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Abstract The purpose of this paper is to provide a broad results on the investigation of the Moore–Penrose
inverses of singular conditional matrices formed by generalized conditional sequences. By using some analytical
techniques, we obtain explicit Moore–Penrose inverse of the singular conditional matrices whose elements are
the generalized conditional sequences. We investigate the correlations between singular conditional matrices and
the (p, q)−Pascal matrices of the first and of the second kind. Moreover, we give factorization of the singular
conditional matrices via (p, q)−Pascal matrices. We derive several combinatorial identities and provide more
generalized results. Finally, we provide better numerical results compared to MATHEMATICA’s PseudoInverse
function which uses Singular Value Decomposition (SVD) algorithm.
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1 Introduction

The generalized inverse of an integral operator was first described by I. Fredholm in 1903 [1]. The generalized
inverse of a matrix was introduced by E. H. Moore in 1920. He proposed a unique generalized inverse by means
of projectors of matrices [2]. Not much work was done on this subject until the mid–1950s. Later on, the use of
matrix inverses in the solution of the linear equation systems started to increase the interest in this subject. In
particular, R. Penrose presented a generalization of the inverse of a non–singular matrix, as the unique solution
of a certain set of equations in 1955 [3]. This study attracted the attention of many scientists and inspired new
studies on the subject of generalized inverses. This inverse is called the Moore–Penrose inverse in honor of the
works of E. H. Moore and R. Penrose.

Let C
m×n be the set of m × n complex matrices, for every A ∈ C

m×n , the Moore-Penrose inverse of matrix
A is the unique n × m matrix A† with the following properties:

AA† A = A, A† AA† = A†,
(

AA†
)∗ = AA†,

(
A† A

)∗ = A† A (1)

where A∗ denotes the conjugate transpose of A.
The Moore–Penrose inverse arises in many area such as statistics, physics, neural networks, control system

analysis, curve fitting, numerical analysis, tensor computations and the solution of system of equations ( see
[1,4–11] ). In recent years, there have been several studies in different areas related to the Moore–Penrose
inverse and its applications [7]. For example, Courrieu proposed an algorithm based on a full rank Cholesky
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Moore−Penrose inverse of the singular conditional... 139

factorization which allows for fast computation of Moore–Penrose inverse of the matrices and fast solving of
large least square systems, possibly with rank deficient matrices [6]. Sun et al. defined the Moore–Penrose
inverse of tensors with the Einstein product, and they obtained explicit formulas of the Moore–Penrose inverse
of some block tensors [11]. Radičić studied the Moore–Penrose inverse of the k−circulant matrices whose
elements are the binomial coefficients [9]. Zhang et al. investigated the Zhang neural networks (ZNN) models
for online time–varying full–rank matrix Moore–Penrose inversion [10]. The authors demonstrated the feasibility
and effectiveness of ZNN models for online time-varying full-rank matrix Moore–Penrose inversion by using
computer simulation results and application to inverse kinematic control of redundant robot arms. Baksalary
and Trenkler examined the Moore–Penrose applications and historical development processes in physics and
related fields. In addition, the authors gave an extensive literature review and mentioned the importance of the
Moore–Penrose inverse in the field of physics [4]. In recent years, some researchers have studied the Moore–
Penrose inverse of the matrices whose elements are special number sequences. For example, Miladinovic and
Stanimirovic presented the pseudoinverse of the generalized Fibonacci matrix and they gave the correlations
between generalized Fibonacci matrix and Pascal matrices [8]. Shen and He examined the Moore–Penrose
inverse of the matrix whose nonzero entries are the classical Horadam numbers [12]. As a generalization of
the studies [8] and [12], Shen et al. studied the Moore–Penrose inverse of the strictly lower triangular Toeplitz
matrix and they derived a convolution formula containing the Horadam numbers. Also, the authors obtained
several combinatorial identities by using this formula [13]. For more detailed information on Moore–Penrose
and generalized inverses, we refer the readers to the books [5] and [14].

The post quantum calculus, which may be viewed as generalization of quantum calculus, plays an important
role in physics, combinatorics, number theory and other fields of the mathematics. Towards the end of the
twentieth century, studies related with post quantum calculus and its applications to mathematics have increased
significantly. For example, Sadjang presented the differential analysis and notation for (p, q)−calculus, which
leads to a new method for computations and classifications of (p, q)−special functions [15]. Awan et al. proposed
some refinements of the Hermite–Hadamard like inequalities and obtained some results which are the further
generalizations of many previous known results [16]. Corcino and Montero defined the p, q−difference operator
of degree n, denoted by�n

p,q,h , and presented a formula which is used to express the p, q−analogue of the unified
generalization of Stirling numbers and its exponential generating function in terms of �n

p,q,h [17]. Moreover,
Corcino proposed the (p, q)−analogue of the binomial coefficients and presented several interesting special
cases which are similar to some identities of the usual binomial coefficients [18]. Corcino, in [18], defined the
(p, q)−analogue of the binomial coefficient which is also called the (p, q)−binomial coefficient as:

[
n

k

]

p,q
=

k∏
i=1

pn−i+1 − qn−i+1

pi − qi
, p �= q, 0 ≤ k ≤ n. (2)

Using the notation [k]p,q = pk−qk

p−q , (p, q)−binomial coefficients can be expressed by

[
n

k

]

p,q
= [n]p,q !

