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Abstract Let Y be an integral nodal curve. We show that the connected component of the moduli space of torsion
free sheaves of rank 1 on the compactified Jacobian J(Y) of ¥, which contains Pic®J (Y), is isomorphic to J(Y)
under the map induced by the Abel-Jacobi embedding of Y in J(Y). We determine the Chern classes (in Chow
group) of the Picard bundles on the desingularisation of the compactified Jacobian over a nodal curve Y. We
study the relation between the singular cohomology of J(Y), J (Y) and J (X) and use it to determine the singular
cohomology of the compactified Jacobian of an integral nodal curve. We prove that the compactified Jacobian
of an integral nodal curve with k£ nodes is homeomorphic to the product of the Jacobian of the normalisation X
and k rational nodal curves of arithmetic genus 1.

Keywords Compactified Jacobian - Singular cohomology - Picard bundles - Chern classes

1 Introduction

In this paper, we continue the study of the compactified Jacobian J(Y) of a nodal curve ¥ and vector bundles
on it initiated in [6,7]. In [6,7], we proved a generalised Poincaré formula and Riemann singularity theorem for
]: (Y) and some applications of them to Brill-Noether theory on J(Y). We showed that the Picard bundles on
J(Y) are stable, but unlike in the case Y is smooth, the duals of the Picard bundles are not ample.

The compactified Jacobian of Y is the moduli space of torsionfree sheaves of rank 1 and degree O on Y.
It contains the generalised Jacobian J(Y) i.e., the moduli space of locally free sheaves of rank 1 and degree 0
on Y as an open dense subset. The autoduality of the compactified Jacobian of a nodal curve was first proved
by Esteves et al. [9] in the following form. They showed that there is an isomorphism Pic%(J(Y)) = J(Y)
induced by the Abel-Jacobi embedding iy : ¥ — J(Y). The results of [9] were extended to curves with planar
singularities by Arinkin [1] and to tree like curves by Esteves and Rocha [11].

We prove a more general version of the autoduality for J(Y).Let TF O(J: (Y)) denote the component of the
moduli space of torsion free sheaves of rank 1 on J(¥) which contains Pic®J (Y).

Theorem 1.1 (see Theorem 2.4 for a more detailed statement) Let Tyoy : TFO(J(Y)) —> TFO(Y) = J(Y)
denote the morphism defined by F +— Fly (i.e., F > i} F). Then the morphism Teg is an isomorphism.
It restricts to an isomorphism Picof(Y) — J(Y).
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106 U. N. Bhosle, A. J. Parameswaran

After this paper was written, we have learnt that there are many versions of autoduality of J (), there are also
generalisations to families of compactified Jacobians [10,12]. In case of an integral curve (with at most planar
singularities), Arinkin extended the results of [10] and also proved that there is a Fourier—Mukai transform
F : DP(J(Y)) — DP(J(Y)) which is an equivalence of the bounded derived categories [2]. For arbitrary nodal
curves, this is done by Melo et al. [14].

Our proof is different from all of them and more transparent. The compactified Jacobian J () has a natural
desingularisation J (Y). We show that there is a P!-bundle P on Pic®J (Y) together with an isomorphism Py :
P = J(Y) and this isomorphism induces the isomorphism 7}, giving autoduality.

Let £ be the (normalised) Poincaré sheaf on 70(Y) x Y and let £ be the pullback of L to JOY) x Y. We
denote the two projections of JOY) x Y by v and ¢ respectively. Let Ld)=L® q*(Oy(dt)) wheret € Y is
a smooth point. We define the direct image sheaves

Eg := vy (L(d)).

These sheaves are vector bundles on JO(Y) if d > 2g — 1 (g being the arithmetic genus of Y) and are called
Picard bundles.

There are naturally defined cycles Wj of dimension j, j=1,...,gon J(Y) (see Sect. 4.1 for details). We
describe the Chern classes of the Picard bundles in terms of these cycles. Let k be the number of nodes of Y.

Theorem 1.2 (Theorem 4.1) In the Chow group of J°(Y), the Chern classes of the Picard bundle are given by
em(E}) = Werkom .-

em(Eq) = (=1 Woikom .

We study the relation between the singular cohomology of J(Y), J(Y) and J(X). we use it to compute the
singular cohomology of the compactified Jacobian of an integral nodal curve.

Proposition 1.3 (Proposition 5.3)

(1) Foranodal curve Y := Xy with k > 1 nodes, the singular cohomology of the compactified Jacobian J (Xy)
is determined inductively by isomorphisms

H (J(X1),Z) = H (J(X4-1). Z) ® H V(T (Xx—1), Z) ® H2(J(X3_1). Z) .
)
H (J(Xp), Z) = H¥XO™(J(Xy), Z) .

Theorem 1.4 (Theorem 5.4) For a nodal curve with m nodes, the dimension of the singular cohomology of J (Y)
is given by the formula

j=m .
WIW).Z) = Y <m> (ig_ 2’}) (1.1)

=0 N

The study of mixed Hodge structure on the cohomology of the compactified Jacobian will be done in a
subsequent paper.
We have the following result on the topology of the compactified Jacobian of an integral nodal curve.

Theorem 1.5 (Theorem 6.2) The compactified Jacobian J(Xy) of an integral nodal curve Xy with k nodes is
homeomorphic to the product J (Xo) x Y x -+ x Y¥ where J(Xg) is the Jacobian of the normalisation Xo and
foreach j = 1,..., k, Y/ is the rational nodal curve of arithmetic genus 1 obtained by identifying the points
ij and (Cz/. ofIP’((ij & C;)).

This work led to the study of the the Hodge theory of the compactified Jacobian [8].

2 The isomorphism between J (Y) and TFO(f (Y)): Case of one node

In this section, we assume that Y is a nodal curve with only singularity one node y. The case of many nodes will
be considered in the next section.
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2.1 Notation

Let p : X — Y be the normalisation map and x, z € X points lying over y. Let J(X) denote the Jacobian of X
and J(Y) the generalised Jacobian of Y.

Assume that g(X) > 1. Letix : X — J(X) be the Abel-Jacobi map for X defined by x > Ox (x — xp). It
is well known that iy is an embedding and induces an isomorphism 7% : Pi J(X) = J(X). Let J(Y) denote

the desingularisation of the compactified Jacobian J(Y)of Y and 7 : J (Y) — J(X) the projection map [6, 15].
The embedding ix lifts to an embedding

ix:X—>JY), moix =ix.

We often identify X with its images under these embeddings.

_ LetTF 0J(Y)) denote the irreducible component of the moduli space of torsion free sheaves of rank 1 on
J(Y) containing Pic®(J(Y)). There is an embedding iy : ¥ — J(Y)defined by x — Oy (—x0)® L}, where I is
the ideal sheaf of x. Our aim in this section is to show that iy induces an isomorphism i} : T FO(J(Y)) — J(Y).
It is known that iy induces an isomorphism i ;‘, . Pi co(f (Y)) = J(Y) [9], our proof also gives a different proof
of this result.

