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Abstract This article provides an expository review of the relationship between graph C∗-algebras and the
wavelet theory. This connection was first established by O. Bratteli and P.E.T. Jorgensen in the late 90′s. Various
mathematicians paid attention to this connection in the past 25 years, and the area has become active and dynamic
now. The major contributors include O. Bratteli, P. E. T. Jorgensen, C. Farsi, E. Gillaspy, S. Kang, J. Packer, M.
Marcolli and A. M. Paolucci. Our aim is to provide an expository survey in this direction.
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1 Introduction

Signals are of different kinds, like audio signals, images, etc. Analyzing and studying those signals’ frequency
content has become very important. Signals can be mathematically seen as some functions. We know that the
functions like trigonometric functions, polynomials, etc., can be easily analyzed. But sometimes, the correspond-
ing function of a given signal may not be easily manageable. It would be beneficial if it could be represented in
terms of some manageable functions in such cases.

In the early 1800, Joseph Fourier discovered that we could superpose sines and cosines to represent other
functions. He asserted that any 2π−periodic function f could be represented as a sum:

a0 +
∞∑

k=0

ak cos(kx)+ bk sin(kx).

Here the coefficients are given by a0 = 1

2π

2π∫

0
f (x)dx, ak = 1

π

2π∫

0
f (x) cos(kx)dx and bk = 1

π

2π∫

0
f (x) sin(kx)dx, k = 1, 2 . . . Fourier’s assertion played an essential role in the evolution of mathematicians’
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ideas about functions. A common problem in signal analysis is filtering out unwanted high-frequency noise. To
some extent, the Fourier series expansion of the corresponding function helps to eliminate the noise by setting
the high-frequency coefficients in the expansion (ak and bk for large k) to zero. Another related problem is data
compression. Using the Fourier series expansion, any function can be referred to by the expansion coefficients.
We express the signal by its Fourier series, then discard those coefficients ak and bk , which are smaller than some
error tolerance. Instead of storing the entire signal, we only consider the corresponding coefficients above this
tolerance. The Fourier transform can be considered as the continuous form of the Fourier series. A Fourier series
decomposes a signal on [0, 2π ] into components that vibrate at integer frequencies. By contrast, the Fourier
transform decomposes a signal defined on infinite time interval into λ-frequency component, where λ any real
(or complex) number.

The Fourier transform works by first translating a function in the time domain into a function in the frequency
domain. Then the signal can be analyzed for its frequency content because the Fourier coefficients of the trans-
formed function represent the contribution of each sine and cosine function at each frequency. An inverse Fourier
transform is just its inverse process; it transforms data from the frequency domain into the time domain. Fourier’s
representation of functions as a superposition of sines and cosines has become ubiquitous for the analytic and
numerical solution of differential equations and the analysis and treatment of communication signals.

Although the Fourier Analysis is very useful for obtaining the frequency content of a signal, it has some
drawbacks. For instance, it is not time-localized; we will get the information about the existence of a particular
frequency, but we cannot say the exact location on the time domain or at which time it happens. Also, since the
base functions of Fourier Analysis are non-local or it stretches out to infinity, it is not efficient in approximating
sharp spikes. An effective notion called Wavelet analysis has been introduced to overcome these limitations.
Wavelets are certain functions; when treated with some operators, namely dilations and translations, they form
an elementary building blocks for the space. Because the original signal or function can be represented in a
wavelet expansion (using coefficients in a linear combination of the wavelet functions), data operations can be
performed using just the corresponding wavelet coefficients.

Wavelets were developed by S. Mallat [27], Y. Meyer and I. Daubechies [10] in the late 1980′s and early 1990′s.
Wavelets are functions in L2(Rn), well-localized in both the “time” and “frequency” domains. They could be
used to form an orthonormal basis for L2(Rn) that behaved well under compression algorithms for the purpose of
signal and image storage. Mallat and Meyer developed a robust algorithm, the so-called multiresolution analysis
algorithm, as a way to construct so-called “father wavelet” and “mother wavelet" on L2(R) from associated filter
functions.

In 1997, O. Bratteli and P. E. T. Jorgenson [5] found that there is a relationship between the wavelet-based
multiresolution analysis of L2(R) and representations of certain types of graph C∗-algebras, the C∗-algebras
connected to a graph. They established that there is a correspondence between the filter functions of dilation-
translation wavelets of scale N on L2(R) constructed through a multiresolution analysis of Mallat and Meyer
and representation of Cuntz algebra ON .

A C∗-algebra is an algebraic structure that has a Banach space as well as a ring structure along with an
involution operator satisfying certain conditions. A prototype for the C∗-algebra is the space of all bounded
operators on a Hilbert space over the complex field. By a well-known result a C∗-algebra can be viewed as an
algebra of operators on some Hilbert space. A graph is a combinatorial object consisting of vertices and directed
edges joining pairs of vertices. Graph C∗-algebra is a universal C∗-algebra constructed from a graph. It provides
a common framework for investigating many well-known classes of C∗-algebras that were previously studied
independently. The graph determines the associated C∗-algebra by specifying relations for generators. It also
provides a useful tool for describing and visualizing the properties of the C∗-algebras.

The aim of this article is to provide an expository description of the relationship between certain types of
graph C∗-algebras and the wavelet theory. The major results we focus on are those established by O. Bratteli
and P. E. T. Jorgenson in [5], and Marcolli and Paolucci in [28]. A detailed review of these developments is
there in [17] and some of the related results can be found in [1,2,4,6–8,12–15,21–26]. The article is divided
into three parts mainly. The first part deals with the preliminaries consisting of the basic definitions regarding
the topics mentioned above. The second part includes the ideas of a particular type of graph C∗-algebra called
Cuntz-Kreiger algebra and one of its special cases, Cuntz algebra ON . We discuss the result that helps us to find
a representation for Cuntz algebra on B(L2(T)). This result will work as a link between the wavelet theory and
graph C∗-algebra. The third part focuses on finding a representation for Cuntz-Kreiger algebra OA, where the
vertex matrix A satisfies certain requirements. We find a wavelet decomposition of L2-space over a specific type
of cantor set in this part.
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2 Graph C∗-algebras and Multiresolution analysis

First, we present the basic definitions and notions related to C∗-algebra and Graph C∗-algebra. We will discuss
some examples of C∗-algebras and Graph C∗-algebras. We mainly deal with directed graphs. Then we will
discuss some definitions and results regarding wavelets and the “Multiresolution analysis" (an algorithm for
constructing wavelets).

