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Abstract We show that an N -complex of modules C is F P-injective if and only if C is N -exact and Zi
n(C) is

an F P-injective module for each i = 1, 2, · · · , N and each n ∈ Z by virtue of Gaussian binomial coefficients.
Applications of this result go in three directions. Firstly, over a coherent ring, we prove that a bounded above
N -complex C is F P-injective if and only if C is N -exact and Cn is an F P-injective module for each n ∈ Z.
Secondly, we obtain some examples of F P-injective N -complexes for some fixed integer N . Finally, we give a
characterization of coherent rings.
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1 Introduction

A module M is called F P-injective if Ext1(P, M) = 0 for any finitely presented module P . F P-injective
modules act in ways similar to injective modules, and play important roles in the study of coherent rings. The
notion of F P-injective modules has attracted many scholars, and obtained considerable development, many
important results on F P-injective modules are appeared, see [2–4,11,17,20] and so on. For example, it is shown
that a ring R is left coherent if and only if the class of F P-injective left R-modules is closed under direct limits if
and only if the class of F P-injective left R-modules is a covering class, see[18, Theorem 3.2] and [3, Corollary
3.5].

The category of complexes occupies a very important position in the theory of homological algebra, and many
results of the category of modules have been generalized to the category of complexes. In particular, Liu, Wang
and Yang [20,22] extend the notion of F P-injective modules to that of complexes which is called F P-injective
complexes, and give some nice results on such complexes over coherent rings. For instance, they prove that, a
complex X is F P-injective if and only if X is exact and Zn(X) is an F P-injective left R-module for each n ∈ Z;
a ring is left coherent if and only if the class of F P-injective complexes of left R-modules is closed under direct
limits.

The notion of N -complexes was introduced by Mayer [12] in his study of simplicial complexes. Notice that
the category of N -complexes happens to be the category of complexes whenever N = 2. In 1996, Kapranov,
Dubois-Violette and Kerner gave an abstract framework of homological theory of N -complexes [5,13]. Since
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then the notion of N -complexes are concerned by many authors, see for example [1,6,8–10,21,24], and have
found important applications in theoretical physics, quantum theories and representation theories of algebras.

The motivation of our article is to study F P-injectivity of N -complexes for N ≥ 2. To establish relationships
between an N -complex X and each cycle module Zi∗(X) is an important and interesting question for i =
1, · · · , N . According to [6, Corollary 3.3], we know that an N -complex X is injective if and only if X is N -exact
and Zi

n(X) is an injective module for each i = 1, · · · , N and each n ∈ Z. Now, a natural question arises: is there
a relationship between F P-injectivity of an N -complex X and F P-injectivity of its cycle module Zi∗(X) for
i = 1, · · · , N . Indeed, we obtain the following main result of the article, which extends the result on F P-injective
complexes of Wang and Liu [20, Theorem 2.10] to the setting of N -complexes.

Theorem A (= Theorem 3.7) Let R be an arbitrary ring and X an N-complex of left R-modules. Then X is
FP-injective if and only if X is N-exact and Zi

n(X) is an F P-injective left R-module for each i = 1, · · · , N and
each n ∈ Z.

It is also an important question to establish relationships between an N -complex X and its entries X∗.
According to [23], we see that a complex (2-complex) C is Gorenstein injective if and only if Cn is a Gorenstein
injective module for any n ∈ Z. For a self-orthogonal subcategory W of an abelian category A , Lu, Wei and Di
proved in [15] that an N -complex G is W-Gorenstein if and only if each entry G∗ is a W-Gorenstein object in
A . In view of Theorem A, we obtain the following characterization for bounded above N -complexes over left
coherent rings.

Proposition B (= Proposition 4.1) Let R be a left coherent ring and X a bounded above N-complex. Then X is
FP-injective if and only if X is N-exact and Xn is an FP-injective left R-module for each n ∈ Z.

It is well known that a ring R is left coherent if and only if the class of F P-injective left R-modules is closed
under direct limits (see [18, Theorem 3.2]). As another consequence of Theorem A, we obtain the following
result, which extends the above classical result to the setting of N -complexes.

Theorem C (= Theorem 4.11) A ring R is left coherent if and only if every direct limits of FP-injective N-
complexes is FP-injective.

We conclude this section by summarizing the contents of this article. Section 2 contains necessary notation and
definitions for use throughout this article. In Sect. 3, we mainly give the proof of Theorem A. Various applications
of Theorem A will be discussed in Sect. 4. In particular, we give proofs of Corollary B and Corollary C.

2 Preliminaries

This section is devoted to recalling some notions for use throughout this paper. For terminology we shall follow
[8] and [21] when working with N -complexes.

