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Abstract In this paper we show that, for any fixed 1 < ¢ < %, every sufficiently large positive number N

and a small constant ¢ > 0, the diophantine inequality
i +ps+p5+pi+ps—Nli<e

has a solution in prime numbers pi, p>, p3, pa, ps,suchthat p; = x2+ y2 + 1.

Keywords Diophantine inequality - Exponential sum - Bombieri — Vinogradov type result - Primes

1 Introduction and statement of the result

In 2003 Zhai and Cao [18] proved that for any fixed 1 < ¢ < %, for every sufficiently large positive number

1
N and n = @, the diophantine inequality

Ip{ + 5+ ps+py+ps— Nl <n (1)

has a solution in prime numbers p{, p2, p3, pa, ps-
Afterwards the diophantine inequality (1) was improved by Zhai and Cao [19] to

1<c<§, c#2, n= ! ,
40 log N
by Shi and Liu [15] to
1<c<ﬁ, c#2, n:L,
53 log N

by Baker and Weingartner [2] to
2<c<204l, n=N"°,
by Li and Cai [10] to

9 (52
2<c<2, n:N_W(g_C),
25
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by Zhang and Li [20] to

- 665576 42 1
C ) C k] = ’
319965 T logN
by Baker [1] to
378
1 — 2 =N"°¢
<c< 81 c#2, 1 ,

and this is the best result up to now.
On the other hand in 1960 Linnik [11] showed that there exist infinitely many prime numbers of the form
p = x>+ y?> 4+ 1, where x and y are integers. More precisely he proved the asymptotic formula

_ x4(p) X X (loglog X)’
pgzxr(p V= nll:[z (1 * p(p — 1)>logX + O( (log X)1+%0 ) ’

where r (k) is the number of solutions of the equation k = x>+ y? in integers, x4 (k) is the non-principal character
modulo 4 and

I 1
0o = 3~ ZelogZ = 0.0289... 2)

Motivated by these results we solve (1) with prime numbers of a special type. More precisely we shall prove
solvability of (1) with Linnik primes.

5363

Theorem 1 Let 1 < ¢ < 3555. For every sufficiently large positive number N, the diophantine inequality
X X . X (loglog N )6
c c c c C_N
|p1 + P2+ p3+ Py + ps |<7EWW_

has a solution in prime numbers py, p>, p3. pa, ps, such that p1 = x> + y2 + 1. Here 0y is defined by (2).
In addition we have the following task for the future.

Conjecture 1 Let ¢ > 0 be a small constant. There exists cop > 1 such that for any fixed 1 < ¢ < ¢g, and every
sufficiently large positive number N, the diophantine inequality

Ipi+p5+p5+ps+ps—Nl<e

has a solution in prime numbers p1, p2, p3, p4, ps, such that p; = x% + yl2 +1, pp = x% + y% + 1, p3 =
XSA+yi+Lpr=xi+yi+ 1, ps=x3+yi+ 1.

2 Notations

Assume that N is a sufficiently large positive number. The letter p with or without subscript will always
denote prime numbers. The notation m ~ M means that m runs through the interval (M /2, M]. Moreover
e(t)=exp(2mit). We denote by (m, n) the greatest common divisor of m and n. The letter n denotes an arbitrary
small positive number, not the same in all appearances. As usual ¢ (n) is Euler’s function and A (n) is von Man-
goldt’s function. We shall use the convention that a congruence, m = n (mod d) will be written as m = n (d).
We denote by r(k) the number of solutions of the equation k = x> 4 y? in integers. The symbol y4 (k) will
mean the non-principal character modulo 4. Throughout this paper unless something else is said, we suppose
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that 1 < ¢ < 3900
Denote
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170 S. Dimitrov

1
X2

D= 6A134 ° A>3; @)
(logN) 3
A=Xi7C 5)
_ (loglog X)° )
~ (log X)% ©
2
H— logg X : )
Stas ()= ) e(tp)logp; ®)
pi?(ld)
S) = S1,1;x/2,x1(1) ; 9
L = [ etyydys (10)
7
1(t) = Iixp2,x1() (11

