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Abstract In this paper, we establish a small time asymptotics (small time large deviation principles) for stochastic
predator-prey model with nonlinear functional response driven by multiplicative noise, which describes the
behavior of the solution at a very small time.
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1 Introduction

In this paper, we consider the small time asymptotics of the following stochastic predator-prey model:

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

du1 − η1�u1dt = u1(α − u1)dt − βu2
1u2

1+u2
1

dt + σ1(t, u1, u2)dW1(t), x ∈ D, t > 0,

du2 − η2�u2dt = γ u2
1u2

1+u2
1

dt − δu2dt + σ2(t, u1, u2)dW2(t), x ∈ D, t > 0,

∂u1
∂n = ∂u1

∂n = 0, x ∈ ∂D, t > 0,

u1(0) = u1,0, u2(0) = u2,0, x ∈ D,

(1.1)

where D ⊆ R
2 is a bounded domain with smooth boundary ∂D, n is the outward unit normal vector of the

boundary ∂D. The diffusion coefficients η1, η2 > 0 represent the natural dispersive force of movement of the
prey and predator, respectively. α is the carrying capacity of the prey. β, γ, δ > 0 are representations of products
and ratios of the intrinsic growth rate and carrying capacity of prey, number of newly born predators for each
captured prey, and death rate of the predators. It is well known that the determinate version of equation (1.1) is
the predator-prey model with spatial diffusion and nonlinear Holling type III functional response. In ecology,
population competition for biological resources is considered to be the main factor limiting species diversity and
predation can change the structure of competition. Therefore the predator-prey model is arguably the building
block of the ecosystems and it is one of the important research topics in population ecology. The predator-prey
model is one of the most striking phenomena observed in mathematical biology and it was firstly developed by
Lotka and Volterra. After that, several models have been proposed by considering the possible factors affecting the
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226 X. Yin

predator-prey populations, and we refer the readers to [2,7–12] and the references. Particularly, Li [8] discussed
the effect of additional color noise on pattern selection for the equation (1.1). Suvinthra and Balachandran [11]
studied the small noise large deviation principles for the equation (1.1).

Motivated by all above literatures, the purpose of the paper is to study the small time large deviation principles
of the equation (1.1). The small time large deviation principle examines the asymptotic behavior of the tails of a
family of probability measures at a given point in space when the time is very small. That is to say, we study the
limiting behavior of (1.1) in a time interval [0, t] as t goes to zero. An inspiration for considering such problems
arises from Varadhan’s identity:

lim
t→0

2t log P{u(0) ∈ B, u(t) ∈ C} = −d2(B, C),

where u is the solution to (1.1) and d is an appropriate Riemann distance associated with the diffusion generated by
u. It is worth mentioning that the small time large deviation principles for finite dimensional diffusion processes
was initiated by Varadhan [13] and the small time large deviation principles for infinite dimensional models were
studied in [1,6,14], etc.

The rest of the paper is organized as follows. In Section 2, we recall some preliminaries which are used in
the sequel and we state the main result of the paper. In Section 3, we prove our main result.

2 Preliminaries and main result

Throughout the paper, let H = L
2(D; R

2) be the vector valued L2 space equipped with the norm ‖ · ‖H and
V = H

1 be the usual Sobolev space equipped with the norm ‖ · ‖V = ‖ · ‖H + ‖∇ · ‖H . We use notation 〈·, ·〉
for pairing of vectors from a space and its dual.

Let (
,F ,Ft , P) be a stochastic basis with a complete, right-continuous filtration. Let

W =
(

W1
W2

)

be a H -valued Q-Wiener process, where Q is a positive, symmetric, trace class operator on H . For a given
separate Hilbert space X , we denote the collection of Hilbert-Schmidt operators from H0 to X by L Q(H0; X),

where H0 = Q1/2 H , and H0 is endowed with the norm ‖ · ‖H0 = ‖Q− 1
2 · ‖H . Defining the norm on the space

L Q(H0; X) by ‖�‖2
L Q(H0;X)

= Tr(Q�Q∗).
Defining

u =
(

u1
u2

)

, A =
(−η1� − α 0

0 −η2� + δ

)

, σ (t, u) =
(

σ1(t, u1, u2)

σ2(t, u1, u2)

)

f (u) =
⎛

⎜
⎝

−u2
1 − βu2

1u2

1+u2
1

γ u2
1u2

1+u2
1

⎞

⎟
⎠ , u(0) = x =

(
u1,0
u2,0

)

.