[k]p,q ![n − k]p,q ! = [n]p,q

[k]p,q

[
n − 1

k − 1

]

p,q
.

Another important topic is number sequences, whose applications, generalizations and relations with other
disciplines have been studied by many researchers for years [19]. In particular, Edson and Yayenie [20] presented
a notable generalization of the Fibonacci numbers, which is called as biperiodic Fibonacci sequence, and then
they derived the extended Binet’s formula, generating function and a lot of identities of this sequence. Also he
gave generating function, the generalized Binet formula and some basic identities. After that, Bilgici [21] defined
the biperiodic Lucas numbers and modified generalized Lucas numbers and gave generating functions, the Binet
formulas and some special identities for these sequences. Motivated by the studies [20–22], Tan and Leung, in
[23], studied the generalized biperiodic Horadam sequence and investigated some congruence properties of the
generalized Horadam sequence which we call as generalized conditional sequence throughout the paper. For
more information about number sequences, we refer the readers to the book [19].

For any nonzero real numbers a, b and c, the generalized conditional sequence is defined by the recurrence
relation

W (s,t)
n =

{
aW (s,t)

n−1 + cW (s,t)
n−2 , if n is even

bW (s,t)
n−1 + cW (s,t)

n−2 , if n is odd
, W (s,t)

0 = s, W (s,t)
1 = t. (3)
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The Binet formula of the sequence {Wn}∞n=0 is

W (s,t)
n = aξ(n+1)

(ab)� n
2 �

(
Dαn − Eβn

)
, (4)

where D = t− βs
a

α−β and E = t− αs
a

α−β , α = ab+√
a2b2+4abc

2 and β = ab−√
a2b2+4abc

2 are the roots of the polynomial

x2 − abx − abc and ξ(n) = n − 2
⌊ n

2

⌋
is the parity function. Moreover, we have α + β = ab, α − β =√

a2b2 + 4abc and αβ = −abc. Throughout the paper, we will assume that � = a2b2 + 4abc �= 0. Here we
note that the generalized conditional sequences can be reduced into infinite number sequences for different cases
of a, b, c, s and t .

Until this time, several researchers have studied the Moore–Penrose inverse and its applications with binary
recurrence sequences such as Fibonacci, Lucas and Horadam sequences [8,12,13]. Hereby, some natural ques-
tions are that: If we construct the singular matrix with conditional sequences, can we find the Moore–Penrose
inverse of this singular matrix explicitly? If yes, can we provide better performance in the computational costs
of the Moore–Penrose inverse of singular conditional matrices compared to other methods? Moreover, can we
establish any correlations between our singular conditional matrix and other types of matrices? In this study, we
will investigate the answer to these questions.

2 Singular conditional matrix of type r = −1 and its inverse

In this section, we obtain the Moore–Penrose inverse of the singular conditional matrices W (s,t,−1)
n .

Definition 1 The n × n singular conditional matrix of type r is defined by

W (s,t,r)
n =

[
ω
(s,t,r)
i, j

]
=

{( b
a

) ξ(i− j)
2 W (s,t)

i− j+1, i − j + r ≥ 0

0, i − j + r < 0
, (5)

where
{

W (s,t)
n

}∞
n=0

is the generalized conditional sequence which is defined in (3).

Lemma 1 For the generalized conditional sequence
{

W (s,t)
n

}∞
n=0

satisfying at + cs �= 0, and two arbitrary

integers i and j satisfying i ≥ j + 2, the following identity holds:

i−1∑
k= j+1

(
b

a

) ξ(i−k)
2

W (s,t)
i−k+1

( a
b

) k− j
2 (−ct)k− j−1

(
c2

(
abst − at2 + bcs2

))

b(at + cs)k− j+2

= −
(

b

a

) ξ(i− j)
2

W (s,t)
i− j+1

act

b(at + cs)2
+

(a

b

) ξ(i− j)
2

W (s,t)
i− j

c

at + cs
. (6)

Proof Let us denote

J =
i−1∑

k= j+1

(
b

a

) ξ(i−k)
2

W (s,t)
i−k+1

( a
b

) k− j
2 (−ct)k− j−1

(at + cs)k− j+2 . (7)

After some algebraic transformations and utilizing the Binet formula (4), we get

J =
i−1∑

k= j+1

(
b

a

) ξ(i−k)
2

(
aξ(i−k+2)

(ab)� i−k+1
2 �

(
Dαi−k+1 − Eβ i−k+1

)) ( a
b

) k− j
2 (−ct)k− j−1

(at + cs)k− j+2

=
i−1∑

k= j+1

1

(ab)
i−k

2

(
Dαi−k+1 − Eβ i−k+1

) ( a
b

) k− j
2 (−ct)k− j−1

(at + cs)k− j+2
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=
i−1∑

k= j+1

a

(ab)
i− j

2 (at + cs)3

(
Dαi− j

( −act

α(at + cs)