Hy<n=y
n=a (d)

y
E(y.t.d.a)= Y A(ne(tn) — ﬁ/e(rx‘f)dx,
Hy

where O<pu<1. (12)

3 Preliminary lemmas
Lemmal Leta,d € R,0 <8 < a/4 and k € N. There exists a function 0(y) which is k times continuously
differentiable and such that

Oy)y=1  for |yl<a-34;

0<0() <1l for a—-6<|yl<a+i;

0(y)=0 for |y|>=a+34.

and its Fourier transform

(0.¢]
O(x) = f O (y)e(—xy)dy
—00
satisfies the inequality
: 11 ko
|©(x)| < min | 2a, . .

x| wlx| \2m|x|8

Proof See ([12] or [14]). O
9

Throughout this paper we denote by 6(y) the function from Lemma 1 with parameters a = % 5 = 18—0

k = [log X] and by ®(x) the Fourier transform of 6(y).
A key point in the proof of our theorem is the use of the following lemma.

Lemma2 Letl <c <3,¢c#2 |t| <Aand A > 0 be fixed. Then the inequality

Z max max |E(y,t,d,a)| <
papa V=X (@ D=1

dfﬁ/(logN) 3
holds. Here A and E(y, t,d, a) are denoted by (5) and (12).

log X
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Proof See ([4], Lemma 18). |

Lemma3 Let1 < c < 3, c #2and |t] < A. Then for the sum denoted by (9) and the integral denoted by (11)
the asymptotic formula

SHy=1t)+0O <W)

holds.

Proof See ([17], Lemma 14). O

Lemma 4 For the sum denoted by (9) and the integral denoted by (11) we have

A
() f IS()1>dr < X*log® X ,

—A
A
(ii) f [1()>dt < X*>Clog X ,
—A
n+l1
(iii) / 1S()> dr < Xlog® X .

n

Proof Tt follows from the arguments used in ([17], Lemma 7). ]

Lemma 5 Assume that F(x), G(x) are real functions defined in [a, b], |G(x)| < H fora < x < b and
G(x)/F'(x) is a monotonous function. Set

b

1 =/G(x)e(F(x))dx.

a

IfF'(x)>h > O0forallx € [a,b]lorif F'(x) < —h < O forall x € [a, b] then
| < H/h.

IfF"(x)>h>O0forallx € [a,b]lorif F"(x) < —h < O forall x € [a, b] then
11| < H/Vh.

Proof See ([16], p. 71). O

Lemma 6 For any complex numbers a(n) we have

2 — R
Z a(n) f(l—i-an) Z (1—%) Z a(n+qya(n),

a<n<b lg1<0 a<n,n+q=<b

where Q > 1.

Proof See ([9], Lemma 8.17). |

@ Springer



172 S. Dimitrov

Lemma?7 Let3 < U <V < Z < X and suppose that Z — % eN, X > Z2U, Z > U?% V3 > X. Assume
further that F (n) is a complex valued function such that |F (n)| < 1. Then the sum

Z A(n)F(n)

n~X

can be decomposed into O ( log!® x ) sums, each of which is either of Type 1

> am)y " F(ml),

m~M I~L
where
L>Z, LMx<X, la(m)|<m",
or of Type Il
> am) Y b()F(ml),
m~M I~L
where
ULLLV, LMxX, lam|<m”, |b()] <I".
Proof See ([6], Lemma 3). |
Lemma 8 Let | f™ )| < YX" ™ for1 <X <u < Xo<2X andm > 1.
Then
D e(f)| <Y Xty
X<n<Xo
where (x, \) is any exponent pair.
Proof See ([5], Ch. 3). ]

Lemma 9 For every n > 0, the pair (% + 7, % + 77) is an exponent pair.

Proof See ([8], Corollary of Theorem 1). O

Lemma 10 Let «, B be real numbers such that

af(a —1)(B - Dia—2)(B-2) #0.

