̄ (Y ) parametrised by P.
Take a point of P. By Remark 2.3, it corresponds to a pair (N , QN ) where N is a line bundle on J̃ (Y ) and

qN : N |Sx ⊕ τ ∗N |Sz → QN is a line bundle quotient. Then the exact sequence (2.1) gives a torsion free sheaf
N̄ of rank 1 on J̄ (Y ) defined by the exact sequence

0→ N̄ → h∗N → QN → 0 . (2.2)

If (N , QN ) ∈ H(x, z) ∩ H(z, x), then N̄ is locally free (by [5, Proposition 2.3]). Suppose that (N , QN ) ∈
H(x, z) − H(x, z) ∩ H(z, x). Then QN = h∗(N |Sz ) and N̄ = h∗(N (−Sz)) so that N̄ |Y = p∗(N (−Sz)|X ) =
p∗(N |X (−z)) is torsion free. Similarly, for (N , QN ) ∈ H(z, x) − H(z, x) ∩ H(x, z), one has N̄ |Y =
p∗(N |X (−x)), a torsion free sheaf. Hence the restriction of the sequence (2.2) to Y ⊂ J̄ (Y ) gives the exact
sequence

0→ N̄ |Y → (h∗N )|Y → (QN )|Y → 0 .

Since (h∗N )|Y ∼= p∗(N |X ), this sequence reduces to the exact sequence

0→ N̄ |Y → p∗(N |X )→ (QN )|Y → 0 . (2.3)
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110 U. N. Bhosle, A. J. Parameswaran

On the other hand, Pres(N , QN ) = (N |X , QN |Y ) and h(N |X , QN |Y ) = N ′ where N ′ is defined by the exact
sequence

0→ N ′ → p∗(N |X )→ (QN )|Y → 0 , (2.4)

From the exact sequences (2.3) and (2.4), we see that N ′ ∼= N̄ |Y proving the second assertion of part (1).
(2) The family N̄ of torsion free sheaves of rank 1 on J̄ (Y ) parametrised by P defines a morphism h̃ : P→

T F( J̄ (Y )) where T F( J̄ (Y )) denotes the moduli space of torsion free sheaves of rank 1 on J̄ (Y ). The second
assertion of part (1) implies that h ◦ Pres = Tres ◦ h̃ proving the commutativity of the diagram D.

By [5, Proposition 2.3], h̃ induces an isomorphism from the open subset H(x, z) ∩ H(z, x) ⊂ P onto
Pic0 J̄ (Y ). Since P is a proper (irreducible) variety, so is its image h̃(P). Since it contains Pic0 J̄ (Y ), it follows
that h̃(P) is the closure of Pic0 J̄ (Y ) in T F( J̄ (Y )), i.e. h̃(P) = T F0( J̄ (Y )) and h̃ is a birational surjective
morphism onto T F0( J̄ (Y )).

(3) By Proposition 2.2 and commutativity of diagram D, Tres ◦ h̃ is a finite birational morphism, so is Tres . In
fact, it follows that Tres induces an isomorphism from Pic0 J̄ (Y ) onto J (Y ) ⊂ J̄ (Y ). The variety J̄ (Y ) is known
to be seminormal. Hence if Tres is bijective, then it will follow that Tres is an isomorphism.

It remains to show that Tres is bijective. We first claim that h̃ maps H(x, z)− H(x, z) ∩ H(z, x) bijectively
onto T F0( J̄ (Y )) − Pic0 J̄ (Y ). To see this, note that a point of H(x, z) − H(x, z) ∩ H(z, x) corresponds to
(N , N |Sz ) and h̃ maps it to the point h∗(N (−Sz)) ∈ T F0( J̄ (Y ))− Pic0 J̄ (Y ). Similarly, h̃ maps (N ′, N ′|Sx ) ∈
H(z, x)− H(x, z)∩ H(z, x) to h∗(N ′(−Sx )) ∈ T F0( J̄ (Y ))− Pic0 J̄ (Y ). If N ′ = N (Sx − Sz), then (N , N |Sz )

and (N ′, N ′|Sx ) will map to the same point in T F0( J̄ (Y )). Since h and hence h̃ (using diagram D) has fibres
consisting of at most two points, these must be the two points in the fibre of h̃ over h∗(N (Sz)), the claim follows.

It is easy to see that Pres maps H(x, z) − H(x, z) ∩ H(z, x) isomorphically to Sz ⊂ J̃ (Y ) (and it maps
H(z, x)− H(x, z)∩ H(z, x) isomorphically to Sx ). If two distinct points of T F0( J̄ (Y )) map to the same point
of J̄ (Y ), using the commutativity of the diagram D, it is easy to see that both of them must be in T F0( J̄ (Y ))−
Pic0 J̄ (Y ). By the above claim, there are two distinct points in H(x, z)− H(x, z)∩ H(z, x)mapping bijectively
to these two points, which in turn map to two distinct points in Sz under Pres . By our assumption, these two
points in J̃ (Y ) must map to the same point in J̄ (Y ) under h. Hence one of these two points must be in Sx and
other in Sz , giving a contradiction. Thus Tres is bijective.

This completes the proof of the theorem. ��

3 The isomorphism between J̄(Y) and T F0( J̄(Y)): case of many nodes

3.1 Notation

Let Y := Xk denote a nodal curve of arithmetic genus gk with k nodes defined over an algebraically closed field
of characteristic 0 and X ′ the set of its nonsingular points. Let p : X := X0 → Xk be the normalisation map.
Let x j , y j be the points of X lying over the node y j of Y for j = 1, . . . , k.

Let J (Xk) denote the space of rank 1 torsion free sheaves of degree 0 on Xk . Let J (Xk) denote the subset of
J (Xk) consisting of locally free sheaves of degree 0. Let h : J̃ (Xk)→ J (Xk) denote the normalisation of J (Xk).
Then J̃ (Xk) is a smooth projective variety which is a (×kP

1)-bundle over J (X0), where×kP
1 = P

1×· · ·×P
1,

a k-fold product.
Let iX , ĩ X , iY , π, x0, T F0( ) etc. be as in Notation 2.1.
Assume that g(X0) ≥ 1.

Lemma 3.1 The projection π induces an isomorphism

π∗ : Pic0 J (X) ∼= Pic0 J̃ (Xk) .