An N -complex X (N ≥ 2) is a sequence of left R-modules

· · · d X
n+2−→ Xn+1

d X
n+1−→ Xn

d X
n−→ Xn−1

d X
n−1−→ · · ·

satisfying d N = d X
n+1d X

n+2 · · · d X
n+N = 0 for any n ∈ Z. That is, composing any N -consecutive morphisms gives

0. So a 2-complex is a complex in the usual sense. We use dm
nX

denote d X
n−m+1 · · · d X

n−1d X
n for m ≥ 1. A chain

map or simply map f : X → Y of N -complexes is a collection of morphisms fn : Xn → Yn making all the
rectangles commute. In this way we get a category of N -complexes of left R-modules, denoted by CN (R), whose
objects are N -complexes and whose morphisms are chain maps. This is an abelian category having enough
projectives and injectives. Let C and D be N -complexes. We use HomCN (R)(C, D) to denote the abelian group
of morphisms from C to D and ExtiCN (R)

(C, D) for i ≥ 0 to denote the groups we get from the right derived
functor of Hom.

Throughout this paper, R is an associative ring with identity and all modules are unitary left R-modules. We use
R-Mod to denote the category of left R-modules and C(R) denote the category of complexes of left R-modules.
Unless stated otherwise, N -complexes will always means the N -complexes of left R-modules. For an N -complex
X , there are N −1 choices for homology. Indeed for t = 1, · · · , N , we define Zt

n(X) = Ker(dn−(t−1) · · · dn−1dn),
Bt

n(X) = Im(dn+1dn+2 · · · dn+t ), and Ht
n(X) = Zt

n(X)/BN−t
n (X) the amplitude homology modules of X . In

particular, we have Z1
n(X) = Kerdn, ZN

n (X) = Xn and B1
n(X) = Imdn+1, BN

n (X) = 0. We say X is N -exact, or
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just exact, if Ht
n(X) = 0 for all n and t . Given a left R-module A, we define N -complexes Dt

n(A) for t = 1, · · · , N
as follows: Dt

n(A) consists of A in degrees n, n − 1, · · · , n − (t − 1), all joined by identity morphisms, and 0
in every other degree.

Two chain maps f, g : X → Y are called chain homotopic, or simply homotopic if there exists a collection
of morphisms {sn : Xn → Yn+N−1} such that

gn − fn = d N−1sn + d N−2sn−1d + · · · + sn−(N−1)d
N−1 =

N−1∑

i=0

d(N−1)−i sn−i d
i , ∀ n.

If f and g are homotopic, then we write f ∼ g. We call a chain map f null homotopic if f ∼ 0. There exists an
additive category KN (R), called the homotopy category of N -complexes, whose objects are the same as those
of CN (R) and whose Hom sets are the ∼ equivalence classes of Hom sets in CN (R). An isomorphism in KN (R)

is called a homotopy equivalence.

Following [10], let X ∈ CN (R), we have morphisms ρ
Xn+N−1
n : DN

n+N−1(Xn+N−1) −→ X and λ
Xn
n : X −→

DN
n+N−1(Xn). Set ρX : ⊕

n∈Z

DN
n+N−1(Xn+N−1) −→ X and λX : X −→ ⊕

n∈Z

DN
n+N−1(Xn). Then we have the

following exact sequences.

0 −→ KerρX εX−→
⊕

n∈Z

DN
n (Xn)

ρX

−→ X −→ 0

and

0 −→ X
λX−→

⊕

n∈Z

DN
n+N−1(Xn)

ηX

−→ CokerλX −→ 0.

Now we define functors �,�−1 : CN (R) −→ CN (R) by

�−1 X = KerρX and �X = CokerλX

in the exact sequences above. Then � and �−1 induce the suspension functor and its quasi-inverse of the
triangulated category KN (R). On the other hand, we define the shift functor � : CN (R) −→ CN (R) by

�(X)i = Xi+1 and d�(X)
i = d X

i+1

for X = (Xi , d X
i ) ∈ CN (R). The N -complex �(�X) is denoted �2 X and inductively we define �n X for all

n ∈ Z. This induces the shift functor � : KN (R) −→ KN (R) which is a triangle functor. Unlike classical case,
� does not coincide with �.

Following [21], for any N -complex X , �X and �−1 X are given by the following explicit description.

(�X)n = Xn−1 ⊕ Xn−2 ⊕ · · · ⊕ Xn−(N−1), d�X
n =

⎛

⎜⎜⎜⎜⎜⎜⎜⎝

−d 1 0 · · · 0 0 0
−d2 0 1 · · · 0 0 0

...
...

...
...

...
...

...

−d N−3 0 0 · · · 0 1 0
−d N−2 0 0 · · · 0 0 1
−d N−1 0 0 · · · 0 0 0

⎞

⎟⎟⎟⎟⎟⎟⎟⎠

.

(�−1 X)n = Xn+N−1 ⊕ · · · ⊕ Xn+2 ⊕ Xn+1, d�−1 X
n =

⎛

⎜⎜⎜⎜⎜⎜⎝

0 1 0 · · · 0 0 0
0 0 1 · · · 0 0 0
...

...
...

...
...

...
...

0 0 0 · · · 0 1 0
0 0 0 · · · 0 0 1

−d N−1 −d N−2 −d N−3 · · · −d3 −d2 −d

⎞

⎟⎟⎟⎟⎟⎟⎠
.
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For any f ∈ HomCN (R)(X, Y ), define (C( f ))n = Yn ⊕ (�X)n with differential given by

d =

⎛

⎜⎜⎜⎜⎜⎝

d f 0 · · · 0 0
0 −d 1 · · · 0 0
...

...
...

...
...

...

