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Abstract This paper is devoted to the study of a new class of nonlinear obstacle problems involving nonhomo-
geneous partial differential operators and mixed boundary conditions. We provide the existence and uniqueness
of the solution for the obstacle problem via applying a surjectivity theorem for set-valued mappings formulated
by the sum of a set-valued pseudomonotone operator and a maximal monotone set-valued operator. Moreover,
some upper bounds to the obstacle problem are established by using a regularized gap function through different
norms.
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1 Introduction

Recently, Zeng et al. [50,52,53] firstly introduced a double phase implicit obstacle problem involving multivalued
operator, and they provided some elegant and effective methods to solve multivalued elliptic problems with double
phase differential operators. These works open a new and challenging research direction concerning double phase
problems with implicit obstacle constraints, and more and more scholars are attracted to the development on
both theoretical and application aspects of double phase obstacle problems. More recently, in order to overcome
the challenging and difficulty that nonlinear convection term leads to the invalidity of variational methods, Zeng
et al. [56] applied Kakutani-Ky Fan fixed point theorem for multivalued operators along with the theory of
nonsmooth analysis and variational methods for pseudomonotone operators to develop a very essential and new
framework for investigating double phase problems with implicit obstacle effect and nonlinear convection terms,
and obtained the sharpest results concerning existence and compactness to weak solutions. Taking inspiration
from the works [50,52,53,56], in this paper, we are going to study a class of nonlinear nonhomogeneous obstacle
problems with mixed boundary conditions.
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Existence and upper bounds for nonlinear nonhomogeneous obstacle problems 275

Let Ω be a bounded domain in R
N (N ≥ 2) with its boundary Γ = ∂Ω being locally Lipschitz such that

Γ = Γ1∪Γ2 and meas(Γ1) > 0. Denote by ν the outward unit normal to the boundaryΓ . For each i ∈ {1, . . . , l},
given functions ai : Ω × R

N → R
N , f : Ω × R → R, ψ : Ω × R × R

N → R, k : Γ2 → R, g : Γ2 × R → R,
Ψ : Ω → R+ := [0,+∞] and the set-valued mapping B : Ω × R ⇒ R, where ai is continuous and monotone
with respect to the second variable, in this paper, we consider the following class of nonlinear obstacle problems
involving a nonhomogeneous partial differential operator and mixed boundary conditions:

Problem 1.1 Find a function z : Ω → R such that

−div

(
l∑

i=1

�i ai (x,∇z(x))

)
+ f (x, z(x)) ∈ B(x, z(x))+ ψ(x, z(x),∇z(x)) in Ω,

z(x) = 0 on Γ1,

−
(

l∑
i=1

�i ai (x,∇z(x)), ν

)
RN

∈ k(x)∂g(x, z(x)) on Γ2,

z(x) ≤ Ψ (x) in Ω,

where �i > 0 for all i ∈ {1, . . . , l}, (·, ·)RN denotes the inner product in R
N and ∂g stands for the Clarke’s

generalized subgradient of g with respect to its last variable.
If �1 = 1, a = a1, ai ≡ 0RN for all i ∈ {2, . . . , l}, then our Problem 1.1 can be rewritten to the following

obstacle inclusion problem:

Problem 1.2 Find a function z : Ω → R such that

−div (a(x,∇z(x)))+ f (x, z(x)) ∈ B(x, z(x))+ ψ(x, z(x),∇z(x)) in Ω,

z(x) = 0 on Γ1,

− (a(x,∇z(x)), ν)RN ∈ k(x)∂g(x, z(x)) on Γ2,

z(x) ≤ Ψ (x) in Ω,

To the best of our knowledge, this nonlinear obstacle inclusion problem has not been considered.
When Γ2 = ∅, f (x, s) = 0 and φ(x, s, ξ) = B(x, s)+ψ(x, s, ξ) for a. a. x ∈ Ω , for all s ∈ R and ξ ∈ R

N ,
then Problem 1.2 reduces to the following nonlinear elliptic obstacle problem

−div (a(x,∇z(x))) ∈ φ(x, z(x),∇z(x)) in Ω,

z(x) = 0 on ∂Ω, (1.1)

z(x) ≤ Ψ (x) in Ω,

which has recently been introduced and studied by Zeng-Bai-Gasiński [50].
Moreover, if Γ2 = ∅, f (x, s) = 0, Ψ ≡ +∞ and B(x, s) = 0 for a. a. x ∈ Ω and for all s ∈ R, then

Problem 1.2 becomes the following nonlinear elliptic problem (see e.g., [5,42,43])

−div (a(x,∇z(x))) = ψ(x, z(x),∇z(x)) in Ω,

z(x) = 0 on ∂Ω.

Let us recall some particular interesting examples of the function a, see e.g., Zeng-Liu-Migórski [54] for more
details. Then we obtain various kinds of differential operators, such as the p-Laplacian differential operator, the
generalized p-mean curvature differential operator, the (p, q)-Laplacian differential operator and some specific
differential operators:

(i) If a(ϑ) = |ϑ |p−2ϑ for all ϑ ∈ R
N with 1 < p < +∞, then operator z(x) �→ div(a(∇z(x))) is the

well-known p-Laplacian differential operator, i.e.,

div(a(∇z(x))) = Δpz(x) := div(|∇z(x)|p−2∇z(x))

for all z ∈ W1,p(Ω), where W1,p(Ω) is the Sobolev space (see Section 2).
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276 V. M. Tam, S. Liao

(ii) If a(ϑ) = (1 + |ϑ |2) p−2
2 ϑ for all ϑ ∈ R

N with 1 < p < +∞, then operator z(x) �→ div(a(∇z(x))) is the
generalized p-mean curvature differential operator, thus,

div(a(∇z(x))) = div
(
(1 + |∇z(x)|) p−2

2 ∇z(x)
)

for all z ∈ W1,p(Ω).

(iii) If a(ϑ) = |ϑ |p−2ϑ+|ϑ |q−2ϑ for all ϑ ∈ R
N with 1 < q < p < +∞, then operator z(x) �→ div(a(∇z(x)))

is the (p, q)-Laplacian differential operator, that is,

div(a(∇z(x))) = Δpz(x)+Δq z(x)

for all z ∈ W1,p(Ω).
(iv) If a(ϑ) = (|ϑ |p−2 + ln(1 + |ϑ |2))ϑ for all ϑ ∈ R

N with 1 < p < +∞, then the operator z(x) �→
div(a(∇z(x))) corresponds to the following differential operator, namely,

div(a(∇z(x))) = Δpz(x)+ div
(

ln(1 + |∇z(x)|2)∇z(x)
)

for all z ∈ W1,p(Ω).

(v) If a(ϑ) = |ϑ |p−2
(

1 + 1
1+|ϑ |p

)
ϑ for all ϑ ∈ R

N with 1 < p < +∞, then operator z(x) �→ div(a(∇z(x)))

corresponds to the following differential operator, i.e.,

div(a(∇z(x))) = Δpz(x)+ div

( |∇z(x)|p−2∇z(x)

1 + |∇z(x)|p

)

for all z ∈ W1,p(Ω).

For studying the nonlinear elliptic problems with gradient dependence we refer to the following works:
Bai-Gasiński-Papageorgiou [6], Bai-Papageorgiou-Zeng [8], Faraci-Motreanu-Puglisi [17], Gasiński-Winkert
[24], Marano-Winkert [39], Gasiński-Papageorgiou [18,23], Guarnotta-Marano-Motreanu [25], Papageorgiou-
Rădulescu-Repovš [44], Tanaka [48], Figueiredo-Madeira [19], Guarnotta-Marano [26], Liu-Motreanu-Zeng
[38], Cen-Haddad-Nguyen-Zeng [12]. Especially, some recently important contributions on the topic of non-
linear obstacle problems with gradient dependence have been provided in Zeng-Bai-Gasiński [50], Zeng-Bai-
Gasiński-Krech [51], Zeng-Bai-Gasiński-Winkert [52], Zeng-Bai-Winkert-Yao [53], Zeng-Liu-Migórski [54],
Zeng-Rădulescu-Winkert [55,57,58].

Precisely speaking, the novelty of setting to Problem 1.1 is that a generalized nonhomogeneous partial
differential operator and the following challenging effects are considered in a problem:

• a set-valued convection term which is formulated by a set-valued mapping and a nonlinear convection
function;

• an obstacle constraint;
• a set-valued boundary condition driven by the Clarke’s generalized subdifferential operator to a locally

Lipschitz function.

On the other hand, upper bound (also called, error bound) is known as an illustration to the upper estimation
of the distance between an arbitrary feasible point and the solution set of a certain problem. It was significant
in determining the convergence of iterative approaches for solving various related-optimization problems, vari-
ational inequalities and equilibrium problems. A useful tool to obtain upper bounds is the gap functions or the
regularized gap functions (see e.g., Auslender [4], Yamashita-Fukushima [49]). Up to now, the topic on gap
functions and upper bounds has been crucial and interesting in the theory of optimization and nonlinear analysis
for the study of related-optimization problems, variational/hemivariational inequalities and equilibrium prob-
lems. For more information on this direction, we refer readers to the recent researches, see e.g., Anh-Hung-Tam
[1], Bigi-Passacantando [9], Chen-Tam [13], Hung-Migórski-Tam-Zeng [27], Hung-Novo-Tam [28], Hung-Tam
[29], Hung-Tam-Baleanu [30], Hung-Tam-Pitea [31], Hung-Tam-Tuan-O’Regan [32], Hung-Tam-Zhou [33],
Khan-Chen [34], Mastroeni [40] and the references therein. Very recently, Tam [46] and Tam-Huang [47] estab-
lished some upper bounds for obstacle problems involving double phase operators in terms of regularized gap
functions.