2.1 C∗-algebra

Definition 2.1 (a) A complex vector space A is called algebra if A is equipped with a bilinear associative
multiplication · : A × A → A satisfying λ(xy) = (λx)y = x(λy) for all x, y ∈ A and λ ∈ C. The algebra
A is said to be unital if A contains a unit 1 such that 1x = x1 = 1 for all x ∈ A.

(b) An algebra A is called a normed algebra if A is a normed linear space and whose norm is submultiplicative;
That is, ||xy|| ≤ ||x ||||y|| for all x, y ∈ A.

(c) A normed algebra A is said to be Banach algebra if A is complete with respect to the norm.
(d) An involution on an algebra A is an antilinear map ∗ : A → A such that (x∗)∗ = x and (xy)∗ = y∗x∗ for

all x, y ∈ A. An algebra A with involution is called involutive algebra or ∗-algebra. A Banach algebra with
involution is said to be Banch ∗-algebra.

(e) A Banach algebra A is a C∗-algebra if A with an involution satisfying the C∗-identity ||x∗x || = ||x ||2 for
all x ∈ A.

One can easily see that a closed ∗-subalgebra of a C∗-algebra is a C∗-algebra. We call it a C∗-subalgebra.
If a C∗-algebra A has a unit 1, then A is called unital C∗-algebra. A C∗-algebra A is said to commutative if
xy = yx for all x, y ∈ A.

An element x in a C∗-algebra is self-adjoint or hermitian if x = x∗, x is normal if x∗x = xx∗. An element
p in A is projection if p = p∗ = p2. An element u in A is a unitary if u∗u = uu∗ = 1. If u∗u = 1, then u is an
isometry and if uu∗ = 1, then u is a co-isometry.

Now, we look at examples of C∗-algebras.

Example 2.1 Let H be a Hilbert space over the complex numbers C and let B(H) denote the set of all bounded
linear operators on H. B(H) is a Banach space with the operator norm, for any T ∈ B(H), ‖T ‖ = sup{‖T (x)‖ :
x ∈ H, ‖x‖ = 1}. Multiplication arises from the composition of operators, for any S, T ∈ B(H), S ◦ T (x) =
S(T (x)), for all x ∈ H. For any T ∈ B(H), there exist a unique S ∈ B(H) such that

〈
T x, y

〉 = 〈
x, Sy

〉
, for

all x, y ∈ H. S is called adjoint of T and denoted by T ∗. Adjoint of the operator give rise to an involution.
Multiplicative identity is the identity operator. Thus B(H) is a unital C∗-algebra. Note that B(H) is a non-
commutative unital C∗-algebra if dimH > 1 and B(H) = Mn(C) if the dimension of H, dim(H) = n. If H is
infinite dimensional, then the set of all compact operators K (H) forms a non-unital C∗-algebra. If H is finite
dimensional then K (H) = B(H).
Example 2.2 Let X be a compact Hausdorff space and C(X) denote the set of all continuous functions from
X to C. C(X) is a Banach space with supremum norm, for any f ∈ C(X), ‖ f ‖ = sup{| f (x)| : x ∈ [0, 1]}.
Multiplication and involution defined as follows, for f, g ∈ C(X), ( f ·g)(x) = f (x) ·g(x), for all x ∈ X and for
f ∈ C(X), f ∗(x) = f (x). Multiplication identity is the constant function 1. Thus C(X) is a unital commutative
C∗-algebra. Let X is locally compact and X is not compact. Let C0(X) denote the set of continuous functions
vanishes at infinity. We equip C0(X) with operations and supremum norm as above. C0(X) is a non-unital
commutative C∗-algebra. When X is compact then C0(X) = C(X).

Example 2.3 Let D be the open unit disk in C. The disk algebra A(D) is the set of all functions continuous on
D and holomorphic on D. A(D) with pointwise addition, multiplication and the involution f ∗(z) := f (z) is a
Banach ∗-algebra with the supremum norm, but not a C∗-algebra.

2.2 Graph C∗-algebra

A directed graph G = (V, E, s, r) consists countable set of vertices V , countable set of edges E and two
functions s, r : E → V called the source and the range. If s(e) = v and r(e) = w then we say that v emits e and
w receives e. A directed graph is row-finite if each vertex receives at most finitely many edges, that is r−1(v) is
finite for all v ∈ V . We will be considering only the row-finite graphs throughout the discussion.
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Example 2.4 If V = {v,w} and E = {e, f } and r(e) = s(e) = v, s( f ) = w ,
r( f ) = v then the graph can be represented as

An edge begins and ends at the same vertex v, similar to the edge e in the Example 2.4 is said to be a loop based
at v. A vertex that does not receive any edges is called a source. In Example 2.4, the vertexw is a source. A vertex
that does not emit any edges is called sink. Conversely, a drawing similar to that in Example 2.4 determines a
directed graph. Note that we are allowing multiple edges between the same pair of vertices.

The vertex matrix AG of a graph G is an |V | × |V | matrix defined by

AG(v,w) = #{e ∈ E : r(e) = v and s(e) = w}.

The vertex matrix of Example 2.4 is

[
1 0
1 0

]
.

The edge matrix BG of a graph G is an |E | × |E | matrix such that

BG(e, f ) =
{

1, if s(e) = r( f )

0, otherwise
.

The edge matrix of of Example 2.4 is

[
1 1
0 0

]
.

Now we represent a directed graph by bounded linear operators on Hilbert space. The vertices correspond to
orthogonal projections on a Hilbert space, and edges correspond to partial isometries on a Hilbert space.

