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Abstract In this paper, we establish a small time asymptotics (small time large deviation principles) for stochastic
predator-prey model with nonlinear functional response driven by multiplicative noise, which describes the
behavior of the solution at a very small time.
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1 Introduction

In this paper, we consider the small time asymptotics of the following stochastic predator-prey model:

2
duy —mAupdt = up(e — uy)dt — %dl + o1 (t,uy, u2)dWi(t), x e D,t >0,
1
2
dus — mAurdt = Vl‘g’;dt — Sunrdt + o2 (t, ur, ur)dWa(t), x € D,t > 0, (1.1)
1
du 9 — 0 xedD,t >0,

on on
u1(0) =ur0,u2(0) =uzp0, x €D,

where D € RR? is a bounded domain with smooth boundary 9D, n is the outward unit normal vector of the
boundary dD. The diffusion coefficients 11, 72 > 0 represent the natural dispersive force of movement of the
prey and predator, respectively. « is the carrying capacity of the prey. 8, y, § > 0 are representations of products
and ratios of the intrinsic growth rate and carrying capacity of prey, number of newly born predators for each
captured prey, and death rate of the predators. It is well known that the determinate version of equation (1.1) is
the predator-prey model with spatial diffusion and nonlinear Holling type III functional response. In ecology,
population competition for biological resources is considered to be the main factor limiting species diversity and
predation can change the structure of competition. Therefore the predator-prey model is arguably the building
block of the ecosystems and it is one of the important research topics in population ecology. The predator-prey
model is one of the most striking phenomena observed in mathematical biology and it was firstly developed by
Lotka and Volterra. After that, several models have been proposed by considering the possible factors affecting the
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226 X. Yin

predator-prey populations, and we refer the readers to [2,7-12] and the references. Particularly, Li [8] discussed
the effect of additional color noise on pattern selection for the equation (1.1). Suvinthra and Balachandran [11]
studied the small noise large deviation principles for the equation (1.1).

Motivated by all above literatures, the purpose of the paper is to study the small time large deviation principles
of the equation (1.1). The small time large deviation principle examines the asymptotic behavior of the tails of a
family of probability measures at a given point in space when the time is very small. That is to say, we study the
limiting behavior of (1.1) in a time interval [0, ¢] as ¢ goes to zero. An inspiration for considering such problems
arises from Varadhan’s identity:

lim 2¢ log P{u(0) € B, u(t) € C} = —d*(B, 0),
—

where u is the solution to (1.1) and d is an appropriate Riemann distance associated with the diffusion generated by
u. It is worth mentioning that the small time large deviation principles for finite dimensional diffusion processes
was initiated by Varadhan [13] and the small time large deviation principles for infinite dimensional models were
studied in [1,6, 14], etc.

The rest of the paper is organized as follows. In Section 2, we recall some preliminaries which are used in
the sequel and we state the main result of the paper. In Section 3, we prove our main result.

2 Preliminaries and main result

Throughout the paper, let H = L2(D; R?) be the vector valued L? space equipped with the norm | - ||z and
V = H! be the usual Sobolev space equipped with the norm || - |ly = || - ||z + ||V - || z. We use notation (-, -)
for pairing of vectors from a space and its dual.

Let (22, %, %, P) be a stochastic basis with a complete, right-continuous filtration. Let

Wi
be a H-valued Q-Wiener process, where Q is a positive, symmetric, trace class operator on H. For a given

separate Hilbert space X, we denote the collection of Hilbert-Schmidt operators from Hy to X by Lo (Hp; X),

where Hy = Q'/2H, and Hy is endowed with the norm || - ey =l Q’% - || g . Defining the norm on the space
Lo(Ho: X) by 19117, (41, = TH(Q®Q").