Then equation (1.1) can be rewritten as

du + Audt = f (u)dt + σ(t, u)dW (t), (2.1)

with the initial condition x ∈ H . We assume that the noise coefficient σ : [0, T ]× V → L Q(H, H) satisfies the
following hypotheses:

(H.1) For any u, v ∈ H , there exists a constant L > 0, such that

‖σ(t, u)‖2
L Q(H0;H) ≤ L(1 + ‖u‖2

H );
‖σ(t, u) − σ(t, v)‖2

L Q(H0;H) ≤ L‖u − v‖2
H .

(H.2) For any u, v ∈ V , there exists a constant K > 0, such that

‖σ(t, u)‖2
L Q(H0;V ) ≤ K (1 + ‖∇u‖2

H );
‖σ(t, u) − σ(t, v)‖2

L Q(H0;V ) ≤ K‖∇(u − v)‖2
H .
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On the small time asymptotics of stochastic predator–prey model with nonlinear functional response 227

According to [11] and under assumption (H.1), equation (1.1) has a unique positive strong solution u ∈
L2(
; C([0, T ]; H)) ∩ L2([0, T ] × 
; V ). In other words, the following equality holds for every 0 ≤ t ≤ T , as
an element of V ′, P − a.s.,

u(t) = x −
∫ t

0
Au(s)ds +

∫ t

0
f (u(s))ds +

∫ t

0
σ(s, u(s))dW (s).

Let ε > 0, then P − a.s.,

u(εt) = x −
∫ εt

0
Au(s)ds +

∫ εt

0
f (u(s))ds +

∫ εt

0
σ(s, u(s))dW (s)

= x − ε

∫ t

0
Au(εs)ds + ε

∫ t

0
f (u(εs))ds +

∫ t

0
σ(εs, u(εs))dW (εs).

Using the self-similarity of W (t), we know that W (εt) coincides in law with
√

εW (t). Therefore, u(εt) coincides
in law with the following equation:

duε(t) + εAuε(t)dt = ε f (uε(t))dt + √
εσ (tε, uε(t))dW (t). (2.2)

Let με be the law of uε on C([0, T ]; H), define a functional I (g) on C([0, T ]; H) by

I (g) = inf
h∈
g

{
1

2

∫ T

0
|ḣ(t)|2H0

dt

}

,

and


g =
{

h ∈ C([0, T ]; H) : h is absolutely continuous and such that

g(t) = x +
∫ t

0
σ(s, g(s))ḣ(s)ds, 0 ≤ t ≤ T

}
,

where x denotes the initial value of (2.1).
The main result of the paper is

Theorem 2.1 με satisfies a large deviation principle with the rate function I (·), i.e.,
(1) For every closed subset F ⊂ C([0, T ]; H),

lim sup
ε→0

ε log με(F) ≤ − inf
g∈F

I (g).

(2) For every open subset O ⊂ C([0, T ]; H),

lim inf
ε→0

ε log με(O) ≥ − inf
g∈O

I (g).

3 Proof of the main result

In order to prove theorem 2.1, we use the exponential equivalence method (see [15, Theorem 4.2.13]). Specifically,
we give a stochastic process {vε(t), 0 ≤ t ≤ T } and the law of vε satisfies the large deviation principles. If we
can prove that for any δ > 0,

lim
ε→0

ε log P

(
sup

0≤t≤T
‖uε(t) − vε(t)‖2

H > δ
)

= −∞. (3.1)

Then theorem 2.1 holds. According to the structure of the equation (2.1), the process vε should satisfy the
following equation:

vε(t) = x + √
ε

∫ t

0
σ(εs, vε(s))dW (s). (3.2)

Let ηε be the law of vε(·) on the C([0, T ]; H). By [4, Theorem 12.9], we know that ηε satisfies a large deviation
principle with rate function I (·). To complete the proof of Theorem 2.1, it suffices to show that (3.1) holds. Due
to the effect of the nonlinear term f , the proof of (3.1) is difficult and we divide the proof into several lemmas.
The following lemma is an estimate of the probability that the solution of (2.2) leaves an energy ball.
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228 X. Yin

Lemma 3.1 Let (|uε|H
V (T ))2 = sup

0≤t≤T
‖uε(t)‖2

H + 2εη
∫ T

0 ‖∇uε(t)‖2
H dt. Then

lim
M→∞ sup

0<ε≤1
ε log P((|uε|H

V (T ))2 > M) = −∞.