Lemma 2.1 The projection 7 induces an isomorphism
7*: Pic®J(X) = Pic’J (V).

Proof Since J(Y) is a P'-bundle over J(X), we have Pic J(Y) = Pic J(X) x Z where Pic J(X) is embedded
in Pic J(Y) by the morphism L + m*L for a line bundle L on J(X). Since Z is discrete, it follows that
Pic °J(¥) = Pic®J (X) . O

Proposition 2.2 There is a P'-bundle P on Pic® J (Y) together with an isomorphism
Pres PE_;(Y)
Proof Let N' — PicV J(Y) x J(Y) be the universal bundle.

. o - L . 07
. ﬁLet A/;X(x) = NIPiCoJ(Y)XiX(X) and /\/;'x(z) = N'PiCOJ(Y)xiX(z)’ both regarded as line bundles on Pic’J(Y).
efine

l

P = PNy ) &Ny ) -
Let N be the universal bundle on Pic’J(X) x J(X). Lemma 2.1 implies that A/ is the pull back of A’
by the morphism (7*)~! x 7. It follows that the restriction N/ I pico T xix (%) is isomorphic to the pull back of

N/|Pic01(X)xiX(X)'
Note that under the isomorphism 7% x (ix)~ L PicOJ(X) X ix(X) = J(X) x X, the Poincare bundle Lx
on J(X) x X pulls back to N [p;07(x)x x-

Since r oixy = iy and * is an isomorphism (by Lemma 2.1), we get 17; =iyo (7*)~1 and hence
iy x iy = (% x ()™ o (@)™ x 7l (x)
This implies that the following diagram is commutative.

fadt 3 1 —
ix " x(iy)™!

PicdJ(Y) xix(X) ¥ =3 J(X)x X
@) ' x| [

L (i ),1
Pic%J (X) x ix(X) ¥ J(X) x X
We have
(% x ()™ Lx = (@)™ x 7wl ()" 0 (% x (ix)™))*Lx
-1
= (")~ x ”|7'X(X))*N/|Pic0i(X)xiX(X)
= N|Pic0i(Y)xZ(X)
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108 U. N. Bhosle, A. J. Parameswaran

It follows that there is an isomorphism (7}“( X (fx)_l)*((ﬁx)x @ (Lx),) = (./\/;vx ® ./\/lfz) inducing an isomor-
phism of P!-bundles
POV:, () ®N;

i ix(z

) =Py x (07D (Lx)x  (L£x)2) = ((y x (x)™DPULx)x & (Lx)2)
i.e. an isomorphism
Pres : P — J(Y),
lying over the isomorphism
i% :PicdJ(X) = J(X).
O

Remark 2.3 We have two divisors Sy, S; in f(Y) and S, N X = {x}, S; N X = {z}, (identifying X with ZX(X))
[6]. Let N1, N> be line bundles on Sy, N1 = N;. Consider quotients g : N1 @ N — N, N = Nj. Let p; and p;
denote the restrictions of ¢ to Ny and N respectively. Then fori = 1,2, p; = a; id, a; nonzero scalars with
(a1, az) # (0, 0). Hence such quotients ¢ form a P

For N € Pic’J(Y), we have N = t*N, T being the canonical isomorphism S, = S, (both being canonically
isomorphic to J(X) — J(X)). Consider quotients gy : Nls, @ t*N|s, — Qy with Q isomorphic to N|g,.
Then (gn)|x : Nx ® N; — (QL), or equivalently, (gn)|x € P(N, @ N_), the fibre of P over N. By the previous
paragraph, gy +— gn|x is an isomorphism. Thus points of P correspond to pairs (N, Q) as above. The map
P,.s maps (N, gy) to its restriction (N|x, (gn)|x)-

The variety J (Y) is the moduli space of generalised parabolic line bundles on Y [4]. The pairs (N, gy) are
generalised parabolic line bundles on J(Y) [5] and Py is defined by the restriction of a generalised parabolic
line bundle on J(Y) to a generalised parabolic line bundle on Y.

Theorem 2.4 (1) There is a family N = P x Z (Y) of torsionfree sheaves on J(Y) parametrised by P. If
Ny := Nlpxiy(y), then for P € P, the sheaf Ny|pxy on Y is isomorphic to the torsionfree sheaf of rank 1
corresponding to the point h o Pyo5(P) € !_(Y). B

(2) There is a surjective birational morphism h : P — T FO(J(Y)) such that the following diagram commutes.

P g

iy Ih

TFOJ(Y)) 2% Jv)

Here T,.5 denotes the morphism defined by F +— Fly (i.e., F — i;‘;F).
(3) The morphism

Tres : TFO(J(Y)) — TF(Y) = J(Y)
is an isomorphism. It restricts to an isomorphism
Pic’J(Y) — J(Y).
Proof (1) Let H(x, z) denote the direct image (on PicJ (Y)) of the sheaf

Fy == Hom(Np;0 Jryxs,» (id x )" N lpie0 Jr)xs.)

It is a line bundle on Pic®J(Y) whose fibre over N € Pic®J(Y) is isomorphic to the vector space Hom
(Nls,, T*(Nls,))-
The line bundle H (x, z) embeds in the P!-bundle P (as the complement of the infinity section) with f €
Hom (N|s,, 7N |s,) mapping to g, where g, is the quotient of N @ N; by the graph of f|, € Hom (N, N).
Similarly, the direct image H (z, x) of the sheaf
(id x T~ 1* W]

F> := Hom(\N|

Pic’@(Y)xS. Pic’@(v) xsx))
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is a line bundle on Pic®J (Y). The line bundle H(z, x) embeds in P as the complement of the zero section. One
has H(x,z) U H(z,x) = P and H(x, z) N H(z, x) is a C*-bundle over Pic® J (V).

Let N} be the pull back of A to H(x,z) x J(Y). By the construction of H (x, z) we have a tautological
section of Hom(N7| H(x,2)xSy» (Id % )*N| H(x,7)xS,)- This section gives (by taking graphs) a line sub bundle
of the vector bundle N | H(x,2)xS, ® (id x )*N |H(x,7)xs,, let @1 be the corresponding quotient line bundle.
Similarly, one can define N> and a qu0t~ient line bundle Q5. ~ ~

The pull back Np of N to P x J(Y) restricts to N} on H(x,z) x J(Y) C P x J(Y) and to A on
H(z,x) x J(Y) C P x J(Y). There is a surjective restriction map

((id x h)*NP)|(H(x,z)ﬂH(z,x))><f(Y) — ((id x h)*NP)|(H(x,z)ﬁH(z,x))x(j(Y)—J(Y)) .

The latter is isomorphic to

(id x 1)« N1(H @ 2nHE0) xS B (d X T N1(H 2N Hz0)xS,) -

There is a surjective quotient map

(id x h)*(-/vl|(H(x,z)ﬂH(z,x))><Sx & (id x T)*Nl|(H(x,z)ﬂH(z,x))><Sz) - Ql|(H(X’Z)Q(H(Z,x))X(J_(Y)_J(Y)) .