Motivated by the aforementioned works, the main contribution of this work is twofold. The first goal is
to investigate the existence and uniqueness of the solutions for Problem 1.1. Our main tool in the proof of the
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Existence and upper bounds for nonlinear nonhomogeneous obstacle problems 277

existence result for Problem 1.1 is based on the theory of nonsmooth analysis and a surjectivity theorem introduced
by Le [35] for the set-valued mappings which are formulated by the sum of a set-valued pseudomonotone mapping
and a maximal monotone set-valued operator. The second novelty of the paper is to propose some upper bounds
for Problem 1.1 via a regularized gap function studied in Yamashita-Fukushima [49] through different norms.

The paper is structured as follows. Section 2 presents some notations, definitions and useful properties of set-
valued mappings and function spaces. In Section 3, we impose the full assumptions on the data of Problem 1.1.
We apply the surjectivity theorem for a inclusion of set-valued mappings to show the existence and uniqueness of
weak solution to Problem 1.1 in Section 4. Finally, Section 5 gives some upper bounds for the obstacle problem
by using the regularized gap function through different norms.

2 Preliminaries

We first recall those elements which will be used throughout the paper. For more details, we refer to [15,36,37].
Let Ω be a bounded domain in R

N , N ≥ 2, with Lipschitz boundary Γ := ∂Ω . The boundary Γ is divided
into two mutually disjoint parts Γ1 and Γ2 with Γ1 having positive Lebesgue measure. Let r ∈ [1,+∞) and any
subset Q of Ω . We denote the usual Lebesgue spaces Lr (Q) := Lr (Q; R) and Lr (Ω; R

N ) equipped with the
norm ‖ · ‖r,Q given by

‖z‖r,Q :=
(∫

Q
|z|r dx

) 1
r

.

Let W1,r (Ω) be the Sobolev space endowed with the norm ‖ · ‖1,r,Ω defined by

‖z‖1,r,Ω := ‖z‖r,Ω + ‖∇z‖r,Ω for all z ∈ W1,r (Ω).

Throughout the paper the symbol
w−→ (resp., −→) stands for the weak (resp., strong) convergence. By r ′ > 1,

we denote the conjugate of r ∈ (1,+∞), i.e., 1
r + 1

r ′ = 1. Moreover, we denote by p∗ and p∗ the critical
exponents to p in the domain and on the boundary, respectively, given by

p∗ =
{

N p
N−p if p < N ,

+∞ if p ≥ N ,
and p∗ =

{
(N−1)p

N−p if p < N ,

+∞ if p ≥ N .
(2.1)

Since Γ1 has positive measure, it follows from Korn’s inequality that the function space

W1,r
0 (Ω) := {z ∈ W1,r (Ω) : z(x) = 0 for a. a. x ∈ Γ1}

equipped with the norm

‖z‖W := ‖∇z‖p,Ω for all z ∈ W1,r
0 (Ω),

is a reflexive Banach space. In what follows, let λp > 0 and λΓ2 be the smallest constants such that

‖z‖p
p,Ω ≤ λp‖∇z‖p

p,Ω and ‖z‖p
p,Γ2

≤ λΓ2‖z‖p
p,Ω (2.2)

for all z ∈ W1,r
0 (Ω). We now revisit the well-known inequality (see Simon [45, formula (2.2)])(

|x |k−2x − |y|k−2 y, x − y
)

RN
≥ m(k)|x − y|k (2.3)

for k ≥ 2 and for all x, y ∈ R
N , where m(k) is a positive constant depending on k.

Now, we recall some notion and properties concerning set-valued mappings and nonsmooth analysis.

Definition 2.1 (see Aubin-Ekeland [3]) Let Z and X be two Hausdorff topological spaces, C ⊂ Z be a nonempty
set and B : Z ⇒ X be a set-valued mapping. Then B is said to be

(a) convex (resp., closed, bounded) valued, if B(z) is convex (resp., closed, bounded) for each z ∈ Z ;
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278 V. M. Tam, S. Liao

(b) upper semicontinuous at z0 ∈ Z , if for each open set U ⊂ X of B(z0), there is a neighborhood N (z0)

of z0 such that B(N (z0)) := ∪v∈N (z0)B(v) ⊂ U . If it holds for each z ∈ C , then B is called to be upper
semicontinuous on C .

Lemma 2.1 (see Bothe [10]) Let Y be a Banach space and D be a nonempty subset of another Banach space.
Assume that F : D ⇒ Y is a set-valued mapping with nonempty, weakly compact, convex values. Then F is
strongly-weakly upper semicontinuous if and only if, for each sequence {zk} ⊂ D which converges to z0 ∈ D

and for each sequence {ζk} ⊂ F(zk), there exists ζ0 ∈ F(z0) such that ζk
w−→ ζ0 up to a subsequence.

Definition 2.2 (see Migórski-Ochal-Sofonea [41]) Let E be a real Banach space. A function h : E → R :=
R ∪ {+∞} is said to be

(a) proper, if h �≡ +∞;
(b) convex, if h(t z + (1 − t)v) ≤ th(z)+ (1 − t)h(v) for all z, v ∈ E and t ∈ [0, 1];
(c) lower semicontinuous at z0 ∈ E , if for any sequence {zn} ⊂ E such that zn → z0, it holds h(z0) ≤

lim inf h(zn);
(d) upper semicontinuous at z0 ∈ E , if for any sequence {zn} ⊂ E such that zn → z0, it holds lim sup h(zn) ≤

h(z0);
(e) lower (resp. upper) semicontinuous on E , if h is lower (resp. upper) semicontinuous at every z0 ∈ E ;
(f) continuous on E if, it is both lower and upper semicontinuous on E .

Definition 2.3 (see Migórski-Ochal-Sofonea [41]) Let E be a real Banach space with its topological dual E∗ and
h : E → R be a proper, convex and lower semicontinuous function. The convex subdifferential ∂ch : E ⇒ E∗
of h is defined by

∂ch(z) = {
w∗ ∈ E∗ : 〈w∗, v − z〉E∗×E ≤ h(v)− h(z) for all v ∈ E

}
for all z ∈ D(h).

An element w∗ ∈ ∂ch(z) is called a convex subgradient of h at z ∈ E .

Let E be a real Banach space with its dual space E∗. A function g : E → R is said to be locally Lipschitz
at z ∈ E if, there exist a neighborhood U(z) of z and a constant Lz > 0 such that

|g(w)− g(v)| ≤ Lz‖w − v‖E for all w, v ∈ U(z).

Definition 2.4 (see Clarke [14]) Let g : E → R be a locally Lipschitz function and let z, v ∈ E . The generalized
directional derivative g0(z; v) of g at the point z in the direction v is defined by

g0(z; v) := lim sup
w→z, t↓0

g(w + tv)− g(w)

t
.

The generalized gradient ∂g : E ⇒ E∗ of g : E → R is defined by

∂g(z) :=
{
ξ ∈ E∗ : g0(z; v) ≥ 〈ξ, v〉E∗×E for all v ∈ E

}
for all z ∈ E .

The next proposition collects some basic properties, see [41, Proposition 3.23].

Proposition 2.1 Let the function g : E → R be locally Lipschitz with Lipschitz constant Lz > 0 at z ∈ E. Then
we have the following:

(i) The function v �→ g0(z; v) is subadditive, positively homogeneous and satisfies

|g0(z; v)| ≤ Lz‖v‖E for all v ∈ E .

(ii) The function (z, v) �→ g0(z; v) is upper semicontinuous.
(iii) For each z ∈ E, ∂g(z) is a nonempty, convex, and weak∗ compact subset of E∗ with ‖ξ‖E∗ ≤ Lz for all

ξ ∈ ∂g(z).
(iv) g0(z; v) = max {〈ξ, v〉E∗×E : ξ ∈ ∂g(z)} for all v ∈ E.
(v) The set-valued function E � z �→ ∂g(z) ⊂ E∗ is upper semicontinuous from E into w∗-E∗.

We now recall the definition of pseudomonotonicity and generalized pseudomonotonicity for set-valued
operators which will be used in the sequel.
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Existence and upper bounds for nonlinear nonhomogeneous obstacle problems 279

Definition 2.5 (see Gasiński-Papageorgiou [21, Definition 1.4.8]) Let E be a real reflexive Banach space. The
operator A : E ⇒ E∗ is called

(a) pseudomonotone if the following conditions hold:
(i) the set A(z) is nonempty, closed, bounded and convex for all z ∈ E .

(ii) A is upper semicontinuous from each finite-dimensional subspace of E to the weak topology on E∗.

(iii) if {zn} ⊂ E with zn
w−→z in E and ξn ∈ A(zn) are such that

lim sup
n→+∞

〈ξn, zn − z〉E∗×E � 0,

then to each element v ∈ E , there exists ξ(v) ∈ A(z) with

〈ξ(v), z − v〉E∗×E � lim inf
n→+∞〈ξn, zn − v〉E∗×E .

(b) generalized pseudomonotone if the following holds: Let {zn} ⊂ E and {ξn} ⊂ E∗ with ξn ∈ A(zn). If zn
w−→z

in E and ξn
w−→ξ in E∗ and

lim sup
n→+∞

〈ξn, zn − z〉E∗×E � 0,

then the element ξ lies in A(z) and

〈ξn, zn〉E∗×E → 〈ξ, z〉E∗×E .

Remark 2.1 It follows from Definition 2.5 that every pseudomonotone operator is generalized pseudomono-
tone. However, the converse statement holds if the assumption of boundedness is added, see e.g., Gasiński-
Papageorgiou [21, Proposition 1.4.11 and Proposition 1.4.12]

Proposition 2.2 Let E be a real reflexive Banach space and assume that A : E ⇒ E∗ satisfies the following
conditions:

(i) for each z ∈ E we have that A(z) is a nonempty, closed and convex subset of E∗.
(ii) A is bounded.