Defining
_(m _(—mA -« 0 _ (o1, ui, u2)
u_(uz>’ A_< 0 —nzA+8>’ o(t’u)_<02(t,u1,u2)
2 ﬂu%uz

_y2 _ B
1u] 7u(0):x:<u1,o)'

uz,0

fu) =

yuius
l+u%

Then equation (1.1) can be rewritten as
du + Audt = f(u)dt + o (t,u)dW (1), 2.1

with the initial condition x € H. We assume that the noise coefficiento : [0, T] x V — Lo (H, H) satisfies the
following hypotheses:
(H.1) For any u, v € H, there exists a constant L > 0, such that

o (2 1Z o g y < L+ Nl )3
lor(t, ) = o (2, VT gy < Lllu = vll-
(H.2) For any u, v € V, there exists a constant K > 0, such that
lo (2,017 vy < KA+ Va3

lo (2, u) = o (1, Ty gy vy < KNV =)
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On the small time asymptotics of stochastic predator—prey model with nonlinear functional response 227

According to [11] and under assumption (H.1), equation (1.1) has a unique positive strong solution u# €
Lz(Q; C(0,T]; H)nN LZ([O, T1 x 2; V). In other words, the following equality holds forevery 0 <t < T, as
an element of V/, P —a.s.,

t t t
ut) =x — / Au(s)ds +/ fu(s))ds +/ o(s,u(s)dW(s).
0 0 0

Lete > 0,thenP — a.s.,

et

&t &t
uet) =x — / Au(s)ds +/ fu(s))ds +/ a(s, u(s)dW(s)
0 0 0
t 13 t
=x— e/ Au(es)ds + 8/ fu(es))ds + / o(es, u(es))dW(es).
0 0 0
Using the self-similarity of W (¢), we know that W (et) coincides in law with ./ W (¢). Therefore, u(et) coincides
in law with the following equation:
du(t) + s Au® (t)dt = ef u®(1))dt + /eo (te, u®(t))dW(1). (2.2)
Let u° be the law of u® on C([0, T']; H), define a functional (g) on C([0, T']; H) by

1 (7.
I(g) = inf {= h(t)|%, dt
(?) hélrg{z/o ()%, }
and

Iy = {h € C([0, T]; H) : h is absolutely continuous and such that

t
gty =x +/ o (s, g(s))fz(s)ds, 0<t< T],
0
where x denotes the initial value of (2.1).
The main result of the paper is

Theorem 2.1 u? satisfies a large deviation principle with the rate function 1(-), i.e.,
(1) For every closed subset F C C([0, T]; H),

limsup & log u®(F) < — inf 1(g).
geF

e—0

(2) For every open subset O C C([0,T]; H),
liminf ¢ log u®(0) > — inf 1(g).
e—0 ge0

3 Proof of the main result

In order to prove theorem 2.1, we use the exponential equivalence method (see [15, Theorem 4.2.13]). Specifically,
we give a stochastic process {v°(7),0 < r < T} and the law of v® satisfies the large deviation principles. If we
can prove that for any § > 0,

lim slogP( sup |u®(t) — vs(t)||2H > 8) = —o0. (3.1)
e—0 0<t<T

Then theorem 2.1 holds. According to the structure of the equation (2.1), the process v® should satisfy the
following equation:

t
ve(t) = x + ﬁ/ o (es, V5 (s))dW (s). (3.2)
0

Let n° be the law of v®(-) on the C([0, T]; H). By [4, Theorem 12.9], we know that ® satisfies a large deviation
principle with rate function 7 (). To complete the proof of Theorem 2.1, it suffices to show that (3.1) holds. Due
to the effect of the nonlinear term f, the proof of (3.1) is difficult and we divide the proof into several lemmas.
The following lemma is an estimate of the probability that the solution of (2.2) leaves an energy ball.
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228 X. Yin

Lemma 3.1 Let ([uf|(T))? = sup [lu®(®)]|3 + 2en fOT I Vu® (t)|1%,dt. Then

0<t<T

lim sup 8log]P’((luellvi(T))2 > M) = —o0.