Proof The result follows as in the proof of Lemma 2.1. One has to use the fact that Pic J̃ (Xk) ∼= PicJ (X)×(×kZ)

where ×kZ is a k-fold product of Z. ��
Proposition 3.2 There is a P

1 × · · · × P
1-bundle (a k-fold product of P

1) P on Pic0 J̃ (Xk) together with an
isomorphism

Pres : P ∼= J̃ (Xk) .
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Proof Note that the pull back N of the universal bundle N ′ on Pic0 J (X)× J (X) by the morphism (π∗)−1× π
is the universal bundle on Pic0 J̃ (Y )× J̃ (Y ). It follows that the restriction N |Pic0 J̃ (Y )×ĩ X (X)

is isomorphic to the
pull back of the Poincare bundle LX on J (X)× X .

For each j = 1, . . . , k, let Nĩ X (x j )
:= N |Pic0 J̃ (Y )×ĩ X (x j )

and Nĩ X (z j )
:= N |Pic0 J̃ (Y )×ĩ X (z j )

, both regarded as

line bundles on Pic0 J̃ (Y ). Define

P j := P

(
Nĩ X (x j )

⊕Nĩ X (z j )

)
,

and

P := × j P j ,

the fibre product of P j over Pic0 J̃ (Y ). It is a (×kP
1)-bundle over Pic0 J̃ (Y ). As in the proof of Proposition 2.2,

we see that there is an isomorphism of P
1-bundles

P j ∼=
(
(ĩ∗X × (ĩ X )

−1
)∗

P
(
(LX )x j ⊕ (LX )z j )

)

and hence an isomorphism

× j P j ∼= ((ĩ∗X × (ĩ X )
−1)∗ × j P((LX )x j ⊕ (LX )z j )) .

Here, on the right hand side,× j is the fibre product over J (X) so that the right hand side is isomorphic to J̃ (Xk).
Thus we get an isomorphism

Pres : P −→ J̃ (Xk) ,

lying over the isomorphism

i∗X : Pic0 J (X)→ J (X) .

��
Remark 3.3 As seen before, each P j has open subsets H(x j , z j ) and H(z j , x j ) such that Pj = H(x j , z j ) ∪
H(z j , x j ), let Dx j = H(x j , z j )−H(x j , z j )∩H(z j , x j ) and Dz j = H(z j , x j )−H(x j , z j )∩H(z j , x j ), Dx j ∩
Dz j = ∅. Let DP,x j , DP,z j , HP (x j , z j ), HP (z,x j ) be the subsets of P which are the inverse images of the
corresponding subsets in P j obtained by omitting the suffix P . Thus, P = HP (x j , z j ) ∪ HP (z j , x j ) for each
j = 1, . . . , k.

Let X y j denote the curve with one node y j and normalisation X . One has J̃ (Xk) = × j J̃ (X y j ) where the

right hand side denotes the fibre product over J (X). For each j , let S̃x j and S̃z j denote the respective inverse

images in J̃ (Xk) of the divisors Sx j and Sz j in J̃ (X y j ). It is easy to see that the isomorphism Pres maps DP,x j

onto S̃x j and it maps DP,z j onto S̃z j .

Theorem 3.4 (1) There is a family N̄ → P × J̄ (Y ) of torsion free sheaves on J̄ (Y ) parametrised by P. If
N̄Y := N̄ |P×iY (Y ), then for P ∈ P, the sheaf N̄Y |P×Y on Y is isomorphic to the torsion free sheaf of rank 1
corresponding to the point h ◦ Pres(P) ∈ J̄ (Y ).

(2) There is a surjective birational morphism h̃ : P→ T F0( J̄ (Y )) such that the following diagram commutes.

P
Pres−→ J̃ (Y )

h̃ ↓ ↓h

T F0( J̄ (Y ))
Tres−→ J̄ (Y )

Here Tres denotes the morphism defined by F �→ F |Y (i.e., F �→ i∗Y F).
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(3) The morphism

Tres : T F0( J̄ (Y )) −→ T F0(Y ) = J̄ (Y )

is an isomorphism. It restricts to an isomorphism

Pic0 J̄ (Y ) −→ J (Y ) .

Proof (1) We have the universal bundle N on Pic0 J̃ (Y ) × J̃ (Y ). Let NP be its pull back to P × J̃ (Y ). Using
P = HP (x j , z j )∪HP (z j , x j ) for each j , as in the one node case, we get a torsion quotient Q j of (id×h)∗NP

supported on J̄ (Xk)− J (Xk) such that Q j is a line bundle on J̄ (Xk)− J (Xk) and hence a torsion quotient
Q = ⊕ jQ j of (id × h)∗NP supported on J̄ (Xk) − J (Xk). Define a torsion free sheaf N̄ of rank 1 on
P × J̄ (Y ) by

0→ N̄ → ((id × h)∗NP )→ Q→ 0 . (3.1)

The torsion free sheaf N̄ is a flat family of torsion free sheaves of rank 1 on J̄ (Xk) parametrised by P. This
family defines a morphism

h̃ : P→ T F( J̄ (Xk))

where T F( J̄ (Xk)) denotes the moduli space of torsion free sheaves of rank 1 on J̄ (Xk).
(2) One sees that if for Y = Xk , the sheaf N̄Y := N̄ |P×iY (Y ), then for P ∈ P, the sheaf N̄Y |P×Y on Y is

isomorphic to the torsion free sheaf of rank 1 corresponding to the point h ◦ Pres(P) ∈ J̄ (Y ) (as in the one
node case). Hence the diagram in Part 2 commutes.
By [5, Proposition 2.3], h̃ induces an isomorphism from the open subset P − ∪ j DP,x j − ∪ j DP,z j onto

Pic0 J̄ (Xk). The morphism h induces an isomorphism from the open subset J̃ (Xk)−∪ j S̃x j −∪ j S̃z j onto the
open subset J (Xk) of J̄ (Xk). It follows that Tres induces an isomorphism from the open subset Pic0( J̄ (Xk))

onto the open subset J (Xk), thus it is birational. The surjectivity of h ◦ Pres and the commutativity of the
diagram implies surjectivity of Tres .

(3) As in the case of one node, it suffices to show that the morphism Tres is bijective. We only need to check
injectivity.
Claim: Let S ∈ T F0( J̄ (Y )) be a torsion free sheaf. Then the following statements are true.

(1) The sheaf h∗S/tor is a line bundle, where tor denotes the torsion sub sheaf. Moreover, S fits in an exact
sequence

0→ S→ h∗(h∗S/tor)→⊕i Qi → 0 ,

where i runs over the nodes y ∈ Y such that S|Y is locally free at y.
(2) (h∗S/tor)|X ∼= p∗(S|Y )/tor .