(iii) if zn
w−→z in E and ξn

w−→ξ in E∗ with ξn ∈ A(zn) and if

lim sup
n→+∞

〈ξn, zn − z〉E∗×E � 0.

Then the operator A : E ⇒ E∗ is pseudomonotone.

We end this section to revisit the surjectivity theorem for a inclusion of set-valued mappings which was
proved in Le [35, Theorem 2.2].

Theorem 2.1 Let W be a real reflexive Banach space, let T : D(T) ⊂ W ⇒ W ∗ be a maximal monotone
operator, S : D(S) = W ⇒ W ∗ be a bounded set-valued pseudomonotone operator and let M ∈ W ∗. Assume
that there exist z0 ∈ W and L � ‖z0‖W such that D(T) ∩ BL(0) �= ∅ with BL(0) = {z ∈ W : ‖z‖W < L} and

〈ξ + η − M, z − z0〉W ∗×W > 0 (2.4)

for all z ∈ D(T) with ‖z‖W = L, all ξ ∈ T(z) and all η ∈ S(z). Then the inclusion

T(z)+ S(z) � M (2.5)

has a solution in D(T).
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3 Hypotheses and relevant lemmas

In this section, we impose the following assumptions on the data of the Problem 1.1 and give two important
lemmas.

Assume that ω ∈ C1(0,+∞) is any function satisfying the following condition:

0 < a1 ≤ ω′(s)s
ω(s)

≤ a2 and a3s p−1 ≤ ω(s) ≤ a4(s
q−1 + s p−1) for all s > 0 (3.1)

with 1 < q < p < +∞ and the constant a j > 0, j = 1, 2, 3, 4. In what follows, suppose that the nonlinear
nonhomogeneous operator ai : Ω × R

N → R
N for all i ∈ {1, . . . , l} satisfies the following assumptions:

h(a) : For each i ∈ {1, · · · , l}, the operator ai : Ω × R
N → R

N is such that ai (x, ϑ) = ãi (x, |ϑ |) ϑ with
ãi ∈ C(Ω × [0,+∞)) for all ϑ ∈ R

N and with ãi (x, s) > 0 for all x ∈ Ω and for all s > 0 and

(i) ãi ∈ C1(Ω × (0,+∞)), s �→ ãi (x, s)s is strictly increasing on (0,+∞) with

lim
s→0+ ãi (x, s)s → 0 and lim

s→0+
ã′

i (x, s)s

ãi (x, s)
= c > −1

for all x ∈ Ω;
(ii) There exists a constant a5 > 0 such that

|∇ϑai (x, ϑ)| ≤ a5
ω(|ϑ |)

|ϑ | for all x ∈ Ω and for all ϑ ∈ R
N \{0RN };

(iii) For all x ∈ Ω , for every ϑ ∈ R
N \{0RN } and for all y ∈ R

N , the following inequality holds

(∇ϑai (x, ϑ)y, y)RN ≥ ω(|ϑ |)
|ϑ | |y|2;

(iv) The function s �→ ãi (x, s)s − cai s
p−1 is increasing on [0,+∞) with some cai > 0.

h(ψ) : ψ : Ω × R × R
N → R is a Carathéodory function such that

(i) there exist aψ, bψ ≥ 0 and a function αψ ∈ L
q1

q1−1 (Ω)+ satisfying

|ψ(x, s, ξ)| ≤ aψ |ξ |
p(q1−1)

q1 + bψ |s|q1−1 + αψ(x)

for a. a. x ∈ Ω , for all ξ ∈ R
N and for all s ∈ R, where 1 < q1 < p∗ and p∗ is the critical exponent to p

in the domain considered in (2.1);
(ii) there exist cψ, dψ ≥ 0, and a function βψ ∈ L1(Ω)+ such that

ψ(x, s, ξ)s ≤ cψ |ξ |p + dψ |s|p + βψ(x)

for a. a. x ∈ Ω , for all ξ ∈ R
N and for all s ∈ R;

(iii) there exist eψ, lψ ≥ 0 such that

(ψ(x, s, ξ)− ψ(x, t, ξ))(s − t) ≤ eψ |s − t |p,

|ψ(x, s, ξ1)− ψ(x, s, ξ2)| ≤ lψ |ξ1 − ξ2|p−1

for a. a. x ∈ Ω , for all ξ1, ξ2 ∈ R
N and for all s, t ∈ R.

h(B) : B : Ω × R ⇒ R satisfies the following conditions:

(i) B(x, s) is a nonempty, closed, bounded and convex set in R for a. a. x ∈ Ω and all s ∈ R;
(ii) x �→ B(x, s) is measurable in Ω for all s ∈ R;

(iii) s �→ B(x, s) is upper semicontinuous;
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Existence and upper bounds for nonlinear nonhomogeneous obstacle problems 281

(iv) there exist θ1 ∈ [1, p), αB ∈ Lθ
′
1(Ω)+ and βB > 0 such that

|B(x, s)| ≤ αB(x)+ βB|s|θ1−1

for a. a. x ∈ Ω and for all s ∈ R;
(v) there exist βB ∈ L1(Ω)+ and bB ≥ 0 such that

ζr ≤ bB|r |p + βB(x),

for all ζ ∈ B(x, r), r ∈ R, and for a. a. x ∈ Ω .
(vi) there exists a constant cB > 0 such that

(ζ1 − ζ2)(r1 − r2) ≤ cB|r1 − r2|p,

for all ζi ∈ B(x, ri ), ri ∈ R, i = 1, 2, and for a. a. x ∈ Ω .

h( f ) : f : Ω × R → R satisfies the following conditions:

(i) x �→ f (x, s) is measurable in Ω for all s ∈ R;
(ii) for a. a. x ∈ Γ , s �→ f (x, s) is continuous;

(iii) there exist a f > 0 and b f ∈ L1(Ω) such that

f (x, s)s ≥ a f |s|p − b f (x),

for a. a. x ∈ Ω and for all s ∈ R;
(iv) for any z, v ∈ L p∗

(Ω), the function x �→ f (x, z(x))v(x) belongs to L1(Ω);
(v) there exists c f ≥ 0 such that

( f (x, s1)− f (x, s2))(s1 − s2) ≥ c f |s1 − s2|p,

for a. a. x ∈ Ω and for all s1, s2 ∈ R.

h(g) : g : Γ2 × R → R is such that

(i) x �→ g(x, s) is measurable on Γ2 for all s ∈ R and the function x �→ g(x, 0) belongs to L1(Γ2);
(ii) s �→ g(x, s) is locally Lipschitz continuous for a. a. x ∈ Γ2;

(iii) there exist θ2 ∈ [1, p), αg > 0 and βg ∈ L
θ ′

2+ (Γ2) such that

|ξ | ≤ αg|s|θ2−1 + βg(x)

for a. a. x ∈ Γ2, for all ξ ∈ ∂g(x, s) and for all s ∈ R, where 1 < θ2 < p∗ and p∗ is the critical exponent
on the boundary given in (2.1);

(iv) there exist cg > 0 and γg ∈ L1+(Γ2) satisfying

g0(x, s,−s) ≤ cg|s|p + γg(x)

for a. a. x ∈ Γ2 and for all s ∈ R;
(v) there exists a constant lg ≥ 0 such that

(ξ1 − ξ2)(s1 − s2) ≥ −lg|s1 − s2|p

for a. a. x ∈ Γ2 and for all si ∈ R whenever ξi ∈ ∂g(x, si ), for i = 1, 2.

h(Ψ ) : Ψ : Ω → [0,+∞) is measurable in Ω .
h(k) : k : Γ2 → R is measurable on Γ2 and there exists bk > 0,

|k(x)| ≤ bk for a. a. x ∈ Γ2.

h(�) :�i > 0 for all i ∈ {1, . . . , l}.
h(0) : The following inequalities hold:(

l∑
i=1

�i

)
a3

p − 1
> cψ + (

bkcgλΓ2 + bB + dψ − a f
)
λp and bB + dψ > a f ,

where λp and λΓ2 are given in (2.2).
The following lemma proposes some crucial properties of the function ai (see e.g., Bai-Gasiński-

Papageorgiou [7, Lemma 2.2] and Zeng-Bai-Gasiński-Krech [51, Lemma 2.4]).
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Lemma 3.1 If hypotheses h(a) are satisfied, then for each i ∈ {1, . . . , l}, we obtain

(i) ai ∈ C(Ω × R
N ,RN ) ∩ C1

(
Ω × (RN \ {0RN }),RN

)
and for all x ∈ Ω the map ϑ �→ ai (x, ϑ) is

continuous, strictly monotone, and so maximal monotone as well;
(ii) There exists a constant a6 > 0 such that

|ai (x, ϑ)| ≤ a6(1 + |ϑ |p−1) for all ϑ ∈ R
N and x ∈ Ω;

(iii) It holds

(ai (x, ϑ), ϑ)RN ≥ a3

p − 1
|ϑ |p for all x ∈ Ω and for all ϑ ∈ R

N ,

where a3 is given in (3.1);
(iv) It holds

(ai (x, ϑ1)− ai (x, ϑ2), ϑ1 − ϑ2)RN ≥ m(p)cai |ϑ1 − ϑ2|p,

for a. a. x ∈ Ω and for all ϑ1, ϑ2 ∈ R
N , where m(p) is defined by (2.3) and cai given in the condition

h(a)(iv).

Furthermore, for each i ∈ {1, . . . , l}, let the nonlinear operator Ai : W1,p
0 (Ω) → (W1,p

0 (Ω))∗ be defined by

〈Ai (z), v〉W :=
∫
Ω

(ai (x,∇z),∇v)RN dx (3.2)

for all z, v ∈ W1,p
0 (Ω), where 〈·, ·〉W is the duality pairing between W1,p

0 (Ω) and its dual space (W1,p
0 (Ω))∗.