Proof Applying Itô formula, we have

‖uε(t)‖2
H = ‖x‖2

H − 2ε

∫ t

0
〈Auε(s), uε(s)〉ds + 2ε

∫ t

0
〈 f (uε(s)), uε(s)〉ds

+ ε

∫ t

0
‖σ(sε, uε(s))‖2

L Q(H0;H)ds + 2
√

ε

∫ t

0
〈uε(s), σ (εs, uε(s))dW (s)〉.

Combining Lemma 1 with Lemma 2 in [11], one gets

‖uε(t)‖2
H + 2εη

∫ t

0
‖∇uε(s)‖2

H ds

≤ ‖x‖2
H + 2αε

∫ t

0
‖uε

1(s)‖2
H ds + βε

∫ t

0
‖uε(s)‖2

H ds + 2γ ε

∫ t

0
‖uε

2(s)‖2
H ds

+ εL
∫ t

0
(1 + ‖uε(s)‖2

H )ds + 2
√

ε

∫ t

0
〈uε(s), σ (εs, uε(s))dW (s)〉

≤ ‖x‖2
H + C̃ε

∫ t

0
‖uε(s)‖2

H ds + LT ε + 2
√

ε

∫ t

0
〈uε(s), σ (εs, uε(s))dW (s)〉,

where C̃ = 2 max{α, γ } + β + L . Therefore,

(|uε|H
V (T ))2 ≤ ‖x‖2

H + LT ε + C̃ε

∫ T

0
(|uε|H

V (s))2ds

+ 2
√

ε sup
0≤t≤T

∣
∣
∣

∫ t

0
〈uε(s), σ (εs, uε(s))dW (s)〉

∣
∣
∣.

Let us recall the following result from [3,5] that there exists a positive constant c > 0, such that for any p ≥ 2,
one has

‖M∗
t ‖L p ≤ cp

1
2
∥
∥〈M〉1/2

t

∥
∥

L p (3.3)

for any continuous martingale (Mt , t ≥ 0) with M0 = 0, where M∗
t = sup0≤s≤t |Ms |.

According to (3.3) and (H.1), we obtain

(
E(|uε|H

V (T ))2p
) 1

p ≤ ‖x‖2
H + LT ε + C̃ε

(
E

(∫ T

0
(|uε|H

V (s))2ds
)p) 1

p

+ 2
√

ε
(
E

(
sup

0≤t≤T

∣
∣
∣

∫ t

0
〈uε(s), σ (εs, uε(s))dW (s)〉

∣
∣
∣

p)) 1
p

≤ ‖x‖2
H + LT ε + C̃ε

(
E

(∫ T

0
(|uε|H

V (s))2ds
)p) 1

p

+ 2c
√

pε
[∫ T

0

(
1 + (E|uε(s)|2p)2/p)ds

] 1
2

≤ ‖x‖2
H + LT ε + C̃ε

∫ T

0

(
E(|uε|H

V (s))2p
) 1

p
ds

+ 2c
√

pε
[∫ T

0

(
1 + (E|uε(s)|2p)2/p)ds

] 1
2
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On the small time asymptotics of stochastic predator–prey model with nonlinear functional response 229

holds for any p ≥ 2. Consequently,

(
E(|uε|H

V (T ))2p
) 2

p ≤ 3(‖x‖2
H + LT ε)2 + 12c2 pε

+ (3C̃2T ε2 + 12c2 pε)

∫ T

0

(
E(|uε|H

V (s))2p
) 2

p
ds.

Gronwall’s inequality implies

(
E(|uε|H

V (T ))2p
) 2

p ≤ [
3(‖x‖2

H + LT ε)2 + 12c2 pε
]

exp(3C̃2T ε2 + 12c2 pε).