Set
m®lP
=Y am)) be (FW) ,
m~M I~L
where
F>0, M>1, L>1, lam|=<1, |b(hH]=<1.
Then

S (FML)™ & (},~4A/131L34)4—‘2_|_(I;6A,1531451)&_i_(},~61‘,146L41)5L6
+(F2M38L29)4710+(F3M43L32)%+(FM9L6)%
+ (F2M7LSYT 4+ (FMSLO)% + M3 L
+ML? + F 2ML.
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Proof See ([13], Theorem 9). |
The next two lemmas are due to C. Hooley.

Lemma 11 For any constant @ > 0 we have

2

2 7
X (loglog X
S ] < Kok
p<X

o log X
VX (log X)~® <d<~/X (log X)®

where the constant in Vinogradov’s symbol depends on @ > 0.

Lemma 12 Suppose that o > 0 is a constant and let F,,(X) be the number of primes p < X such that p — 1
has a divisor in the interval («/Y(log X)™%, «/Y(log X)“’). Then

X (loglog X)3
Fo(X) K W )
where 0y is defined by (2) and the constant in Vinogradov’s symbol depends only on w > 0.
The proofs of very similar results are available in ([7], Ch.5).

Lemma 13 We have

/ P@)O@)e(—Nt)dt > eX>~¢.

—00
Proof See ([18], Lemma 5). O

Lemma 14 For the sum denoted by (9) we have

H
/ IS0 dr < (X* + X?)X".
A
Proof See ([19)). |
4 Outline of the proof
Consider the sum
5
rX) = > r(pr — 1) [ log pr. (13)
X/2<p1,p2.p3.p4,p5=X k=1
|p{+pS+p5+pi+rs—Nli<e
Obviously
['(X) = To(X), (14)
where
5
Fo(X) = > r(p1— DO(pS§ + ps + p§ + ps+ p§ — N) [ [ log p - (15)
X/2<p1.p2,p3.pa.ps=X k=1

From (15) and well-known identity r(n) =4 dn X4 (d) we obtain

To(X) = 4(T1(X) + T2 (X) + T'3(X)), (16)
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174 S. Dimitrov

where
5
i(X) = > Y xa@ [ 6(p§ + PS5+ p§+ ps+ps— N) [ [ log p (17)
X/2<p1,p2,p3.p4,p5=<X \ d|p1—1 k=1
d<D
5
2(X) = > Y xa@ | 6(pf+p5+ps+ps+ps—N)[[logpe,  (18)
X/2<p1,p2,p3,p4,p5=X dlip1—1 k=1
D<d<X/D
5
I3(X) = > > xald) [ 0(pf + pS+ p§ + p§ + p§ — N) [ [ log p. (19)
X/2<p1,p2,p3,p4.ps=<X \ dIp1—1 k=1
d=X/D

In order to estimate I'; (X) and I';3(X) we need to consider the sum

5
I (X) = > 0(p§ + p5 + 5 + ps + v — N) [ log pic . (20)
X/2<p2.p3,pa,ps<X k=1
m=ld)
p1eJ

where [ and d are coprime natural numbers, and J C (X/2, X]-interval. If J = (X/2, X] then we write for
simplicity 1; 4(X).
Using the inverse Fourier transform for the function 6(y) we deduce

o]

5
Ia,0(X) = > [ J1og p f O)e((pf + p5 + p§ + py + p§ — N)t) dt
X/2<p2,p3.pa,ps=X k=1 00
p1=l(d)
piet
o0
= f O1)S*(1)S1. 4.1 (H)e(—N1) dr .
—0o0
We decompose 1; 4. 7 (X) as follows
Daig (X) = 119,00 + 12,00 + 1) ,(X) @1
where
A
1), (X) = f O)S*(1)S).q: 7 ()e(—Nt) dt , (22)
—A
12 ,x) = / O)S* (1) Sy.a:s ()e(~N1)d1 , (23)
A<|t|<H
1) ,(X) = / O)S*(1)S1.a:5 (e(—N1) dt . (24)
[t|>H

We shall estimate Il(ld)‘ (X, Il(i,), (X)), ['3(X), I'a(X) and ' (X), respectively, in the sections 5, 6, 7, 8 and 9.
In section 10 we shall finalize the proof of Theorem 1.
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5 Asymptotic formula for / 1(1;, 7 X)

In this section we will derive an asymptotic formula for the integral defined by (22).