Proof of the claim: Let I denote the set of nodes of Y . For S ∈ T F0( J̄ (Y )), denote by I1(S) ⊂ I the subset
such that S|Y is not locally free at yi , i ∈ I1(S) and by I2(S) ⊂ I the subset such that S|Y is locally free at
yi , i ∈ I2(S).

(1) There is a line bundle F ∈ Pic0( J̃ (Xk)) and torsion sheaves Qi supported on J̄ (Y ) − J (Y ) such that S is
defined by an exact sequence

0→ S→ h∗F →⊕i∈I1(S)Qi

⊕
⊕i∈I2(S)Qi → 0 . (3.2)

Note that for i ∈ I1(S), one has Qi = F |S̃xi
or Qi = F |S̃zi

. Let I ′1(S) ⊂ I1(S) be the subset consisting of i

such that Qi = F |S̃xi
and let I ′′1 (S) ⊂ I1(S) be the subset consisting of i such that Qi = F |S̃zi

. Hence the

exact sequence (3.2) gives the exact sequence

0→ S→ h∗F

⎛

⎝−
∑

i∈I ′1(S)
S̃xi −

∑

i∈I ′′1 (S)
S̃zi

⎞

⎠→⊕i∈I2(S)Qi → 0 . (3.3)

It follows that h∗S/tor ∼= F(−∑
i∈I ′1(S) S̃xi −

∑
i∈I ′′1 (S) S̃zi ) is a locally free sheaf, proving the first part of

the claim.
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(2) Let FX denote the restriction of F to X . Then S|Y is defined by an exact sequence

0→ S|Y → p∗FX →⊕i∈I1(S)Qi,X

⊕
⊕i∈I2(S)Qi,X → 0 , (3.4)

with Qi,X restrictions of Qi . As in Part (1) of the claim, we see that p∗(S|Y )/tor ∼= FX (−∑
i∈I ′1(S) xi −∑

i∈I ′′1 (S) zi ). The latter is isomorphic to (h∗S/tor)|X , proving the Part (2) of the claim.

We now prove the injectivity of Tres . Suppose that S1, S2 ∈ T F0( J̄ (Y )) are such that Tres(S1) = Tres(S2) i.e.,
S1|Y ∼= S2|Y . This implies that p∗(S1|Y ) ∼= p∗(S2|Y ). Since h|X = p, by Part (2) of the claim, we have

(h∗S1/tor)|X ∼= (h∗S2/tor)|X .

By Part (1) of the claim, this can be written as

F1

⎛

⎝−
∑

i∈I ′1(S1)

S̃xi −
∑

i∈I ′′1 (S1)

S̃zi

⎞

⎠ |X ∼= F2

⎛

⎝−
∑

i∈I ′1(S2)

S̃xi −
∑

i∈I ′′1 (S2)

S̃zi

⎞

⎠ |X .

This implies that

F2|X ∼= F1

⎛

⎝−
∑

i∈I ′1(S1)

S̃xi −
∑

i∈I ′′1 (S1)

S̃zi +
∑

i∈I ′1(S2)

S̃xi +
∑

i∈I ′′1 (S2)

S̃zi

⎞

⎠ |X .

By the auto duality for J (X) and the isomorphism Pic0( J̃ (Xk)) ∼= Pic0(J (X)), it now follows that

F2 ∼= F1

⎛

⎝−
∑

i∈I ′1(S1)

S̃xi −
∑

i∈I ′′1 (S1)

S̃zi +
∑

i∈I ′1(S2)

S̃xi +
∑

i∈I ′′1 (S2)

S̃zi

⎞

⎠

or equivalently, h∗(S1)/tor ∼= h∗(S2)/tor . This implies that

h∗(h∗(S1)/tor) ∼= h∗(h∗(S2)/tor) . (3.5)

Note that S1|Y ∼= S2|Y implies that I2(S1) = I2(S2) = I2, say. We have a commutative diagram

0→ S1|Y → p∗((p∗S1|Y )/tor)→ ⊕i∈I2 Q1
i,X → 0

↓∼= ↓∼=
0→ S2|Y → p∗((p∗S2|Y )/tor)→ ⊕i∈I2 Q2

i,X → 0

showing that Q1
i,X
∼= Q2

i,X for all i ∈ I2.

Since the restrictions Q j
i,X determine Q j

i for j = 1, 2 and for all i ∈ I2, it follows that Q1
i
∼= Q2

i for all
i ∈ I2. In view of (3.5), we have a commutative diagram

0→ S1 → h∗((h∗S1)/tor)→ ⊕i∈I2 Q1
i → 0

↓∼= ↓∼=
0→ S2 → h∗((h∗S2)/tor)→ ⊕i∈I2 Q2

i → 0

It follows that S1 ∼= S2. ��
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4 Chern classes (in Chow group) of the Picard bundles on J̃(Y)

4.1 The cycle W̃d,k

Let Xk be a nodal curve of arithmetic genus gk with k nodes defined over an algebraically closed field of

characteristic 0 and X ′ the set of its nonsingular points. Let J
d
(Xk) denote the space of rank 1 torsion free

sheaves of degree d on Xk . Let J d(Xk) denote the subset of J
d
(Xk) consisting of locally free sheaves of degree

d. Fix a point t ∈ X ′. We have the Abel-Jacobi map Xk → J
1
(Xk) which is an embedding [3]. However, it does

not generalize to give a morphism Sd(Xk)→ J
d
(Xk), d ≥ 2. This is because the tensor products of non-locally

free sheaves on Xk have torsion. One certainly has a morphism

f ′d : Sd(X ′)→ J d(Xk)

defined by

[x1, . . . , xd ] �→ OXk (x1 · · · + xd) ∈ J d(Xk).

If h : J̃ d(Xk) → J
d
(Xk) denotes the normalisation of J

d
(Xk) then J̃ d(Xk) is a smooth projective variety

which is a P
1-bundle over J̃ d(Xk−1)where Xk−1 is obtained from Xk by blowing up a node in Xk . The Jacobian

J d(Xk) is canonically embedded in J̃ d(Xk). The morphism f ′d gives a morphism by composition,

f̃d : Sd(X ′)→ J̃ d(Xk).