)k− j−1

− Eβ i− j
( −act

β(at + cs)

)k− j−1
)

= a

(ab)
i− j

2 (at + cs)3

⎛
⎜⎝Dαi− j

1 −
( −act
α(at+cs)

)i− j−1

1 + act
α(at+cs)

− Eβ i− j
1 −

( −act
β(at+cs)

)i− j−1

1 + act
β(at+cs)

⎞
⎟⎠

= a

(ab)
i− j

2 (at + cs)3

⎛
⎜⎝D

αi− j+1 − α2
( −act

at+cs

)i− j−1

α + act
at+cs

− E
β i− j+1 − β2

( −act
at+cs

)i− j−1

β + act
at+cs

⎞
⎟⎠

=

aD

(
β + act

at + cs

)(
αi− j+1 − α2

( −act

at + cs

)i− j−1
)

− aE

(
α + act

at + cs

)(
β i− j+1 − β2

( −act

at + cs

)i− j−1
)

(ab)
i− j

2 (at + cs)3
(
β + act

at+cs

) (
α + act

at+cs

) .

By using the identities αβ = −abc and α + β = ab, we obtain
(
β + act

at + cs

)(
α + act

at + cs

)
= −ac2

(
bs(at + cs)− at2

)

(at + cs)2
. (8)

Moreover, with the help of the equations (4) and (8), we obtain

J =

[
αβ

(
aDαi− j − aEβ i− j

)
− αβ (aDα − aEβ)

( −act

at + cs

)i− j−1

+
(

aDαi− j+1 − aEβ i− j+1
)(

act

at + cs

)
+

(
aDα2 − aEβ2

)( −act

at + cs

)i− j ]

(ab)
i− j

2 (at + cs)
(−ac2

) (
bcs2 + abst − at2

)

=

[
− abc

(a

b

) ξ(i− j)
2

W (s,t)
i− j + a2bc

(ab)
i− j

2

W (s,t)
1

( −act

at + cs

)i− j−1

+ a

(
b

a

) ξ(i− j)
2

W (s,t)
i− j+1

(
act

at + cs

)
+ W (s,t)

2

(ab)
i− j−2

2

( −act

at + cs

)i− j ]

(−ac2
)
(at + cs)

(
bcs2 + abst − at2

)

=
−abc

( a
b

) ξ(i− j)
2 W (s,t)

i− j + a
( b

a

) ξ(i− j)
2 W (s,t)

i− j+1

(
act

at+cs

)
(−ac2

)
(at + cs)

(
bcs2 + abst − at2

)

=
( b

a

) ξ(i− j)
2 W (s,t)

i− j+1

(
act

at+cs

)
− bc

( a
b

) ξ(i− j)
2 W (s,t)

i− j(−c2
)
(at + cs)

(
bcs2 + abst − at2

) .

After some algebraic operations, we can obtain (6). Thus the proof is completed. ��
Lemma 2 For n × n matrix M (s,t)

n =
[
μ
(s,t)
i, j

]
, whose entries are defined by

μ
(s,t)
i, j =

⎧
⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

− ( a
b )

i− j
2 (−ct)i− j−1

(
c2

(
abst−at2+bcs2

))
b(at+cs)i− j+2 , i > j, i �= n, j �= 1

− a(t (ab+c)+bcs)
b(at+cs)2

, i = j, i /∈ {1, n}√
a√

b(at+cs)
, i + 1 = j

0, otherwise

, (9)
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142 C. Köme

the following is valid:

W (s,t,−1)
n M (s,t)

n = Hn (10)

where Hn = [
hi, j

]
is an n × n matrix given by

hi, j =
{

1, i = j, i �= 1
0, otherwise

. (11)

Proof Let hi, j = ∑n
k=1 ω

(s,t,−1)
i,k μ

(s,t)
k, j . Clearly hi, j = 0 for i < j . For the case i = j + 1, we have

h j+1, j = ω
(s,t,−1)
j+1, j−1μ

(s,t)
j−1, j + ω

(s,t,−1)
j+1, j μ

(s,t)
j, j =

√
a

b

W (s,t)
3

(at + cs)
− a(abt + bcs + ct)

b(at + cs)2

√
b

a
W (s,t)

2

=
√

a

b

(abt + bcs + ct)

(at + cs)
− a(abt + bcs + ct)

b(at + cs)2

√
b

a
(at + cs)

= 0.