M—000g<1

Proof Applying It6 formula, we have

t

1% = el — 2 /0 (AU (5). 4 (5))ds + 2 /0 CF @ (5)), uf () ds
p fo o5, 4 ODIZ s + 245 /0 ' (5). 0 (e, u ()W (s)).
Combining Lemma 1 with Lemma 2 in [11], one gets
)1 +2en /0 IVu (5) s
< lxlz + 2018/(;[ ()3 + Be /0 lu® ()1 7ds + 2ys/0t s () 1l
el /O (U I ) I)ds +24F /0 ' (5). 0 5. 4 (£))AW(5))
< Ixl + Ce fo N () Byds + LTe + 25 fo ' (5). 0 5. 1 (£)) AW (5)).
where C = 2 max{a, y} + g + L. Therefore,
T
(I8 (T)? < IxI13, + LTe + Ce /0 (1?1 (5))%ds
+2 sup | /0 4 (5). 0 5. 1 (£))dW(9))|.

0<r<T

Let us recall the following result from [3,5] that there exists a positive constant ¢ > 0, such that for any p > 2,
one has

1 1/2
IMf e < cp? | (M)}

(3.3)

[2o

for any continuous martingale (M;, t > 0) with My = 0, where M;" = supy,, | M;].
According to (3.3) and (H.1), we obtain

(E<|u€|’¢(r))2")% < |lxll3 + LTe + 58(E(/0T(|“8|Iv{“))2ds)p>;
2ve(E( e,

= ||x||%{ + LTe + C’g(E(/OT(ws'I‘}V(S))zdS)P);,

/ o otes i enawisn|))’

T 1
+ ZCJR[/O (1 + (E|u8(S)|2P)2/P)dS] :

]

r 1
< ”)C”%_] + LTe + Cg/(; <E(|u5|1‘;1(s))2p>1’d

1

T 1
+ 2c¢ﬁ[/0 (1 + (E|u5(s)|2p)2/ﬂ)ds]z
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holds for any p > 2. Consequently,
2
(Eu1 (1)) <3011 + LTe)? + 122 pe

T 2
+GCT + 12c2p8)/0 (E(|u€|’¢(s))21’)”ds.

Gronwall’s inequality implies

2
(E(|u8|€’(r))21’) P < [BUxl + LTe)? + 12¢2 pe] exp(B3C2Te? + 1262 pe)

Taking p = é, using Markov’s inequality, we get

sup & log P((Ju®[{/ (T))* > M)

0<e<l
1
< —logM + sup 1og<E(|u8|’V’(T))2P)”
O<e<l
1 3.
< —log M + = log[3(|lx|I3 + LT)* + 12¢* p] + 5CzT + 6¢2.
Letting M — o0 on both side of the above inequality, we complete the proof. O
In order to prove Since V is dense in H, there exists a sequence (x,,n > 1) C V such that
. . 2
Tim (x = x, 13, = 0.
Let u;, be the solution of (2.2) with the initial value x,,. Similar to Lemma 3.1, one can prove
3.4

lim sup sup elogP((lué|H(T))* > M) = —oo.
M—o00 n (<e<i

Moreover, we also assume that v/, be the solution of (3.2) with the initial value x,,. We will use the following

inequality
uf () = v* Ol < uf @) — uyOllu + luly @ — vy Ola + vy @) — v Olle

to prove (3.1). The following several lemmas give estimates for each term on the right side of the above inequality.

Lemma 3.2 For any § > 0, we have
( sup [|uf () — ub (D)% > a) = —o0.

0<t<T

lim sup elogP

=00 <e<]

Proof Observe that

dllu (1) — ()| = —26(A@WE (1) — uf, (1), u® (1) — uf (1))d1
+2e(f W (1) = f (g, (), u* (@) — uy, (1))dt

+ello(te, u" (1)) — o (te, uS (D] o (1 11yt
+ 24/e(uf (1) — uy, (1), (o (et, u®(1)) — o (et, up (1)))dW (1))

For M > 0, define stopping times
t)ly =inf{t > 0: U ()3 > M},

T2y = inf{t > 0: [luf ()3 > M}.
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230 X. Yin

Let ey = TelM A rgzM. By [11, Lemma 2], we get

INTe M
4 (t A Ter) — ul (2 A Te )13 + 2ne / IV (uf (s) — ul (s) |1, ds
0

INTe. M INTe M
< llx = xal% + (@n + K)e /0 lluf (s) — ul () |I3,ds + ne /O IVt (s) — ul (s) |13, ds