We recall the following useful properties of the operator Ai (see e.g., Gasiński-Papageorgiou [22]).

Lemma 3.2 Assume that the hypothesis h(a) holds. Then, for each i ∈ {1, . . . , l}, the operator Ai defined in
(3.2) is continuous, bounded (i.e., Ai maps bounded subsets in W1,p

0 (Ω) to bounded subsets in (W1,p
0 (Ω))∗),

strictly monotone (hence maximal monotone too) and of type (S)+, i.e.,

if zn
w−→ z in W1,p

0 (Ω) and lim sup
n→+∞

〈Ai (zn), zn − z〉W ≤ 0,

entail zn → z in W1,p
0 (Ω).

4 Existence and uniqueness

In this section, we study the existence and uniqueness of the solutions for Problem 1.1 in which our method is
based on a surjectivity theorem considered in Le [35].

Consider the set

K :=
{

z ∈ W1,p
0 (Ω) : z(x) ≤ Ψ (x) for a. a. x ∈ Ω

}
, (4.1)

and the set-valued mapping NB : W1,p
0 (Ω) ⇒ L p′

(Ω) is defined by

NB(z) :=
{
ζ ∈ L p′

(Ω) : ζ(x) ∈ B(x, z(x)) for a. a. x ∈ Ω
}
, (4.2)

for all z ∈ W1,p
0 (Ω).

Remark 4.1

(i) Under the assumption h(Ψ ), the set K defined by (4.1) is a nonempty, closed and convex subset of W1,p
0 (Ω)

(see [53, page 8]). Moreover, it is clear that 0 ∈ K.
(ii) Assume that hypotheses h(B) hold. It follows from [55, Lemma 1.1] that NB is well-defined and strongly-

weakly upper semicontinuous. Furthermore, for each z ∈ L p(Ω), the set NB(z) is bounded, closed and
convex in L p′

(Ω).
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Consider the function G : L p(Γ2) → R defined by

G(z) :=
∫
Γ2

k(x)g(x, z) dΓ, for all z ∈ L p(Γ2). (4.3)

From the definition of G in (4.3) and assumptions h(g) and h(k), we have the following lemma which is a
direct consequence of Migórski et al. [41, Theorem 3.47].

Lemma 4.1 Under assumptions h(g) and h(k), the following hold:

(i) G : L p(Γ2) → R is locally Lipschitz continuous;
(ii) there hold

G0(z; v) ≤
∫
Γ2

k(x)g0(x, z(x); v(x)) dΓ,

G0(z;−z) ≤ bk

(
cg‖z‖p

p,Γ2
+ ‖γg‖1,Γ2

)
for all z, v ∈ L p(Γ2);

(iii) for each z ∈ L p(Γ2), one has

∂G(z) ⊂
∫
Γ2

k(x)∂g(x, z(x)) dΓ.

(iv) for each z ∈ L p(Γ2) and ϑ ∈ ∂G(z), there exists M0 > 0 such that

‖ϑ‖θ ′
2
θ ′

2,Γ2
≤ M0

(
‖z‖θ2

θ2,Γ2
+ ‖βg‖θ

′
2
θ ′

2,Γ2

)
.

The weak solutions for Problem 1.1 are given in the following sense.

Definition 4.1 A function z ∈ W1,p
0 (Ω) is said to be a weak solution of Problem 1.1, if z ∈ K and there exists

ζ ∈ NB(z) such that

l∑
i=1

�i

⎛
⎝∫
Ω

(ai (x,∇z),∇(v − z))RN dx

⎞
⎠+

∫
Γ2

k(x)g0(x, z; v − z) dΓ

+
∫
Ω

f (x, z)(v − z) dx ≥
∫
Ω

ζ(x) (v − z) dx +
∫
Ω

ψ(x, z,∇z) (v − z) dx,

for all v ∈ K, where K and NB are defined by (4.1) and (4.2), respectively.

We now introduce the operator AΣ
� : W1,p

0 (Ω) → (W1,p
0 (Ω))∗ defined by

〈AΣ
� (z), v〉W :=

l∑
i=1

�i

⎛
⎝∫
Ω

(ai (x,∇z),∇v)RN dx

⎞
⎠ (4.4)

for all z, v ∈ W1,p
0 (Ω). Then, it follows from (3.2) that

〈AΣ
�(z), v〉W =

l∑
i=1

�i 〈Ai (z), v〉W, for all z, v ∈ W1,p
0 (Ω). (4.5)

Lemma 4.2 Assume that hypotheses h(a) and h(�) hold. Then, the operator AΣ
� defined by (4.4) is continuous,

bounded, strictly monotone (hence maximal monotone too) and of type (S)+.
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Proof By the condition h(�), �i > 0 for all i ∈ {1, . . . , l}. Applying the continuity, boundness, strict
monotonicity of the operators Ai , i = 1, ..., l (in Lemma 3.2) implies that the operator AΣ

� in form of

(4.5) is also continuous, bounded and strictly monotone. Let {zn, z} ⊂ W1,p
0 (Ω) be such that zn

w−→z and
lim supn→+∞〈AΣ

�(zn), zn − z〉W ≤ 0. Then, we have

0 ≥ lim sup
n→+∞

〈AΣ
�(zn), zn − z〉W = lim sup

n→+∞

(
l∑

i=1

�i 〈Ai (zn), zn − z〉W

)

≥
l−1∑
i=1

�i lim inf
n→+∞〈Ai (z), zn − z〉W + lim sup

n→+∞
〈Al(zn), zn − z〉W

= lim sup
n→+∞

〈Al(zn), zn − z〉W.

Since Al is of type (S)+ , it follows from the above inequality that AΣ
� is also of type (S)+. ��

The following theorem provides the first main result of this paper involving the existence of weak solutions
of Problem 1.1.

Theorem 4.1 Assume that hypotheses h(a)(i)–(iii), h( f )(i)–(iv), h(B)(i)–(iv), h(ψ)(i), (ii), h(g)(i)–(v), h(k),
h(Ψ ), h(�) and h(0) are satisfied. Then Problem 1.1 has at least one weak solution z ∈ W1,p

0 (Ω).

Proof Let us consider the operator F : W1,p
0 (Ω) ⊂ L p(Ω) → L p′

(Ω) be defined by

〈F(z), v〉L p′
(Ω)×L p(Ω)

:=
∫
Ω

f (x, z)v dx .

Also, let Nψ : W1,p
0 (Ω) ⊂ Lq1(Ω) → Lq ′

1(Ω) be the Nemytskij operator associated to ψ , that is,

Nψ(z) = ψ(x, z,∇z),

and κ∗ : Lq ′
1(Ω) → (W1,p

0 (Ω))∗ be the adjoint operator for the embedding κ : W1,p
0 (Ω) → Lq1(Ω), and

N ∗
ψ(z) = κ∗Nψ(z), ∀z ∈ W1,p

0 (Ω).

We consider the embedding operator ς : W1,p
0 (Ω) → Lθ1(Ω) (reps., γ : W1,p

0 (Ω) → L p(Ω)) with its

adjoint operator ς∗ : Lθ
′
1(Ω) → (W1,p

0 (Ω))∗ (resp., γ ∗ : L p′
(Ω) → (W1,p

0 (Ω))∗). As 1 < θ1 < p∗, the
embedding operator ς is compact and so is ς∗. Furthermore, by Remark 4.1(ii), the Nemytskij operator NB
associated to the mapping B defined by (4.2) is well-defined. Let N ∗

B := ς∗ ◦NB : W1,p
0 (Ω) ⇒ W1,p

0 (Ω)∗ and

introduce the indicator function IK : W1,p
0 (Ω) → R of K, by

IK(z) :=
{

0 if z ∈ K,
+∞ otherwise.

It is easy to see that z ∈ K is a weak solution of Problem 1.1 (see Definition 4.1), if and only if z solves the
following variational-hemivariational inequality:

〈AΣ
�(z)+ γ ∗F(z)− N ∗

ψ(z)− ζ ∗, v − z〉W + G0(z; v − z)+ IK(v)− IK(z) ≥ 0, (4.6)

for all v ∈ W1,p
0 (Ω), with some ζ ∗ ∈ N ∗

B(z).
Next, we consider the set-valued operator TΣ : W1,p

0 (Ω) ⇒ (W1,p
0 (Ω))∗ defined by

TΣ(z) := AΣ
�(z)+ γ ∗F(z)+ μ∗∂G(μz)− κ∗Nψ(z)− ς∗NB(z), (4.7)

for all z ∈ W1,p
0 (Ω). It is obvious that problem (4.6) can now be reformulated in the following inclusion problem:

Find z ∈ K such that

TΣ(z)+ ∂cIK(z) � 0, (4.8)
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where the notation ∂cIK stands for the convex subdifferential of IK.
Observe that the function F is bounded, it follows from the boundedness, convexity and closedness of

z �→ μ∗∂G(μz) − ς∗NB(z), hypotheses h(ψ) and Lemma 4.2 that z �→ AΣ
� (z) + γ ∗F(z) + μ∗∂G(μz) −

κ∗Nψ(z) − ς∗NB(z) has nonempty, bounded, closed and convex values. Taking into account Remark 4.1(ii),
Lemma 4.1(iv) and Lemma 4.2, we have z �→ TΣ(z) = AΣ

�(z)+ γ ∗F(z)+μ∗∂G(μz)− κ∗Nψ(z)− ς∗NB(z)
is a bounded mapping.

We now prove that TΣ is a pseudomonotone operator. Let {zn}n∈N ⊂ W1,p
0 (Ω), {ξn}n∈N ⊂ (W1,p

0 (Ω))∗ be

sequences and let (z, ξ) ∈ W1,p
0 (Ω)× (W1,p

0 (Ω))∗ be such that

ξn ∈ TΣ(zn) for each n ∈ N, ξn
w−→ ξ and lim sup

n→+∞
〈ξn, zn − z〉W ≤ 0. (4.9)

Then, for every n ∈ N, there exist ϑn ∈ ∂G(μzn), ζn ∈ NB(zn) such that

ξn = AΣ
�(zn)+ γ ∗F(zn)+ μ∗ϑn − κ∗Nψ(zn)− ς∗ζn for all n ∈ N.