For i > j + 1, we get

hi, j = ω
(s,t,−1)
i, j−1 μ

(s,t)
j−1, j + ω

(s,t,−1)
i, j μ

(s,t)
j, j +

i−1∑
k= j+1

ω
(s,t,−1)
i,k μ

(s,t)
k, j

=
√

a

b

1

(at + cs)

(
b

a

) ξ(i− j+1)
2

W (s,t)
i− j+2 − a(abt + bcs + ct)

b(at + cs)2

(
b

a

) ξ(i− j)
2

W (s,t)
i− j+1

−
i−1∑

k= j+1

(
b

a

) ξ(i−k)
2

W (s,t)
i−k+1

( a
b

) k− j
2 (−ct)k− j−1

(
c2

(
abst − at2 + bcs2

))

b(at + cs)k− j+2

=
√

a

b

1

(at + cs)

(
b

a

) ξ(i− j+1)
2

W (s,t)
i− j+2 − a(abt + bcs + ct)

b(at + cs)2

(
b

a

) ξ(i− j)
2

W (s,t)
i− j+1

+
(

b

a

) ξ(i− j)
2

W (s,t)
i− j+1

act

b(at + cs)2
−

(a

b

) ξ(i− j)
2

W (s,t)
i− j

c

at + cs

=
(a

b

) ξ(i− j)
2 W (s,t)

i− j+2

at + cs
− a

(
b

a

) ξ(i− j)
2 W (s,t)

i− j+1

at + cs
− c

(a

b

) ξ(i− j)
2

W (s,t)
i− j

1

at + cs

=
( a

b

) ξ(i− j)
2

at + cs

⎛
⎜⎜⎜⎝W (s,t)

i− j+2 − a

(
b

a

)ξ(i− j)

W (s,t)
i− j+1 − cW (s,t)

i− j
︸ ︷︷ ︸

0

⎞
⎟⎟⎟⎠

= 0.

For i = j > 1, we get

hi,i = ω
(s,t,−1)
i,i−1 μ

(s,t)
i−1,i =

√
a

b

1

(at + cs)

√
b

a
W (s,t)

2 = at + cs

at + cs
= 1.

Finally, it is clear that h1,1 = 0, and the proof is completed. ��
Lemma 3 Let M (s,t)

n =
[
μ
(s,t)
i, j

]
be an n × n matrix defined by (9), then the following is valid:

M (s,t)
n W (s,t,−1)

n = Kn

where Kn = [
ki, j

]
is an n × n matrix given by

ki, j =
{

1, i = j, i �= n
0, otherwise
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Proof The proof can be done similar to Lemma 2. So, we omit the proof. ��

Theorem 1 Let W (s,t,−1)
n =

[
ω
(s,t,−1)
i, j

]
be an n × n matrix. If at + cs �= 0, then the matrix M (s,t)

n is the

Moore−Penrose inverse of the matrix W (s,t,−1)
n .

Proof By virtue of the results in Lemmas 1 and 2, we get

W (s,t,−1)
n M (s,t)

n W (s,t,−1)
n = HnW (s,t,−1)

n = W (s,t,−1)
n (12)

M (s,t)
n W (s,t,−1)

n M (s,t)
n = KnM (s,t)

n = M (s,t)
n . (13)

Since H ∗
n = Hn and K ∗

n = Kn , the following conditions hold:

(
W (s,t,−1)

n M (s,t)
n

)∗ = H ∗
n = Hn = W (s,t,−1)

n M (s,t)
n (14)

(
M (s,t)

n W (s,t,−1)
n

)∗ = K ∗
n = Kn = M (s,t)

n W (s,t,−1)
n . (15)

Therefore, the proof is completed from the definition of Moore−Penrose inverse. ��

In the rest of this work, we use the notation W †(s,t,−1)
n =

[
ω

†(s,t,−1)
i, j

]
instead of the matrix M (s,t)

n .

Example 1 The Moore−Penrose inverse of W (s,t,−1)
5 is as follows:

W †(s,t,−1)
5 =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

0
√

a√
b(cs+at)

0 0 0

0 − a(bcs+(ab+c)t)
b(cs+at)2

√
a√

b(cs+at)
0 0

0 −
√

ac2
(
bcs2+abts−at2

)
b3/2(cs+at)3

− a(bcs+(ab+c)t)
b(cs+at)2

√
a√

b(cs+at)
0

0
ac3t

(
bcs2+abts−at2)
b2(cs+at)4

−
√

ac2(bcs2+abts−at2)
b3/2(cs+at)3

− a(bcs+(ab+c)t)
b(cs+at)2

√
a√

b(cs+at)
0 0 0 0 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠
.

The following corollaries are the special cases of Lemma 2.

Corollary 1 ( [12]) For a = b = A, c = B, s = a and t = b in Theorem 1, the Moore−Penrose inverse of the
n × n classical Horadam matrix U (a,b,−1)

n is equal to

U†(a,b,−1)
n = u†(a,b)

i, j =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

−(−bB)i− j−1 · B2
(
a2 B+abA−b2

)
(a B+bA)i− j+2 , i > j, i �= n, j �= 1

− a AB+(
A2+B

)
b

(a B+bA)2
, i = j, i /∈ {1, n}

1
a B+bA , i + 1 = j
0, otherwise

.