Definition 2.2 Let G = (V, E, s, r) be a row-finite directed graph and H a Hilbert space. A Cuntz-Krieger
G-family {S, P} on a Hilbert space H consists of a set of mutually orthogonal projections P = {Pv : v ∈ V } on
a Hilbert space H and a set of partial isometries S = {Se : e ∈ E} on a Hilbert space H, such that

(CK1) S∗
e Se = Ps(e) for all e ∈ E

(CK2) Pv = ∑

{e∈E1:r(e)=v}
Se S∗

e , whenever v is not a source.

Conditions (CK1) and (CK2) are said to be Cuntz-Krieger relations, and condition (CK2) is often said to be
Cuntz-Krieger relations at v.

Example 2.5 Let G be a directed graph with a single vertex v and a single loop e based at v. Then, by the
Cuntz-Krieger relations, S∗

e Se = Pv = Se S∗
e , so that Se is a unitary operator on Pv(H). So if U is any unitary

operator on H, then we can consider Se = U and Pv = I . In particular, we can choose H = C and U (z) = eiθ z
where θ ∈ (0, 2π ].

Let C∗(S, P) denote the C∗-algebra generated by Cuntz-Krieger G-family {S, P}.
Theorem 2.1 [30, Corollary 1.16] Let {S, P} be a Cuntz-Krieger G-family for a row-finite graph G, then
C∗(S, P) = span{SμS∗

υ : μ, υ ∈ G∗, s(μ) = s(υ)}, where G∗ is set of all paths in the graph G.

Theorem 2.2 [30, Proposition 1.18] Let G be a finite directed graph with no cycles and v1, v2, ..., vn are the
sources in G. Then for every Cuntz-Krieger G-family {S, P} in which each Pv is non-zero, we have C∗(S, P) ∼=
⊕n

i=1 M|s−1(vi )|(C), where s−1(vi ) = {μ ∈ G∗ : s(μ) = vi }.

123



An Expository Note on Wavelets and Graph C∗-algebras 127

Example 2.6 Let {S, P} be a Cuntz-Krieger G family of the following graph;

The Cuntz-Krieger relations are Se S∗
e + S f S∗

f = Pv , S∗
e Se = Pv and S∗

f S f = Pw.
The element Pv + Pw is an identity for C∗(S, P). Also we have

(Se + S f )
∗(Se + S f ) = S∗

e Se + S∗
f Se + S∗

e S f + S∗
f S f = Pv + Pw

Hence Se + S f is an isometry in C∗(S, P). Moreover we can recover Pv, Pw, Se, S f from the single element
Se + S f as follows:

(Se + S f )(Se + S f )
∗ = Se S∗

e + Se S∗
f + S f S∗

e + S f S∗
f = Pv

(Se + S f )(Se + S f )
∗ = Pv + Pw

(Se + S f )Pv = Se, (Se + S f )Pw = S f .

Thus C∗(S, P) is generated by the isometry Se + S f .
Conversely, if V is an isometry, then by defining

Pw = I − V V ∗, Pv = V V ∗, Se = V Pv and S f = V Pw,

we have, {S, P} forms a Cuntz-Krieger G-family such that C∗(S, P) = C∗(V ).
For example, consider K = l2(N) and for x = (x0, x1, x2, ....) ∈ H, define

Pv(x0, x1, ..) = (0, x1, x2, ..), Pw(x0, x1, ..) = (x0, 0, 0, ..)

S f (x0, x1, ..) = (0, x0, 0, 0, ..), Se(x0, x1, x2, ..) = (0, 0, x1, x2, ..).

Then {S, P} forms a Cuntz-Kreiger G-family and C∗(S, P) is the C∗-algebra generated by Se + S f , which is
nothing but the right shift operator. By Coburn’s theorem [29, Theorem 3.5.18], all C∗-algebras generated by
one non-unitary isometry are isomorphic. In particular, they will be isomorphic to the Toeplitz algebra generated
by unilateral shift.

Theorem 2.2 and Example 2.6 suggest that if Pv s are non-zero, then the Cuntz-Krieger families are non-
trivial, and Cuntz-Krieger families generate isomorphic C∗-algebras. The following results provide the universal
property of C∗-algebra generated by the Cuntz-Krieger G-family.

Theorem 2.3 [30, Proposition 1.21] For any row-finite directed graph G = (V, E, s, r), there is a C∗-algebra
C*(G) generated by a Cuntz-Krieger G-family {S, P} such that for every Cuntz-Krieger G-family {T, Q} in a
C∗-algebra B, there is a homomorphism πT,Q of C∗(G) into B satisfying πT,Q(Se) = Te for every e ∈ E and
πT,Q(Pv) = Qv for every v ∈ V .

Corollary 2.1 [30, Corollory 1.22] Suppose G is a row-finite directed graph, C is a C∗-algebra generated by
a Cuntz-Krieger G-family {W, R} such that for every Cuntz-Krieger G-family {T, Q} in C∗-algebra B, there is
a homomorphism ρT,Q of C into B satisfying ρT,Q(We) = Te for every e ∈ E and ρT,Q(Rv) = Qv for every
v ∈ V . Then there is an isomorphism φ of C∗(G) onto C such that φ(Se) = We for every e ∈ E and φ(Pv) = Rv
for every v ∈ V .

Hence, corresponding to any row finite directed graph G, we can find a universal C∗-algebra, C∗(G) generated
by some Cuntz-Kreiger G-family {S, P} such that for every Cuntz-Krieger G-family {T, Q} in a C∗-algebra
B, there is a homomorphism πT,Q of C∗(G) into B satisfying πT,Q(Se) = Te for every e ∈ E . Also, C∗(G) is
unique upto isomorphism.

Example 2.7 Consider the directed graph G consisting a single vertex v and a single loop e based at v. We have
seen that the Cuntz-Krieger G-families {S, P} of G are determined by a single operator Se, which is a unitary
operator from Pv(H) onto Pv(H). The operator Pv is the identity operator on C∗(S, P). So (C∗(G), Se) is
universal for C∗-algebras generated by a unitary element Se. If U is a unitary operator of a C∗-algebra B then
there is a homomorphism πU : C∗(G) → B such that π(Se) = U . Using spectral theory we can say that, if
i : T → C is the inclusion map, then (C(T), i) has this same universal property. By Corollory 2.1, there is an
isomorphism φ of C∗(G) onto C(T) such that φ(Se) = i .