The composite of all these maps is a surjective map

(Gd X MNP (e ntGay iy = LlEEnwH <T@ -10) -

Similarly there is a surjective map

((id x h)*NP)|(H(x,z)ﬂH(z,x))xj(Y) - Q2|(H(x,z)ﬂ(H(z,x))x(j(Y)fJ(Y))'

There is a canonical isomorphism g1 making the following diagram commutative.

((id x h)*NP)|(H(x,z)mH(Z,x))xj(y) = ((id x h)*NP”(H(x,z)ﬂH(z,X))Xj(Y)

i \

q12
Qlmonoxdm-1oy  — 7 LlEeaniecoxTm-1m)
Point wise, g2 can be described as follows. An element of Q| corresponds to a quotient of Ny|s. & t*(N{|S;) by
the graph of an isomorphism f : Ni|s, @ t*(N1|s,). The map g1 maps it to the quotient of Ny|s, ® T*(Nils,)
by the graph of f~!: T*(Nils,) = Nils, -
Patching the line bundles Q1 and Q; by the isomorphism g5 gives a quotient line bundle Q of (id x n)Np.
Define a torsion free sheaf A/ of rank 1 on P x J(Y) by

0> N — ((id x h)Np) > Q — 0. 2.1

The torsion free sheaf A/ is a flat family of torsion free sheaves of rank 1 on J(Y) parametrised by P. ~

Take a point of P. By Remark 2.3, it corresponds to a pair (N, Q) where N is a line bundle on J(Y) and
gn : N|s, ® T*Nl|s, — Qy is aline bundle quotient. Then the exact sequence (2.1) gives a torsion free sheaf
N of rank 1 on J(Y) defined by the exact sequence

0—>N— hN—> Qny—0. (2.2)

If (N, Qn) € H(x,z) N H(z,x), then N is locally free (by [5, Proposition 2.3]). Suppose that (N, Qn) €
H(x,z) — H(x,z) N H(z,x). Then Oy = h«(N|s,) and N = hy(N(—=S;)) so that Ny = px(N(=S;)|x) =
P+(N|x(—2z)) is torsion free. Similarly, for (N, Qn) € H(z,x) — H(z,x) N H(x,z), one has Nly =
p«(N|x(—x)), a torsion free sheaf. Hence the restriction of the sequence (2.2) to Y C J(Y) gives the exact
sequence

0= Nly = (hN)ly = (Qn)ly — 0.
Since (hN)|y = p«(N]x), this sequence reduces to the exact sequence

0— Nly = p«(N|x) = (QNn)ly = 0. (2.3)
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110 U. N. Bhosle, A. J. Parameswaran

On the other hand, P,.s(N, On) = (N|x, Only) and A(N|x, Only) = N’ where N’ is defined by the exact
sequence

0— N — p(N|x) = (Qn)ly = 0, (2.4)

From the exact sequences (2.3) and (2.4), we see that N' = '~ N |y proving the second assertion of part (1).

(2) The family N of torsion free sheaves of rank 1 on J(Y) parametrised by P defines a morphism h:P—
TF(J(Y)) where T F(J(Y)) denotes the moduli space of torsion free sheaves of rank 1 on J(Y). The second
assertion of part (1) implies that 4 o P,o5 = Tyes o h proving the commutativity of the diagram D.

By [5, Proposition 2.3], & induces an isomorphism from the open subset H(x,z) N H(z,x) C P onto
Pic’J (Y). Since P is a proper (irreducible) variety, so is its image 4 (P). Since it contains Pic0J (Y), it follows
that 7(P) is the closure of Pic?J(Y) in TF(J(Y)), i.e. h(P) = TF°(J(Y)) and / is a birational surjective
morphism onto TFO(J(Y)). _

(3) By Proposition 2.2 and commutativity of diagram D, 7.5 o 4 is a finite birational morphism, s0 is 7;.¢5. In
fact, it follows that 7., induces an isomorphism from Pic® J(Y) onto J(Y) C J(Y). The variety J(Y) is known
to be seminormal. Hence if 7. is bijective, then it will follow that 7. is an isomorphism.

It remains to show that 7. is bijective. We first claim that # maps H (x, z) — H(x, z) N H(z, x) bijectively
onto TFO(J(Y)) — Pic®J(Y). To see this, note that a point of H(x,z) — H(x,z) N H(z, x) corresponds to
(N,Nls,) and h maps it to the point 4, (N(—S;)) € TFY(J(Y)) — PicPJ(Y). Similarly, h maps (N', N'|s,) €
H(z,x) — H(x,2) N H(z,x) 0 h(N'(=Sy)) € TFO(J(Y)) — Pic®J (Y). If N' = N(Sx — S;), then (N, Ns,)
and (N’, N’|s,) will map to the same point in 7 F°(J(Y)). Since / and hence h (using diagram D) has fibres
consisting of at most two points, these must be the two points in the fibre of & over &, (N (S;)), the claim follows.

It is easy to see that P, maps H(x,z) — H(x,z) N H(z, x) 1som0rphlcally to S; C J(Y) (and it maps
H(z, x) — H(x, z) N H(z, x) isomorphically to Sy). If two distinct points of TFY (.I (Y)) map to the same point
of J(Y), using the commutativity of the diagram D, it is easy to see that both of them must be in 7 FO(J (Y)) —
Pic®J (V). By the above claim, there are two distinct points in H (x, z) — H(x, z) N H(z, x) mapping bijectively
to these two points, which in turn map to two distinct points in S, under Py.s. By our assumption, these two
points in J(¥) must map to the same point in J(¥) under /. Hence one of these two points must be in Sy and
other in §;, giving a contradiction. Thus T, is bijective.

This completes the proof of the theorem. O

3 The isomorphism between J Y)and TF O(j (Y)): case of many nodes
3.1 Notation

Let Y := X} denote a nodal curve of arithmetic genus g; with k nodes defined over an algebraically closed field
of characteristic 0 and X’ the set of its nonsingular points. Let p : X := Xo — Xy be the normalisation map.
Let x;, y; be the points of X lying over the node y; of Y for j =1, ..., k.

Let J (X) denote the space of rank 1 torsion free sheaves of degree 0 on Xj. Let J (Xj) denote the subset of
J(Xy) consisting of locally free sheaves of degree 0. Let 4 : J(Xx) = J(Xx) denote the normalisation of J (X k)
Then J (X}) is a smooth projective variety which is a (x;P!)-bundle over J (Xp), where x P! = P! x ... x P!,
a k-fold product.

Letiy,ix,iy, 7, xo, T FO() etc. be as in Notation 2.1.

Assume that g(Xo) > 1.

Lemma 3.1 The projection 7 induces an isomorphism
7*: Pic®J(X) = Pic® J (Xy) .