Corollary 2 ( [8]) For a = b = 1, c = 1, s = a and t = b in Theorem 1, the Moore−Penrose inverse of the
n × n generalized Fibonacci matrix F (a,b,−1)

n is equal to

F†(a,b,−1)
n = f †(a,b,−1)

i, j =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

−(−b)i− j−1 · a2+ab−b2

(a+b)i− j+2 , i > j, i �= n, j �= 1

− a+2b
(a+b)2

, i = j, i /∈ {1, n}
1

a+b , i + 1 = j
0, otherwise.

.
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3 Singular Conditional Matrices and ( p, q)−Pascal matrices

In this section, we investigate the correlations between singular conditional matrix W (s,t,−1)
n and (p, q)−Pascal

matrices. For this purpose we give the following definition of (p, q)−Pascal matrix of type r .

Definition 2 The (p, q)−Pascal matrix of the first kind of the type r is defined by

P
(p,q,r)
n [x] =

[
ρ
(p,q,r)
i, j (x)

]
=

⎧⎨
⎩

xi− j
[

i − 1

j − 1

]

p,q
, i − j + r ≥ 0

0, i − j + r < 0
. (16)

The following theorem examines some relations between the matrix W (s,t,−1)
n and the (p, q)−Pascal matrix of

the first kind P
(p,q,−1)
n [x].

Theorem 2 Let matrix �(s,t,−1)
n [x] =

[
ψ
(s,t,−1)
i, j (x)

]
, whose entries are defined by

ψ
(s,t,−1)
i, j (x) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

x− j

[ √
axi+1√

b(at+cs)

[
i

j − 1

]

p,q
− xi (a(t (ab+c)+bcs))

b(at+cs)2

[
i − 1

j − 1

]

p,q

−∑i−1
k= j+1

xk( a
b )

i−k
2 (−ct)i−k−1

(
c2

(
abst−at2+bcs2

))
b(at+cs)i−k+2

[
k − 1

j − 1

]

p,q

]
, i > j, i �= n,

√
ax√

b(at+cs)
[i]p,q , i = j, i �= n,

0, otherwise ,

then the following is valid:

P
(p,q,−1)
n [x] = W (s,t,−1)

n �(s,t,−1)
n [x].

Proof Since the matrix W (s,t,−1)
n is invertible, we will prove that W †(s,t,−1)

n P
(p,q,−1)
n [x] = �

(s,t,−1)
n [x]. Since

ψ
(s,t,−1)
i, j (x) = ∑n

k=1 ω
†(s,t,−1)
i,k ρ

(p,q,−1)
k, j (x), it is obvious that ψ(s,t,−1)

i, j (x) = 0 for i = n or i ≤ j − 1. For the
case i = j < n, we get

ψ
(s,t,−1)
i,i (x) = ω

†(s,t−1)
i,i+1 ρ

(p,q,−1)
i+1,i (x) =

√
a√

b(at + cs)
x (i+1)−i

[
i

i − 1

]

p,q
=

√
ax√

b(at + cs)
[i]p,q .

For n > i > j and by utilizing the results in Lemma 2, we have

ψ
(s,t,−1)
i, j (x) =

i−1∑
k= j+1

ω
†(s,t,−1)
i,k ρ

(p,q,−1)
k, j (x)+ ω

†(s,t,−1)
i,i ρ

(p,q,−1)
i, j (x)+ u†(a,b,−1)

i,i+1 p(−1)
i+1, j (x)

=
i−1∑

k= j+1

−
( a

b

) i−k
2 (−ct)i−k−1

(
c2

(
abst − at2 + bcs2

))

b(at + cs)i−k+2 xk− j
[

k − 1

j − 1

]

p,q

− a(t (ab + c)+ bcs)

b(at + cs)2
xi− j

[
i − 1

j − 1

]

p,q
+

√
axi− j+1

√
b(at + cs)

[
i

j − 1

]

p,q

= x− j

[ √
axi+1

√
b(at + cs)

[
i

j − 1

]

p,q
− xi (a(t (ab + c)+ bcs))

b(at + cs)2

[
i − 1

j − 1

]

p,q

−
i−1∑

k= j+1

xk
( a

b

) i−k
2 (−ct)i−k−1

(
c2

(
abst − at2 + bcs2

))

b(at + cs)i−k+2

[
k − 1

j − 1

]

p,q

⎤
⎦ .

We can verify that W †(s,t,−1)
n P

(p,q,−1)
n [x] = �

(s,t,−1)
n [x], so the following identity holds:

W (s,t,−1)
n �(s,t,−1)

n [x] = W (s,t,−1)
n W †(s,t,−1)

n P
(p,q,−1)
n [x] = HnP

(p,q,−1)
n [x] = P

(p,q,−1)
n [x].

Therefore, the proof is completed. ��
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It is clear that, for p = 1, we obtain the factorization of the q−Pascal matrix via singular conditional matrix
W (s,t,−1)

n . Moreover, for p = 1 and q → 1−, we obtain the following corollaries which are the special cases of
Theorem 2.