We define the cycle W̃d,k to be the closure of the image of f̃d in J̃ d(Xk) with the reduced scheme structure.
Fixing t ∈ X ′, we identify W̃d,k with its isomorphic image in J̃ 0(Xk), under translation by OXk (−dt).

4.2 The Picard bundles

Let Lk be the (normalised) Poincaré sheaf on J
0
(Xk)× Xk and let L̃k be the pullback of Lk to J̃ 0(Xk)× Xk by

h× id. We denote the two projections of J̃ 0(Xk)× Xk by νk and qk respectively. Let L̃k(d) denote the pullback
of the Poincaré sheaf twisted by the line bundle q∗k OXk (dt) where t ∈ Xk is the fixed smooth point. We define
the direct image sheaves

Ed,k := νk∗(L̃k(d)).

These sheaves are vector bundles on J̃ 0(Xk) if d ≥ 2g(Xk)− 1 and are called Picard bundles.
We may identify J̄ 0(Xk) with J̄ d(Xk) by the isomorphism L �→ L(dt) for L ∈ J̄ 0(Xk). This identifies

J̃ 0(Xk) with J̃ d(Xk). Then we call the pullback of Ed,k to J̃ d(Xk) as the Picard bundle on J̃ d(Xk) (for d ≥
2g(Xk)− 1).

Let pk : Xk−1 → Xk be the partial normalisation which identifies the smooth closed points {xk, zk} on Xk−1

to the nodal point yk . Then πk : J̃ 0(Xk)→ J̃ 0(Xk−1) is a P
1-bundle, in fact J̃ 0(Xk) ∼= P((L̃k−1)xk ⊕ (L̃k−1)zk ).

Theorem 4.1 In the Chow group of J̃ 0(Xk), the Chern classes of the Picard bundle are given by

cm(E
∗
d,k) = W̃g+k−m,k .

cm(Ed,k) = (−1)m W̃g+k−m,k .

Proof We shall first prove the result for the nodal curve X1 with one node. It is well known that the Chern classes
of the dual Picard bundle on the smooth curve X0 are given by cm(E∗d,0) = Wg−m,0 [13].

We have two divisors Sx1 and Sz1 in J̃ 0(X1) (Remark 2.3). By [6, Lemma 3.5], we have

W̃m,1 = π−1
1 Wm,0 · Sx1 + π−1

1 Wm−1,0 (4.1)

Since Sx1 · Sx1 = 0, equality (4.1) gives

W̃m,1 · Sx1 = (π−1
1 Wm−1,0) · Sx1 (4.2)
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By [7, Proposition 5.1], there is an exact sequence

0→ Ed,1
i1→ π∗1 Ed,0 → O J̃ 0(X1)

(1)→ 0.

Dualising this sequence, we have

0→ O J̃ 0(X1)
(1)∗→π∗1 E∗d,0 → E∗d,1 → 0. (4.3)

The sequence gives the equality of Chern characters

c(E∗d,1) · c(O J̃ 0(X1)
(1)∗) = c(π∗1 E∗d,0) .

Substituting

c(E∗d,1) =
g(X1)∑

i=0

ci (E
∗
d,1)T

i , c(O J̃ 0(X1)
(1)∗) = 1− Sx1 T, c(π∗1 E∗d,0) =

g(X1)∑

i=0

ci (π
∗
1 E∗d,0)T i

in this equality and equating the coefficients of T m , we get

cm(π
∗
1 E∗d,0) = cm(E

∗
d,1)− cm−1(E

∗
d,1) · Sx1 . (4.4)

For m = 1, equality (4.4) becomes

c1(π
∗
1 E∗d,0) = c1(E

∗
d,1)− Sx1 .

Thus

c1(E
∗
d,1) = π∗c1(E

∗
d,0)+ Sx1 = π−1(Wg(X0)−1,0)+ Sx1 = W̃g(X1)−1,1 ,

by (4.1).
Assume by induction that the result is true for m − 1 i.e., cm−1(E∗d,1) = W̃g(X1)−m+1.

cm(E∗d,1) = cm−1(E∗d,1) · Sx1 + cm(π
∗E∗d,0) by (4.4)

= W̃g(X1)−m+1 · Sx1 + π−1Wg(X0)−m,0 by induction
= (π−1Wg(X0)−m+1) · Sx1 + π−1Wg(X0)−m,0 by (4.2)
= W̃g(X1)−m,1 by (4.1)

For a curve with many nodes, we prove the result by induction on the number of nodes k. For d ≥ 2g(Xk)−1,
there is an exact sequence

0→ Ed,k
ik→ π∗k Ed,k−1 → O J̃ 0(Xk )

(1)→ 0 ,

giving

cm(π
∗
k E∗d,k−1) = cm(E

∗
d,k)− cm−1(E

∗
d,k) · Sxk . (4.5)

By [6, Proof of Lemma 3.7, p.894], one has

W̃m,k = π−1
k Wm,k−1 · Sxk + π−1

k Wm−1,k−1 (4.6)

and hence

W̃m,k .Sxk = (π−1
k Wm−1,k−1) · Sxk (4.7)

Using equations (4.5), (4.6), (4.7) and the result for Xk−1, by induction on m, the result for Xk can be proved as
in the case of curve with one node. ��

5 Singular cohomologies of J̄(Y) and J̃(Y)

In this section, we study the relation between the singular cohomologies of J̄ (Y ) and J̃ (Y ) for a nodal integral
curve Y .
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5.1 Case of a curve with only one node

Assume first that Y has only one node y. For simplicity of notation, we write

J0 = J̄ (Y )− J (Y ) .

One has h−1 J (Y ) ∼= J (Y ), we denote J̃ (Y ) − h−1 J (Y ) by J̃0. The P
1-bundle π : J̃ (Y ) → J (X) has two

sections sx and sz defined by sx (L) = (L , Lx ) and sz(L) = (L , Lz) for L ∈ J (X). Let Sx and Sz be their images
respectively, then J̃0 = Sx

∐
Sz . There is an isomorphism �x : J (X) → J0 defined by L �→ p∗(L(−x)).

Define

s̄x := sx ◦�−1
x : J0 → J̃ (Y ) , π̄x := �x ◦ π : J̃ (Y )→ J0 .

Since π ◦ sx = idJ (X), one has π̄x ◦ s̄x = idJ0 , where id denotes the identity isomorphism.
For any map f , we denote by Hi ( f ) the corresponding map on the i th singular cohomology.

Proposition 5.1 There are exact sequences of singular cohomology groups (with coefficients in Z).