Proof The result follows as in the proof of Lemma 2.1. One has to use the fact that Pic J (Xj) = PicJ (X)X (xxZ)
where X7 is a k-fold product of Z. O

Proposition 3.2 There is a P! x --- x P-bundle (a k-fold product of P') P on Pic®J (X}) together with an
isomorphism

Pros : P = J(Xp).
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Proof Note that the pull back ./\[ of the universal bundle N on Pic®J (X) x J(X) by the morphism T ' x
is the universal bundle on Pic®J (Y) x J(Y). It follows that the restriction A/ Ipic0 Fxiy () is isomorphic to the
pull back of the Poincare bundle Lx on J(X) x X.

Foreach j =1,...,k, let /\flx(x = N|Pic0i(Y)x§x(x_) an d./\/lx(Z )= NIPiCOj(y)X;X(Zj), both regarded as

line bundles on PicOJ(Y). Define

®N:

ix(zj ))

P =P (N,

ix(xj)
and

P = x;P;,
the fibre product of P; over PicJ (Y). Itis a (x;P")-bundle over Pic®J (Y). As in the proof of Proposition 2.2,

we see that there is an isomorphism of P!-bundles

P = (G5 x (07") P ((Lx)y, @ (£x):))
and hence an isomorphism
x P = (I x ()™ xj PU(Lx)x; © (Lx)z) -

Here, on the right hand side, x ; is the fibre product over J (X) so that the right hand side is isomorphic to J (Xp).
Thus we get an isomorphism

Pres : P—> J(Xp),
lying over the isomorphism
it PicPJ(X) = J(X).
O

Remark 3.3 As seen before, each P; has open subsets H(x;, z;) and H(z;, x;) such that P; = H(x;,z;) U
H(Z],x]) leth, = H(xj,zj)— H(x],z])ﬂH(z],x]) andDz = H(zj,xj)— H(x],z])ﬂH(z],x]) D, ;N
D, = @. Let Dp xj» Dp.zjs Hp(xj,zj), Hp(z,x;) be the subsets of P which are the inverse images of the
corresponding subsets in P; obtained by omitting the suffix P. Thus, P = Hp(x;,z;) U Hp(zj, x;) for each
=1,...,k.

/= Let X v denote the curve with one node y; and normalisation X. One has J (Xp) = x jf (X yj) where the
right hand side denotes the fibre product over J(X). For each j, let Sy, and S;; denote the respective inverse
images in J(Xj) of the divisors Sy : and S, ; in J(X, j). It is easy to see that the isomorphism Py, maps Dp, xj
onto Sy; and it maps Dp ;; onto S ;.

Theorem 3.4 (1) There is a family N — P x ](Y) of torsion free sheaves on J(Y) parametrised by P. If
Ny = ./\/'IPX,Y(Y), then for P € P, the sheafj\/y |pxy on Y is isomorphic to the torsion free sheaf of rank 1
corresponding to the point h o Pyo5(P) € J(Y)

(2) There is a surjective birational morphism h:P—>TF O(J(Y)) such that the following diagram commutes.

P B jyy

h Ih

TFOJ () % Jv)

Here T,s denotes the morphism defined by F > Fly (ie., F +— iy F).
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3

The morphism
Tyes : TFO(J(Y)) — TFO(Y) = J(Y)
is an isomorphism. It restricts to an isomorphism

Pic’J (Y) — J(Y).

Proof (1) We have the universal bundle N on Pic®J (Y) x J (Y). Let Np be its pull back to P x J (Y). Using

@)

3

ey

)

P = Hp(xj,zj)UHp(z;, x;) foreach j, as in the one node case, we get a torsion quotient Q ; of (id x h),Np
supported on J (Xx) — J(X) such that Q; is a line bundle on J(X;) — J(Xy) and hence a torsion quotient
Q = @;Q; of (id x h).Np supported on J(X;) — J(Xy). Define a torsion free sheaf N/ of rank 1 on
P x J(Y) by

0—> N — ((id x h)Np) > Q — 0. (3.1

The torsion free sheaf A" is a flat family of torsion free sheaves of rank 1 on J(X}) parametrised by P. This
family defines a morphism

h:P— TF(J (X))

where T F(J (X)) denotes the moduli space of torsion free sheaves of rank 1 on J(Xp). B

One sees that if for Y = X, the sheaf Ny := N|pyi,(y), then for P € P, the sheaf Ny|pxy on Y is
isomorphic to the torsion free sheaf of rank 1 corresponding to the point 1 o P.(P) € J(Y) (as in the one
node case). Hence the diagram in Part 2 commutes.

By [5, Proposition 2.3], & induces an isomorphism from the open subset P — U;Dp y; — U;Dp ;; onto
Pic®J (X). The morphism £ induces an isomorphism from the open subset J (Xr) —U; ij Y S’ZJ. onto the
open subset J (Xy) of J(Xp). It follows that T}, induces an isomorphism from the open subset Pic®(J (Xy))
onto the open subset J(Xy), thus it is birational. The surjectivity of & o P,.; and the commutativity of the
diagram implies surjectivity of 7.

As in the case of one node, it suffices to show that the morphism 7, is bijective. We only need to check
injectivity.

Claim: Let S € TF 0(f (Y)) be a torsion free sheaf. Then the following statements are true.

The sheaf h*S/tor is a line bundle, where for denotes the torsion sub sheaf. Moreover, S fits in an exact
sequence

0— 8§ — hy(h*S/tor) — ®;Q; — 0,

where i runs over the nodes y € Y such that S|y is locally free at y.
(h*S/tor)|x = p*(Sly)/tor.

Proof of the claim: Let I denote the set of nodes of Y. For § € T F(J(Y)), denote by I1(S) C I the subset
such that S|y is not locally free at y; ,i € I1(S) and by I>o(S) C I the subset such that S|y is locally free at

Vi
ey
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i € 9.
There is a line bundle F € Pico(f(Xk)) and torsion sheaves Q; supported on f(Y) — J(Y) such that S is
defined by an exact sequence

0= S — hol — Dicrys) Qi @@ielz(S) Qi — 0. (3.2)

Note that for i € I1(S), one has Q; = F|§ or Q; = F|§ Let I{(S) C I;(S) be the subset consisting of i
such that Q; = F|S and let 1(S) C Il(S) be the subset consisting of i such that Q; = F|S Hence the
exact sequence (3. 2) gives the exact sequence

00— S— h,F|— Z Sx,- — Z Szi — Dien$)Qi — 0. 3.3)
iel{(S) il (S)
It follows that h*S/tor = F(=)_,. 1) St — e 176) S.;) is a locally free sheaf, proving the first part of

the claim.
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(2) Let Fx denote the restriction of F to X. Then S|y is defined by an exact sequence

0— Sly = p«Fx = ®icr 5 Qi x @@ie]z(S)Qi‘X -0, (3.4)

~

with Q; x restrictions of Q;. As in Part (1) of the claim, we see that p*(S|y)/tor = Fx(— Zie[,’(S) Xj —
Yic 17/(s) Zi)- The latter is isomorphic to (h*S/tor)|x, proving the Part (2) of the claim.