It follows from Remark 4.1(ii) and Lemma 4.1(iv) that two sequences {ϑn}n∈N ⊂ Lθ
′
2(Γ2), {ζn}n∈N ⊂ Lθ

′
1(Ω)

are bounded. Without loss of generality, assume there are functions (ϑ, ζ ) ∈ Lθ
′
2(Γ2)× Lθ

′
1(Ω) such that

ϑn
w−→ ϑ in Lθ

′
2(Γ2) and ζn

w−→ ζ in Lq ′
1(Ω). (4.10)

Recall that W1,p
0 (Ω) is embedded compactly into Lq1(Ω) (resp. L p(Ω) and Lθ1(Ω)) is compact, and

μ : W1,p
0 (Ω) → Lθ2(Γ2) is compact, so, we have⎧⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

lim
n→+∞〈γ ∗F(zn), zn − z〉W = lim

n→+∞〈F(zn), γ (zn − z)〉L p′
(Ω)×L p(Ω)

= 0

lim
n→+∞〈μ∗ϑn, zn − z〉W = lim

n→+∞〈ϑn, μ(zn − z)〉
Lθ

′
2 (Ω)×Lθ2 (Ω)

= 0,

lim
n→+∞〈κ∗Nψ(zn), zn − z〉W = lim

n→+∞〈ψ(zn), κ(zn − z)〉
Lq′

1 (Ω)×Lq1 (Ω)
= 0,

lim
n→+∞〈ς∗ζn, zn − z〉W = lim

n→+∞〈ζn, ς(zn − z)〉
Lθ

′
1 (Ω)×Lθ1 (Ω)

= 0.

(4.11)

Inserting (4.11) into the inequality in (4.9) yields

0 ≥ lim sup
n→+∞

〈ξn, zn − z〉W

≥ lim sup
n→+∞

〈AΣ
�(zn), zn − z〉W + lim

n→+∞〈γ ∗F(zn), zn − z〉W

+ lim
n→+∞〈μ∗ϑn, zn − z〉W + lim

n→+∞〈κ∗Nψ(zn), zn − z〉W + lim
n→+∞〈ς∗ζn, zn − z〉W

≥ lim sup
n→+∞

〈AΣ
�(zn), zn − z〉W.

From Lemma 4.2, we know that AΣ
� is of type (S+). Thus, zn → z in W1,p

0 (Ω). Taking a subsequence if
necessary, we can suppose that

zn(x) → z(x) and ∇zn(x) → ∇z(x) for a. a. x ∈ Ω. (4.12)

Since ψ is a Carathéodory function, it follows from (4.12) that

ψ(x, zn,∇zn) → ψ(x, z,∇z) for a. a. x ∈ Ω
and so,

κ∗Nψ(zn)
w−→ κ∗Nψ(z) in (W1,p

0 (Ω))∗.

Applying Mazur’s Theorem, there is a sequence {bn}n∈N of convex combinations to {ζn}n∈N satisfying

bn → ζ in Lq ′
1(Ω).
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Thus, we may assume that bn(x) → ζ(x) for a. a. x ∈ Ω . By virtue of the convexity of B, we can see that

bn(x) ∈ B(x, zn(x)) for a. a. x ∈ Ω.
Using hypotheses h(B)(i) and (iii), we know that B is upper semicontinuos and has nonempty, bounded, closed
and convex values. So, we can use the result of Proposition 4.1.9 in [16] to infer that the graph of s �→ B(x, s)
is closed for a. a. x ∈ Ω . By the convergence properties in (4.10) and bn(x) → ζ(x) for a. a. x ∈ Ω , we have

ζ(x) ∈ B(x, z(x)) for a. a. x ∈ Ω,
which implies that ζ ∈ NB(z). Using the same arguments as before, we get the conclusion that ϑ ∈ ∂G(μz).
Recall that AΣ

� and F are continuous. Using the convergence (4.10), one has

ξn =AΣ
�(zn)+ γ ∗F(zn)+ μ∗ϑn − κ∗Nψ(zn)− ς∗ζn

w−→ AΣ
� (z)+ γ ∗F(z)+ μ∗ϑ − κ∗Nψ(z)− ς∗ζ = ξ in (W1,p

0 (Ω))∗.

This shows that ξ ∈ TΣ(z). Hence, we have

lim
n→+∞〈ξn, zn〉W

= lim
n→+∞

〈AΣ
�(zn)+ γ ∗F(zn)+ μ∗ϑn − κ∗Nψ(zn)− ς∗ζn, zn

〉
W

= lim
n→+∞

〈AΣ
�(zn)+ γ ∗F(zn)− κ∗Nψ(zn), zn

〉
W

+ lim
n→+∞〈ϑn, μzn〉

Lθ
′
2 (Ω)×Lθ2 (Ω)

− lim
n→+∞〈ζn, ς zn〉

Lθ
′
1 (Ω)×Lθ1 (Ω)

= lim
n→+∞〈AΣ

� (z)+ γ ∗F(z)+ μ∗ϑ − κ∗Nψ(z)− ς∗ζ, z〉W

= 〈ξ, z〉W.

This implies that TΣ is a generalized pseudomonotone operator. It follows from Proposition 2.2 that TΣ is
pseudomonotone.

Next, we will show the existence of a constant L > 0 such that

〈ξ + ι, z〉W > 0 (4.13)

for all ξ ∈ TΣ(z), all ι ∈ ∂cIK(z) and all z ∈ W1,p
0 (Ω) with ‖z‖W = L .

Let z ∈ W1,p
0 and ξ ∈ TΣ(z) be arbitrary. Then, we can find functions ϑ ∈ ∂G(μz), ζ ∈ NB(z) such that

ξ = AΣ
�(z)+ γ ∗F(z)+ μ∗ϑ − κ∗Nψ(z)− ς∗ζ.

As 0 ∈ K (see Remark 4.1(i)), we have

〈ξ + ι, z〉W

=
l∑

i=1

�i

⎛
⎝∫
Ω

(ai (x,∇z),∇z)RN dx

⎞
⎠+

∫
Γ2

ϑ(x)z dΓ

+
∫
Ω

f (x, z)z dx −
∫
Ω

ζ(x)z dx −
∫
Ω

ψ(x, z,∇z)z dx + IK(z)− IK(0)

≥
(

l∑
i=1

�i

)
a3

p − 1
‖∇z‖p

p,Ω −
∫
Γ2

ϑ(x)(−z) dΓ −
∫
Ω

(bB|z|p + βB(x)) dx

+
∫
Ω

(a f |z|p − b f (x)) dx −
∫
Ω

(
cψ |∇z|p + dψ |z|p + βψ(x)

)
dx + IK(z)

≥
[(

l∑
i=1

�i

)
a3

p − 1
− cψ

]
‖∇z‖p

p,Ω − G0(z,−z)+ a f ‖z‖p
p,Ω

123



Existence and upper bounds for nonlinear nonhomogeneous obstacle problems 287

− (
bB + dψ

) ‖z‖p
p,Ω − ‖b f ‖1,Ω − ‖βψ‖1,Ω − ‖βB‖1,Ω + IK(z). (4.14)

Additionally, Lemma 4.1(ii) implies that

G0(z,−z) ≤ bk

(
cg‖z‖p

p,Γ2
+ ‖γg‖1,Γ2

)
. (4.15)

It is well known that IK : W1,p
0 (Ω) → R is a proper, lower semicontinuous and convex function. Thus, applying

Proposition 1.10 in Brézis [11] indicates that there exist aK, bK > 0 such that

IK(z) � −aK‖z‖W − bK for all z ∈ W1,p
0 (Ω). (4.16)

Using (2.2), (4.15) and (4.16) in (4.14), we have

〈ξ + ι, z〉W

≥
[(

l∑
i=1

�i

)
a3

p − 1
− cψ

]
‖∇z‖p

p,Ω − bkcg‖z‖p
p,Γ2

− bk‖γg‖1,Γ2

− (
bB + dψ − a f

) ‖z‖p
p,Ω − ‖b f ‖1,Ω − ‖βψ‖1,Ω − ‖βB‖1,Ω − aK‖z‖W − bK

≥
[(

l∑
i=1

�i

)
a3

p − 1
− cψ − (

bkcgλΓ2 + bB + dψ − a f
)
λp

]
‖z‖p

W − aK‖z‖W

− ‖b f ‖1,Ω − ‖βψ‖1,Ω − ‖βB‖1,Ω − bk‖γg‖1,Γ2 − bK.

By the assumption h(0), we obtain(
l∑

i=1

�i

)
a3

p − 1
− cψ − (

bkcgλΓ2 + bB + dψ − a f
)
λp > 0.

Hence, we can find L0 > 0 large enough such that for all L > L0,[(
l∑

i=1

�i

)
a3

p − 1
− cψ − (

bkcgλΓ2 + bB + dψ − a f
)
λp

]
L p − aKL

− ‖b f ‖1,Ω − ‖βψ‖1,Ω − ‖βB‖1,Ω − bk‖γg‖1,Γ2 − bK > 0.

Thus, the inequality (4.13) holds.
Because the operator ∂cIK : W1,p

0 (Ω) ⇒ (W1,p
0 (Ω))∗ is maximal monotone, applying Theorem 2.1 with

S = ∂cIK,T = TΣ , M = 0, we conclude that inclusion (4.8) has at least one solution z ∈ K which is a solution
of (4.6). So, Problem 1.1 has at least one weak solution. ��

The next theorem delivers the uniqueness of Problem 1.1.