0 −→ Hi ( J̄ (Y ), J̄ (Y )− J (Y )) −→ Hi ( J̄ (Y )) −→ Hi ( J̄ (Y )− J (Y )) −→ 0 . (5.1)

0 −→ Hi−1(J0) −→ Hi ( J̄ (Y ))
Hi (h)−→ Hi ( J̃ (Y )) −→ 0 . (5.2)

0 −→ Hi−2(J (X)) −→ Hi ( J̃ (Y ))
←−−→ Hi (J (X))−→0 . (5.3)

Proof The inclusions i J0 : J0 → J̄ (Y ) and ĩ J0 : J̃0 → J̃ (Y ) give long exact sequences of singular cohomology
groups which fit in the following commutative diagram D1.

Hi−1(J0)
δi−1−→ Hi ( J̄ (Y ), J0) −→ Hi ( J̄ (Y ))

Hi (i J0 )−→ Hi (J0)
δi−→ Hi+1( J̄ (Y ), J0)

↓ ↓∼= ↓ Hi (h) ↓ ↓∼=

Hi−1( J̃0)
δ̃i−1−→ Hi ( J̃ (Y ), J̃0) −→ Hi ( J̃ (Y ))

Hi (ĩ J0 )−→ Hi ( J̃0)
δ̃i−→ Hi+1( J̃ (Y ), J̃0)

We shall first prove that δi = 0 ∀i ≥ 0, this will prove that the sequence (5.1) is exact. For i = 0, one has the
commutative diagram

0 = H0( J̄ (Y ), J0) −→ H0( J̄ (Y ))
H0(i J0 )−→ H0(J0)

δ0−→ · · ·

↓∼= ↓ H0(h)

0 = H0( J̃ (Y ), J̃0) −→ H0( J̃ (Y ))
H0(ĩ J0 )−→ H0( J̃0)

δ̃0−→ · · ·
We have H0( J̄ (Y )) ∼= Z, H0(J0) ∼= Z and the map H0(i J0) is an isomorphism. It follows that δ0 = 0. We note
that δ̃0 �= 0, in fact it has kernel isomorphic to Z.

Now assume that i > 0. We consider the diagram D1. The map Hi (π̄x ) maps Hi (J0) to Hi ( J̃ (Y )), the
latter maps to 0 ∈ Hi+1( J̃ (Y ), J̃0). Since Hi+1( J̃ (Y ), J̃0) ∼= Hi+1( J̄ (Y ), J0), it follows that Hi (J0) maps to
0 ∈ Hi+1( J̄ (Y ), J0), thus δi = 0 for all i > 0. This completes the proof of exactness of the sequence (5.1).

We shall check that Hi (h) is surjective. Take α ∈ Hi ( J̃ (Y )), let a = Hi (s̄x )(α) ∈ Hi (J0) and (a1, a2) ∈
Hi ( J̃0) be the image of a. Then δ̃i (a1, a2) = δ̃i ◦ Hi (ĩ J0)(α) = 0. This implies that δi (a) = 0. Hence
there is a β ∈ Hi ( J̄ (Y )) such that Hi (i J0)(β) = a. By the commutativity of the diagram, we have Hi (ĩ J0) ◦
Hi (h)(β) = (a1, a2). It follows that Hi (h)(β)−αmaps to 0 ∈ Hi ( J̃0). Hence there exits aβ ′ ∈ Hi ( J̃ (Y ), J̃0) ∼=
Hi ( J̄ (Y ), J0) such that the image I mβ ′ = Hi (h)(β) − α ∈ Hi ( J̃ (Y )). We denote by β ′ again the element in
Hi ( J̄ (Y ), J0) corresponding to β ′ and by β ′′ its image in Hi ( J̄ (Y )). Then Hi (h)(β − β ′′) = α proving that
Hi (h) is surjective.

Now we compute the kernel Kh of Hi (h). Note that Hi−1( J̃0) = Hi−1(Sx ) ⊕ Hi−1(Sz), let pSx and pSz

denote the projections from Hi−1( J̃0) to Hi−1(Sx ) and Hi−1(Sz) respectively. The composite Sx ↪→ J̃0 → J0
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induces an isomorphism Sx ∼= J0. Hence pSx ◦ Hi−1(h| J̃0) is an isomorphism. Similarly pSz ◦ Hi−1(h| J̃0) is
an isomorphism. It follows that Hi−1(h| J̃0) is an injection with Hi−1( J̃0)/Hi−1(J0) ∼= Hi−1(J0).

Consider the commutative diagram D2

Hi−1( J̄ (Y ))
Hi−1(i J0 )−→ Hi−1(J0)

δi−1−→ Hi ( J̄ (Y ), J0) ↪→ Hi ( J̄ (Y ))
Hi (i J0 )−→ Hi (J0)

↓ Hi−1(h) ↓ ↓ ↓ Hi (h) ↓

Hi−1( J̃ (Y ))
Hi−1(ĩ J0 )−→ Hi−1( J̃0)

δ̃i−1−→ Hi ( J̃ (Y ), J̃0) −→ Hi ( J̃ (Y ))
Hi (ĩ J0 )−→ Hi ( J̃0)

Since Hi (i J0) = Hi (s̄x ) ◦ Hi (h), the kernel Kh of Hi (h) is contained in Hi ( J̄ (Y ), J0), the kernel of
Hi (i J0). Using the isomorphism Hi ( J̄ (Y ), J0) ∼= Hi ( J̃ (Y ), J̃0) and commutativity of the square contain-
ing this isomorphism and Hi (h), one sees that Kh is isomorphic to the kernel K ′h of the homomorphism
Hi ( J̃ (Y ), J̃0) → Hi ( J̃ (Y )). Now, K ′h is isomorphic to the image of δ̃i−1. The latter is isomorphic to the
cokernel of the homomorphism Hi−1(ĩ J0). Since Hi−1(h) is surjective, the image

I m Hi−1(ĩ J0) = I m(Hi−1(h) ◦ Hi−1(ĩ J0)) = I m Hi−1(i J0) ⊂ Hi−1(J0) ⊂ Hi−1( J̃0) .

Since Hi−1(i J0) is surjective (as δi−1 is a zero map), the last image is isomorphic to Hi−1(J0) ⊂ Hi−1( J̃0).
It follows that K ′h ∼= (Hi−1( J̃0)/Hi−1(J0)) ∼= Hi−1(J0). Thus Kh ∼= Hi−1(J0). This completes the proof of
exactness of the sequence (5.2).