Corollary 3 ( [12]) For a = b = A, c = B, s = a, t = b, p = 1 and q → 1− in Theorem 2, the matrix

G(a,b,−1)
n [x] =

[
g(a,b,−1)

i, j (x)
]
, whose entries are defined by

g(a,b,−1)
i, j (x) =

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

x− j
[

xi+1

a B+bA

(
i

j − 1

)
− a AB+(

A2+B
)
b

(a B+bA)2
xi

(
i − 1

j − 1

)

−∑i−1
k= j+1(−bB)i−k−1 B2

(
a2 B+abA−b2

)
(a B+bA)i−k+2 xk

(
k − 1

j − 1

)]
, i > j, i �= n,

i
a B+bA x, i = j, i �= n,

0, otherwise ,

satisfies

P(−1)
n [x] = U (a,b,−1)

n G(a,b,−1)
n [x]. (17)

Corollary 4 ( [8]) For a = b = 1, c = 1, s = a and t = b, p = 1 and q → 1− in Theorem 2, the matrix

G(a,b,−1)
n [x] =

[
g(a,b,−1)

i, j (x)
]
, whose entries are defined by

g(a,b,−1)
i, j (x) =

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

x− j
[

1
a+b xi+1

(
i

j − 1

)
− a+2b

(a+b)2
xi

(
i − 1

j − 1

)

−∑i−1
k= j+1

(−b)i−k−1
(
a2+ab−b2

)
(a+b)i−k+2 xk

(
k − 1

j − 1

)]
, i > j, i �= n,

i
a+b x, i = j, i �= n,

0, otherwise ,

satisfies

P(−1)
n [x] = F (a,b,−1)

n G(a,b,−1)
n [x]. (18)

Corollary 5 The matrix �(s,t,−1)
n

[
−
√

a
b

ct
at+cs

]
=

[
ψ
(s,t,−1)
i, j

]
, whose entries are defined by

ψ
(s,t,−1)
i, j =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(
√

a(−ct))
i− j−1

(√
b(at+cs)

)i− j+2

√
a

[
ac2t2

[
i

j − 1

]

p,q
+ act (abt + bcs + ct)

[
i − 1

j − 1

]

p,q

−c2
(
abst − at2 + bcs2

)∑i−1
k= j+1

[
k − 1

j − 1

]

p,q

]
, i > j, i �= n,

− act
b(at+cs)2

[i]p,q , i = j, i �= n,

0, otherwise ,

satisfies

P
(p,q,−1)
n

[
−

√
act√

b(at + cs)

]
= W (s,t,−1)

n �(s,t,−1)
n

[
−

√
act√

b(at + cs)

]
.

Proof The proof is clear by taking x = −
√

a
b

ct
at+cs in Theorem 2. ��

In particular, for a = b = A, c = B, s = a, t = b, p = 1 and q → 1− in Corollary 5, we obtain Corollary 3.1
in [12].
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Theorem 3 The matrix 
(s,t,−1)
n [x] =

[
ϑ
(s,t,−1)
i, j (x)

]
, whose entries are defined by

ϑ
(s,t,−1)
i, j (x) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

xi

[ √
ax− j+1√

b(at+cs)

[
i − 1

j − 2

]

p,q
− x− j (a(t (ab+c)+bcs))

b(at+cs)2

[
i − 1

j − 1

]

p,q

−∑i−1
k= j+1

( a
b

) k− j
2 x−k (−ct)k− j−1

(
c2

(
abst−at2+bcs2

))
b(at+cs)k− j+2

[
i − 1

k − 1

]

p,q

]
, i > j, j �= 1,

√
ax√

b(at+cs)
[i − 1]p,q , i = j, j �= 1,

0, otherwise ,

satisfies the following equality:

P
(p,q,−1)
n [x] = 
(s,t,−1)

n [x]W (s,t,−1)
n .

Proof The proof can be done similar to the proof of Theorem 2. ��
Next we define the generalized (p, q)−Pascal matrix of the second kind of the type r , as

B
(p,q,r)
n [x] =

[
b(p,q,r)

i, j (x)
]

=
⎧
⎨
⎩

xi+ j−2
[

i − 1

j − 1

]

p,q
, i − j + r ≥ 0

0, i − j + r < 0
. (19)

The following theorem describes some relations between the matrix W (s,t,−1)
n and the generalized (p, q)−Pascal

matrix of the second kind B
(p,q,−1)
n [x].

Theorem 4 The matrices ϒ(s,t,−1)
n [x] =

[
υ
(s,t,−1)
i, j (x)

]
and �(s,t,−1)

n [x] =
[
γ
(s,t,−1)
i, j (x)

]
, whose entries are

defined by

υ
(s,t,−1)
i, j (x) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

x j

[ √
axi−1√

b(at+cs)

[
i

j − 1

]

p,q
− xi−2(a(t (ab+c)+bcs))

b(at+cs)2

[
i − 1

j − 1

]

p,q

−∑i−1
k= j+1

xk−2( a
b )

i−k
2 (−ct)i−k−1

(
c2

(
abst−at2+bcs2

))
b(at+cs)i−k+2

[
k − 1

j − 1

]

p,q

]
, i > j, i �= n,

√
ax2i−1√

b(at+cs)
[i]p,q , i = j, i �= n,

0, otherwise ,

γ
(s,t,−1)
i, j (x) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

xi

[ √
ax j−3√

b(at+cs)