Theorem 4.2 Let p ≥ 2. Suppose that the assumptions h(a), h( f ), h(B), h(ψ), h(g), h(k), h(Ψ ), h(�) and
h(0) hold. If, in addition, the following inequality

min

{(
l∑

i=1

�i cai

)
m(p)− lψλ

1
p
p , c f − bklgλΓ2 − eψ − cB

}
> 0

holds, then Problem 1.1 has a unique solution.

Proof Applying the existence result in Theorem 4.1, we only need to prove the uniqueness of Problem 1.1.
Let z1, z2 ∈ W1,p

0 (Ω) be two weak solutions of Problem 1.1, namely, z j ∈ K and there exists ζ j ∈ NB(z j )

such that

l∑
i=1

�i

⎡
⎣∫
Ω

(
ai (x,∇z j ),∇(v − z j )

)
RN dx

⎤
⎦
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+
∫
Γ2

k(x)g0(x, z j ; v − z j ) dΓ +
∫
Ω

f (x, z j )(v − z j ) dx

≥
∫
Ω

ζ j (x)
(
v − z j

)
dx +

∫
Ω

ψ(x, z j ,∇z j )
(
v − z j

)
dx,

for all v ∈ K and for j = 1, 2. Taking v = z2 and v = z1 for the inequalities above with j = 1 and j = 2,
respectively, we sum up the resulting inequalities to obtain

l∑
i=1

�i

⎡
⎣∫
Ω

(ai (x,∇z1)− ai (x,∇z2),∇(z2 − z1))RN dx

⎤
⎦

+
∫
Γ2

k(x)
(

g0(x, z1; z2 − z1)+ g0(x, z2; z1 − z2)
)

dΓ

+
∫
Ω

( f (x, z1)− f (x, z2))(z2 − z1) dx

≥
∫
Ω

(ζ1(x)− ζ2(x)) (z2 − z1) dx

+
∫
Ω

(ψ(x, z1,∇z1)− ψ(x, z2,∇z2)) (z2 − z1) dx . (4.17)

Hence, for each i ∈ {1, . . . , l}, it follows from Lemma 3.1 that∫
Ω

(ai (x,∇z1)− ai (x,∇z2),∇(z2 − z1))RN dx

≤ −
∫
Ω

m(p)cai |∇(z1 − z2)|p dx

= −m(p)cai ‖∇(z1 − z2)‖p
p,Ω,

namely,

l∑
i=1

�i

⎡
⎣∫
Ω

(ai (x,∇z1)− ai (x,∇z2),∇(z2 − z1))RN dx

⎤
⎦

≤ −
(

l∑
i=1

�i cai

)
m(p)‖∇(z1 − z2)‖p

p,Ω . (4.18)

Using the conditions h( f )(v), h(g)(v) and h(k), we have∫
Ω

( f (x, z1)− f (x, z2)) (z2 − z1) dx ≤ −
∫
Ω

c f |z1 − z2|p dx

= −c f ‖z1 − z2‖p
p,Ω, (4.19)

and ∫
Γ2

k(x)
(

g0(x, z1; z2 − z1)+ g0(x, z2; z1 − z2)
)

dΓ

≤
∫
Γ2

bklg|z1 − z2|p dΓ

= bklg‖z1 − z2‖p
p,Γ2

≤ bklgλΓ2‖z1 − z2‖p
p,Ω . (4.20)

By the condition h(ψ)(iii), one has∫
Ω

(ψ(x, z1,∇z1)− ψ(x, z2,∇z2)) (z2 − z1) dx
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=
∫
Ω

(ψ(x, z1,∇z1)− ψ(x, z1,∇z2))) (z2 − z1) dx

+
∫
Ω

(ψ(x, z1,∇z2)− ψ(x, z2,∇z2)) (z2 − z1) dx

≥ −
∫
Ω

eψ |z1 − z2|p dx −
∫
Ω

lψ |∇(z1 − z2)|p−1|z1 − z2| dx .

Applying Hölder’s inequality, the above inequality gives∫
Ω

(ψ(x, z1,∇z1)− ψ(x, z2,∇z2)) (z2 − z1) dx

≥ −eψ‖z1 − z2‖p
p,Ω − lψ‖∇(z1 − z2)‖p−1

p ‖z1 − z2‖p,Ω . (4.21)

By the hypothesis h(B)(v), we obtain∫
Ω

(ζ1(x)− ζ2(x)) (z2 − z1) dx ≥ −
∫
Ω

cB|z1 − z2|p dx

= −cB‖z1 − z2‖p
p,Ω . (4.22)

Combining (4.17)–(4.22), we have[(
l∑

i=1

�i cai

)
m(p)

]
‖∇(z1 − z2)‖p

p,Ω + (
c f − bklgλΓ2

) ‖z1 − z2‖p
p,Ω

≤ (eψ + cB)‖z1 − z2‖p
p,Ω + lψ‖∇(z1 − z2)‖p−1

p ‖z1 − z2‖p,Ω

≤ (eψ + cB)‖z1 − z2‖p
p,Ω + lψλ

1
p
p ‖∇(z1 − z2)‖p

p,Ω .

Hence,

C∗ (‖∇(z1 − z2)‖p
p,Ω + ‖z1 − z2‖p

p,Ω

)
≤ 0 (4.23)

where

C∗ = min

{(
l∑

i=1

�i cai

)
m(p)− lψλ

1
p
p , c f − bklgλΓ2 − eψ − cB

}
.

By assumption, C∗ > 0, hence it follows from (4.23) that z1 = z2. Therefore, Problem 1.1 has a unique weak
solution z ∈ W1,p

0 (Ω). ��

5 Upper bounds

In this section, we shall establish two upper bounds for Problem 1.1 associated with the regularized gap function
based on different norms ‖ · ‖p,Ω and ‖ · ‖1,p,Ω .

Let δ > 0 be a fixed parameter. We consider the following functions Pδ : W1,p
0 (Ω) × L p′

(Ω) → R and

Φδ : W1,p
0 (Ω) → R defined by

Pδ(z, ζ )

= sup
v∈K

⎛
⎝ l∑

i=1

�i

⎡
⎣∫
Ω

(ai (x,∇z),∇(z − v))RN dx

⎤
⎦−

∫
Γ2

k(x)g0(x, z; v − z) dΓ

+
∫
Ω

ζ(x) (v − z) dx +
∫
Ω

ψ(x, z,∇z) (v − z) dx
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+
∫
Ω

f (x, z)(z − v) dx − δ

p
‖z − v‖p

p,Ω

)
(5.1)

for all z ∈ W1,p
0 (Ω) and ζ ∈ L p′

(Ω), and

Φδ(z) = inf
ζ∈NB(z)

Pδ(z, ζ ), (5.2)

that is,

Φδ(z) = inf
ζ∈NB(z)

sup
v∈K

⎛
⎝ l∑

i=1

�i

⎡
⎣∫
Ω

(ai (x,∇z),∇(z − v))RN dx

⎤
⎦−

∫
Γ2

k(x)g0(x, z; v − z) dΓ

+
∫
Ω

ζ(x) (v − z) dx +
∫
Ω

ψ(x, z,∇z) (v − z) dx

+
∫
Ω

f (x, z)(z − v) dx − δ

p
‖z − v‖p

p,Ω

)
, for all z ∈ W1,p

0 (Ω).

Lemma 5.1 Assume that the hypothesis h(B) holds. Then for each z ∈ K, there exists ζz ∈ NB(z) such that
Φδ(z) = Pδ(z, ζz).

Proof It is clear that the function Pδ is convex and continuous with respect to its second variable. Furthermore,
applying Remark 4.1(ii) gives that for each z ∈ W1,p

0 (Ω), NB(z) is a bounded, closed and convex set. Therefore,

using an elementary result for convex minimization (see e.g., [2, Theorem 3.3.12]) that for each z ∈ W1,p
0 (Ω),

there exists ζz ∈ NB(z) such that Φδ(z) = Pδ(z, ζz). ��
Proposition 5.1 Suppose the hypotheses of Theorem 4.1 are satisfied. Then for any δ > 0, the function Φδ
defined by (5.2) satisfies the following properties:

(i) Φδ(z) ≥ 0 for all z ∈ K.
(ii) ẑ ∈ K is such that Φδ(ẑ) = 0 if and only if ẑ is a weak solution to Problem 1.1, i.e., the solution set of

Problem 1.1 is defined by

� :=
{

z ∈ W1,p
0 (Ω) : z ∈ K and Φδ(z) = 0

}
.

Proof (i) It follows from the definition of Pδ in (5.1) that for each δ > 0 fixed, z ∈ K and ζ ∈ NB(z), one has

Pδ(z, ζ ) ≥
l∑

i=1

�i

⎡
⎣∫
Ω

(ai (x,∇z),∇(z − z))RN dx

⎤
⎦−

∫
Γ2

k(x)g0(x, z; z − z) dΓ

+
∫
Ω

ζ(x) (z − z) dx +
∫
Ω

ψ(x, z,∇z) (z − z) dx

+
∫
Ω

f (x, z)(z − z) dx − δ

p
‖z − z‖p

p,Ω

= −
∫
Γ2

k(x)g0(x, z; 0) dΓ

= 0.

By the arbitrariness of ζ ∈ NB(z), we conclude that

Φδ(z) = inf
ζ∈NB(z)

Pδ(z, ζ ) ≥ 0, ∀z ∈ K.