2 4(1 2
+y+(+ﬂ)8
n

IATe M

+ 2\/5/ (ub(s) — ut(s), (o(es, u®(s)) —o(es, u’(s)))dW(s)).
0

INTe M
/O luf (s) — ul () 13 (luf ()11 + lul, ()13 ds

Consequently,

2 2
sup  [luf(s) — uy (D < llx — xally
0<s<tATe.m

V2+4(1+/32))
n

t
+ (om + K+ 1+ 2M2)£/ sup  uf(r) — ul (r)|13,ds
0

0<r<sAtem

INTe M

+ 2«/5[ (u®(s) — ub(s), (o (es,u’(s)) — o(es, u®(s)))dW(s)).
0

Using inequality (3.3), one gets

(B(,_sop = wi13)")

0<s<tATe M

4 2 o " e e 2 \P\?*/P
< 20lx — xall% + 82 pK e (E( sup  u (r)—un(r)||H)) ds

0 0<r<sAte,m

2 2 t
ye4+4(1 4+ B7)\2 222[ e e 2 \P\2/P
+2 +K+——"—— 14+2M E —u, d
(en ) e [(B( s o) - ol)") s

0<r<sAtem

Applying Gronwall’s inequality, we have

((,. o ”“E<S>—ui(s)||%1>p>2/p

0<s<tATe m

2 2
+4(1+ B2\ 2
< 20x —xuld exp{z(an YK+ M) (1 4+2M2)2%62 + Scsz%}.

2

Let p = £, we obtain

sup 810gIP’< sup  u®(t) — u;ez(t)“%l > 5)

0<e<T 0<t<TAte.m

2
B(S0p0<s <7, 1060 = 0137
< sup ¢log

0<e<T s

2 2
4(1 2
M) (1 4+2M%2 + 16¢K? — 210g 8

< log2llx — xulI4) + 2<an + K+
— —00, n — oo.

By Lemma 3.1, for any R > 0, there exists a constant M > 0, such that

P((lu® | (T))? > M) < e /e, (3.5)
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On the small time asymptotics of stochastic predator—prey model with nonlinear functional response 231

holds for any 0 < ¢ < 1. For such M, there exists a integer N > 0, such that for any n > N,

sup elogP( sup lu (1) = us ()} > 8. (1 (T))? < M)

0<e<l1 0<t<T

(3.6)
< sup elogIE”( sup () — uE ()% > 5) <_R.
0<e<l1 0<t<TATe m
Combining (3.5) with (3.6), we see there exists a integer N > 0, such that foranyn > N,0 < ¢ < 1,
IE”( sup [luf (1) — us (D)% > 5) <20 R/E,
0<t<T
The result follows. O
Using hypothesis (H.2), one can prove the following two Lemmas (see, [14]).
Lemma 3.3 For any integer n > 0,
lim  sup elogIP’( sup ||Vv,§(t)||%{ > M) = —00.
M—000e<1 0<t<T
Lemma 3.4 For any § > 0, we have
lim sup slog]P’( sup Vo) — vZ(t)H%, > 8) = —00.
=0 gce<l 0<t<T
Lemma 3.5 For any § > 0 and any positive integer n, we have
lim elog]P’( sup ud(t) — v,i(t)”%{ > 6) = —00.
e—0 0<t<T
Proof Using 1t6 formula,
dlluf,(6) = V(O3 + 26 (AW (1) — v (1)), ul, (1) — Vi (D)
= 2e(f(us (1)), us, (1) — v5())dt + 2e(Av (1), ui, (1) — vi(1))dt
+ ¢llo(te, ui (1)) — o (te, vﬁ(t))H%Q(HO;H)dt
+ 2/e(uy, (1) — v, (1), (0 (et uy (1)) — o (et, v, (1)))d W (1)).
On the one hand, applying Ladyzhenskaya’s inequality and Young’s inequality,
2 2
B ) (,Buluz ) ()/uluz )
u),v) =—(uiy,v) — 01+ ———, v
< flur 240l + Bllotll 2 luall 2 + v luall 2 (3.7
1 B B
= 22wl Vel llvdlle + S ons + Slluzlf + vzl
On the other hand,
(Au,v) = —/ (M A+ @)ujvidx +/ (=mA 4+ d)urvadx
D D 3.8)

A

= O +m)IVullg IVolla + 8lluzll 2 [lvall 2.