We now prove the injectivity of 7,..s. Suppose that Sy, S» € TFO(f(Y)) are such that Ty.s(S1) = Tye5(S2) i.e.,
Sily = S2|y. This implies that p*(S;|y) = p*(S2]y). Since h|x = p, by Part (2) of the claim, we have

(h*Sy/tor)lx = (h*Sy/tor)|x.
By Part (1) of the claim, this can be written as
Fil= Y 8- Y S |x=kl- > - > 8|
il (S1) iel] (S1) iel](S) iel!($2)
This implies that
Bix= |- Y Si— Y S+ D Se+ > S |Ix.
il (S1) iel] (S1) iel](S) iel!($2)
By the auto duality for J(X) and the isomorphism PicO(J~ (X)) = PicO(J (X)), it now follows that
FEF= Y 80— Y S+ > Sa+ )8,
iel[(Sy) el (S1) i€l (S>) i€l ($2)
or equivalently, h*(Sy)/tor = h*(S,)/tor . This implies that
hye(h*(S1)/tor) = hye(h*(S2)/tor). (3.5)
Note that S1|y = Sz|y implies that 15(S1) = 12(S2) = I», say. We have a commutative diagram
0= Sily = p«((p*Sily)/tor) = ®ien Q) x — 0
V= V=
0— Saly = p((p*Saly)/tor) = Sie, Q7 x — 0

showing that Q! , = Q7 , foralli € I.

Since the restrictions Ql.j’x determine Qij for j = 1,2 and for all i € I, it follows that Q! = Q7 for all
i € I.In view of (3.5), we have a commutative diagram

0 — 81 — hy((h*S1)/tor) — ®ie, Q) — 0
= =
0— S = hy((h*Sy)/tor) — ®jer, Ql.2 — 0

It follows that S| = S». |
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4 Chern classes (in Chow group) of the Picard bundles on J(Y)
4.1 The cycle Wd,k

Let X; be a nodal curve of arithmetic genus g; with k nodes defined over an algebraically closed field of
characteristic 0 and X’ the set of its nonsingular points. Let 7d (X) denote the space of rank 1 torsion free
sheaves of degree d on Xj. Let J¢(X}) denote the subset of 7! (Xx) consisting of locally free sheaves of degree
d.Fix apoint7 € X'. We have the Abel-Jacobi map Xy — 71 (Xk) which is an embedding [3]. However, it does
not generalize to give a morphism S4U(Xp) = 7d (Xk), d > 2. This is because the tensor products of non-locally
free sheaves on Xy have torsion. One certainly has a morphism
f1:80XD = J(Xp)
defined by

[x1, ..., xg] = Ox, (x1 -+ x4) € J4(Xp).

Ifh : J4(Xp) — Tl (X) denotes the normalisation of 7d(X %) then J9(X}) is a smooth projective variety
which is a P!-bundle over J¥ (X_1) where X is obtained from X by blowing up a node in X. The Jacobian
J4(Xy) is canonically embedded in J¢(X}). The morphism f ", gives a morphism by composition,

fa: 84X = JUXy).

We define the cycle Wd,k to be the closure of the image of fd in J4 (X) with the reduced scheme structure.
Fixing r € X', we identify W, ; with its isomorphic image in JO(X4), under translation by Ox, (—dt).

4.2 The Picard bundles

Let L be the (normalised) Poincaré sheaf on 70(X r) X Xy and let Ek be the pullback of Ly to JO (X1) x Xi by
h x id. We denote the two projections of J 0(X1) x Xy by v and gy respectively. Let [lk (d) denote the pullback
of the Poincaré sheaf twisted by the line bundle ¢ Ox, (dt) where t € X is the fixed smooth point. We define
the direct image sheaves

Eq = Vs (Li(d)).

These sheaves are vector bundles on JO(X;) if d > 2g(Xk) — 1 and are called Picard bundles.

We may identify JO(Xp) with J94(Xy) by the isomorphism L +— L(dt) for L € JO(Xy). This identifies
fO(Xk) with fd(Xk). Then we call the pullback of E4  to fd(Xk) as the Picard bundle on fd(Xk) (for d >
2¢(Xp) — D).

Let py : Xx—1 — Xy be the partial normalisation which identifies the smooth closed points {xg, zx} on X—1
to the nodal point yy. Then 1t : JO(Xy) — JO(X;_1) isaP'-bundle, in fact JO(Xy) = P((Lr—1)x, ® (Lr—1)z)-

Theorem 4.1 In the Chow group of JO(Xy), the Chern classes of the Picard bundle are given by

Cm(E;,k) = W’Jrkfm,lw
em(Ear) = (=1)"Wesk—mk -

Proof We shall first prove the result for the nodal curve X| with one node. It is well known that the Chern classes
of the dual Picard bundle on the smooth curve X are given by cm(E;;’o) = We_m,o [13].

We have two divisors Sy, and S, in fO(Xl) (Remark 2.3). By [6, Lemma 3.5], we have
Wit = 717 W0 S, + 77 W10 (4.1)
Since Sy, - Sy, = 0, equality (4.1) gives

Wm,l . le = (nl_le—l,O) : le
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By [7, Proposition 5.1], there is an exact sequence

0— Eg A 7 Eqo— OiU(Xl)(l) — 0.
Dualising this sequence, we have

0— Ojo(xl)(l)*enfE;,o — E;’l — 0. (4.3)
The sequence gives the equality of Chern characters

c(Ej 1) - c(Ofox, (DY) = c(n{Efg) .

Substituting
8(X1) ' 8(X1) '
c(Ef )= Y ci(Ej DT, c(Ojox, (D) =1=S,T, c{Ejo) = Y ci(n{Ejo)T"
i=0 i=0

in this equality and equating the coefficients of 7", we get
Cm(ﬂikE;[k,o) = Cm(E;,l) - cm—l(E;,l) : le . 4.4)
For m = 1, equality (4.4) becomes

cl(ni“E;O) = cl(E;,l) — Sy -

Thus
c1(Ej ) =7 ci(Ej o) + S =7 (Wexo)-1,0) + Sx1 = Wex-1.1
by (4.1). -
Assume by induction that the result is true for m — 1 i.e., ¢;—1 (E:;’]) = Wexp—m+1-
Cm(E;'kyl) = Cm-1 (Ejl) Sy + Cm(JT*E;’()) by (4.4)
= Wex)—m+1 - Sx; + n_IWg(XO),m,o by induction
= (ZT_lwg(Xo)—m—H) ' S)C| + 77_1 Wg(Xo)—m,O by (42)
= Weg(X1)—m,1 by (41)

For a curve with many nodes, we prove the result by induction on the number of nodes k. Ford > 2g(Xy)—1,
there is an exact sequence

0= Eqx = 7 Eqi—1 — Ojoy (1) > 0,

giving
em(MEEy ;1) = cm(Eg ) — cm—1(Ej ) - Sy, - 4.5)
By [6, Proof of Lemma 3.7, p.894], one has
Wik = 707 Wik—1 - Sy, + 77 W11 (4.6)
and hence
W k-Sy, = (0 Wi k1) - Sy, 4.7

Using equations (4.5), (4.6), (4.7) and the result for X;_1, by induction on m, the result for X; can be proved as
in the case of curve with one node. |

5 Singular cohomologies of J (Y) and f Y)

In this section, we study the relation between the singular cohomologies of J(Y) and J(Y) for a nodal integral
curve Y.
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5.1 Case of a curve with only one node

Assume first that ¥ has only one node y. For simplicity of notation, we write
= JY)—J().