The inclusion iSx : Sx ↪→ J̃ (Y ) gives a long exact cohomology sequence

Hi−1( J̃ (Y ))
Hi−1(iSx )−→ Hi−1(Sx )→ Hi ( J̃ (Y ), Sx )→ Hi ( J̃ (Y ))

Hi (iSx )−→ Hi (Sx )→ · · · .
The section sx factors as sx = iSx ◦ s′x where s′x : J (X)→ Sx is an isomorphism. Hence there is an isomorphism
Hi (Sx ) ∼= Hi (J (X)). Identifying J (X) with Sx by s′x , we may replace the map Hi (iSx ) by the map Hi (sx ) :
Hi ( J̃ (Y ))→ Hi (J (X)). Since Hi (sx ) ◦ Hi (π) = idHi (J (X)), it follows that Hi (sx ) is surjective (for all i) and
we have an exact sequence (with a splitting)

0→ Hi ( J̃ (Y ), Sx ) −→ Hi ( J̃ (Y ))
Hi (sx )−→ Hi (J (X))→ 0 ,

for all i .
We only need to show that Hi ( J̃ (Y ), Sx ) ∼= Hi−2(J (X)). By Alexander duality, one has Hi ( J̃ (Y ), Sx ) ∼=

H2g−i ( J̃ (Y )− Sx ). Since ( J̃ (Y )− Sx )→ J (X) is an affine bundle, one has H2g−i ( J̃ (Y )− Sx ) ∼= H2g−i (J (X)).
By Poincaré duality, H2g−i (J (X)) ∼= H (2g−2)−(2g−i)(J (X)) = Hi−2(J (X)). Thus Hi ( J̃ (Y ), Sx ) ∼=
Hi−2(J (X)). This completes the proof of exactness of the sequence (5.3). ��

5.2 Case of a curve with many nodes

Now let Y be a nodal curve with m nodes, m > 1. Let Yi denote the curve with k nodes y1, . . . , yk , thus we have
a sequence of morphisms

X := X0 → · · · → Xk → · · · → Xm = Y ,

where Xk−1 is the partial normalisation of Xk obtained by blowing up the node yk for all k = 1, . . . ,m. We fix a
smooth point x0 ∈ Y and denote its inverse images in all partial normalisations by x0 again. There is a Poincaré
sheaf

Lk−1 −→ J̄ (Xk−1)× Xk−1 ,

normalised by the condition that its restriction Lk−1| J̄ (Xk−1)×x0
∼= O J̄ (Xk−1)

. Let Xk−1,reg be the set of regular
points of Xk−1. Since Lk−1| J̄ (Xk−1)×Xk−1,reg

is a line bundle and xk, zk ∈ Xk−1,reg , it follows that Lk−1,xk :=
Lk−1| J̄ (Xk−1)×xk

and Lk−1,zk := Lk−1| J̄ (Xk−1)×zk
can be considered as line bundles on J̄ (Xk−1). Define

Pk = P(Lk−1,xk ⊕ Lk−1,zk ) ,
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a P
1-bundle on J̄ (Xk−1), let πk denote the canonical projection.
The P

1-bundle Pk has two canonically defined sections Sxk and Szk obtained by the projections to factors
Lk−1,xk and Lk−1,zk respectively. There is a morphism Pk → J̄ (Xk) which we denote by h again. The variety
J̄ (Xk) is obtained by identifying the sections Sxk and Szk by an isomorphism.

Proposition 5.2 There are exact sequences of singular cohomology groups (with coefficients in Z).

0 −→ Hi (Pk, J̄ (Xk−1)) −→ Hi (Pk)
←−−→ Hi ( J̄ (Xk−1)) −→ 0 . (5.4)

0 −→ Hi−1( J̄ (Xk−1)) −→ Hi ( J̄ (Xk))
Hi (h)−→ Hi (Pk) −→ 0 . (5.5)

Proof Note that for k = 1, J̄ (X0) = J (X0) and P1 = J̃ (X1), hence the result is true by Proposition 5.1.
For k > 1, the result can be proved exactly as in the one node case by replacing J̄ (Y ), J̃ (Y ) and J (X) by

J̄ (Xk),Pk and J̄ (Xk−1) respectively in the proof of Proposition 5.1. Then Sx gets replaced by Sxk , the latter
being isomorphic to J̄ (Xk−1). ��

As an application, we determine the singular cohomology of the compactified Jacobian.

Proposition 5.3 (1) For a nodal curve Y := Xk with k ≥ 1 nodes, the singular cohomology of the compactified
Jacobian J̄ (Xk) is determined inductively by isomorphisms

Hi ( J̄ (Xk),Z) ∼= Hi ( J̄ (Xk−1),Z)⊕ Hi−1( J̄ (Xk−1),Z)⊕ Hi−2( J̄ (Xk−1),Z) .

(2)

Hi ( J̄ (Xk),Z) ∼= H2g(Xk )−i ( J̄ (Xk),Z) .

Proof (1) By (5.5) there is an exact sequence of singular cohomology groups

0 −→ Hi−1( J̄ (Xk−1),Z) −→ Hi ( J̄ (Xk),Z)
Hi (h)−→ Hi (Pk,Z) −→ 0 .

Since Lk−1,xk and Lk−1,zk are topologically trivial line bundles, the projective bundle Pk is topologically
trivial. Hence there is a canonical isomorphism

Hi (Pk,Z) ∼= Hi ( J̄ (Xk−1),Z)⊗ H0(P1,Z))
⊕

Hi−2( J̄ (Xk−1),Z)⊗ H2(P1,Z) . (5.6)

This implies that Hi (Pk,Z) ∼= Hi ( J̄ (Xk−1),Z) ⊕ Hi−2( J̄ (Xk−1),Z) .By (5.5), one has Hi ( J̄ (Xk),Z) ∼=
Hi−1( J̄ (Xk−1),Z)⊕ Hi (Pk,Z). It follows that there is an isomorphism (non-canonical) Hi ( J̄ (Xk),Z) ∼=
Hi ( J̄ (Xk−1),Z)⊕ Hi−1( J̄ (Xk−1),Z)⊕ Hi−2( J̄ (Xk−1),Z).