The following table gives some of the directed graphs and their corresponding graph C∗-algebras.
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Directed Graph E Graph C∗-algebra C∗(E)

C, the complex numbers

C(T), set of all continuous functions on T

Mn(C), set of all n × n matrices with complex entries

Mn(C(T)), set of all n × n matrices with entries from C(T)

On, the Cuntz Algebra generated by n partial isometries

2.3 Wavelets

Wavelets are functions that satisfy specific mathematical requirements and are used to represent data or other
functions. The wavelet analysis procedure adopts a wavelet prototype function, called an analyzing wavelet
or mother wavelet. We analyze a function f (x) by creating mathematical structures that vary in scale. First,
construct a function, shift it by some amount, and change its scale. Then apply that structure to approximate a
signal. Now repeat the procedure; take that basic structure, shift it, and scale it again. Apply it to the same signal
to get a new approximation, and so on. It turns out that this sort of scale analysis is less sensitive to noise because
it measures the average fluctuations of the signal at different scales.

We consider two sets of unitary operators on L2(R):

• The translation Tk for k ∈ Z defined by (Tk f )(x) = f (x − k).

• The dilation (N−adic dilation) D j for j ∈ Z defined by (D j f )(x) = N
j
2 f (N j x) (In this article, we consider

dyadic dilations; that means we take N=2).

Our aim is to find a function such that its dyadic dilations and integer translations constitute an orthonormal
basis for L2(R). In 1989, Stephen Mallat [27] and Y Meyer introduced a procedure called "Multiresolution
Analysis", through which we can find such functions.

2.3.1 Multiresolution Analysis

A multiresolution analysis (MRA) with scaling function or father wavelet φ is a sequence {Vj } j∈Z of subspaces
of L2(R) with the following properties :

(1) (Monotonicity) The sequence is increasing, that is, Vj ⊆ Vj+1 for all j ∈ Z.
(2) (Existence of scaling function) There exist a function φ ∈ V0 such that the set {φ0,n|n ∈ Z} is orthonormal

and V0 = { ∑
n∈Z

cnφ0,n : (c(n))n∈Z ∈ l2(Z)} where φ j,k = 2
j
2 φ(2 j x − k)

(3) (Dilation property) For each j, f (x) ∈ V0 if and only if f (2 j x) ∈ Vj .
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(4) (Trivial intersection property)∩ j∈ZVj = {0}.
(5) (Density)∪ j∈ZVj is dense in L2(R).

The Vj ’s are called approximation spaces. By definition, part (5) means that for any f ∈ L2(R), there exist a
sequence { fn}∞n=1 such that each fn ∈ ∪ j∈ZVj and { fn}∞n=1 converges to f in L2(R), that is, ‖ fn − f ‖2 → 0 as
n → ∞. There may be several choices for the scaling function φ corresponding to a system of approximation
spaces - different choices of φ yield different multiresolution analysis.

Example 2.8 For each j, k ∈ Z, let I j,k = [
2− j k, 2− j (k + 1)

)
. An interval of the form I j,k is called a dyadic

interval. For each j ∈ Z let

Vj = { f ∈ L2(R); for all k ∈ Z, f is constant on I j,k}.
The dyadic interval of length 2− j−1 is contained in the dyadic interval of length 2− j . If f ∈ Vj , then if f is
constant on dyadic interval of length 2− j , therefore, f is constant on the dyadic interval of length 2− j−1, and
hence f ∈ Vj+1. Hence {Vj } j∈Z is an increasing sequence of subspaces. Now set

φ(x) =
{

1, 0 ≤ x < 1
0, x < 0, x ≥ 1

then we can easily verify that the set {φ0,k}k∈Z is an orthonormal set. Moreover, every f ∈ V0 can be written as
f = ∑

n∈Z

cnφ0,n, where ck is the value of f on [k, k + 1). We have
∑
n∈Z

|cn|2 = ‖ f ‖2 < ∞ so that second axiom

holds.
If f ∈ ∩ j∈ZVj , then f is constant on the intervals [0, 2− j ) and [−2− j , 0) for all j ∈ Z, so that f is constant

throughout R and since f ∈ L2(R), this constant must be zero, hence f ≡ 0. Similarly, we can verify the density
property.

Since φ ∈ V0 ⊆ V1, the second axiom of MRA implies that

φ(x) =
∑

n∈Z

a(n)φ1,n(x) =
∑

n∈Z

a(n)
√

2φ(2x − n),

for some coefficient sequence a = (a(n))n∈Z ∈ l2(Z). The above equation is called a scaling equation. The
sequence (a(n))n∈Z is called scaling sequence.

Now, corresponding to the father wavelet φ, we define a functionψ ∈ L2(R) as follows: Consider the scaling
sequence (a(n))n∈Z. Define a sequence (b(n))n∈Z ∈ l2(Z) as

b(n) = (−1)(n−1)a(1 − n)

Now define

ψ(x) =
∑

n∈Z

b(n)φ1,n(x) =
∑

n∈Z

b(n)
√

2φ(2x − n)

Then the function ψ is called the mother wavelet.

Theorem 2.4 (Mallat’s Theorem) [3, Theorem 5.10], Suppose {Vj : j ∈ Z} is a multiresolution analysis with
scaling function

φ(x) =
∑

n∈Z

a(n)
√

2φ(2x − n).

Let W j be the span of {ψ(2 j x − k) : k ∈ Z} where ψ is defined as above.
Then, W j ⊆ Vj+1 is the orthogonal complement of Vj in Vj+1. Furthermore

{ψ j,k(x) = 2
j
2ψ(2 j x − k), k ∈ Z}

is an orthonormal basis for the W j .
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Theorem 2.5 [3, Theorem 5.11] Let {Vj : j ∈ Z} be a multiresolution analysis with scaling function φ. Let W j
be the orthogonal complement of Vj in Vj+1. Then

L2(R) = V0 ⊕ W0 ⊕ W1 ⊕ W2 · · · .

In particular, each f ∈ L2(R) can be written uniquely as f = f0 +
∞∑
j=0

w j , where f0 ∈ V0 and w j ∈ W j .