Taking p = 1
ε
, using Markov’s inequality, we get

sup
0<ε≤1

ε log P((|uε|H
V (T ))2 > M)

≤ − log M + sup
0<ε≤1

log
(
E(|uε|H

V (T ))2p
) 1

p

≤ − log M + 1

2
log[3(‖x‖2

H + LT )2 + 12c2 p] + 3

2
C̃2T + 6c2.

Letting M → ∞ on both side of the above inequality, we complete the proof. ��
In order to prove Since V is dense in H , there exists a sequence (xn, n ≥ 1) ⊂ V such that

lim
n→∞ ‖x − xn‖2

H = 0.

Let uε
n be the solution of (2.2) with the initial value xn . Similar to Lemma 3.1, one can prove

lim
M→∞ sup

n
sup

0<ε≤1
ε log P((|uε

n|H
V (T ))2 > M) = −∞. (3.4)

Moreover, we also assume that vε
n be the solution of (3.2) with the initial value xn . We will use the following

inequality

‖uε(t) − vε(t)‖H ≤ ‖uε(t) − uε
N (t)‖H + ‖uε

N (t) − vε
N (t)‖H + ‖vε

N (t) − vε(t)‖H

to prove (3.1). The following several lemmas give estimates for each term on the right side of the above inequality.

Lemma 3.2 For any δ > 0, we have

lim
n→∞ sup

0<ε≤1
ε log P

(
sup

0≤t≤T
‖uε(t) − uε

n(t)‖2
H > δ

)
= −∞.

Proof Observe that

d‖uε(t) − uε
n(t)‖2

H = −2ε〈A(uε(t) − uε
n(t)), uε(t) − uε

n(t)〉dt

+ 2ε〈 f (uε(t)) − f (uε
n(t)), uε(t) − uε

n(t)〉dt

+ ε‖σ(tε, uε(t)) − σ(tε, uε
n(t))‖2

L Q(H0;H)dt

+ 2
√

ε〈uε(t) − uε
n(t), (σ (εt, uε(t)) − σ(εt, uε

n(t)))dW (t)〉.
For M > 0, define stopping times

τ 1
ε,M = inf{t ≥ 0 : ‖uε(t)‖2

H > M},
τ 2
ε,M = inf{t ≥ 0 : ‖uε

n(t)‖2
H > M}.
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230 X. Yin

Let τε,M = τ 1
ε,M ∧ τ 2

ε,M . By [11, Lemma 2], we get

‖uε(t ∧ τε,M ) − uε
n(t ∧ τε,M )‖2

H + 2ηε

∫ t∧τε,M

0
‖∇(uε(s) − uε

n(s))‖2
H ds

≤ ‖x − xn‖2
H + (αη + K )ε

∫ t∧τε,M

0
‖uε(s) − uε

n(s)‖2
H ds + ηε

∫ t∧τε,M

0
‖∇(uε(s) − uε

n(s))‖2
H ds

+ γ 2 + 4(1 + β2)

η
ε

∫ t∧τε,M

0
‖uε(s) − uε

n(s)‖2
H (‖uε(s)‖2

H + ‖uε
n(s)‖2

H )ds

+ 2
√

ε

∫ t∧τε,M

0
〈uε(s) − uε

n(s), (σ (εs, uε(s)) − σ(εs, uε(s)))dW (s)〉.

Consequently,

sup
0≤s≤t∧τε,M

‖uε(s) − uε
n(s)‖2

H ≤ ‖x − xn‖2
H

+
(
αη + K + γ 2 + 4(1 + β2)

η

)
(1 + 2M2)ε

∫ t

0
sup

0≤r≤s∧τε,M

‖uε(r) − uε
n(r)‖2

H ds

+ 2
√

ε

∫ t∧τε,M

0
〈uε(s) − uε

n(s), (σ (εs, uε(s)) − σ(εs, uε(s)))dW (s)〉.

Using inequality (3.3), one gets

(
E

(
sup

0≤s≤t∧τε,M

‖uε(s) − uε
n(s)‖2

H

)p)2/p

≤ 2‖x − xn‖4
H + 8c2 pK 2ε

∫ t

0

(
E

(
sup

0≤r≤s∧τε,M

‖uε(r) − uε
n(r)‖2

H

)p)2/p
ds

+ 2
(
αη + K + γ 2 + 4(1 + β2)

η

)2
(1 + 2M2)2ε2

∫ t

0

(
E

(
sup

0≤r≤s∧τε,M

‖uε(r) − uε
n(r)‖2

H

)p)2/p
ds

Applying Gronwall’s inequality, we have

(
E

(
sup

0≤s≤t∧τε,M

‖uε(s) − uε
n(s)‖2

H

)p)2/p

≤ 2‖x − xn‖4
H exp

{
2
(
αη + K + γ 2 + 4(1 + β2)

η

)2
(1 + 2M2)2ε2 + 8c2 pK 2ε

}
.