Denote
S =8(@), (25)
NIEINPNIOR (26)
I =1(), 27
1y(0)
= . 28
2 o(d) (28)

We use the identity

S1Sy = It 4 (Sy — D) I} + S2(S1 — I 1}
+ 818:(S1 — INIE + S782(S1 — I 11 + S382(81 — 1) . (29)

We also need the trivial estimations

XlogX
SikKX, <K 7 L« X. (30)
Put
. A
Pp (X, d) = —— / QM I* (1)1 (t)e(—N1)dt (3D
@(d)
—A
d;(X,d) = L f @(t)14(t)11(t)e(—Nt)dt. (32)
<p(a’)_OO

Now (9), (11), (22), (25) - (31), Lemma 1, Lemma 3 and Lemma 4 imply

1)) ,(X) = ®p s (X.d) = / @(r)(sz,d;f(t) - %)mne(—m dr
7A
+ / @(t)sl,d;,(z)(sa)—I(t)>13(r)e(—Nt)dt
“A
A
4 / OS1)S1.4.1 1 (S@) 1)) P (De(~N1) dr
—A
A
+ / @(t)sz(t)s,,d;,(t)(sa)—1(;))1(t)e(—Nt)dr
“A
A
+ / O S 1)S,4.0 (1) (SO) — 1) )e(~N1) dr
—A

< s(X2 max
[t=A

A
_ IJ(t) 2
St,d;7 (1) _‘ﬂ(d)‘{”(m dt
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176 S. Dimitrov

X3log X
+M—Xﬂ/5 (1) dt+ X)I/S |S(t)| dt

< o(X*<(0g X) max [$1.45 0 - O] 4 X (33)
Le og lltlllg l,d;J o(d) Jelog X016 ) -
Using (10), (11) and Lemma 5 we deduce
lec lec
1;(t) < min (X, T) , 1(t) < min <X T) . (34)

From (10), (11), (31), (32), (34) and Lemma 1 it follows

EXS_SC
D (X, d) — ®;(X.d) <<@f|1(r>| LN dl < 62— o / < AT
and therefore
g 5—5¢
@A,J(X,d)=®J(X,d)+O<W) . 35)

Finally (5), (33), (35) and the identity

1)) =11 (X) = @p y(X.d) + ©p s (X, d) — Dy (X.d) + Dy(X.d)

X3¢
) + O<—de(1ogX)1/6>> . (36)

yield

1;(1)

Iy
p(d)

La s (X) = ®y(X.d) + 0<8X4_C(10g X) max

NFIOES

6 Upper bound of I (3) d:J (X)

By (7), (8), (9), (24) and Lemma 1 we find
o
gX [ 1 Lo XlogX ( k \* 1
® g
X -\ — _— —. 37
lia.a€ )<< /t(2n8t> dk <2n8H> <7 37)
H

7 Upper bound of I'3(X)

Consider the sum I'3(X).
Since

S oud= Y m(’” 1)=ZX4(]) Yo

d|pi—1 mlpi—1 j==1 m|pi—1
d>X/D m=(p1—1)D/X m<(m HD/X
L )

then from (19) and (20) we obtain

D) = Y > xalD it jmam s, (X)

m<D j=%1
2|lm
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where J,, = (max{l +mX/D, X/2}, X] The last formula and (21) give us