One has h=1J(Y) = J(Y), we denote f(Y) -ty by jo. The P!-bundle 7 : f(Y) — J(X) has two
sections sy and s; defined by sy (L) = (L, Ly) and s;(L) = (L, L;) for L € J(X). Let S, and S, be their images
respectively, then Jy = Sy [ [ S;. There is an isomorphism ®, : J(X) — Jp defined by L +— p,(L(—x)).
Define

5o =800 i Jog > J(Y), Ayi=@rom i J(Y) > Jo.

Since 7 o s, = idj(x), one has 7, o 5, = id,, where id denotes the identity isomorphism.
For any map f, we denote by H'(f) the corresponding map on the i’ singular cohomology.

Proposition 5.1 There are exact sequences of singular cohomology groups (with coefficients in 7).

0—> H'(JY),JY)—JX)) — H (JY)) — H'(JY) - JY)) — 0. (5.1
0— H ' Jy) — H'J(Y)) H®) H(JY)) — 0. (5.2)
0 — H2(J(X)) — H'(J(Y)) — H'(J(X))—0. (5.3)

Proof The inclusions i j, : Jo — J(Y) and i Jo - fo - J (Y) give long exact sequences of singular cohomology
groups which fit in the following commutative diagram D;.

. Sy . - . Hiig) 5 =
H'=Y(Jy) — H'(J(Y), Jo) — H'(J(Y)) — H'(Jp) — HTJ(Y), J)

- 1= | H'(h) - 1=

DT I - o HiGp) .~ 5 1,7 -
H'™(Jo) — H'(J(Y), Jo) — H'(J(Y)) — H'(Jo) — H'" (J(Y), Jo)
We shall first prove that §; = 0 Vi > 0, this will prove that the sequence (5.1) is exact. For i = 0, one has the
commutative diagram

HOG jy)

0=HOUJ ), Jo) — HOU ) —2" HO(Jy) -2
= } HO(h)

H7 (i)

HOG ~
0=HOJ (), Jo) — HOU(¥) — HOUJp 2% ...

We have HO(J (Y)) = Z, H(Jo) = Z and the map H(i,) is an isomorphism. It follows that §) = 0. We note
that 50 # 0, in fact it has kernel isomorphic to Z. ~

Now assume that i > 0. We consider the diagram D;. The map Hi(7y) maps H(Jo) to H (J(Y)), the
latter maps to 0 € H'1(J(Y), Jo). Since HH (J(Y), Jo) = HIT(J(Y), Jo), it follows that H (Jy) maps to
0 e HH(J(Y), Jy), thus 8; = 0 for all i > 0. This completes the proof of exactness of the sequence (5.1).

We shall check that H! (h) is surjective. Take o € H’(J(Y)) leta = H (5,)(a) € H (Jy) and (a;, a) €

H'(Jo) be the image of a. Then Sial,ar) = & o H! (110)(()() = 0. This implies that §;(a) = 0. Hence
there is a B € H'(J(Y)) such that H' (ij,)(B) = a. By the commutativity of the diagram, we have Hi (lJO) o

Hi(h)(B) = (a1, az). Itfollows that H' (h)(B) —a mapsto0 € H'(Jy). Hence thereexitsa g’ € H' (J(Y), Jo) =
H‘(J(Y) Jo) such that the image Imp’ = H' (h)(B) —«a € H‘(J(Y)) We denote by B’ again the element in
H’(J(Y) Jo) corresponding to 8’ and by B” its image in H'(J(Y)). Then H(h)(8 — B”") = « proving that
H'(h) is surjective.

Now we compute the kernel K, of H'(h). Note that H'~'(Jy) = H'~'(S,) & H'~1(S.), let ps, and ps,

denote the projections from H' —1(Jo) to H'=1(Sy) and H' ™! (S;) respectively. The composite S, — Jo — Jo
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induces an isomorphism S, = Jo. Hence pg, o H i _1(h|f0) is an isomorphism. Similarly ps, o H i _1(h|f0) is
an isomorphism. It follows that Hi-1 (h|f0) is an injection with Hi-1 (fo)/H"_1 (Jo) & H'=1(Jp).
Consider the commutative diagram D>

=iy

i—1¢ Feyn o i—1 Sit pric7 i Toyyy )
H'™=(JY)) — H7 (Jo — H' (), Jo) = H X)) — H (o)

L H" (W) | \ L H' () \

it Foyy ) iy g iy g iy 0
H™(JY)) — H'"(Jo) — H'(JX), Jo) — H'(JX)) — H'(J)
Since Hi(ij)) = H'(5y) o H'(h), the kernel K, of H'(h) is contained in H'(J(Y), Jo), the kernel of
Hi(ij,). Using the isomorphism H'(J(Y), Jo) = H {(J(Y), Jo) and commutativity of the square contain-
ing this isomorphism and H'(h), one sees that Kj, is isomorphic to the kernel K; of the homomorphism
H[(J~(Y), fo) — Hi(f(Y)). Now, K;l is isomorphic to the image of Si_1. The latter is isomorphic to the
cokernel of the homomorphism H'~! i J)- Since H i=1(h) is surjective, the image

ImH 7 (i) = Im(H' 7Y (h) o H =Y 4)) = ImH' "' (i4,) ¢ H'"'(Jo) € H'™'(Jp).

Since Hi_l(ijo) is surjective (as §;—1 is a zero map), the last image is isomorphic to Hi='(Jy) C Hi_l(fo).
It follows that K}, = (H'~'(Jo)/H'~'(Jo)) = H'~'(Jo). Thus K, = H'~'(Jp). This completes the proof of
exactness of the sequence (5.2).

The inclusion ig, : Sy < J(Y) gives a long exact cohomology sequence

Hi*l(isx

) il i 7 P 7oy s
— H'""(Sy) > H'(J(Y), Sx) > H'(J(Y))

H=N (1) " (5 > -

The section s, factors as s, = ig, os} where s, : J(X) — Sy is an isomorphism. Hence there is an isomorphism
H(S,) = H'(J(X)). Identifying J(X) with S, by s%., we may replace the map Hi(igx) by the map H' (sy) :
Hi(J(Y)) — H'(J(X)). Since H'(sy) o H (1) = idyi j(xy)- it follows that H' (s, ) is surjective (for all i) and
we have an exact sequence (with a splitting)

0= HIJ).S) — H ) ™ 1) > 0.

for all i.