0 −d N−2 0 · · · 0 1
0 −d N−1 0 · · · 0 0

⎞

⎟⎟⎟⎟⎟⎠
.

Then C( f ) is an N -complex. We also have the following commutative diagram in CN (R) with degreewise split
exact rows:

0 X

f

λX ⊕
n∈Z

DN
n+N−1(Xn)

ϕ

ηX

�X 0

0 Y
g

C( f )
h

�X 0,

where

λX =

⎛

⎜⎜⎜⎝

1
d
...

d N−1

⎞

⎟⎟⎟⎠ , ηX =

⎛

⎜⎜⎜⎝

−d 1 0 · · · 0 0
−d2 0 1 · · · 0 0

...
...

...
...

...
...

−d N−1 0 0 · · · 0 1

⎞

⎟⎟⎟⎠ ,

g =

⎛

⎜⎜⎝

1
0
...

0

⎞

⎟⎟⎠ , h =
⎛

⎜⎝
0 1 · · · 0
...

...
...

...

0 0 · · · 1

⎞

⎟⎠ , ϕ =

⎛

⎜⎜⎜⎝

f 0 0 · · · 0
−d 1 0 · · · 0
...

...
...

...
...

−d N−1 0 0 · · · 1

⎞

⎟⎟⎟⎠ .

3 F P-injective N-complexes

The study of F P-injectivity of objects in abelian categories is an important research area and has attracted
the attention of many scholars. In this section, we will investigate the concept of F P-injective N -complexes
and give some equivalent characterizations of F P-injective N -complexes. In particular, by virtue of Gaussian
binomial coefficients, we prove that an N -complex C is F P-injective if and only if C is N -exact and Zi

n(C) is
an F P-injective left R-module for each i = 1, · · · , N and each n ∈ Z (see, Theorem 3.8).

3.1 Finitely generated and finitely presented N -complexes.

We begin with the following notions of finitely generated and finitely presented N -complexes.

Definition 3.1 An N -complex C is called finitely generated if C is bounded and Cm is finitely generated in
R-Mod for each m ∈ Z.

An N -complex C is called finitely presented if C is bounded and Cm is finitely presented in R-Mod for each
m ∈ Z.

Example 3.2 (1) If M is a finitely generated left R-module, then Dt
n(M) is finitely generated N -complexes for

each t = 1, · · · , N and n ∈ Z.
(2) If M is a finitely presented left R-module, then Dt

n(M) is finitely presented N -complexes for each t =
1, · · · , N and n ∈ Z.

Put N = 2. Then finitely generated N -complexes are precisely finitely generated complexes and finitely
presented N -complexes are precisely finitely presented complexes [7].

An N -complex C is said to be free if C is N -exact and Zi
n(C) is an free left R-module for each i = 1, · · · , N

and each n ∈ Z. The following observations are useful, whose proofs are routine.
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Lemma 3.3 Let C be an N-complex. Then the following statements are equivalent:
(1) C is finitely presented;
(2) There exists an exact sequence 0 → K → P → C → 0 of N-complexes, where P is finitely generated and
projective, and K is finitely generated.

(3) There exists an exact sequence P1 → P0 → C → 0 of N-complexes, where P0, P1 are finitely generated
and free.

Definition 3.4 (1) An exact sequence of N -complexes 0 → A → B → C → 0 is said to be pure if the sequence
0 → HomCN (R)(P, A) → HomCN (R)(P, B) → HomCN (R)(P, C) → 0 is exact for any finitely presented N -
complex P. An N -subcomplex A of an N -complex B is pure if 0 → A → B → B/A → 0 is a pure exact
sequence.
(2) An N -complex C is called absolutely pure if it is pure in every N -complex that contains it.

3.2 A characterization on F P-injective N -complexes

The main aim of this subsection is to give the definition of F P-injective N -complexes and characterize such
N -complexes.

Definition 3.5 An N -complex C is said to be FP-injective if Ext1
CN (R)

(P, C) = 0 for any finitely presented
N -complex P .

Remark 3.6 (1) Recall that a complex C is FP-injective if Ext1(P, C) = 0 for any finitely presented complex P
[20]. If N = 2, then FP-injective N -complexes are precisely FP-injective complexes.
(2) The class of FP-injective N -complexes is cloesd under direct products, summands, extensions, and pure N -
subcomplexes. Clearly each injective N -complex is FP-injective. We can also see that the class of FP-injective
N -complexes is cloesd under direct sums using Lemma 3.3.
(3) �−nC is FP-injective for any FP-injective N -complex C and n ∈ Z.

The next isomorphisms will play a fundamental role in the following research.

Lemma 3.7 ([9, pp. 688, 690]) Let M ∈ R-Mod, X, Y ∈ CN (R) and n ∈ Z, i = 1, 2, · · · , N. Then the
following natural isomorphisms hold:
(1) HomCN (R)(Di

n(M), Y ) ∼= HomR(M, Zi
n(Y )).

(2) Ext1
CN (R)

(Di
n(M), Y ) ∼= Ext1

R(M, Zi
n(Y )).