r3X) =0+ 0 + 18 0, (38)
where
PO = 30 3 x4 gy, X0, i =1,2,3. (39)
m<D j=+1
2|lm
7.1 Estimation of Fél)(X)
From (36) and (39) we get
5—c¢
My — 4 eX
r{x) =1+ + 0(gx “(log X)Zl) + 0<W22> , (40)
where
M =" ®,(X.4m) Y xa(j). (41)
m<D j==1
2|m
1;(1)
= SiLi () — , 42
=y max |Simamis (1) = Z (42)
m<D
2|lm
b ! (43)
2= —.
=7, w(dm)
From the properties of y (k) we have that
r*=0. (44)
By (4), (8), (10), (42) and Lemma 2 we get
PAHIRE . 45
1 logh X (45)
It is well known that
Yo KlogX. (46)
Bearing in mind (40), (44), (45) and (46) we obtain
5—c
(1) eX
(X _— 47
3 (X)L log X 47)
7.2 Estimation of I'{") (X)
Now we consider ng) (X). From (23) and (39) we have
r?x) = / ON)S* (1)K (1)e(—Nr1) dt (48)
A<|t|<H
where
K@ =" > xa()Stsjmams, @) (49)
mz|<D j==%1
m
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178 S. Dimitrov
Lemma 15 For the sum denoted by (49) we have
H
/|K(t)|2|®(t)|dt < Xlog’ X .
Proof See ([4], Lemma 22). O
Lemma 16 Assume that
A<lt|<H, lam|<m', LM<X, L>X5. (50)
Set
Sr=Y_am) etml) (51)
m~M I~L
Then
S; < X150+
Proof We first consider the case when
763
M <« X150 , (52)
By (5), (7), (50), (51), (52) and Lemma 8 with the exponent pair (4—20, %) we obtain
SI < X" Y Y e(tmI)
m~M " [~L
2 1
X7 t XL 4 L By
< Z ( | | + |I|XCL1>
m~M
1 £ 3L —1 1—c
< X"<H20X20ML40 +ATX )
2431 9 3
< X’7<XTME + XI)
< X150+ (53)
Next we consider the case when
763 5
X150 « M < X9 . (54)
Using (51), (54) and Lemma 10 we deduce
Sy <« X0+ (55)
Bearing in mind (53) and (55) we establish the statement in the lemma. O
Lemma 17 Assume that
A<l <H, lam|<m”, b0 <", LM=<X, X5 <L<KX3. (56)
Set
Sir=Y_ a(m))_ bDe(tm‘I). (57)
m~M I~L
Then

1817
Sir < X150
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Proof From (56), (57), Cauchy’s inequality and Lemma 6 with Q = X 30 it follows

X X
111> < Xn(?*é >N Ze(fa,m,q))’) (58)

1<g<QI~L'"'m~M

where f(I,m, q) = tm"((l—i—q)" —l"). Now (5), (7), (56), (58), Lemma 8 with the exponent pair (% +n, % —H])
and Lemma 9 give us

1
Xz X 32 o 1 2

S x| =+ = tlgXe )05 pamo 4 ——
1< (Q +5 > D> ((I lgX<") + |,|ch_1))

1<g<QI~L

1
2

X2 X 32 31 269 237 lwloc
< X EJFE H25 X 205 M3a0 Q5L+ A~ X "“LlogQ

&« XTo%0+7 (59)

Lemma 18 Let A < |t| < H. Then for the sum denoted by (9) we have
S(1) < X150+

Proof In order to prove the lemma we will use the formula

S(t) = S*(1) + O(X%“) , (60)
where
S =) Amen).
X/2<n<X
Let

According to Lemma 7, the sum $*(¢) can be decomposed into O ( log!® x ) sums, each of which is either of

Type I
> am)) etml),
m~M I~L
where
L>Z, LM=<X, la(m) <m",
or of Type I
> am)y betm ),
m~M I~L
where

ULLKV, LM <X, |lam|<m’, b <I".
Using Lemma 16 and Lemma 17 we deduce
S* (1) < X0 1)

Bearing in mind (60) and (61) we establish the statement in the lemma. O
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Lemma 19 For the sum denoted by (9) we have
H
f ISOI1O(1)] di < X 65—+,
A
Proof Denote
A(t) = Z e(tn®)
n~X

For any continuous function &(¢) defined in the interval [—H, H] we have

S1&(t)dt| = | (log p) / e(tp®)S (1) dt
<|t|<H pX A<lt|<H

< Y (logp) / e(1p*)& (1) dt

X <lt|<H

< (logX) ) / e(tn®)& (1) dt| .