Let p = 2
ε
, we obtain

sup
0<ε≤T

ε log P

(
sup

0≤t≤T ∧τε,M

‖uε(t) − uε
n(t)‖2

H > δ
)

≤ sup
0<ε≤T

ε log
E

(
sup0≤t≤T ∧τε,M

‖uε(t) − uε
n(t)‖2p

H

)

δ p

≤ log(2‖x − xn‖4
H ) + 2

(
αη + K + γ 2 + 4(1 + β2)

η

)2
(1 + 2M2)2 + 16c2 K 2 − 2 log δ

→ −∞, n → ∞.

By Lemma 3.1, for any R > 0, there exists a constant M > 0, such that

P((|uε|H
V (T ))2 > M) ≤ e−R/ε. (3.5)
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On the small time asymptotics of stochastic predator–prey model with nonlinear functional response 231

holds for any 0 < ε ≤ 1. For such M , there exists a integer N > 0, such that for any n ≥ N ,

sup
0<ε≤1

ε log P

(
sup

0≤t≤T
‖uε(t) − uε

n(t)‖2
H > δ, (|uε|H

V (T ))2 ≤ M
)

≤ sup
0<ε≤1

ε log P

(
sup

0≤t≤T ∧τε,M

‖uε(t) − uε
n(t)‖2

H > δ
)

≤ −R.
(3.6)

Combining (3.5) with (3.6), we see there exists a integer N > 0, such that for any n ≥ N , 0 < ε ≤ 1,

P

(
sup

0≤t≤T
‖uε(t) − uε

n(t)‖2
H > δ

)
≤ 2e−R/ε.

The result follows. ��
Using hypothesis (H.2), one can prove the following two Lemmas (see, [14]).

Lemma 3.3 For any integer n ≥ 0,

lim
M→∞ sup

0<ε≤1
ε log P

(
sup

0≤t≤T
‖∇vε

n(t)‖2
H > M

)
= −∞.

Lemma 3.4 For any δ > 0, we have

lim
n→∞ sup

0<ε≤1
ε log P

(
sup

0≤t≤T
‖vε(t) − vε

n(t)‖2
H > δ

)
= −∞.

Lemma 3.5 For any δ > 0 and any positive integer n, we have

lim
ε→0

ε log P

(
sup

0≤t≤T
‖uε

n(t) − vε
n(t)‖2

H > δ
)

= −∞.

Proof Using Itô formula,

d‖uε
n(t) − vε

n(t)‖2
H + 2ε〈A(uε

n(t) − vε
n(t)), uε

n(t) − vε
n(t)〉dt

= 2ε〈 f (uε
n(t)), uε

n(t) − vε
n(t)〉dt + 2ε〈Avε

n(t), uε
n(t) − vε

n(t)〉dt

+ ε‖σ(tε, uε
n(t)) − σ(tε, vε

n(t))‖2
L Q(H0;H)dt

+ 2
√

ε〈uε
n(t) − vε

n(t), (σ (εt, uε
n(t)) − σ(εt, vε

n(t)))dW (t)〉.
On the one hand, applying Ladyzhenskaya’s inequality and Young’s inequality,

〈 f (u), v〉 = −(u2
1, v1) −

( βu2
1u2

1 + u2
1

, v1

)
+

( γ u2
1u2

1 + u2
1

, v2

)

≤ ‖u1‖2
L4‖v1‖L2 + β‖v1‖L2‖u2‖L2 + γ ‖u2‖L2

≤ 2
1
2 ‖u1‖L2‖∇u1‖L2‖v1‖L2 + β

2
‖v1‖2

L2 + β

2
‖u2‖2

L2 + γ ‖u2‖L2 .

(3.7)

On the other hand,

〈Au, v〉 = −
∫

D
(η1� + α)u1v1dx +

∫

D
(−η2� + δ)u2v2dx

≤ (η1 + η2)‖∇u‖H ‖∇v‖H + δ‖u2‖L2‖v2‖L2 .