As we know, an N -complex X is injective if and only if X is N -exact and Zi
n(X) is injective in R-Mod for

each i = 1, · · · , N and each n ∈ Z. In the following, we will establish a relationship between F P-injectivity of
an N -complex X and F P-injectivity of its cycle modules Zi∗(X).

Theorem 3.8 Let C be an N-complex of left R-modules. Then C is FP-injective if and only if C is N-exact and
Zi

n(C) is F P-injective in R-Mod for each i = 1, · · · , N and each n ∈ Z.

To prove Theorem 3.8, we need some preparations. Note that ZN
n (C) = Cn . Then the following result can

be obtained by Lemma 3.7.

Lemma 3.9 If C is an FP-injective N-complex, then Zi
n(C) is FP-injective in R-Mod for each n ∈ Z and each

i = 1, 2, · · · , N. Moreover, Cn is FP-injective in R-Mod for each n ∈ Z.

Following [13], let C and D be N -complexes of left R-modules. We denote by HomR(C, D) the sequence
of abelian groups with

HomR(C, D)n =
∏

t∈Z

HomR(Ct , Dn+t )

such that if f ∈ HomR(C, D)n then (dn( f ))m = d D
n+m fm − (q)n fm−1dC

m , where q is the N -th root of unity,
q N = 1 and q 	= 1. Note that HomR(C, D) is also an N -complex [13, Proposition 1.8]. f is said to be a chain
map of degree n if f ∈ Z1

n(HomR(C, D)).

123



F P-injective objects in the category... 247

To obtain the next Lemma which is a crucial result for proving Theorem 3.8, let us recall the Gaussian
binomial coefficients, which is introduced by Kapranov. For integers M, k,

[
M
k

]

q
= (1 − q M )(1 − q M−1) · · · (1 − q)

(1 − qk)(1 − qk−1) · · · (1 − q)(1 − q M−k) · · · (1 − q)
.

They satisfy the recursion properties
[

M + 1
k

]

q
=
[

M
k

]

q
qk +

[
M

k − 1

]

q

and are symmetric with respect to the replacement of k by M − k.
For any fi : Ci −→ Di+n and m ≥ 0, we have the following equality given by Kapranov [13, Lemma 1.9]

dm
HomR(C,D)( f ) =

m∑

k=0

(−1)m−kq(m−k)n
[

m
k

]

q−1
dk

D f dm−k
C .

Lemma 3.10 Let C and D be N-complexes. Then H1
nHomR(C, D) ∼= HomKN (R)(C,�n D). In particular,

HomR(C, D) is N-exact if and only if HomKN (R)(C,�n D) = 0, i.e., Ht
nHomR(C, D) = 0 is equivalent to

HomKN (R)(C,�n D) = 0 for each t = 1, 2, · · · , N and every n ∈ Z.

Proof We first show that f ∈ Ker(d1
HomR(C,D)) if and only if f is a chain map of degree n.

Let f ∈ Ker(d1
HomR(C,D)). Then d1

HomR(C,D)( f ) = 0. This is equivalent to that

1∑

k=0

(−1)1−kq(1−k)n
[

1
k

]

q−1
dk

D f d1−k
C = 0,

which means that −
[

1
0

]

q−1
qnd0

D f d1
C +

[
1
1

]

q−1
d1

D f d0
C = 0, i.e., d1

D f − qn f d1
C = 0.

If f is a chain map of degree n, then it is easy to check that f ∈ Ker(d1
HomR(C,D)).

We define

λ : H1
nHomR(C, D) −→ HomKN (R)(C,�n D)

f + BN−1(HomR(C, D)) 
→ f

for f ∈ Z1(HomR(C, D)) = Ker(d1
HomR(C,D)), i.e., fi : Ci → Dn+i .

In the following, we show that f ∈ Im(d N−1
HomR(C,D)) = BN−1(HomR(C, D)) if and only if f is null

homotopic. Then λ is well defined and is an monomorphism.
Note that f ∈ Im(d N−1

HomR(C,D)) is equivalent to f = d N−1
HomR(C,D)(g) for some g ∈ HomR(C, D)n+N−1. Then

f = d N−1
HomR(C,D)(g) =

N−1∑

k=0

(−1)N−1−kq(N−1−k)(n+N−1)

[
N − 1

k

]

q−1
dk

Dgd N−1−k
C .

This means that

f =(−1)N−1q(N−1)(n+N−1)

[
N − 1

0

]

q−1
d0

Dgd N−1
C

+ (−1)N−2q(N−2)(n+N−1)

[
N − 1

1

]

q−1
d1

Dgd N−2
C

+ (−1)N−3q(N−3)(n+N−1)

[
N − 1

2

]

q−1
d2

Dgd N−3
C

+ · · ·
+ (−1)1q(1)(n+N−1)

[
N − 1
N − 2

]

q−1
d N−2

D gd1
C

+ (−1)0q(0)(n+N−1)

[
N − 1
N − 1

]

q−1
d N−1

D gd0
C .
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Set si− j = (−1) j q( j)(n+N−1)

[
N − 1

N − 1 − j

]

q−1
gi− j , where j = 0, 1, 2, · · · , N − 1. Then si : Ci −→

Di+n+N−1 is a chain map of degree n and fi = ∑N−1
j=0 d(N−1)− j si− j d j , ∀ i . Therefore, f is null homo-

topic.
It is clear that λ is an epimorphism. So λ is an isomorphism. Also, we can obtain the final statement by [13,

Proposition 1.5]. ��
The following lemma is useful.