X A <lr|<H

By (63) and Cauchy’s inequality we obtain
2 2

/ SH)S(1)dt 5X(logX)ZZ / e(tn®)&(t) dt

n~X

<ltl<H <lt|<H

= X (log X)? / S(y)dy / S()A(r — y) dt

A<|yl=H A<|t|<H
< X(log X)? / IS |dy / ISM|A(E — y)|dr.
A<|yl=H A<|t|<H

From (62) and Lemma 8 with the exponent pair (%, %) it follows

1 Xl—c
A(t) < min <(|t|XC_1)2X2+ m X)

Using (7) and (65) we write

ISOIIA@ — y)|dt

A<|t|<H
< f ISOIIAGE — y)|dt + f IS@)I[|A( — y)|dt
A=|t|=H A<|t|<H
[t—y|<X~¢ X~ C<|t—y|<2H
) 1 Xl—c
< X / &) dt + f |6(t)|((|t—y|XC )2Xz + |t—y|)dt
A<|t|<H A<|t|<H
[t—yl<X~¢ X C<|t—y|<2H

@ Springer
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<X max |6 / dt + X2t / 1&(1)| dt
A<|t|<H

lt—yl<X—¢ A<|t|<H

1
+X'7¢ max |&()] /
A<|t|<H [t — |

X—¢<|t—y|<2H

< X'"C(logX) max |&(t)]+ X2t / 1St dt . (66)
A<|t|<H
A<|t|<H

Now (64) and (66) imply

SHOG@)dt| < X> T max |61 f |S(1)| dt

As<[t|=H
<lr|<H A<|t|<H
2
c+2
+X 21 f IG0)|dt | . (67)
A<|t|<H
Let’s put first
G1(1) = SOISOIP1O0)]. (68)

Bearing in mind (6), (67), (68), Lemma 1, Lemma 14 and Lemma 18 we get

f ISOPOW)| di = f S (1) di

A<|t|=H A<|t|<H

=

< et xF-sn f|S<r)|“|®<r>|dr

A<|t|<H

+ X T [ NOKREIGIE

A<|t|<H
& X TR et L x B
< XoE et (69)
Next we put
S2(t) = SOISO)*10@)] . (70)

Taking into account (6), (67), (69), (70), Lemma 1 and Lemma 18 we find

NOECIONE / S(1)Ga (1) dt

As<|t|=H As<|t|=H

< ehxT-s f|s<t)|5|®(t)|dr
A<|t|<H
+ xS / ISP 100 di
A<|t|I<H

22469 _ . 10459 _ 3
& X 3900 —¢TN 4 x Tos0 — 7+

@ Springer



182 S. Dimitrov
< X P et
The lemma is proved. O
Finally (6), (48), Cauchy’s inequality, Lemma 15, Lemma 18 and Lemma 19 yield
H 12,y 1/2
5—c¢
€
r'?(X) < max [S()] /IS(I)|6|@(I)Idt /IK(I)IZI@(t)Idt < . (71)
A<t<H log X
A A
7.3 Estimation of I'{") (X)
From (37) and (39) we have
P <« 3 L <logx. (72)
3 d

m<D

8 Upper bound of I';(X)

In this section we need the following lemma.

Lemma 20 Let 1 < ¢ < 3, ¢ # 2 and Ny is a sufficiently large positive number. Then for the number of solutions

Bo(Ny) of the diophantine inequality
Ipi+py+p5+py—Nol <e

in prime numbers p1, p>, p3, pa we have that

4_
Bo(No) < -0
LYo log* No -
Proof Define
B(Xo) = > log pi log pa log p3 log p ,

Xo/2<p1.p2.p3,p4=Xo
|p{+p5+p3+pi—Nol<e

1

No\ ¢
Xo= (=) .
°<3)

where

(73)

(74)

(75)

5
We take the parameters ap = ZS 8o = 2 and kg = [log Xo]. According to Lemma 1 there exists a function

0o (y) which is kg times continuously differentiable and such that

Oo(y) =1 for |yl <e;