We only need to show that H'(J(Y), Sx) = H'~2(J(X)). By Alexander duality, one has H'(J(Y), Sy) =
Hag_;(J(Y)—Sy). Since (J(Y)—Sy) — J(X) is an affine bundle, one has Hao_; (J(Y) — Sy) = Hpg—i (J(X)).
By Poincaré duality, Hag—;(J(X)) = H@2=Qe=D(J(X)) = H'"2(J(X)). Thus H'(J(Y),Sy) =
H=2(J(X)). This completes the proof of exactness of the sequence (5.3). O

5.2 Case of a curve with many nodes

Now let Y be a nodal curve with m nodes, m > 1. Let ¥; denote the curve with k£ nodes yi, ..., yk, thus we have
a sequence of morphisms

X=Xg—> > Xy—>--—> X, =7,

where Xj_ is the partial normalisation of X} obtained by blowing up the node yi forallk =1, ..., m. We fixa
smooth point xo € Y and denote its inverse images in all partial normalisations by xp again. There is a Poincaré
sheaf

Li—y —> J(Xk—1) x Xk—1,

normalised by the condition that its restriction L;_1| T(Xe_1)xx0 =0 T(Xe1)- Let Xi_1,reg be the set of regular
points of Xy_1. Since L1 |-]_(Xk—1)XXk—1 es is a line bundle and x¢, zx € Xk_1,req, it follows that Ly, =

Lr_1 | (X ) % and Ly—1 5, = ﬁk—”i(xk,l)xzk can be considered as line bundles on J(X;_1). Define

Pre = P(Lr—1x, ® Li-1,7):
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a P!-bundle on J(X,_1), let ;. denote the canonical projection.

The P'-bundle P has two canonically defined sections Sy, and S;, obtained by the projections to factors
Li—1,x, and Ly_1 , respectively. There is a morphism P, — J(X;) which we denote by & again. The variety
J(Xy) is obtained by identifying the sections Sy, and S;, by an isomorphism.

Proposition 5.2 There are exact sequences of singular cohomology groups (with coefficients in 7).

0 — H' (P, J(X3—1)) — H' (P) — H'(J(Xg—1)) — 0. (5.4)
0— H\ T X)) — B T x0) T8 Hi(P) — 0. (5.5)

Proof Note that for k = 1, J(Xo) = J(Xp) and Py = f(X1 ), hence the result is true by Proposition 5.1.

For k > 1, the result can be proved exactly as in the one node case by replacing J(Y), J(Y) and J(X) by
J(Xy), Py and J(X;_1) respectively in the proof of Proposition 5.1. Then S, gets replaced by S > the latter
being isomorphic to J (Xj_1). O

As an application, we determine the singular cohomology of the compactified Jacobian.

Proposition 5.3 (1) For anodal curve Y := Xy with k > 1 nodes, the singular cohomology of the compactified
Jacobian J(Xy) is determined inductively by isomorphisms

H'(J(X), 2) = H'(J (Xx-. 2) @ H'™'(J (Xp—1), 2) & H' > (J (Xg-1). Z) -
@)
H'(J(Xp). 2) = H¥YO7 (T (X0, D).
Proof (1) By (5.5) there is an exact sequence of singular cohomology groups

. - .- Hih .
0—s H WU (Xpe). Z) — H' (T (X0).2) 28 B (P, 2) — 0.

Since L_1,x, and Ly, are topologically trivial line bundles, the projective bundle Py is topologically

trivial. Hence there is a canonical isomorphism

H' (P, 2) = H' (J(X-1), 2) @ H'(®', 2) @D H' > (J(Xx-1), Z) ® H* (P!, Z) . (5.6)

This implies that H' (P, Z) = H'(J (Xk-1),Z) ® H'72(J (Xk—1), Z) . By (5.5), one has H' (J (Xy), Z) =
H'='(J(Xx-1), Z) ® H' (P, Z). It follows that there is an isomorphism (non-canonical) H' (J (Xy), Z) =
H'(J(Xg-1),2) ® H'™'(J (Xk-1), 2) ® H'*(J (Xg-1), 7).

(2) We prove Part (2) by induction on k. The result holds for k = 0 i.e., for J(Xg) as the cohomology of J(Xo)
is the exterior product of the cohomology H L(J(Xo), Z).
Assume the result for J(X;_1). By Part (1), we have

H'(J(Xy), Z) = H' (J (Xx-1), 2) ® H'™'(J (Xg-1), Z) @ H'™2(J (Xi—1), Z)
= HBX-D7(J (X 1), Z) @ H¥ X000 (] (X} 1), Z)

QHX X~ (J(X;_1), Z), by induction
= H2XO=271(J(Xy_1), Z) @ H?$XO=27+1(J (X, 1), 7)

@Hzg(xk).727ij>2(j(xk—l)s Z) . -
~ B2X0-1=2(F(X,_ ). Z) ® H2EXO—i~1(J(X,_1). Z)

@S> X0~ (J (Xg 1), Z)
= 28X (J(Xy), Z),

by Part (1). O

Theorem 5.4 For a nodal curve with m nodes, the dimension of the singular cohomology of J(Y) is given by
the formula

j=m -
W2 = Y ('7) (ig_ zjj) (5.7)

j=0
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Proof We shall prove the result by induction on the number of nodes. As in Sect. 5.2, we have a sequence of
morphisms

X=Xg—> > Xp—> > Xp,=Y,
By equation (5.2), for m = 1 one has

W) ="~ @)+ @) = "I X)) +h (T C0) + A2 (X)
Since hi (J (X)) = (g(l.x)) we have

i—1 i i—2 i i—2
Thus the result holds for m = 1.

Now let m > 1. For 2 < k < m, by induction assume that the result holds for X;_; i.e.,

j=k—1

. k—1\ (g(Xe 1) —J
WX 2) = ( ; )(g( ik—]2)j J). (5.8)

j=0

and we shall check the result for X.
By Proposition 5.3, we have

BT (X)), Z) = K (T (Xi—1), Z) + BN (T (Xk—1), Z) + B2 (T (Xx—1), Z) .
Using (5.8), this gives
WA B =Tin (5 () T () ()
PR ) ()
=% () EE) + XS () ()

Putting j + 1 = p, we have

":f‘ (k— 1) (g(xkl)—j) = (k— 1) (g(xw—p)

s Jj i—2j—2 o p—1 i—2p
Thus,

j=k—1 k

S (=2 6T (),

J

(=}

~

Hence we get
W (J(X0).Z) = Y I ; (})(g(zx"z)f ’)
+Z/— ( )(g(lez)j 1)

= (69 £ I () ()
X () + (0

j=k—1 —j
= (O0)+ ST ) (0 + 9

i—2j
=k
= ;:0 (]) (g(szZ)] ]) '

Thus we have

A =k X)) —
W' (J(Xp). Z) = Z ( ) (g(l f)zj ’) (5.9)
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Remark 5.5 Note that Theorem 5.4 implies the following.