Lemma 3.11 Let X, Y be N-complexes. Then the following hold:
(1) �HomR(X, Y ) = HomR(X, �Y ).
(2) �−1HomR(X, Y ) = HomR(�−1 X, Y ).
(3) Ht

n(�X) = HN−t
n−t (X).

(4) Ht
n(�−1 X) = HN−t

n+N−t (X).

Proof (1) Note that there is a degreewise split exact sequence

0 −→ Y
λY−→

⊕

n∈Z

DN
n+N−1(Yn)

ηY

−→ CokerλY −→ 0.

Then

0 −→ HomR(X, Y )
λY∗−→ HomR(X,

⊕

n∈Z

DN
n+N−1(Yn))

ηY∗−→ HomR(X, CokerλY ) −→ 0

is exact. On the other hand, we have an exact sequence

0 −→ HomR(X, Y )
λY∗−→

⊕

n∈Z

DN
n+N−1(HomR(X, Y )n)

ηY∗−→ CokerHomR(X, λY ) −→ 0.

Since HomR(X,
⊕
n∈Z

DN
n+N−1(Yn)) = ⊕

n∈Z

DN
n+N−1(HomR(X, Y )n), we see that HomR(X, CokerλY ) =

Coker HomR(X, λY ). Thus �HomR(X, Y ) = HomR(X, �Y ).
(2) It is similar to the proof of (1).
(3) and (4) are follow from [10, Proposition 3.2]. ��
Now, we are ready to give the proof of Theorem 3.8.

Proof Step 1. An N -complex C is F P-injective if and only if Cn is F P-injective in R-Mod for each n ∈ Z and
HomR(F, C) is N -exact for all finitely presented N -complexes F .

“ 
⇒ ". It follows from Lemma 3.9 that Cn is F P-injective in R-Mod for each n ∈ Z.
For a finitely presented N -complex F we have that HomKN (R)(F,�−nC) = 0 if and only if for each n and

each morphism of N -complexes
f : F −→ �−nC,

the sequence

0 −→ �−nC −→ C( f ) −→ �F −→ 0

splits by [21, Proposition 2.14]. Since F is finitely presented, so is �F . Note that �−nC is an F P-injective
N -complex by Remark 3.6. By hypothesis, Ext1(�F,�−nC) = 0. Hence the sequence

0 −→ �−nC −→ C( f ) −→ �F −→ 0

splits and HomKN (R)(F,�−nC) = 0. Thus, HomR(F, C) is N -exact by Lemma 3.10.
“ ⇐
 ". Suppose Cn is an F P-injective left R-module for each n ∈ Z and HomR(F, C) is N -exact for every

finitely presented N -complex F . Then HomR(F,�nC) is N -exact, which implies that HomR(�−1 F,�nC) is
N -exact by Lemma 3.11, and so HomKN (R)(�

−1 F, C) = 0. Note that the following exact sequence

0 −→ C −→ W −→ F −→ 0
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of N -complexes with F finitely presented is split at the module level. So this sequence is isomorphic to

0 −→ C −→ C( f ) −→ F −→ 0,

where f : �−1 F −→ C is a morphism of N -complexes. Since HomKN (R)(�
−1 F, C) = 0, the sequence

0 −→ C −→ C( f ) −→ F −→ 0

splits by [21, Proposition 2.14], so

0 −→ C −→ W −→ F −→ 0

also splits.
Step 2. If C is an N -exact N -complex of left R-modules and Zi

n(C) is F P-injective in R-Mod for each
i ∈ Z, then HomR(F, C) is N -exact for any finitely presented N -complex F .

If F is a finitely presented N -complex, then F is bounded by Definition 3.1. Hence we can assume that F
has the following form:

· · · −→ 0 −→ Fs −→ Fs−1 −→ · · · −→ F2 −→ F1 −→ F0 −→ 0 −→ · · · .

Now consider the N -complex

HomR(F, C) = · · · dm+1−→
∏

i∈Z

Hom(Fi , Cm+i )
dm−→

∏

i∈Z

Hom(Fi , Cm−1+i )
dm−1−→ · · · .

It is clear that Imdm+N−1 ⊆ Ker(dmdm+1 · · · dm+N−2) since dmdm+1 · · · dm+N−2dm+N−1=0. It is enough
to show that Ker(dmdm+1 · · · dm+N−2) ⊆ Imdm+N−1 by [13, Proposition 1.5].

Let g ∈ Ker(dmdm+1 · · · dm+N−2). For an N -complex C , in the following, we will use the abbreviation
dt
(m+t−1)C

for dC
m dC

m+1 · · · dC
m+t−1. Then

d N−1
m+N−2(g) =

N−1∑

k=0

(−1)N−1−kq(N−1−k)(m+N−2)

[
N − 1

k

]

q−1
dk

C gd N−1−k
F = 0.