3
0<6y(y) <1 for 8<|y|<78;
3e
Oo(y) =0 for |yl = CR
and its Fourier transform

o0

Oo(x) = / Bo()e(—xy)dy
—0o0
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satisfies the inequality

56 1 1 [ 2k \X
1©0(0)| < min (2, ——., ) ). (76)
2 mlx| mlx|\m|x|e
Using (74), the definition of 8y(y) and the inverse Fourier transformation formula we get
B(Xo) < > 60(p§ + PS5 + p§ + ps — No) log p1 log pa log p3 log ps
Xo/2<p1.p2,p3.p4=X0
o
= / O (1) Sy (1)e(—Not) dt = By(Xo) + B2(Xo) + B3(Xo) (77)
—0oQ0
where
Soty = Y etp)logp. (78)
Xo/2<p=Xo
log X¢)A°
Ay = 208X o, (79)
X0
A
Bi(Xo) = / ®0(1) S (t)e(—Not) dt , (80)
—Ag
By(Xo) = / ®o(1) Sy (He(—Not) dt , (81)
Ao=|t|=H
B3(Xo) = / ®o(1)S) (H)e(—Not) dt . (82)
|t|>H

We begin with the estimation of Bj(Xg). Set

Xo
Io(t) = f ety dy . (83)
Xo0/2
Ao
W, (Xo) = / O0 (1) I (t)e(—Not) d . (84)
—Ag
o0
W (Xg) = / Oo (1)1 (t)e(—Not) dt . (85)
—00
From (76), (83), (85) and Lemma 5 we obtain
Xy ¢
W(Xo) = / Oo(1) 1§ (1)e(—Not) dt + f Oo(1) 1§ (1)e(—Not) dt ,
-X;¢ lt]>X,°
Xy ¢ 00 e 4
< / eX4dt+/e<X° ) dt
0 t ’
-X;° b o
< eXg . (86)
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By (76), (79), (80), (84), Lemma 3 and the trivial estimations
So() € Xo, 1o(1) < Xo

it follows

Ao

Bi(Xo) — Way(X0) < / 1S (1) — Ig()]1©0(1)| dt
—Ap
Ao

<e [ Iso0 = o] (1500 + 1o ) as

—Ap

Ao Ao
Xo 3 3
< SW [So(D)|” dt + [1o(2)|” dt
e
— Ao —Ag
4—
Xy ¢
ellog Xo)1/6
On the other hand (76), (79), (84), (85) and Lemma 5 give us
o0 OOd
& t
W(Xo) = Way(Xo)| < / Ho™I11©0(ldf < —— ] T
X t
Ag 0 Ao
4—
& eXy ¢

< < :
X3V A3  log Xo

From (86), (88) and (89) and the identity
B1(Xo) = B1(X0) — Way(Xo0) + Wa,(Xo) — WV (Xo) + ¥(Xo)
we deduce
Bi(Xo) < eXg .
Further we estimate B> (X(). Consider the integral

H

B5(Xo) =/®0(I)Sé(t)e(—Not) dr.
Ao

Now (75), (76), (87), (91) and partial integration yield

H
1 ®o(1)Sg (1)
Bi(Xy) = —— | =220 g o (— Nt
$(Xo) zm./ o de(=Not)
Ao
Oo(1) S (t)e(—Not) | A
0l7)og)el—No 4
= — —Not) d( ®o(t)S, (¢
277iNo N 2m'N0/e( of) ( o®) 0())
Ao
< eXg T+ X9l
where
H
Q= /e(—Noz)d(@)o(z)Sg(z)).
Ao
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Next we consider Q2. Set
r: z:f(t):@o(t)Sg(t), Ag<t<H. 94)
By (76), (87), (93) and (94) we get

Q- / o~ Nos' ) dz < / ldz] < (17 (Ao)| + | F(D) < eXE. (95)
r

r
Bearing in mind (81), (91), (92) and (95) we obtain

By(Xo) < eXg °. (96)
Finally we estimate B3(Xy). Using(7), (76), (78), (82), (87) we deduce

o0

L ( 2k \" ko \*

B3(X() < xg‘/;<n—£> dt < Xg(n_lf)ls> < 1. o7
H

Summarizing (77), (90), (96) and (97) we find

B(Xo) < Xy °. (98)
Taking into account (74), (75) and (98), for the number of solutions By(Np) of the diophantine inequality (73)
we establish