The above theorem says that any f ∈ L2(R) can be approximated in the L2 norm by finite sums of the form
f0 + w0 + w1 + · · · + w j for suitably large j . For large j , the W j components of a signal represent its high-
frequency components because W j is generated by translates of the function ψ(2 j x) which vibrates at high
frequency.

2.4 Filter functions

If a scaling function or father wavelet φ is given, we can always find a corresponding function m0 ∈ L∞(T) and
we call it as the filter function corresponding to φ or the “Low-pass filter". Consider the scaling equation

φ(x) =
∑

n∈Z

a(n)φ1,n(x) =
∑

n∈Z

a(n)
√

2φ(2x − n).

By taking the Fourier transform on both sides of the above equation we get

φ̂(t) = 1√
2

∑

n∈Z

a(n)e−in t
2 φ̂

( t

2

)
.

So that if we define m0(t) = 1√
2

∑
n∈Z

a(n)e−int , then the above equation becomes φ̂(t) = m0
( t

2

)
φ̂
( t

2

)
. Here

m0 can be viewed as a function on T. Similarly by considering the equation ψ(x) = ∑
n∈Z

b(n)φ1,n(x) =
∑
n∈Z

b(n)
√

2φ(2x − n), and taking Fourier transform on the both sides we get ψ̂(t) = 1√
2

∑
n∈Z

b(n)e−in t
2 φ̂

( t
2

)
.

So by defining m1(t) = 1√
2

∑
n∈Z

b(n)e−int , the above equation becomes ψ̂(t) = m1
( t

2

)
φ̂
( t

2

)
. Here the function

m1 is the filter function corresponding to the wavelet ψ and it is called “High-pass filter".The low-pass and
high-pass filter functions transmit the low frequency and high-frequency contents, respectively, of an input signal
and block the other one.

The filter functions are very important parts of wavelet theory. The filter bank, which can be briefly defined
as the cascaded arrangement of filters(including low-pass and high-pass filters), became even more important as
it has been proven to be the most efficient way a wavelet system can be implemented. A wavelet basis can be
constructed from its filter functions and vise-versa, so that we can analyze a wavelet system by considering its
filter bank. A detailed study on the importance of filter functions can be found on [20] and [11].

In the following section we will see the relevance of the filter function families in the case of a certain
type of graph C∗-algebra. It deals with a particular type of Graph C∗-algebra, the Cuntz-Kreiger C∗-algebra
denoted as OA, where A is the corresponding vertex matrix. We focus on a particular case of them, called Cuntz
algebra, where the matrix A has all its entries equal to 1. We then find an interesting result that will lead us to a
representation for Cuntz algebra. We then establish the contribution of wavelet theory in the application of the
above-mentioned result.

3 Cuntz-Kreiger C∗-algebra OA

Definition 3.1 Let A = {Ai j }{i, j∈ZN } be an N × N matrix matrix whose entries Ai j take on only values in
{0, 1}. Then Cuntz-Kreiger C∗-algebra OA is the universal C∗-algebra generated by partial isometries {Ti }i∈ZN

satisfying

123



An Expository Note on Wavelets and Graph C∗-algebras 131

(1) Ti *Ti = ∑N−1
j=0 Ai j Tj T ∗

j
(2) T ∗

i Tj = 0 for i �= j

(3)
∑N−1

i=0 Ti T ∗
i = I.

Remark 3.1 By the above definition, Cuntz- Kreiger C∗-algebra OA is the C∗-algebra corresponding to the
directed graph having A as its edge matrix. Suppose G = (V, E, rG , sG) is a row-finite directed graph with no
source, then we define the dual graph Ĝ by Ĝ = (

V̂ , Ê, rĜ , sĜ

)
where V̂ = E, Ê = E2 = {e f : e, f ∈ E}

and rĜ(e f ) = e and sĜ(e f ) = f for every e f ∈ E2. The vertex matrix corresponding to the graph Ĝ will be
nothing but the matrix A. By the corollary 2.6 [30], we have C∗(G) ∼= C∗(Ĝ). Hence OA can be seen as the
graph C∗-algebra corresponding to the directed graph having its vertex matrix at A.

3.1 Cuntz Algebra ON

Definition 3.2 If A = [1]N×N , the matrix with all entries equal to 1, then the corresponding Cuntz-Kreiger
C∗-algebra is called Cuntz algebra and it is denoted by ON . That means ON is the C∗-algebra generated by N
partial isometries S0, S1, S2, . . . , SN−1 satisfying

(1) Si *S j = δi j I,
(2)

∑N−1
i=0 Si Si *= I .

This C∗-algebra was first discovered by J. Cuntz in 1970′s.

Definition 3.3 Let A be a C∗-algebra, then a representation of A is a pair (
,H) consisting of a Hilbert space
H and a ∗−homomorphism 
 : A → B(H).

3.2 Representations of ON on B(L2(T))

Fix N > 1. Suppose {h0, h1, h2, . . . , hN−1} ⊆ L∞(T) is a collection of N essentially bounded measurable
functions. Associated to these functions, we define operators {Ti }N−1

i=0 on L2(T) by

Ti ( f (z)) = hi (z) f (zN ) for f ∈ L2(T) (1)

Now, we find necessary conditions on {hi }N−1
i=0 under which the C∗-algebra generated by {Ti }N−1

i=0 gives a
representation for ON . Consider the functions {σi }N−1

i=0 and σ on T defined as σ j (z = e2π i t ) = e2π i(t+ j); t ∈
[0, 1)], σ (z) = zN ; z ∈ T. The following two lemmas can be used to find the corresponding adjoints of the
operators Ti .

Lemma 3.1 For any h ∈ L∞(T),
∫

T hdμ = 1

N

∑
i∈N

∫
T (h ◦ σi )dμ.

Lemma 3.2 If {Ti }N−1
i=0 ⊂ L2(T) is defined as above. Then the adjoint of the operator Ti for, i ∈ ZN is given by

T ∗
i ( f (z)) = 1

N

∑
k∈ZN

hi (σk(z)) f (σk(z)).

The next proposition gives a necessary and sufficient condition for {hi }N−1
i=0 under which the C∗-algebra generated

by {Ti }N−1
i=0 gives a representaion for ON .