This means that

d N−1
m+N−2(g) =(−1)N−1q(N−1)(m+N−2)

[
N − 1

0

]

q−1
d0
(m−1+i)C

gi−N+1d N−1
iF

+ (−1)N−2q(N−2)(m+N−2)

[
N − 1

1

]

q−1
d1
(m+i)C

gi−N+2d N−2
iF

+ (−1)N−3q(N−3)(m+N−2)

[
N − 1

2

]

q−1
d2
(m+1+i)C

gi−N+3d N−3
iF

+ · · ·
+ (−1)1q1(m+N−2)

[
N − 1
N − 2

]

q−1
d N−2
(m+N−3+i)C

gi−1d1
iF

+ (−1)0q0(m+N−2)

[
N − 1
N − 1

]

q−1
d N−1
(m+N−2+i)C

gi d
0
iF

=0.

In the following procedure we are going to construct a morphism f satisfying

f ∈ HomR(F, C)m+N−1 =
∏

i∈Z

Hom(Fi , Cm+N−1+i )

such that

dm+N−1( f ) = (dC
m+N−1+i fi − qm+N−1 fi−1d F

i )i∈Z = (gi )i∈Z.
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Note that gi = 0 for i ≤ −1. We take fi = 0 if i ≤ −1. If i = 0, then d N−1
(m+N−2)C

g0 = 0, and

so Img0 ⊆ Kerd N−1
(m+N−2)C

=ImdC
m+N−1 = ZN−1

m+N−2(C). Since ZN−1
m+N−2(C) is an F P-injective left R-module

and F0 is a finitely presented left R-module, there exists a homomorphism f0 : F0 −→ Cm+N−1 such that
dC

m+N−1 f0 = g0, i.e., dm+N−1( f )0 = dC
m+N−1 f0 − qm+N−1 f−1d F

0 = g0. That is, the diagram

F0

g0
f0

0 Z1
m+N−1(C) Cm+N−1

dC
m+N−1

ZN−1
m+N−2(C) 0

commutes.
If i = 1, then

d N−1
(m+N−1)C

(
(−1)1q1(m+N−2)

[
N − 1
N − 2

]

q−1
f0d1

1F
+ (−1)0q0(m+N−2)

[
N − 1
N − 1

]

q−1
g1d0

1F

)

= (−1)1q1(m+N−2)

[
N − 1
N − 2

]

q−1
d N−2
(m+N−2)C

dC
(m+N−1) f0d1

1F

+ (−1)0q0(m+N−2)

[
N − 1
N − 1

]

q−1
d N−1
(m+N−1)C

g1d0
1F

= (−1)1q1(m+N−2)

[
N − 1
N − 2

]

q−1
d N−2
(m+N−2)C

g0d1
1F

+ (−1)0q0(m+N−2)

[
N − 1
N − 1

]

q−1
d N−1
(m+N−1)C

g1d0
1F

= d N−1
(m+N−1)C

g1d0
1F

− q(m+N−2)

[
N − 1
N − 2

]

q−1
d N−2
(m+N−2)C

g0d1
1F

= 0.

.

Thus

Im((−1)1q1(m+N−2)

[
N − 1
N − 2

]

q−1
f0d1

1F
+ (−1)0q0(m+N−2)

[
N − 1
N − 1

]

q−1
g1d0

1F
)

= Im(g1d0
1F

− q(m+N−2)

[
N − 1
N − 2

]

q−1
f0d1

1F
)

⊆ Kerd N−1
(m+N−1)C

.

Set h1 = g1d0
1F

− q(m+N−2)

[
N − 1
N − 2

]

q−1
f0d1

1F
. Since ZN−1

m+N (C) is an F P-injective left R-module and F1 is a

finitely presented left R-module, we have the following commutative diagram.

F1

h1
t1

0 Z1
m+N (C) Cm+N

dC
m+N

ZN−1
m+N−1(C) 0.

That is,

g1 = dC
m+N t1 + q(m+N−2)

[
N − 1
N − 2

]

q−1
f0d1

1F

= dC
m+N t1 + q(m+N−2)

[
N − 1
N − 2

]

q−1
f0d F

1

= dC
m+N t1 − q(m+N−1) f0d F

1 .

123



F P-injective objects in the category... 251

Put t1 =
[

N − 1
N − 2

]

q−1
f1

′,
[

N − 1
N − 2

]

q−1
f0

′ = f0. Then

g1 = dC
m+N

[
N − 1
N − 2

]

q−1
f1

′ − q(m+N−1)

[
N − 1
N − 2

]

q−1
f ′
0d F

1 .

Thus,

g1 = dm+N−1(

[
N − 1
N − 2

]

q−1
f ′
1).

This implies that

g1 = dm+N−1( f1).

by taking f1 = (

[
N − 1
N − 2

]

q−1
f ′
1. Repeating this procedure, we deduce that f ∈ HomR(F, C)m+N−1

and dm+N−1( f ) = g.
Step 3. “ 
⇒ ". Let C be an F P-injective N -complex. Then Zi

n(C) is an F P-injective module for each
n ∈ Z and i = 1, · · · , N by Lemma 3.9. We also notice that HomR(F, C) is N -exact for any finitely presented
N -complex F by Step 1. Note that D1

n(P) is a finitely presented N -complexes for any finitely presented left
R-module P . Thus C is an N -exact N -complex.