(2) We prove Part (2) by induction on k. The result holds for k = 0 i.e., for J (X0) as the cohomology of J (X0)

is the exterior product of the cohomology H1(J (X0),Z).
Assume the result for J̄ (Xk−1). By Part (1), we have

Hi ( J̄ (Xk),Z) ∼= Hi ( J̄ (Xk−1),Z)⊕ Hi−1( J̄ (Xk−1),Z)⊕ Hi−2( J̄ (Xk−1),Z)∼= H2g(Xk−1)−i ( J̄ (Xk−1),Z)⊕ H2g(Xk−1)−(i−1)( J̄ (Xk−1),Z)

⊕H2g(Xk−1)−(i−2)( J̄ (Xk−1),Z), by induction
∼= H2g(Xk )−2−i ( J̄ (Xk−1),Z)⊕ H2g(Xk )−2−i+1( J̄ (Xk−1),Z)

⊕H2g(Xk )−2−i+2( J̄ (Xk−1),Z)∼= H2g(Xk )−i−2( J̄ (Xk−1),Z)⊕ H2g(Xk )−i−1( J̄ (Xk−1),Z)

⊕h2g(Xk)−i ( J̄ (Xk−1),Z)∼= H2g(Xk )−i ( J̄ (Xk),Z) ,

by Part (1). ��
Theorem 5.4 For a nodal curve with m nodes, the dimension of the singular cohomology of J̄ (Y ) is given by
the formula

hi ( J̄ (Y ),Z) =
j=m∑

j=0

(
m

j

) (
g − j

i − 2 j

)
. (5.7)

123



Some results on the compactified Jacobian… 119

Proof We shall prove the result by induction on the number of nodes. As in Sect. 5.2, we have a sequence of
morphisms

X := X0 → · · · → Xk → · · · → Xm = Y ,

By equation (5.2), for m = 1 one has

hi ( J̄ (Y )) = hi−1(J (X))+ hi ( J̃ (Y )) = hi−1(J (X))+ hi (J (X))+ hi−2(J (X)) .

Since hi (J (X)) = (g(X)
i

)
we have

hi ( J̄ (Y )) =
(

g(X)

i − 1

)
+

(
g(X)

i

)
+

(
g(X)

i − 2

)
=

(
g

i

)
+

(
g − 1

i − 2

)
.

Thus the result holds for m = 1.
Now let m > 1. For 2 < k ≤ m, by induction assume that the result holds for Xk−1 i.e.,

hi ( J̄ (Xk−1),Z) =
j=k−1∑

j=0

(
k − 1

j

) (
g(Xk−1)− j

i − 2 j

)
. (5.8)

and we shall check the result for Xk .
By Proposition 5.3, we have

hi ( J̄ (Xk),Z) = hi ( J̄ (Xk−1),Z)+ hi−1( J̄ (Xk−1),Z)+ hi−2( J̄ (Xk−1),Z) .

Using (5.8), this gives

hi ( J̄ (Xk),Z) =∑ j=k−1
j=0

(k−1
j

) (g(Xk−1)− j
i−2 j

)+∑ j=k−1
j=0

(k−1
j

) (g(Xk−1)− j
i−2 j−1

)

+∑ j=k−1
j=0

(k−1
j

) (g(Xk−1)− j
i−2 j−2

)

=∑ j=k−1
j=0

(k−1
j

) (g(Xk )− j
i−2 j

)+∑ j=k−1
j=0

(k−1
j

) (g(Xk−1)− j
i−2 j−2

)

Putting j + 1 = p, we have

j=k−1∑

j=0

(
k − 1

j

) (
g(Xk−1)− j

i − 2 j − 2

)
=

p=k∑

p=1

(
k − 1

p − 1

) (
g(Xk)− p

i − 2p

)

Thus,

j=k−1∑

j=0

(
k − 1

j

) (
g(Xk−1)− j

i − 2 j − 2

)
=

j=k∑

j=1

(
k − 1

j − 1

) (
g(Xk)− j

i − 2 j

)
.

Hence we get

hi ( J̄ (Xk),Z) =∑ j=k−1
j=0

(k−1
j

) (g(Xk )− j
i−2 j

)

+∑ j=k
j=1

(k−1
j−1

) (g(Xk )− j
i−2 j

)

= (g(Xk )
i

)+∑ j=k−1
j=1

(k−1
j

) (g(Xk )− j
i−2 j

)

+∑ j=k−1
j=1

(k−1
j−1

) (g(Xk )− j
i−2 j

)+ (g(Xk )−k
i−2k

)

= (g(Xk )
i

)+∑ j=k−1
j=1

(k
j

) (g(Xk )− j
i−2 j

) + (g(Xk )−k
i−2k

)

=∑ j=k
j=0

(k
j

) (g(Xk )− j
i−2 j

)
.

Thus we have

hi ( J̄ (Xk),Z) =
j=k∑

j=0

(
k

j

) (
g(Xk)− j

i − 2 j

)
. (5.9)

��
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Remark 5.5 Note that Theorem 5.4 implies the following.

(1)

h1(Y ) = g(Y ) .

(2)

hi ( J̄ (Y ),Z) = dim

⎛

⎝
j=m⊕

j=0

⊕

Y ( j)

i−2(m− j)∧
H1(Y ( j),Z)

⎞

⎠ ,

where ⊕Y ( j) is the direct sum taken over all partial normalisations Y ( j) of Y with j nodes.

6 The topology of compactified Jacobian

This section is independent of the rest of the paper. In this section we would like to prove that topologically the
compactified Jacobian of any nodal curve with k nodes is the product of the Jacobian of its normalisation and
k nodal rational curves each with a single node. The identification with the product is purely by a topological
homeomorphism. As usual we will split the proof into the case of one node and the case of many nodes.

Let X1 be a nodal curve with one node and X0 → X1 be the normalisation. Let x, z be the points on X0 that
are identified to obtain the nodal point y ∈ X1. We recall a few facts. There is a natural map from the generalised
Jacobian J (X1) of X1 to the generalised Jacobian J (X0) of X0, defined by pull back of line bundles from X1 to
X0, which is a C

∗-fibration. The generalised Jacobian J (X1) has the compactification J̄ (X1), the moduli space
of torsion free sheaves of rank 1 and degree 0.

There is a natural normalisation J̃ (X1) of J̄ (X1), it is a P
1-bundle over J (X0). This P

1-bundle has two
canonical sections Sx and Sz defined as follows. Let Lx and Lz be the line bundles on J (X0) obtained by
restricting the Poincaré bundle L on J (X0) × X0 to J (X0) × {x} and J (X0) × {z} respectively. Then the P

1-
bundle J̃ (X1) is identified as P(Lx ⊕ Lz) and the sections Sx and Sz are obtained by the projections to factors
Lx and Lz respectively. J̄ (X1) is obtained from J̃ (X1) by identifying these sections by a natural isomorphism
of Sx with Sz . This isomorphism lies over the isomorphism of J (X0) defined by tensoring a given line bundle
by OX0(x − z).