Proposition 3.1 ([5]) Fix N > 1. Let {hi }N−1
i=0 and {Ti }N−1

i=0 be defined as above. Then the operators {Ti }N−1
i=0

gives a representation of ON if and only if the matrix

z → 1√
N

⎡

⎢⎢⎢⎢⎢⎣

h0(σ0(z)) h0(σ1(z)) . . . h0(σN−1(z))
h1(σ0(z)) h1(σ1(z)) . . . h1(σN−1(z))
. . . . . . . . . . . .

. . . . . . . . . . . .

. . . . . . . . . . . .

hN−1(σ0(z)) hN−1(σ1(z)) . . . hN−1(σN−1(z))

⎤

⎥⎥⎥⎥⎥⎦

is a unitary matrix for almost all z ∈ T.
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Remark 3.2 If the above matrix is unitary for almost all z ∈ T, then {hi }N−1
i=0 is called a Cuntz-like family.

Remark 3.3 The above matrix format can be found in the wavelet theory as a system matrix corresponding to a
wavelet [18]. The result which characterizes that system matrix being unitary if and only if the corresponding
filter function leads to a wavelet basis, throws a possibility for finding a connection for the concept discussed
above with wavelet theory.

3.3 Representaion of ON through MRA wavelets

In [5], Bratteli and Jorgenson first noted that the multiresolution analysis wavelets could be used to construct
representations of the Cuntz algebra ON by showing that the filter function families are "Cuntz-like." We consider
the generalization of the multiresolution analysis with dyadic dilation, as defined in the previous section. The
following theorem gives the existence of filter functions which will form a Cuntz-like family.

Theorem 3.1 [5, Theorem 10.1] Let φ ∈ L2(R) be a scaling function, then there exist N − 1 functions
ψ1, ψ2, . . . , ψN−1 such that {T k(ψm)} , k ∈ Z,m = 1, 2, 3, . . . , N − 1 forms an orthogonal basis for V1 ∩ V ⊥

0
and thus {U n

N T k(ψm)}, n, k ∈ Z,m = 1, . . . , N − 1 forms an orthonormal basis for L2(R). Furthermore,
the functions ψ1, ψ2, . . . , ψN−1 are in one-to-one correspondance with the functions m1,m2, . . . ,m N−1 in

L2(T) with the property that N− 1
2
−→m0(z), N− 1

2
−→m1(z), . . . , N− 1

2
−−−→m N−1(z) is an orthonormal set for almost all

z ∈ T, where −→mi (z) = [mi (z),mi (σ1(z)), ...mi
(
σN−1(z)

)]T . The correspondence is given by
√

N ψ̂k(Nt) =
mk(e−i t )φ̂(t), for k = 1, 2, . . . , N − 1.

In addition, if ψ1, ψ2, . . . , ψN−1 is any sequence in V1 ∩ V ⊥
0 such that {T k(ψm)}, k ∈ Z,m =

1, 2, 3, . . . , N − 1 forms an orthonormal set, then M ≤ N − 1, and {T k(ψm)}, k ∈ Z,m = 1, 2, 3, . . . , N − 1
is an orthonormal basis if and only if M = N − 1.

Remark 3.4 The theorem mentioned above says that, given a scaling function of an MRA (dilation by N ∈ N),
there exists an N −1 number of mother wavelets, and their corresponding filter functions (both low-pass and high-
pass filters) can be used to form a collection of N functions satisfying the orthonormality relation for almost all
z ∈ T. For example, consider the case N = 2, if φ ∈ L2(R) be the scaling function with scaling equation φ(x) =
∑
n∈Z

a(n)
√

2φ(2x − n), we have m0(t) = 1√
2

∑
n∈Z

a(n)e−int . Then by defining b(n) = (−1)(n−1)a(1 − n), if we

consider m1(t) = 1√
2

∑
n∈Z

b(n)e−int then we have ψ(x) = ∑
n∈Z

b(n)φ1,n(x) = ∑
n∈Z

b(n)
√

2φ(2x − n), where

ψ(x) ∈ V1. Here {2− 1
2
−→m0(z), 2− 1

2
−→m1(z)} forms an orthonormal basis for C

2, that is,

1√
2

[
m0(z) m0(σ1(z))
m1(z) m1(σ1(z))

]

forms a unitary matrix for almost all z ∈ T. For general N ∈ N, the corresponding results can be found in [5].

The orthonormality relation of N− 1
2
−→m0(z), N− 1

2
−→m1(z), . . . , N− 1

2
−−−→m N−1(z) implies that the matrix

1√
N

⎡

⎢⎢⎢⎢⎢⎣

m0(z) m0(σ1(z)) .... m0(σN−1(z))
m1(z) m1(σ1(z)) .... m1(σN−1(z))
m2(z) m2(σ1(z)) .... m2(σN−1(z))
.. .. .... ..

.. .. .... ..

m N−1(z) m N−1(σ1(z)) .... m N−1(σN−1(z))

⎤

⎥⎥⎥⎥⎥⎦

is a unitary matrix for almost all z ∈ T. Therefore the function m0,m1, ...,m N−1 forms a Cuntz-like family.
Hence we obtained a concrete example for the Cuntz-like family through the MRA wavelets which can be used
to find a representation of the Cuntz algebra ON .
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4 Semi-branching function system

In this section, we discuss a new notion called “Semi-branching function system,” through which we will find
a representation for the Cuntz-Krieger algebra OA where the vertex matrix satisfies certain conditions. The
representation is found on L2-space of a certain type of cantor set on [0,1], L2(�A, μA), where μA is the
Haursdoff probability measure. Later we show how to use the representation of the algebra OA to construct an
orthonormal system of wavelets on L2(�A, μA).

In the 2005, K. Kawamura [25] have constructed a representation for OA by employing the method of
“semibranching function systems”. Later In 2011, Marcolli and Paolucci [28] constructed representations of
(finite) Cuntz-Krieger C∗-algebra on L2-spaces for certain fractals, and then in certain cases went on to define
wavelets generalizing the wavelets of A. Jonsson [22].