[
i − 1

j − 2

]

p,q
− x j−2(a(t (ab+c)+bcs))

b(at+cs)2

[
i − 1

j − 1

]

p,q

−∑i−1
k= j+1

( a
b

) k− j
2 xk−2(−ct)k− j−1

(
c2

(
abst−at2+bcs2

))
b(at+cs)k− j+2

[
i − 1

k − 1

]

p,q

]
, i > j, j �= 1,

√
ax2i−3√

b(at+cs)
[i − 1]p,q , i = j, j �= 1,

0, otherwise ,

satisfy the following equalities

B
(p,q,−1)
n [x] = W (s,t,−1)

n ϒ(s,t,−1)
n [x],

B
(p,q,−1)
n [x] = �(s,t,−1)

n [x]W (s,t,−1)
n .

Proof The proof can be done similar to the proof of Theorem 2. ��
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4 Some Combinatorial Identities

In this section, we give some combinatorial properties using generalized conditional sequences and
(p, q)−binomial coefficients.

Theorem 5 Let i, j be positive integers satisfying i ≥ j + 3, then the following is valid:

(
−
√

a

b

ct

at + cs

)i− j [
i − 1

j − 1

]

p,q

= −W (s,t)
i− j+1

act

b(at + cs)2
[ j]p,q + W (s,t)

i− j

a3/2ct
(
[ j]p,q(abt + bcs + ct)+ ct

[ j+1]p,q [ j]p,q
[2]p,q

)

b3/2(at + cs)3

+
i−1∑

k= j+2

W (s,t)
i−k+1

(√
a(−ct)

)k− j−1

(√
b(at + cs)

)k− j+2

√
a

×
[

ac2t2
[

k

j − 1

]

p,q
+ act (abt + bcs + ct)

[
k − 1

j − 1

]

p,q

− c2
(

abst − at2 + bcs2
) k−1∑

m= j+1

[
m − 1

j − 1

]

p,q

]
.

Proof By virtue of Corollary 5, we get the following identities:

ψ
(s,t,−1)
j, j

[
−
√

a

b

ct

at + cs

]
= − act

b(at + cs)2
[ j]p,q ,

ψ
(s,t,−1)
j+1, j

[
−
√

a

b

ct

at + cs

]
=

a3/2ct
(
[ j]p,q(abt + bcs + ct)+ ct ([ j+1]p,q [ j]p,q )

[2]p,q

)

b3/2(at + cs)3
.

Thus, for i ≥ j + 3, the proof can be derived by applying identities

(
−
√

a

b

ct

at + cs

)i− j [
i − 1

j − 1

]

p,q

= ω
(s,t,−1)
i, j ψ

(s,t,−1)
j, j

[
−
√

a

b

ct

at + cs

]
+ ω

(s,t,−1)
i, j+1 ψ

(s,t,−1)
j+1, j

[
−
√

a

b

ct

at + cs

]

+
i−1∑

k= j+2

ω
(s,t,−1)
i,k ψ

(s,t,−1)
k, j

[
−
√

a

b

ct

at + cs

]
.

��
Theorem 6 Let i, j be positive integers satisfying i ≥ j + 3, then the following is valid:

(
−
√

a

b

ct

at + cs

)i+ j−2 [
i − 1

j − 1

]

p,q

= −W (s,t)
i− j+1

(a

b

) j (ct)2 j−1

(at + cs)2 j
[ j]p,q +

(a

b

) 2 j+1
2

W (s,t)
i− j

(ct)2 j−1
(
[ j]p,q(abt + bcs + ct)+ ct

[ j+1]p,q [ j]p,q
[2]p,q

)

(at + cs)2 j+1

+
i−1∑

k= j+2

W (s,t)
i−k+1

(√
a(−ct)

)k+ j−3

(√
b(at + cs)

)k− j

√
a

[
ac2t2

[
k

j − 1

]

p,q
+ act (abt + bcs + ct)

[
k − 1

j − 1

]

p,q

− c2
(

abst − at2 + bcs2
) k−1∑

m= j+1

[
m − 1

j − 1

]

p,q

]
.
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Proof By virtue of Corollary 5, we get the following identities:

υ
(s,t,−1)
j, j

[
−
√

a

b

ct

at + cs

]
= −

(a

b

) j (ct)2 j−1

(at + cs)2 j
,

υ
(s,t,−1)
j+1, j

[
−
√

a

b

ct

at + cs

]
=

(a

b

) 2 j+1
2

W (s,t)
i− j

(ct)2 j−1
(
[ j]p,q(abt + bcs + ct)+ ct

[ j+1]p,q [ j]p,q
[2]p,q

)

(at + cs)2 j+1 .