The line bundles Lx and Lz are topologically trivial line bundles on J (X0). Fix their trivialisations so that
we obtain a topological homeomorphism/diffeomorphism tr

J̃ (X1) := P(Lx ⊕ Lz)
tr� J (X0)× P

1

Here the P
1 is the projective space of the two dimensional vector space Cx ⊕ Cz . Fix a continuous/smooth

map φ : P
1 → [0, 1] such that the inverse image of 0 is the point defined by the projection to Cx and the

inverse image of 1 is the point defined by the projection to Cz . We continue to denote by Cx the point on
P

1 defined by the projection to Cx and similarly for Cz . Then Sx corresponds to (L ,Cx ), L ∈ J (X0) and Sz
corresponds to (L ,Cz), L ∈ J (X0). Let γ : [0, 1] → X0 be a continuous/ smooth embedded path from x to z and
AbX0 : X0 → J (X0) be the Abel-Jacobi map of X0 to its Jacobian. The map AbX0 is given by AbX0(ψ) = ψ−x0
where x0 ∈ X1 is a nonsingular base point and hence considered as a point of X0. Let � : P1 → J (X0) be the
composite of all these maps. We define a homeomorphism/diffeomorphism of J (X0)× P

1 onto itself by

D(L , t) := (L ⊗OX0(AbX0(x)−�(t)), t) for L ∈ J (X0), t ∈ P
1 .

Let us denote π1 : J̃ (X1) → J (X0) the projection, then �̃ = π1 ◦ tr−1 ◦ D−1 : J (X0) × P
1 → J (X0)

is a trivial P
1-bundle. More over, to obtain the compactified Jacobian J̄ (X1) from J (X0) × P

1 we identify
two points on the same fibre of this P

1-bundle. To see this, recall that (L ,Cx ) ∈ Sx was getting identified to
(L ⊗OX0(x − z),Cz) ∈ Sz (by the map J̃ (X1)→ J̄ (X1)). We have

�(Cz) = AbX0 ◦ γ ◦ φ(Cz) = AbX0(γ (1)) = AbX0(z) = z − x0 .

Hence D(L ,Cz) = (L⊗OX0(x−x0−(z−x0)),Cz) = (L⊗OX0(x−z),Cz) , so that D−1(L⊗OX0(x−z),Cz) =
(L ,Cz) . We have D(L ,Cx ) = (L ⊗OX0(x − x0 − (x − x0)),Cx ) = (L ,Cx ) so that D−1(L ,Cx ) = (L ,Cx ).

Hence we have proved the following theorem.
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Theorem 6.1 J̄ (X1) ∼= J (X0)× X y where X y is the rational nodal curve obtained by identifying the points Cx
and Cz of P(Cx ⊕ Cz).

For a nodal curve Y with many nodes m, the result will be proved by induction on the number of nodes. Let
Yi denote the curve with k nodes y1, . . . , yk , thus we have a sequence of morphisms

X := X0 → · · · → Xk → · · · → Xm = Y ,

where Xk−1 is the partial normalisation of Xk obtained by blowing up the node yk for all k = 1, . . . ,m. We fix a
smooth point x0 ∈ Y and denote its inverse images in all partial normalisations by x0 again. There is a Poincaré
sheaf

Lk−1 −→ J̄ (Xk−1)× Xk−1 ,

normalised by the condition that its restriction Lk−1| J̄ (Xk−1)×x0
∼= O J̄ (Xk−1)

. Let Xk−1,reg be the set of regular
points of Xk−1. Since Lk−1| J̄ (Xk−1)×Xk−1,reg

is a line bundle and xk, zk ∈ Xk−1,reg , it follows that Lk−1,xk :=
Lk−1| J̄ (Xk−1)×xk

and Lk−1,zk := Lk−1| J̄ (Xk−1)×zk
can be considered as line bundles on J̄ (Xk−1). Define

Pk = P(Lk−1,xk ⊕ Lk−1,zk ) ,

a P
1-bundle on J̄ (Xk−1), let πk denote the canonical projection.
There is a morphism Pk → J̄ (Xk). In fact, Pk has two canonically defined sections Sxk and Szk obtained

by the projections to factors Lk−1,xk and Lk−1,zk respectively. The variety J̄ (Xk) is obtained by identifying the
sections Sxk and Szk by an isomorphism. This isomorphism lies over the isomorphism of J̄ (Xk−1) defined by
L �→ L ⊗OXk−1(xk − zk), L ∈ J̄ (Xk−1).

Note that for k = 1, J̄ (X0) = J (X0) and P1 = J̃ (X1). Hence the result is true for k = 1 by Theorem
6.1. Assume that the result is true over Xk−1 i.e., J̄ (Xk−1) is homeomorphic to J (X0) × Y 1 × · · · × Y k−1

where Y j is the rational nodal curve obtained by identifying the points Cx j and Cz j of P(Cx j ⊕ Cz j ). As
in the one node case, we can trivialise Pk (topologically) and define maps φk, γk,�k = AbXk−1 ◦ γk ◦ φk

analogous to φ, γ,� respectively. Defining Dk(L , t) := (L ⊗ OXk−1(AbXk−1(x) − �k(t)), t), we get a P
1-

bundle �̃k = πk ◦ tr−1 ◦ D−1
k : Pk → J̃ (Xk−1) which is again trivial. More over, one can see that the

compactified Jacobian J̄ (Xk) is obtained from it by identifying two points on the same fibre of this P
1-bundle.

Thus there is a homeomorphism J̄ (Xk) � J̄ (Xk−1)×Y k . By induction, we have a homeomorphism J̄ (Xk−1) �
J (X0)× Y 1 × · · · × Y k−1. Hence J̄ (Xk) � J (X0)× Y 1 × · · · × Y k .

Thus we have proved the following theorem.

Theorem 6.2 J̄ (Xk) � J (X0) × Y 1 × · · · × Y k where Y j is the rational nodal curve obtained by identifying
the points Cx j and Cz j of P(Cx j ⊕ Cz j ).

As an application, we can prove Proposition 5.3 on singular cohomology of the compactified Jacobian using
Kunneth formula and induction.
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