(3.8)

For M > 0, define the following stopping times:

τ
1,n
ε,M = inf

{
t ≥ 0 : ‖uε

n(t)‖2
H > M, or

∫ t

0
‖∇uε

n(s)‖2
H ds > M

}
,

τ
2,n
ε,M = inf

{
t ≥ 0 : ‖vε

n(t)‖2
V > M

}
.
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232 X. Yin

Let τ n
ε,M = τ

1,n
ε,M ∧ τ

2,n
ε,M . By (3.7) and (3.8), we obtain

‖uε
n(t ∧ τ n

ε,M ) − vε
n(t ∧ τ n

ε,M )‖2
H + 2ηε

∫ t∧τ n
ε,M

0
‖∇(uε

n(s) − vε
n(s))‖2

H ds

≤ (L + 2α + β + 2γ )ε

∫ t∧τ n
ε,M

0
‖uε

n(s) − vε
n(s)‖2

H ds + βε

∫ t∧τ n
ε,M

0
‖uε

n(s)‖2
H ds

+ 2
3
2 ε

∫ t∧τ n
ε,M

0
‖uε

n(s)‖H ‖∇uε
n(s)‖H ‖uε

n(s) − vε
n(s)‖H ds

+ 2(η1 + η2)ε

∫ t∧τ n
ε,M

0
‖∇vε

n(s)‖H ‖∇(uε
n(s) − vε

n(s))‖H ds

+ 2δε

∫ t∧τ n
ε,M

0
‖vε

n(s)‖H ‖uε
n(s) − vε

n(s)‖H ds

+ 2
√

ε

∫ t∧τ n
ε,M

0
〈uε

n(s) − vε
n(s), (σ (εs, uε

n(s)) − σ(εs, vε
n(s)))dW (s)〉

≤ (L + 2α + β + 2γ + 1 + δ)ε

∫ t∧τ n
ε,M

0
‖uε

n(s) − vε
n(s)‖2

H ds + βε

∫ t∧τ n
ε,M

0
‖uε

n(s)‖2
H ds

+ ε

∫ t∧τ n
ε,M

0
‖uε

n(s)‖2
H ‖∇uε

n(s)‖2
H ds + ηε

∫ t∧τ n
ε,M

0
‖∇(uε

n(s) − vε
n(s))‖2

H ds

+ (η1 + η2)
2

η
ε

∫ t∧τ n
ε,M

0
‖∇vε

n(s)‖2
H ds + δε

∫ t∧τ n
ε,M

0
‖vε

n(s)‖2
H ds

+ 2
√

ε

∫ t∧τ n
ε,M

0
〈uε

n(s) − vε
n(s), (σ (εs, uε

n(s)) − σ(εs, vε
n(s)))dW (s)〉.

Gronwall’s inequality implies that

‖uε
n(t ∧ τ n

ε,M ) − vε
n(t ∧ τ n

ε,M )‖2
H

≤
[
βMT ε + M2T ε + (η1 + η2)

2

η
Mε + MδT ε

+ 2
√

ε

∫ t∧τ n
ε,M

0
〈uε

n(s) − vε
n(s), (σ (εs, uε

n(s)) − σ(εs, vε
n(s)))dW (s)〉

]

× exp{(L + 2α + β + 2γ + 1 + δ)tε}.
Using (3.3), we deduce that

(
E sup

0≤s≤t∧τ n
ε,M

‖uε
n(s) − vε

n(s)‖2p
H

) 2
p

≤ exp{2(L + 2α + β + 2γ + 1 + δ)T ε} × [2(βMT ε + M2T ε + (η1 + η2)
2

η
Mε + MδT ε)2

+ 8cpεK 2
∫ t

0

(
E sup

0≤r≤s∧τ n
ε,M

‖uε
n(r) − vε

n(r)‖2p
H

) 2
p
ds

]
.