Definition 4.1 Let A be an N × N −{0, 1} matrix. Let (X, μ) be a measure space and let {Di }i∈ZN be a collection
of μ− measurable space and {σi : Di → X}i∈ZN be a collection of μ− measurable maps.

The family of maps {σi }i∈ZN is called Semibranching Function System on (X, μ) with coding map σ :
X → X if following condition holds:

(1) If i ∈ ZN , Ri = σi (Di ), then μ(X/ ∪i Ri ) = 0 & μ(Ri ∩ R j ) = 0.
(2) For i ∈ ZN we have μ ◦ σi � μ and the Radon-Nikodym derivative


σi = d(μ ◦ σi )

dμ
> 0, μ a.e. on Di .

(3) For i ∈ ZN and x ∈ Di a.e, we have σ ◦ σi (x) = x .

(4) (C-K Condition) For i, j ∈ ZN , μ
(

Di�
⋃

j :Ai j =1 R j

)
= 0.

Example 4.1 Fix N > 1. Consider (X, μ) = (T, ν) where unit circle with Haar measure ν. Consider A =
[1]N×N , matrix with all entries equals 1. Let {Di }i∈ZN

= T. Define σ j (z = e2π i t ) = e
2π i(t+ j)

N , (So that σi (Di ) =
e2π i t : t ∈ [ j

N ,
j

N+1 ]). Also define σ(z) = zN for all z ∈ T. Then {σi }i∈ZN
is a semibranching function system

on (T, ν) with coding map σ . We can simply verify that

• X = T =
N−1⋃
j=0

R j and Ri ∩ Ri = ∅, so that, ν(X/ ∪i Ri ) = 0 & ν(Ri ∩ R j ) = 0.

• For any measurable set S and for i ∈ ZN, if ν(S) = 0 then ν ◦ σi (S) = 0 and since ν is a positive measure
so is ν ◦ σi . Hence the Radon-Nikodym derivative


σi = d(μ ◦ σi )

dμ
> 0 ν a.e. on T.

• For i ∈ ZN and z ∈ T we have σ ◦ σi (z) = z.
• Since Ai j = 1 for all i, j ∈ ZN , we have ∪ j :Ai j =1 R j = T. So that

ν
(

Di�
⋃

j :Ai j =1

R j

)
= 0.

Hence it is a semibranching function system.
We will be using the following example for the construction of the representation.

Example 4.2 Fix N > 1 . Let A be an N × N − {0, 1} matrix. Let �A ⊂ 
∞
j=1[ZN ] j be defined by �A =

{(x1, x2, x3, ...) : Ax j x j+1=1, ∀ j ∈ N}. Using N -adic expansion map, �A can be embedded in [0,1] as a fractal
set, thus it has a corresponding Haursdoff Probability measure μ defined on its Borel sets.

For each i ∈ ZN , Di = {(x1, x2, x3, ...) ∈ �A : Ai x1=1}. Also for each j ∈ ZN , σ j : D j → �A is
defined as σ j (x1, x2, x3, ....) = ( j, x1, x2, .....), so that R j = σ j (D j ) = {( j, x1, x2, .....) : (x1, x2, .....) ∈ D j }.
In particular R j = {x ∈ �A : x1 = j}. Define σ : �A → �A as σ(x1, x2.x3, ....) = (x2, x3, x4, ....). Then
{σi }i∈ZN

is a semibranching function system on (�A, μ) with coding map σ .

• Here also �A = ∪i Ri and Ri ∩ R j = ∅ , so that μ(X/ ∪i Ri ) = 0 & μ(Ri ∩ R j ) = 0.
• The Radon Nikodym derivative d(μ◦σi )

dμ is well defined and positive since the map σi on �A is realized by
contractions and translations.
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• For ω = (ω1, ω2, ....) ∈ �A, σ ◦ σi (ω1, ω2, ...) = σ(i, ω1, ω2, ...) = (ω1, ω2, ...) = ω.

• We have Di = ⋃
j :Ai j =1

R j , so that, μ
(

Di�
⋃

j :Ai j =1 R j

)
= 0.

Hence it forms a semibranching function system.

4.1 Representation of OA using Semibrancing Function System

Given a Semibranching Function System {σi }i∈ZN with coding map σ on a measure space (X, μ), we construct an
assosciated family of linear operators {Ti }i∈ZN acting on L2(X, μ). For f ∈ L2(X, μ), define Ti : L2(X, μ) →
L2(X, μ) as Ti ( f )(x) = χRi (x)[
σi (σ (x))]

−1
2 f (σ (x))

Lemma 4.1 ( [28],Lemma 2.2) If {Ti }i∈ZN is defined as above, then the adjoint {T ∗
i }i∈ZN is defined as

T ∗
i ( f )(x) = χDi (x)[
σi (x)]

1
2 f (σi (x))

The following propositions prove that the above-defined operators are actually the generators of a representation
of OA.

Proposition 4.1 ([28],Proposition 2.3) The operators {Ti }i∈ZN and {T ∗
i }i∈ZN defined above satisfies the rela-

tions:

(1) Ti T ∗
i = Pi , where Pi ( f (x)) = χRi (x) f (x)

(2)
∑

i∈ZN
Ti T ∗

i = I
(3) T ∗

i Ti = Qi , where Qi ( f (x)) = χDi (x) f (x)

Proposition 4.2 ([28],Proposition 2.5) Let {σi } be a semibranching function system on X defined on Di ⊂ X

satisfying χDi =
N−1∑
j=0

Ai jχR j . Also assume that Ai i = 1, for all i ∈ ZN . Then the operators {Ti }i∈ZN and

{T ∗
i }i∈ZN defined above satisfies the Cuntz-Krieger relations, T ∗

i Ti = ∑N−1
j=0 Ai j Tj T ∗

j and
∑N−1

i=0 Ti T ∗
i = I .

Hence they determine a representation of Cuntz-Krieger Algebra OA on H = L2(X, μ)

4.2 Wavelet decomposition of L2(�A, μA)

In the paper [28], Marcolli and Paolucci have developed the wavelet decomposition of the space L2(�A, μA) by
using the representation of OA which was mentioned above.