“ ⇐
 ". Note that the class of F P-injective modules is closed under extensions. Then Cn is F P-injective
modules. Also HomR(F, C) is N -exact for any finitely presented N -complex F by Step 2. Hence, C is an
F P-injective N -complex by Step 1. This completes the proof. ��

We round off this section with the following result.

Proposition 3.12 Let C be an N-complex. Then the following assertions are equivalent.
(1) C is FP-injective.
(2) C is absolutely pure.
(3) Every exact sequence 0 → C → L → F → 0 in CN (R) with F finitely presented is split.
(4) C is injective with respect to every exact sequence 0 → U → V → F → 0 in CN (R) with F finitely
presented.

Proof (1) 
⇒ (2). Let 0 → C → B → A → 0 be an exact sequence in CN (R). Then, for any finitely presented
N -complex F , we get an exact sequence 0 → HomCN (R)(F, C) → HomCN (R)(F, B) → HomCN (R)(F, A) →
Ext1

CN (R)
(F, C). This implies that 0 → C → B → A → 0 is pure because of Ext1

CN (R)
(F, C) = 0. Thus C is

absolutely pure.
(2) 
⇒ (3), (1) ⇐⇒ (4) and (3) 
⇒ (1) are trivial. ��

4 Applications

Various applications of our main result Theorem 3.8 will be discussed in this section. Specifically, we prove
over a coherent ring that a bounded above N -complex C is F P-injective if and only if C is N -exact and Cn
is an F P-injective module for each n ∈ Z (see Proposition 4.1). We obtain some examples of F P-injective
N -complexes for some fixed integer N . Finally, we give a characterization of coherent rings via F P-injective
N -complexes (see Theorem 4.11).

4.1 A characterization on F P-injectivity of bounded above N -complexes

Proposition 4.1 Let R be a left coherent ring and C a bounded above N-complex. Then C is FP-injective if and
only if C is N-exact and Cn is FP-injective in R-Mod for each n ∈ Z.
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Proof “ 
⇒ ". It is clear.
“ ⇐
 ". Assume that C has the following form:

· · · −→ 0 −→ C0
d0−→ C1

d1−→ C2
d2−→ C3

d3−→ C4 −→ · · · .

Since C is N -exact, Kerd0 = Ker(d1d0) = · · · = Ker(dN−2 · · · d0) = 0. This implies that

Zi
0(C) = 0 for 1 ≤ i ≤ N − 1 and ZN

0 (C) = C0.

Also, Kerd1 = Ker(d2d1) = · · · = Ker(dN−2 · · · d1) = 0. Then Zi
1(C) = 0 for 1 ≤ i ≤ N − 2 and

ZN−1
1 (C) ∼= C0, ZN

1 (C) = C1.
Similarly,

Zi
2(C) = 0 for 1 ≤ i ≤ N − 3 and ZN−2

2 (C) ∼= C0, ZN−1
2 (C) ∼= C1, ZN

2 (C) = C2.

· · · · · ·
Z1

N−1(C) ∼= C0, Z2
N−1(C) ∼= C1, · · · , ZN−1

N−1(C) ∼= CN−2, ZN
N−1(C) = CN−1.

Then Zi
t (C) is F P-injective for 0 ≤ t ≤ N − 1, i = 1, · · · , N .

Note that

0 −→ C0
d0−→ C1 −→ BN−1

N (C) −→ 0,

0 −→ C0
d1d0−→ C2 −→ BN−2

N (C) −→ 0,

· · · · · ·
0 −→ C0

dN−3···d1d0−→ CN−2 −→ B2
N (C) −→ 0,

0 −→ C0
dN−2···d1d0−→ CN−1 −→ B1

N (C) −→ 0

are exact. This implies that Zi
N (C) is F P-injective for i = 1, · · · , N .

Using exact sequences

0 −→ Z1
N (C) −→ CN −→ ZN−1

N+1(C) −→ 0,

0 −→ Z2
N (C) −→ CN −→ ZN−2

N+1(C) −→ 0,

· · · · · ·
0 −→ ZN−2

N (C) −→ CN −→ Z2
N+1(C) −→ 0,

0 −→ ZN−1
N (C) −→ CN −→ Z1

N+1(C) −→ 0,

we get Zi
N+1(C) is F P-injective for i = 1, · · · , N .

We also get Zi
t (C) is F P-injective for t ≥ N +2, i = 1, · · · , N by a similar method. Thus C is F P-injective

by Theorem 3.8. ��

4.2 Some examples

We obtain some examples of F P-injective N -complexes for some fixed integer n. Also, as a special case of our
main result, we get the main result of Wang and Liu on F P-injective complexes.

As a consequence of Theorem 3.8, we first get the following example.

Example 4.2 A left R-module M is F P-injective if and only if the N -complex DN
n (M) is FP-injective for each

n ∈ Z.

The following lemma can be obtained easily by Lemma 3.7.