Applying Gronwall’s inequality again, we get
(
E sup

0≤s≤t∧τ n
ε,M

‖uε
n(s) − vε

n(s)‖2p
H

) 2
p ≤ exp{2(L + 2α + β + 2γ + 1 + δ)T ε}

×
[
2(βMT ε + M2T ε + (η1 + η2)

2

η
Mε + MδT ε)2

]
exp{CM,εT },

where CM,ε = exp{2(L + 2α + β + 2γ + 1 + δ)T ε}8cpεK 2. Using lemma 3.3, we can complete the proof by
the similar techniques used in Lemma 3.2. ��
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Proof of (3.1). For any R > 0. According to Lemma 3.2 and 3.4, there exists a N0 > 0, such that for all
0 < ε ≤ 1,

P

(
sup

0≤t≤T
‖uε(t) − uε

N0
(t)‖2

H > δ
)

≤ e− R
ε

and

P

(
sup

0≤t≤T
‖vε(t) − vε

N0
(t)‖2

H > δ
)

≤ e− R
ε

hold. Moreover, using Lemma 3.5, for such N0, there exists a ε0, such that

P

(
sup

0≤t≤T
‖uε

N0
(t) − vε

N0
(t)‖2

H > δ
)

≤ e− R
ε

holds for any 0 < ε ≤ ε0. Thus, for any 0 < ε ≤ ε0, we have

P

(
sup

0≤t≤T
‖uε(t) − vε(t)‖2

H > δ
)

≤ 3e− R
ε .

Since R is arbitrary, (3.1) follows.

References

1. S. Aida, T. Zhang, On the small time asymptotics of diffusion processes on path groups. Potential Anal. 16(1) (2002) 67-78.
2. M. Bandyopadhyay, C. G. Chakrabarti, Deterministic and stochastic analysis of a non-linear prey-predator system, J. Biol. Syst.

11 (2003) 161-172.
3. M. T. Barlow, M. Yor, Semi-martingale inequalities via the Garsia-Rodemich-Rumsey lemma, and applications to local time.

J. Funct. Anal. 49 (1982) 198-229.
4. G. Da Prato, J. Zabczyk, Stochastic equations in infinite dimensions, Cambridge university press, 2014.
5. B. Davis, On the L p norms of stochastic integrals and other martingales. Duke Math. J. 43 (1976) 697-704.
6. Z. Dong, R. Zhang, On the small-time asymptotics of 3D stochastic primitive equations. Math. Methods Appl. Sci. 41(16)

(2018) 6336-6357.
7. G. Hu, X. Li, Y. Wang, Pattern formation and spatiotemporal chaos in a reaction-diffusion predator-prey system, Nonlinear

Dyn. 81 (2015) 265-275.
8. A. W. Li, Impact of noise on pattern formation in a predator-prey model, Nonlinear Dyn. 66 (2011) 689-694.
9. M. Sambath, K. Balachandran, M. Suvinthra, Stability and Hopf bifurcation of a diffusive predator-prey model with hyperbolic

mortality, Complexity 21 (2016) 34-43.
10. L. Shangerganesh, K. Balachandran, Existence and uniqueness of solutions of predator-prey type model with mixed boundary

conditions, Acta Appl. Math. 116 (2011) 71-86.
11. M. Suvinthra, K. Balachandran, Large deviations for the stochastic predator-prey model with nonlinear functional response, J.

Appl. Prob. 54 (2017) 507-521.
12. R. J. Swift, A stochastic predator-prey model, Irish Math. Soc. Bull. 48 (2002) 57-63.
13. S. R. Varadhan, Diffusion processes in a small time interval, Comm. Pure Appl. Math. 20 (1967) 659-685.
14. T. Xu, T. Zhang, On the small time asymptotics of the two-dimensional stochastic Navier-Stokes equations. Ann. Inst. H.

Poincaré Probab. Statist. 45 (2009), 1002-1019.
15. A. D. Zeitouni and O. Dembo, Large deviations techniques and applications. Springer-Verlag, 1998.

Springer Nature or its licensor (e.g. a society or other partner) holds exclusive rights to this article under a publishing agreement
with the author(s) or other rightsholder(s); author self-archiving of the accepted manuscript version of this article is solely governed
by the terms of such publishing agreement and applicable law.

123



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 600
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.01667
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 600
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 2.03333
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 2250
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (sRGB IEC61966-2.1)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<


    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200036002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200036002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /ESP <>
    /ETI <>
    /FRA <>



    /HUN <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 6.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200036002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 6.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>


    /SKY <>

    /SUO <>
    /SVE <>
    /TUR <>

    /DEU <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


		2024-01-30T19:15:45+0530
	Preflight Ticket Signature