We restrict our focus to the Cuntz-Krieger algebra corresponding to a special type of matrix called irreducible
matrix.

Definition 4.2 A non -negative matirix A is irreducible if for every pair (i, j) ∈ ZN × ZN there exist n ∈ N

with An
i, j �= 0.

Definition 4.3 Let A be an irreducible N × N {0, 1} matrix. Suppose (p0, p1, ..., pN−1) is a vector in (0,∞)N

satisfying
N−1∑
i=0

pi = 1, and such that

A(p0, p1, ..., pN−1)
T = ρ(A)(p0, p1, ..., pN−1)

T

where ρ(A) is the spectral radius of A. Then the vector (p0, p1, ..., pN−1) is called the Perron -Frobenious
eigen vector of A (the existence of such a vector follows from the irreducibility of A).

The following theorem will help us to identify the Haursdoff measure we defined earlier, particularly, when the
matrix is irreducible.

Theorem 4.1 ([28], Theorem 2.17) Assume that A be a non-negative irreducible matrix. Consider the measure
space (�A, μA) defined in the Example 8.2. Then we have the following results :
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(1) On the sets Di ⊂ �A, the Radon-Nikodym derivatives are constant and equal to

φσi = d(μ ◦ σi )

dμ
= N−δA .

(2) The Haursdoff measure μ = μA on �A satisfies μ(Ri ) = pi , where p = (p0, p1, ..., pN−1) is the Perron-
Frobenious eigen vector of the matrix A.

The next result gives the wavelet decomposition of the space L2(�A, μA) by applying the representation of OA
that we have found using the semi-branching function system ,where A is an N × N , irreducible, {0, 1} matrix.

Theorem 4.2 ([28], Theorem 3.2) Fix N > 1. Let A be an N × N, irreducible, {0, 1} matrix, let (�A, μA) be
the assosciated fractal space with Haursdoff measure, and let {σ j : D j → R j } j∈ZN

and σ be the associated
semi-branching function system satisfying the (C-K) condition defined on (�A, μA). Let {Si }i∈ZN

be a set of

operators on L2(�A, μA) given by the formula Si ( f )(x) = χRi (x)[
σi (σ (x))]
−1
2 f (σ (x)). Let { f l,r : k ∈

ZN 0 ≤ l ≤ dk − 1} be the function defined in the above paragraphs. For k ∈ ZN, let φk = f 0,k and
ψl,k = fl,k, k ∈ ZN 0 ≤ l ≤ dk − 1. Define W0 = span{ψ l,k : k ∈ ZN 0 ≤ l ≤ dk − 1} Wn =
span{Sa fψ l,k : k ∈ ZN 0 ≤ l ≤ dk − 1and a is an adimissible word of lenght n} Then the subspaces V0 and
Wn are mutually pairwise orthogonal in L2(�A, μA) and L2(�A, μA) = span

(
V0 ⊕ [ ⊕∞

n=0 Wn
])

.

Hence we have used the representation of Cuntz-Krieger algebra OA for finding a wavelet decomposition of
L2(�A, μA).

5 Concluding Remarks and Recent Developments

This article explains the connection of wavelets with the graph C∗-algebra corresponding to some particular
type of directed graph. It has been found that many crucial problems facing network engineers can profitably be
approached using wavelets that reflect the structure of the underlying graph [9]. These wavelets will be used for
spatial traffic analysis on k-graph or networks with k different types of links.

In this study, we have mainly focussed on the results from the articles [5] and [28]. Many works have been
done related to them.

In [21], Jeong and Eui-Chai studied a class of representations of the Cuntz algebra ON arising from mul-
tiresolution analysis wavelets, with scale N , and proved that the given representations split into finitely many
irreducible sub-representations. The author also provides the upper bound for the number of irreducible repre-
sentations.

In [4] Ola Bratteli, David E. Evans and Palle E. T Jorgensen studied the harmonic analysis of the quadrature
mirror filters (QMF) coming from the multiresolution analysis of compactly supported wavelets. They used the
fact that the QMF of these wavelets from third-order polynomials are parametrized by the circle, and computed
that the corresponding filters generate irreducible, mutually disjoint representations of the Cuntz algebra O2,
except at two points on the circle. As a continuation of [5], in [23], P.E.T Jorgenson showed that the irreducibility
of the previously given representation corresponds to the optimality of the corresponding wavelet filter. He
found that, generically, the relevant representations of ON are irreducible. It is also shown that generically, two
different wavelet filters yield unitarily in-equivalent representations of ON . A general framework for constructing
the orthonormal bases from Cuntz algebras is discussed in [13] by Dorin Ervin Dutkay, Gabriel Picioroaga and
Myung-Sin Song, where they give a definition of a strongly invariant Borel probability measure as well as
examples in the case of iterated functions. They provide a link between the quadrature mirror filters(QMF) and
operators on Hilbert spaces and also some necessary conditions for an N number of essentially bounded function
on the L2-space of the given measure space to be a QMF basis and the usage of the same in the construction
of a representation of Cuntz algebras. The work also includes a result that gives a general criterion for a family
generated by Cuntz isometries to be an orthonormal basis.

The concept of graph C∗-algebra has been extended to its generalization - Higher rank graphs where the
directed graph that we have discussed is the one with rank one. Various studies have also been done under the
above notion.

In [19], Daniel Goncalves, Hui Li, and Danilo Royer define the branching systems for finitely aligned higher-
rank graphs. From these, they construct concrete representations of a higher-rank graph C∗-algebras on Hilbert
spaces. They proved a generalized Cuntz-Krieger uniqueness theorem for periodic single vertex 2-graphs, and
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they used this result to give a sufficient condition under which representations of periodic single-vertex 2-graph
C∗-algebras arising from branching systems are faithful.

Carla Farsi, Elizabeth Gillaspy, Sooran Kang, and Judith Packer in [17] found the wavelets associated with
representations of higher-rank graphs. They have introduced the “cubical wavelets” associated with a higher-rank
graph and generalized its construction to build wavelets of arbitrary shapes. They also have presented a different
but related construction of wavelets associated with a higher-rank graph, which will have applications in network
traffic analysis. The topic is now very trending, and a considerable amount of work has been done in this area.
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