Thus, for i ≥ j + 3, by applying above identities, the proof can be derived as:
(

−
√

a

b

ct

at + cs

)i− j [
i − 1

j − 1

]

p,q

= ω
(s,t,−1)
i, j υ

(s,t,−1)
j, j

[
−
√

a

b

ct

at + cs

]
+ ω

(s,t,−1)
i, j+1 υ

(s,t,−1)
j+1, j

[
−
√

a

b

ct

at + cs

]

+
i−1∑

k= j+2

ω
(s,t,−1)
i,k υ

(s,t,−1)
k, j

[
−
√

a

b

ct

at + cs

]
.

��
Theorem 7 For 1 ≤ j ≤ i , we have

[
i − 1

j − 1

]

p,q
= W (s,t)

i− j+1

√
a

b

[ j]p,q

(at + cs)

+
i−1∑

l= j+1

W (s,t)
i−l+1

[ √
a√

b(at + cs)

[
l

j − 1

]

p,q
− (a(t (ab + c)+ bcs))

b(at + cs)2

[
l − 1

j − 1

]

p,q

−
l−1∑

k= j+1

( a
b

) l−k
2 (−ct)l−k−1

(
c2

(
abst − at2 + bcs2

))

b(at + cs)l−k+2

[
k − 1

j − 1

]

p,q

]
. (20)

Proof If we take x = 1 in Theorem 2, we get

ψ
(s,t,−1)
i, j (1) =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

[ √
a√

b(at+cs)

[
i

j − 1

]

p,q
− (a(t (ab+c)+bcs))

b(at+cs)2

[
i − 1

j − 1

]

p,q

−∑i−1
k= j+1

( a
b )

i−k
2 (−ct)i−k−1

(
c2

(
abst−at2+bcs2

))
b(at+cs)i−k+2

[
k − 1

j − 1

]

p,q

]
, i > j, i �= n,

√
a√

b(at+cs)
[i]p,q , i = j, i �= n,

0, otherwise

. (21)

Since P
(p,q,−1)
n [1] = W (s,t,−1)

n �
(s,t,−1)
n [1], we have

[
i − 1

j − 1

]

p,q
= ρ

(p,q−1)
i, j (1) = W (s,t)

i− j+1ψ
(s,t,−1)
j, j (1)+

i−1∑
l= j+1

W (s,t)
i−l+1ψ

(s,t,−1)
l, j (1). (22)

Thus, by using (21) and (22), the proof can be derived. ��
Corollary 6 ( [12]) For a = b = A, c = B, s = a, t = b, p = 1 and q → 1− in Theorem 7, the matrix

G(a,b,−1)
n [x] =

[
g(a,b,−1)

i, j (x)
]
, we obtain

(
n − 1

r − 1

)
= U (a,b)

n−r+1
r

aB + bA
+

n−1∑
l=r+1

U (a,b)
n−l+1

[
1

aB + bA

(
l

r − 1

)
− a AB + (

A2 + B
)

b

(aB + bA)2

(
l − 1

r − 1

)

−
l−1∑

k=r+1

(−bB)l−k−1 B2
(
a2 B + abA − b2

)

(aB + bA)l−k+2

(
k − 1

r − 1

)]
. (23)

123



Moore−Penrose inverse of the singular conditional... 149

F
ig

.1
M

oo
re

–P
en

ro
se

in
ve

rs
e

of
W
(s
,t
,−

1)
n

vi
a

Ps
eu

do
In

ve
rs

e
in
M
A
T
H
E
M
A
T
I
C
A

123



150 C. Köme

F
ig

.2
M

oo
re

–P
en

ro
se

in
ve

rs
e

of
W
(s
,t
,−

1)
n

vi
a

L
em

m
a

2

123



Moore−Penrose inverse of the singular conditional... 151

5 Numerical Tests

The Moore–Penrose of a matrix can be computed by Singular Value Decomposition (SVD) method which can be
found in ‘pinv’ function in MATLAB and in ‘PseudoInverse’ in MATHEMATICA. Although this method is robust,
it cannot compute the results faster when the matrix size is large. In this section, we present some numerical
results for Moore–Penrose inverses of singular conditional matrices. We compare effectiveness of the results
which are obtained by Lemma 2 and the PseudoInverse function. We performed all computations using the
following hardware specifications:
• Intel(R) Core(TM) i5–10210U CPU @ 1.60GHz–2.10 GHz processor
• 8 GB DDR4 RAM
• 64–bit Windows 10 Education operating system.

Now, we give the following results which are obtained by using Lemma 2 and PseudoInverse.
When the results are observed, in Figure 1 [a], the computation time is sharply increasing after n = 4. In

particular, for n = 6, we compute the Moore–Penrose inverse of 6 × 6 matrix in 62.3444 seconds. On the other
hand, in Figure 2 [a], we give the results up to n = 100. In particular, for n = 6, we compute the Moore–Penrose
inverse of 6 × 6 matrix in 0.0003587 seconds via Lemma 2. Similar comparison can be done for Figure 1 [b]
and Figure 2 [b]. As we can clearly see from the results, all computations made with Lemma 2 work much
more effectively than the PseudoInverse function. Thus, the results we have presented have largely eliminated
the difficulties in computation of the Moore–Penrose inverse of the singular matrices.
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