(ii) Assume that ẑ ∈ K satisfies Φδ(ẑ) = 0, i.e.,

inf
ζ∈NB(ẑ)

Pδ(ẑ, ζ ) = 0.
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Thanks to Lemma 5.1, we conclude that there exists ζ̂ ∈ NB(ẑ) such that

0 = Pδ(ẑ, ζ̂ )

= sup
v∈K

⎛
⎝ l∑

i=1

�i

⎡
⎣∫
Ω

(
ai (x,∇ ẑ),∇(ẑ − v)

)
RN dx

⎤
⎦−

∫
Γ2

k(x)g0(x, ẑ; v − ẑ) dΓ

+
∫
Ω

ζ̂ (x)
(
v − ẑ

)
dx +

∫
Ω

ψ(x, ẑ,∇ ẑ)
(
v − ẑ

)
dx

+
∫
Ω

f (x, ẑ)(ẑ − v) dx − δ

p
‖ẑ − v‖p

p,Ω

)
.

This implies

l∑
i=1

�i

⎡
⎣∫
Ω

(
ai (x,∇ ẑ),∇(ẑ − v)

)
RN dx

⎤
⎦−

∫
Γ2

k(x)g0(x, ẑ; v − ẑ) dΓ

+
∫
Ω

ζ̂ (x)
(
v − ẑ

)
dx +

∫
Ω

ψ(x, ẑ,∇ ẑ)
(
v − ẑ

)
dx

+
∫
Ω

f (x, ẑ)(ẑ − v) dx ≤ δ

p
‖ẑ − v‖p

p,Ω .

for all v ∈ K.
For any w ∈ K and τ ∈ (0, 1), since K is convex, we have vτ := (1 − τ)ẑ + τw ∈ K. Hence, we insert vτ

into the above inequality to obtain

l∑
i=1

�i

⎡
⎣∫
Ω

(
ai (x,∇ ẑ),∇(ẑ − vτ )

)
RN dx

⎤
⎦−

∫
Γ2

k(x)g0(x, ẑ; vτ − ẑ) dΓ

+
∫
Ω

ζ̂ (x)
(
vτ − ẑ

)
dx +

∫
Ω

ψ(x, ẑ,∇ ẑ)
(
vτ − ẑ

)
dx

+
∫
Ω

f (x, ẑ)(ẑ − vτ ) dx

≤ δ

p
‖ẑ − vσ‖p

p,Ω = δτ p

p
‖ẑ − w‖p

p,Ω, (5.3)

for all w ∈ K. Using the convexity of v �→ g0(x, z; v) for all z ∈ W1,p
0 (Ω) and for a. a. x ∈ Γ2, one has

τ

⎛
⎝ l∑

i=1

�i

⎡
⎣∫
Ω

(
ai (x,∇ ẑ),∇(ẑ − w)

)
RN dx

⎤
⎦−

∫
Γ2

k(x)g0(x, ẑ;w − ẑ) dΓ

+
∫
Ω

ζ̂ (x)
(
w − ẑ

)
dx +

∫
Ω

ψ(x, ẑ,∇ ẑ)
(
w − ẑ

)
dx

+
∫
Ω

f (x, ẑ)(ẑ − w) dx

)

≤
l∑

i=1

�i

⎡
⎣∫
Ω

(
ai (x,∇ ẑ),∇(ẑ − vτ )

)
RN dx

⎤
⎦−

∫
Γ2

k(x)g0(x, ẑ; vτ − ẑ) dΓ

+
∫
Ω

ζ̂ (x)
(
vτ − ẑ

)
dx +

∫
Ω

ψ(x, ẑ,∇ ẑ)
(
vτ − ẑ

)
dx

+
∫
Ω

f (x, ẑ)(ẑ − vτ ) dx, (5.4)
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for all w ∈ K.
Combining (5.3) and (5.4), we obtain

l∑
i=1

�i

⎡
⎣∫
Ω

(
ai (x,∇ ẑ),∇(ẑ − w)

)
RN dx

⎤
⎦−

∫
Γ2

k(x)g0(x, ẑ;w − ẑ) dΓ

+
∫
Ω

ζ̂ (x)
(
w − ẑ

)
dx +

∫
Ω

ψ(x, ẑ,∇ ẑ)
(
w − ẑ

)
dx

+
∫
Ω

f (x, ẑ)(ẑ − w) dx

≤ δτ p−1

p
‖ẑ − w‖p

p,Ω,

for all w ∈ K. Letting τ → 0+ for the above inequality, it gives

l∑
i=1

�i

⎡
⎣∫
Ω

(
ai (x,∇ ẑ),∇(w − ẑ)

)
RN dx

⎤
⎦+

∫
Γ2

k(x)g0(x, ẑ;w − ẑ) dΓ

+
∫
Ω

f (x, ẑ)(w − ẑ) dx ≥
∫
Ω

ζ̂ (x)
(
w − ẑ

)
dx +

∫
Ω

ψ(x, ẑ,∇ ẑ)
(
w − ẑ

)
dx,

for all w ∈ K. Thus, ẑ is a weak solution to Problem 1.1.
Conversely, suppose that ẑ ∈ W1,p(Ω) is a weak solution of Problem 1.1, i.e., ẑ ∈ K and there exists

ζ̂ ∈ NB(ẑ) such that

l∑
i=1

�i

⎡
⎣∫
Ω

(
ai (x,∇ ẑ),∇(v − ẑ)

)
RN dx

⎤
⎦+

∫
Γ2

k(x)g0(x, ẑ; v − ẑ) dΓ

+
∫
Ω

f (x, ẑ)(v − ẑ) dx ≥
∫
Ω

ζ̂ (x)
(
v − ẑ

)
dx +

∫
Ω

ψ(x, ẑ,∇ ẑ)
(
v − ẑ

)
dx, ∀v ∈ K.

Since v ∈ K is arbitrary, we have

Pδ(ẑ, ζ̂ )

= sup
v∈K

⎛
⎝ l∑

i=1

�i

⎡
⎣∫
Ω

(
ai (x,∇ ẑ),∇(ẑ − v)

)
RN dx

⎤
⎦−

∫
Γ2

k(x)g0(x, ẑ; v − ẑ) dΓ

+
∫
Ω

ζ̂ (x)
(
v − ẑ

)
dx +

∫
Ω

ψ(x, ẑ,∇ ẑ)
(
v − ẑ

)
dx

+
∫
Ω

f (x, ẑ)(ẑ − v) dx − δ

p
‖ẑ − v‖p

p,Ω

)
≤ 0.

Hence, for any ζ ∈ NB(ẑ),

Φδ(ẑ) = inf
ζ∈NB(ẑ)

Pδ(ẑ, ζ ) ≤ 0.

Since Φδ(z) ≥ 0 for all z ∈ K, then Φδ(ẑ) = 0. The proof is complete. ��
By Proposition 5.1, the function Φδ defined by (5.2) is known as a gap function of the regularized type

for Problem 1.1, where δ > 0 is a regularized parameter (see Fukushima-Yamashita [20,49]). Based on the
properties of the regularized gap function Φδ , the following result provides an upper bound for Problem 1.1.
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Theorem 5.1 Let p ≥ 2 and ẑ ∈ W1,p
0 (Ω) be a weak solution of Problem 1.1. Suppose that h(a), h( f ), h(B),

h(ψ), h(g), h(k), h(Ψ ), h(�) and h(0) hold. Additionally, assume that the regularized parameter δ satisfies

0 < δ < p

[(
l∑

i=1

�i cai

)
m(p)λ−1

p − lψλ
1−p

p
p + c f − bklgλΓ2 − eψ − cB

]
.

Then, for each z ∈ K, we have

‖z − ẑ‖p,Ω ≤
(

C0(p)
−1Φδ(z)

) 1
p
, (5.5)

where

C0(p) =
(

l∑
i=1

�i cai

)
m(p)λ−1

p − lψλ
1−p

p
p + c f − bklgλΓ2 − eψ − cB − δ

p
.

Proof Let ẑ ∈ W1,p
0 (Ω) be a weak solution of Problem 1.1, namely, ẑ ∈ K and there exists ζ̂ ∈ NB(ẑ) such

that

l∑
i=1

�i

⎡
⎣∫
Ω

(
ai (x,∇ ẑ),∇(v − ẑ)

)
RN dx

⎤
⎦+

∫
Γ2

k(x)g0(x, ẑ; v − ẑ) dΓ

+
∫
Ω

f (x, ẑ)(v − ẑ) dx ≥
∫
Ω

ζ̂ (x)
(
v − ẑ

)
dx +

∫
Ω

ψ(x, ẑ,∇ ẑ)
(
v − ẑ

)
dx,

for all v ∈ K. For any z ∈ K fixed, we insert v = z into the above inequality to obtain

l∑
i=1

�i

⎡
⎣∫
Ω

(
ai (x,∇ ẑ),∇(z − ẑ)

)
RN dx

⎤
⎦+

∫
Γ2

k(x)g0(x, ẑ; z − ẑ) dΓ

+
∫
Ω

f (x, ẑ)(z − ẑ) dx −
∫
Ω

ζ̂ (x)
(
z − ẑ

)
dx −

∫
Ω

ψ(x, ẑ,∇ ẑ)
(
z − ẑ

)
dx ≥ 0. (5.6)

Let us consider the function Pδ : K × L p′
(Ω) → R defined by

Pδ(z, ζ )

= sup
v∈K

⎛
⎝ l∑

i=1

�i

⎡
⎣∫
Ω

(ai (x,∇z),∇(z − v))RN dx

⎤
⎦−

∫
Γ2

k(x)g0(x, z; v − z) dΓ

+
∫
Ω

ζ(x) (v − z) dx +
∫
Ω

ψ(x, z,∇z) (v − z) dx

+
∫
Ω

f (x, z)(z − v) dx − δ

p
‖z − v‖p

p,Ω

)
.