(H
h'(Y) = g¥).
(2)
j=mi=20m—))
W (J(Y),Z) = dim @@ /\ H' (YD, 7)
j=0 yW

where @y is the direct sum taken over all partial normalisations Y () of ¥ with j nodes.

6 The topology of compactified Jacobian

This section is independent of the rest of the paper. In this section we would like to prove that topologically the
compactified Jacobian of any nodal curve with k nodes is the product of the Jacobian of its normalisation and
k nodal rational curves each with a single node. The identification with the product is purely by a topological
homeomorphism. As usual we will split the proof into the case of one node and the case of many nodes.

Let X be a nodal curve with one node and Xo — X be the normalisation. Let x, z be the points on X that
are identified to obtain the nodal point y € X. We recall a few facts. There is a natural map from the generalised
Jacobian J(X1) of X to the generalised Jacobian J(X¢) of Xo, defined by pull back of line bundles from X to
X0, which is a C*-fibration. The generalised Jacobian J(X) has the compactification J(X1), the moduli space
of torsion free sheaves of rank 1 and degree 0.

There is a natural normalisation J(X) of J(X), it is a P'-bundle over J(X). This P!-bundle has two
canonical sections S, and S, defined as follows. Let £, and £, be the line bundles on J(X() obtained by
restricting the Poincaré bundle £ on J(Xp) x Xg to J(Xo) X {x} and J(X¢) X {z} respectively. Then the Pl
bundle J (X1) is identified as (L, @ L) and the sections Sy and S are obtained by the projections to factors
L, and L, respectively. J(X1) is obtained from J(X) by identifying these sections by a natural isomorphism
of S, with S;. This isomorphism lies over the isomorphism of J(X() defined by tensoring a given line bundle
by Ox, (x — 2).

The line bundles £, and £, are topologically trivial line bundles on J(Xp). Fix their trivialisations so that
we obtain a topological homeomorphism/diffeomorphism ¢r

J(X1) = P(Ly ® L2) = J(Xo) x P!

Here the P! is the projective space of the two dimensional vector space C; @ C.. Fix a continuous/smooth
map ¢ : P! — [0, 1] such that the inverse image of O is the point defined by the projection to C, and the
inverse image of 1 is the point defined by the projection to C,. We continue to denote by C, the point on
P! defined by the projection to C, and similarly for C,. Then S, corresponds to (L, Cy), L € J(X) and S,
corresponds to (L, C,), L € J(Xp).Lety : [0, 1] — X be a continuous/ smooth embedded path from x to z and
Abyx, : Xo — J(X0) be the Abel-Jacobi map of X toits Jacobian. The map Aby, is givenby Aby, (V) = ¥ —xo
where xo € X is a nonsingular base point and hence considered as a point of Xy. Let ® : P! — J(X() be the
composite of all these maps. We define a homeomorphism/diffeomorphism of J(X¢) x P! onto itself by

D(L,t):= (L ® Ox,(Abx,(x) — ®(t)),t) for L € J(Xo),t € P'.

Let us denote 771 : J(X{) — J(Xo) the projection, then ® = 71 o tr ' o D' : J(X() x P! — J(Xp)
is a trivial P!-bundle. More over, to obtain the compactified Jacobian J(X1) from J(X() x P! we identify
two points on the same fibre of this Pl-bgndle. To see this, recall that (L, Cy) € S, was getting identified to
(L ® Ox,(x —2),C;) € S; (by the map J(X1) — J(X1)). We have

D (C;) = Abx, oy 0 ¢(C) = Abx, (v (1)) = Abx,(z) =z —xo.

Hence D(L, C;) = (L®Ox, (x—xo—(z—x0)), C;) = (L&®Ox,(x—2), C;), sothat D~ (L®Ox, (x—z), C;) =
(L,C;). We have D(L, Cy) = (L ® Ox,(x — x0 — (x — x0)), Cy) = (L, C,) so that D~Y(L, Cy) = (L, Cy).
Hence we have proved the following theorem.
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Theorem 6.1 J(X) = J(Xo) x X* where X is the rational nodal curve obtained by identifying the points C
and C; of P(Cy & C,).

For a nodal curve Y with many nodes m, the result will be proved by induction on the number of nodes. Let
Y; denote the curve with k nodes y1, ..., yx, thus we have a sequence of morphisms

X::XO—)~-~—)Xk—)"'_)Xm=Ya

where Xj_ is the partial normalisation of X obtained by blowing up the node yi forallk =1, ..., m. We fixa
smooth point xo € Y and denote its inverse images in all partial normalisations by xo again. There is a Poincaré
sheaf

Li—1 — J(Xg—1) x Xx—1,

normalised by the condition that its restriction L;_ |j(Xk_1)xxo = Of(Xk_l)' Let Xy 1 reg be the set of regular
points of Xj_1. Since L;_ |f(Xk_1)xXk_1 reg is a line bundle and x, zx € Xg—1,req, it follows that Ly 1y, =

Li—117x,_yxx a0 Li—1,2 = Li—1lj(x,_,)xz, can be considered as line bundles on J(Xr_1). Define
Pe = P(Lr—1, & Li—1,5),

a P!-bundle on J (Xk—1), let T denote the canonical projection.

There is a morphism P, — J(Xx). In fact, Px has two canonically defined sections Sy, and S;, obtained
by the projections to factors L1y, and L1, respectively. The variety J(X}) is obtained by identifying the
sections Sy, and S;, by an isomorphism. This isomorphism lies over the isomorphism of J(Xy_1) defined by
L— L®Ox,_ ,(xx —zx),L e J_(kal).

Note that for k = 1, f(Xo) = J(Xp) and P; = f(Xl). Hence the result is true for k = 1 by Theorem
6.1. Assume that the result is true over X;_p i.e., J(Xz—1) is homeomorphic to J(Xg) x ¥Y! x --. x y&-!
where Y/ is the rational nodal curve obtained by identifying the points Cy; and C;; of P(Cy; & C;)). As
in the one node case, we can trivialise P, (topologically) and define maps ¢x, yx, Px = Abx, , o Yk o ¢
analogous to ¢, y, ® respectively. Defining Di(L,t) = (L ® Ox,_,(Abx,_,(x) — ®(1)), 1), we get a Pl
bundle d~>k =motrlo D,:l Py — f(Xk_l) which is again trivial. More over, one can see that the

compactified Jacobian J(X) is obtained from it by identifying two points on the same fibre of this P! -bundle.
Thus there is a homeomorphism J(Xp) ~ J(Xx_1) x Yk By induction, we have a homeomorphism J(Xp_1) ~
J(Xo) x YV x -+ x Y*=1 Hence J(Xi) >~ J(Xo) x Y! x -+ x Yk,

Thus we have proved the following theorem.

Theorem 6.2 J(X;) =~ J(Xo) x Y! x --- x YK where Y/ is the rational nodal curve obtained by identifying
the points Cy; and C;; of P(Cy; @ Cy)).

As an application, we can prove Proposition 5.3 on singular cohomology of the compactified Jacobian using
Kunneth formula and induction.
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