For M > 0, define the following stopping times:
t
T = inf{t >0: us@)|3 > M, or / IVl (5) |5 ds > M},
’ 0

2= ot = 0: gl = ).
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Lett!,, =11, A 7.1 By (3.7) and (3.8), we obtain

Ny
llub (¢ A th) — vt A th)II% + 27)8/ IV (ui (s) — vﬁ(s))||%,ds
0

n
INT,

tA‘L’ZM ‘M
<(L+20+B+2p)e fo 1 (5) — v (5)Pyds + Be fo 1 (5) Py s

; ATy
+ 278/0 ety () 12 1 Vs, () || 1 ey, (5) — vy, (5) | p s
t/\rg".M
+20m + m)e /0 Vo () a1V (uy, (s) — vy ()| nds
MT:,M
+ 288f v, () N1 a2 Ny, (8) = vy () | s
0

tArgM
+ 2\/5/ (U (s) — vi(s), (o(es, u(s)) —o(es, v, (s))dW(s))
0

n
INT,

MT;I,M ‘M
<(L4+2a+B+2y+1+ 8)8/ llut (s) — vﬁ(s)ll%{ds + ﬂa/ ||ufl(s)||%{ds
0 0

n n

ATy 5 5 INTe M )
b [ OBV 0 s +ne [ 19656 v s
+ 2 tArg"_M t/\rgM
+ O [T v ods o [ 1l
0 0

NIV
+ 2\/5/ (y, (5) — v (5), (0 (85, Uy (5)) — o (5, v, (5))dW(s)).
0
Gronwall’s inequality implies that
(e A T2 y) — vE AT\
(m +m)?

< [ﬂMTa + M*Te+ T pre o msTe
n

tArg’fM
+ 2\/5/ (, (5) — v, (), (0 (&5, Uy (5)) — o (es, UE(S)))dW(S))]
0

xexp{(L +2a+ B +2y + 1+ 5)te}.
Using (3.3), we deduce that

2

(E sup llub (s) — UE(S)“%-{’);

o n
0<s SIAT

(m +m2)?

<exp(2(L +2a+ B +2y +14+8)Te} x [2(BMTe + M’Te + Mes + M8T¢)?

t 2
+ 8cpeK? f (IE sup U (r) — v (r)||§;”) ’ ds].
0 Ofrfs/\r;M
Applying Gronwall’s inequality again, we get
2

(E sup  [lul(s) — vf,(s)”?f); <expl2(L +2a + B +2y + 1+ 8)Te)

n
0§s§t/\r5’M

2
x [2(ﬂMTe + M2Te 4 ST
0

Ms + M8T8)2] exp{CrsT},

where Cpyr o = exp{2(L +2a + B+ 2y + 1+ 8)Te}8cpeK?. Using lemma 3.3, we can complete the proof by
the similar techniques used in Lemma 3.2. O
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Proof of (3.1). For any R > 0. According to Lemma 3.2 and 3.4, there exists a Ny > 0, such that for all
0<e<l,

e e 2 _k
IP( sup [luf (1) — uly, (D1 > 5) <ot
0<t<T

and

3 e 2 _R
P( sup ([ (1) — vy, (D113 > 5) <et
0<t<T

hold. Moreover, using Lemma 3.5, for such Ny, there exists a &g, such that

_R
]P’( sup [lusy, (1) — vy, (D113 > 8) <et

0<t<T

holds for any 0 < ¢ < gg. Thus, for any 0 < ¢ < g9, we have

IP( sup [l (1) —v* (O3 > 3) <3e%.

0<t<T

Since R is arbitrary, (3.1) follows.
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