It follows from Lemma 5.1 and the definition of Φδ that there exists ζz ∈ NB(z) such that

Φδ(z) =Pδ(z, ζz)

≥
l∑

i=1

�i

⎡
⎣∫
Ω

(
ai (x,∇z),∇(z − ẑ)

)
RN dx

⎤
⎦−

∫
Γ2

k(x)g0(x, z; ẑ − z) dΓ

+
∫
Ω

ζz(x)
(
ẑ − z

)
dx +

∫
Ω

ψ(x, z,∇z)
(
ẑ − z

)
dx

+
∫
Ω

f (x, z)(z − ẑ) dx − δ

p
‖z − ẑ‖p

p,Ω . (5.7)
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Repeating the similar arguments as in (4.17)–(4.22) and using (5.6), it has

l∑
i=1

�i

⎡
⎣∫
Ω

(
ai (x,∇z),∇(z − ẑ)

)
RN dx

⎤
⎦−

∫
Γ2

k(x)g0(x, z; ẑ − z) dΓ

+
∫
Ω

ζz(x)
(
ẑ − z

)
dx +

∫
Ω

ψ(x, z,∇z)
(
ẑ − z

)
dx +

∫
Ω

f (x, z)(z − ẑ) dx

≥
l∑

i=1

�i

⎡
⎣∫
Ω

(
ai (x,∇ ẑ),∇(z − ẑ)

)
RN dx

⎤
⎦+

∫
Γ2

k(x)g0(x, ẑ; z − ẑ) dΓ

−
∫
Ω

ζ̂ (x)
(
z − ẑ

)
dx −

∫
Ω

ψ(x, ẑ,∇ ẑ)
(
z − ẑ

)
dx +

∫
Ω

f (x, ẑ)(z − ẑ) dx

+
(

l∑
i=1

�i cai

)
m(p)‖∇(z − ẑ)‖p

p,Ω − lψ‖∇(z − ẑ)‖p−1
p,Ω‖z − ẑ‖p,Ω

+ (
c f − bklgλΓ2 − eψ − cB

) ‖z − ẑ‖p
p,Ω

≥
[(

l∑
i=1

�i cai

)
m(p)− lψλ

1
p
p

]
‖∇(z − ẑ)‖p

p,Ω

+ (
c f − bklgλΓ2 − eψ − cB

) ‖z − ẑ‖p
p,Ω

≥
[(

l∑
i=1

�i cai

)
m(p)− lψλ

1
p
p

]
λ−1

p ‖z − ẑ‖p
p,Ω

+ (
c f − bklgλΓ2 − eψ − cB

) ‖z − ẑ‖p
p,Ω

=
[(

l∑
i=1

�i cai

)
m(p)λ−1

p − lψλ
1−p

p
p + c f − bklgλΓ2 − eψ − cB

]
‖z − ẑ‖p

p,Ω . (5.8)

Combining (5.7) and (5.8), one has

Φδ(z) ≥
[(

l∑
i=1

�i cai

)
m(p)λ−1

p − lψλ
1−p

p
p + c f − bklgλΓ2 − eψ − cB − δ

p

]
‖z − ẑ‖p

p,Ω .

Thus, the desired inequality (5.5) holds. ��
Note that the error bound in (5.5) of Theorem 5.1 is established by the norm ‖ · ‖p,Ω . The following result

provides an error bound for Problem 1.1 under the norm ‖ · ‖1,p,Ω .

Theorem 5.2 Let p ≥ 2 and ẑ ∈ W1,p
0 (Ω) be a weak solution of Problem 1.1. Suppose that all assumptions of

Theorem 4.2 hold. Assume further that(
l∑

i=1

�i cai

)
m(p)− lψλ

1
p
p > 0

and the regularized parameter δ satisfies

0 < δ < p
(
c f − bklgλΓ2 − eψ − cB

)
.

Then, for each z ∈ K, we have

‖z − ẑ‖1,p,Ω ≤ 2
p−1

p

(
C1(p)

−1Φδ(z)
) 1

p
, (5.9)

where

C1(p) = min

{(
l∑

i=1

�i cai

)
m(p)− lψλ

1
p
p , c f − bklgλΓ2 − eψ − cB − δ

p

}
.
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Proof Let ẑ ∈ W1,p
0 (Ω) be a weak solution of Problem 1.1. Using a similar method as in the first part of the

proof of Theorem 5.1, we have the expression (5.8). It follows from the proof of (4.21) that for each z ∈ K,

l∑
i=1

�i

⎡
⎣∫
Ω

(
ai (x,∇z),∇(z − ẑ)

)
RN dx

⎤
⎦−

∫
Γ2

k(x)g0(x, z; ẑ − z) dΓ

+
∫
Ω

ζ(x)
(
ẑ − z

)
dx +

∫
Ω

ψ(x, z,∇z)
(
ẑ − z

)
dx +

∫
Ω

f (x, z)(z − ẑ) dx

≥
[(

l∑
i=1

�i cai

)
m(p)− lψλ

1
p
p

]
‖∇(z − ẑ)‖p

p,Ω

+ (
c f − bklgλΓ2 − eψ − cB

) ‖z − ẑ‖p
p,Ω . (5.10)

Having in (5.7) and (5.10) and using the elementary inequality

(|n| + |m|)s ≤ 2s−1 (|n|s + |m|s)
for all s ≥ 1 and for all m, n ∈ R, we have

Φδ(z) ≥
[(

l∑
i=1

�i cai

)
m(p)− lψλ

1
p
p

]
‖∇(z − ẑ)‖p

p,Ω

+
(

c f − bklgλΓ2 − eψ − cB − δ

p

)
‖z − ẑ‖p

p,Ω

≥ C1(p)
(
‖∇(z − ẑ)‖p

p,Ω + ‖z − ẑ‖p
p,Ω

)
≥ 21−pC1(p)

(‖∇(z − ẑ)‖p,Ω + ‖z − ẑ‖p,Ω
)p

= 21−pC1(p)‖z − ẑ‖p
1,p,Ω,

where

C1(p) = min

{(
l∑

i=1

�i cai

)
m(p)− lψλ

1
p
p , c f − bklgλΓ2 − eψ − cB − δ

p

}
> 0.

Therefore, the inequality (5.9) is valid. ��
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24. L. Gasiński, P. Winkert, Existence and uniqueness results for double phase problems with convection term, J. Differ. Equ.,

268(8), 4183–4193 (2020).
25. U. Guarnotta, S.A. Marano, D. Motreanu, On a singular Robin problem with convection terms, Adv. Nonlinear Stud., 20(4),

895–909 (2020).
26. U. Guarnotta, S.A. Marano, Infinitely many solutions to singular convective Neumann systems with arbitrarily growing reactions,

J. Differ. Equ., 271, 849–863 (2021).
27. N.V. Hung, S. Migórski, V.M. Tam, S.D. Zeng, : Gap functions and error bounds for variational-hemivariational inequalities.

Acta. Appl. Math. 169, 691–709 (2020).
28. N.V. Hung, V. Novo, V.M. Tam, Error bound analysis for vector equilibrium problems with partial order provided by a polyhedral

cone, J. Global Optim., 82, 139–159 (2022).
29. N.V. Hung, V.M. Tam, Error bound analysis of the D-gap functions for a class of elliptic variational inequalities with applications

to frictional contact mechanics, Z. Angew. Math. Phys., 72(173), 173 (2021).
30. N.V. Hung, V.M. Tam, D. Baleanu, Regularized gap functions and error bounds for split mixed vector quasivariational inequality

problems, Math. Methods Appl. Sci., 43, 4614–4626 (2020).
31. N.V. Hung, V.M. Tam, A. Pitea, Global error bounds for mixed quasi-hemivariational inequality problems on Hadamard

manifolds, Optimization, 69, 2033–2052 (2020).
32. N.V. Hung, V.M. Tam, N.H. Tuan, D. O’Regan, Regularized gap functions and error bounds for generalized mixed weak vector

quasi variational inequality problems in fuzzy environments, Fuzzy Sets Syst., 400, 162–176 (2020).
33. N.V. Hung, V.M. Tam, Y. Zhou, A new class of strong mixed vector GQVIP-generalized quasi-variational inequality problems

in fuzzy environment with regularized gap functions based error bounds, J. Comput. Appl. Math., 381, 113055 (2021).
34. S.A. Khan, J.W. Chen, Gap functions and error bounds for generalized mixed vector equilibrium problems, J. Optim. Theory

Appl., 166, 767–776 (2015).
35. V.K. Le, A range and existence theorem for pseudomonotone perturbations of maximalmonotone operators, Proc. Amer. Math.

Soc., 139, 1645–1658 (2011).
36. A. Lê, Eigenvalue problems for the p-Laplacian, Nonlinear Anal, 64(5), 1057–1099 (2006).
37. W. Liu, G. Dai, Existence and multiplicity results for double phase problem, J. Differ. Equ., 265(9), 4311–4334 (2018).
38. Z.H. Liu, D. Motreanu, S.D. Zeng, Positive solutions for nonlinear singular elliptic equations of p-Laplacian type with depen-

dence on the gradient, Calc. Var. Partial Differential Equations, 58(1), 28 (2019).
39. S.A. Marano, P. Winkert, On a quasilinear elliptic problem with convection term and nonlinear boundary condition, Nonlinear

Anal., 187, 159–169 (2019).
40. G. Mastroeni, Gap functions for equilibrium problems, J. Glob. Optim., 27, 411–426 (2003).
41. S. Migórski, A. Ochal, M. Sofonea, Nonlinear Inclusions and Hemivariational Inequalities, Springer, New York, 2013.

123



Existence and upper bounds for nonlinear nonhomogeneous obstacle problems 297

42. D. Motreanu, V.V. Motreanu, A. Moussaoui, Location of nodal solutions for quasilinear elliptic equations with gradient depen-
dence, Discrete Contin. Dyn. Syst. Ser. S, 11(2), 293–307 (2018).
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57. S.D. Zeng, V.D. Rădulescu, P. Winkert, Double phase obstacle problems with multivalued convection and mixed boundary

value conditions, Discrete Contin. Dyn. Syst. Ser. B, 28(2), 999–1023 (2023).
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