41
c
8NO

Bo(Np) < .
0(No) log* N

The lemma is proved. O

Consider the sum I'>(X). We denote by F(X) the set of all primes X/2 < p < X such that p — 1 has a
divisor belongs to the interval (D, X/D). The inequality xy < x> 4 y? and (18) give us

M (X)* < (log X)'° > Yo @[] YD xa®
X/2<pi,....pr0=X dlpi—1 tlpe—1
|p§+p5+p5+pi+ps—Nl<e |D<d<X/D D<t<X/D
|Pg+p5+ps+r5+rip—Nl<e
2
<« (log X)'° > D xad)

- X/2<pi1,...p10=X d|p1—1
|p{+p5+p5+pi+ps—Nl<e |[D<d<X/D
|pG+p5+pg+ps+pio—Nl<e

peeF (X)

The summands in the last sum for which p; = pe can be estimated with O(X7*¢).

Therefore
I (X)? <« (log X)'% + X7+, (99)
where
2
B= Y | Y w@ ¥ > L
X/2<p1=X | dlpi—1 X/2<p6e=X X/2<p2,D3,P4,P6,P7:P8:P9, P10=X
D<d<X/D peeF (X) |p§+p5+p5+pi+ps—N|<e
PoFp1 |p+py+pg+p5+pig—Nl<e
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Now (100) and Lemma 20 imply
8—2c¢
PR —— 3 S 101
0 10g8 X 0“0 ( )

where

o=y | Y w@| . Tg= L

X/2<p<X dip—1 X/2<p<X
D<d<X/D peF(X)
Applying Lemma 11 we get
X (loglog X)’
5/ o o 7 102
0 < log X (102)
Using Lemma 12 we obtain
X (loglog X)3
VA
Xy K W ) (103)
where 0y is denoted by (2).
Finally (99), (101), (102) and (103) yield
X>~¢(loglog X)? X ¢
x) « X dog = Y _ . (104)
(log X)%0 loglog X
9 Lower bound for I'{ (X)
Consider the sum I'; (X). From (17), (20) and (21) it follows
N =T + 1P 00 + 1P X)), (105)
where
X)) =Y xa@diyX), i=1223. (106)

d<D

9.1 Estimation of I'{" (X)

First we consider Fil)(X ). Using formula (36) for J = (X/2, X], (106) and treating the reminder term by the
same way as for F;l) (X) we find

M)y xa(d) 8X5_°')
r (X)_qa(X)d;) @ +O(logX , (107)
where
d(X) = f Q) I°(H)e(—Nt)dt .

By Lemma 13 we get

D(X) > eXC.
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According to [3] we have
d
3 X“(d) - %]‘[ <1 + —X4(p)1 ) +0(x71). (109)
i=p ¢ » p(p—=1
From (107) and (109) we obtain
5—c
) 7 x4(p) eX ( —1/20)
X =- 1+ ——)0X)+0O olP(X)X . 110
D (X) 4]:[(+p(p_1)) (X) + (logX +O(®(X) (110)
Now (108) and (110) imply
rPx) > ex>. (111)
9.2 Estimation of F}z)(X )
Arguing as in the estimation of Féz)(X ) we find
@ SXS_C
| 0:¢ —_— 112
X)L log X (112)
9.3 Estimation of I'*’ (X)
By (37) and (106) it follows
rP0 « Y+ «logX. (113)
d
m<D
9.4 Estimation of I'{ (X)
Summarizing (105), (111), (112) and (113) we obtain
Ii(X) > eX°. (114)
10 Proof of the Theorem
Taking into account (6), (14), (16), (104) and (114) we deduce
X>~¢(loglog X)°
rx x =2 T et
(X) > e (log X0
The last lower bound yields
NX)y—-> o0 as X — o00. (115)

Bearing in mind (13) and (115) we establish Theorem 1.
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