Lemma 4.3 If 0 −→ A −→ B −→ C −→ 0 is pure exact in CN (R), then the sequence 0 −→ Zi
n(A) −→

Zi
n(B) −→ Zi

n(C) −→ 0 is pure exact in R-Mod for each i = 1, · · · , N and each n ∈ Z.
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Corollary 4.4 Let R be a left coherent ring and 0 −→ A −→ B −→ C −→ 0 be exact in CN (R) with A
F P-injective. Then B is F P-injective if and only if C is F P-injective.

Proof Since A is an F P-injective N -complex, 0 −→ A −→ B −→ C −→ 0 is a pure exact sequence. Then
0 −→ Zi

n(A) −→ Zi
n(B) −→ Zi

n(C) −→ 0 is a pure exact sequence in R-Mod for each i = 1, · · · , N and
each n ∈ Z by Lemma 4.3. This implies that 0 −→ Hi

n(A) −→ Hi
n(B) −→ Hi

n(C) −→ 0 is an exact sequence
by [14, Remark 1]. Therefore, the result is obtained by Theorem 3.8. ��

Put N = 3, we obtain the following example by Example 4.2, which shows that there exists an F P-injective
3-complex, but it is not an F P-injective complex.

Example 4.5 If M is an F P-injective module, then

· · · → 0 → M
1−→ M

1−→ M → 0 → · · ·
is an FP-injective 3-complex, however, it is not an FP-injective complex.

Using Proposition 4.1, we get

Example 4.6 Let R be a left coherent ring. Then a 3-complex

· · · → 0 → C0
d0−→ C1

d1−→ C2
d2−→ C3

d3−→ C4 → · · ·
is FP-injective if and only if C is 3-exact and Cn is FP-injective in R-Mod for each n ∈ Z.

Take N = 2, as an immediate consequence of Theorem 3.8, we obtain the following result which is the main
result of [20].

Corollary 4.7 Let C be a complex. Then C is FP-injective if and only if C is exact and Zn(C) is F P-injective
in R-Mod for each n ∈ Z.

4.3 A characterization of coherent rings

In this subsection, we give a characterization of coherent rings. Of course, we need some prepares.
The following observations are useful, whose proofs are routine.

Lemma 4.8 Let 0 → A → B → C → 0 be an exact sequence of N-complexes. Then the following statements
hold:
(1) If A is finitely generated and B is finitely presented, then C is finitely presented.

(2) If A and C are finitely presented, then so is B.

(3) If R is a left coherent ring, B and C are finitely presented, then so is A.

Lemma 4.9 Let C be an N-complex. Then the following statements are equivalent:
(1) C is finitely presented.
(2) There exists an exact sequence 0 → L → P → C → 0 of N-complexes, where P is finitely generated and
projective, and L is finitely generated.
(3) There exists an exact sequence P1 → P0 → C → 0 of N-complexes, where P0, P1 are finitely generated
and projective.

Lemma 4.10 Let 0 → A → B → C → 0 be an exact sequence of N-complexes. If A is an FP-injective
N-complex, then 0 → Zi

n(A) → Zi
n(B) → Zi

n(C) → 0 is exact in R-Mod for each i = 1, · · · , N and each
n ∈ Z.

We round off the paper with the following characterizations of coherent rings.

Theorem 4.11 The following statements are equivalent for any ring R:
(1) R is left coherent.
(2) lim−→ Extn

CN (R)
(F, Ci ) ∼= Extn

CN (R)
(F, lim−→ Ci ) for every finitely presented N-complex F and direct system

(Ci )i∈I .
(3) Every direct limits of FP-injective N-complexes is FP-injective.
(4) The class of FP-injective N-complexes is injectively resolving.
(5) Let 0 → A → B → C → 0 be a short exact sequence of N-complexes. If A, B are FP-injective N-
complexes, then C is FP-injective.
(6) If C is a FP-injective N-complex and S is a pure N-subcomplex of C, then C/S is FP-injective.
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Proof (1) 
⇒ (2). Since R is a left coherent ring, every finitely presented N -complex has a projective resolution
consisting of finitely presented N -complexes by Lemmas 4.8 and 4.9. Thus (2) follows by [19, Ch. V, Proposition
3.4].

(2) 
⇒ (3) and (4) 
⇒ (5) are clear.
(3) 
⇒ (1). Note that lim−→ DN

n (Mi ) = DN
n (lim−→ Mi ) for n ∈ Z. The result follows by Example 4.2 and [18,

Theorem 3.2].
(1) 
⇒ (4) follows by Theorem 3.8 and Lemma 4.10.
(5) 
⇒ (6) follows by Remark 3.6.
(6) 
⇒ (1). Note that R is a left coherent ring if and only if every factor module of an F P-injective module

by a pure submodule is F P-injective [25, Ch.VII, 35.9].
Let M be any F P-injective left R-module and L a pure submodule of M . We need to show that M/L is

an F P-injective left R-module. Since the subcategory of F P-injective left R-modules is closed under pure
submodules, L is F P-injective. Then DN

n (L) and DN
n (M) are F P-injective N -complexes by Example 4.2. And

so 0 → DN
n (L) → DN

n (M) → DN
n (M/L) → 0 is a pure exact sequence of N -complexes. This implies

that DN
n (M/L) is an F P-injective N -complex. Using Example 4.2, we get that M/L is an F P-injective left

R-module. Therefore, R is a left coherent ring. ��
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