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Abstract This paper is devoted to the study of a new class of nonlinear obstacle problems involving nonhomo-
geneous partial differential operators and mixed boundary conditions. We provide the existence and uniqueness
of the solution for the obstacle problem via applying a surjectivity theorem for set-valued mappings formulated
by the sum of a set-valued pseudomonotone operator and a maximal monotone set-valued operator. Moreover,
some upper bounds to the obstacle problem are established by using a regularized gap function through different
norms.
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1 Introduction

Recently, Zeng et al. [50,52,53] firstly introduced a double phase implicit obstacle problem involving multivalued
operator, and they provided some elegant and effective methods to solve multivalued elliptic problems with double
phase differential operators. These works open a new and challenging research direction concerning double phase
problems with implicit obstacle constraints, and more and more scholars are attracted to the development on
both theoretical and application aspects of double phase obstacle problems. More recently, in order to overcome
the challenging and difficulty that nonlinear convection term leads to the invalidity of variational methods, Zeng
et al. [56] applied Kakutani-Ky Fan fixed point theorem for multivalued operators along with the theory of
nonsmooth analysis and variational methods for pseudomonotone operators to develop a very essential and new
framework for investigating double phase problems with implicit obstacle effect and nonlinear convection terms,
and obtained the sharpest results concerning existence and compactness to weak solutions. Taking inspiration
from the works [50,52,53,56], in this paper, we are going to study a class of nonlinear nonhomogeneous obstacle
problems with mixed boundary conditions.
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Existence and upper bounds for nonlinear nonhomogeneous obstacle problems 275

Let £2 be a bounded domain in RY (N > 2) with its boundary I" = 352 being locally Lipschitz such that
I' = U T5 and meas(I7) > 0. Denote by v the outward unit normal to the boundary I". Foreachi € {1, ..., [},
given functionsa;: 2 xRV > RV, f: 2 xR> R ¢y: 2 xRxRY > R k: 5 >R, g: [ xR —> R,
¥: 2 — Ry := [0, 4oc] and the set-valued mapping B: 2 x R = R, where a; is continuous and monotone
with respect to the second variable, in this paper, we consider the following class of nonlinear obstacle problems
involving a nonhomogeneous partial differential operator and mixed boundary conditions:

Problem 1.1 Find a function z: £2 — R such that

l
—div (Z wia;(x, VZ(X))) + f(x, z2(x)) € B(x, z(x)) + ¥ (x, z(x), Vz(x)) in £2,
i=1
z(x) =0 on 7,
I
- (Z @ia; (x, Vz(x)), v) € k(x)dg(x, 2(x)) on I,
i=1 RN

7(x) < ¥ (x) in £,

where w; > Oforalli € {1,...,/}, (-, -)gny denotes the inner product in RN and dg stands for the Clarke’s
generalized subgradient of g with respect to its last variable.

Ifwoy =1,a=aj,a; = 0w foralli € {2,...,/}, then our Problem 1.1 can be rewritten to the following

obstacle inclusion problem:

Problem 1.2 Find a function z: £2 — R such that

—div (a(x, Vz(x))) + f(x, z(x)) € B(x, z(x)) + ¥ (x, z(x), Vz(x)) in £2,
z(x) =0 on I,

— (a(x, Vz(x)), v)ry € k(x)0g(x, z(x)) on I,

z(x) = ¥ (x) in £2,

To the best of our knowledge, this nonlinear obstacle inclusion problem has not been considered.
When I's = @, f(x,s) =0and ¢ (x, s, &) = B(x,s)+ ¥ (x,s, &) fora.a.x € 22, foralls € Rand & € RV,
then Problem 1.2 reduces to the following nonlinear elliptic obstacle problem

—div (a(x, Vz(x))) € ¢(x, z(x), Vz(x)) in £2,
z2(x) =0 on ds2, (1.1)
2(x) < ¥ (x) in £2,

which has recently been introduced and studied by Zeng-Bai-Gasinski [50].
Moreover, if Ih = 0, f(x,s) = 0, ¥ = +o0 and B(x,s) = 0 for a. a. x € £ and for all s € R, then
Problem 1.2 becomes the following nonlinear elliptic problem (see e.g., [5,42,43])

—div (a(x, Vz(x))) = ¥ (x, z2(x), Vz(x)) in £2,
72(x) =0 on ds2.
Letus recall some particular interesting examples of the function a, see e.g., Zeng-Liu-Migdrski [54] for more
details. Then we obtain various kinds of differential operators, such as the p-Laplacian differential operator, the

generalized p-mean curvature differential operator, the (p, ¢)-Laplacian differential operator and some specific
differential operators:

() If a(®) = |9|P~20 for all ¥ € RY with 1 < p < 400, then operator z(x) — div(a(Vz(x))) is the
well-known p-Laplacian differential operator, i.e.,

diva(Vz(x))) = Apz(x) == div(|Vz(x) [P~ 2Vz(x))

for all z € Wh7(£2), where W17 (£2) is the Sobolev space (see Section 2).
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276 V. M. Tam, S. Liao

(i) Ifa(®@) =1+ |z‘/‘|2)¥1? for all ¥ € RN with 1 < p < 400, then operator z(x) +— div(a(Vz(x))) is the
generalized p-mean curvature differential operator, thus,

div(a(Vz(x))) = div (1 + |VZ(X)|)%VZ(X))

for all z € WhP(£2).
(i) Ifa(®) = [9]P~20 + 99209 forall ¥ € RN with 1 < g < p < 400, then operator z(x) > div(a(Vz(x)))
is the (p, g)-Laplacian differential operator, that is,

div(a(Vz(x))) = Apz(x) + Agz(x)

for all z € WhP(2).
(iv) If a®) = (91772 +In(1 + [9]»)) ? for all ¥ € RY with | < p < +oo, then the operator z(x) +>
div(a(Vz(x))) corresponds to the following differential operator, namely,

div(a(Vz(x))) = Apz(x) +div <ln(1 + |Vz(x)|2)Vz(x))

forall z € Wh7(£2).
(v) Ifa(®) = [9]P2 (1 + m) ¥ for all € RN with 1 < p < 400, then operator z(x) — div(a(Vz(x)))
corresponds to the following differential operator, i.e.,

IVZ(X)I”‘ZVZ(X)>
1+ |Vz(o)|?

div(a(Vz(x))) = Apz(x) +div (

forall z € WhP(2).

For studying the nonlinear elliptic problems with gradient dependence we refer to the following works:
Bai-Gasiniski-Papageorgiou [6], Bai-Papageorgiou-Zeng [8], Faraci-Motreanu-Puglisi [17], Gasiniski-Winkert
[24], Marano-Winkert [39], Gasiniski-Papageorgiou [18,23], Guarnotta-Marano-Motreanu [25], Papageorgiou-
Rédulescu-Repovs [44], Tanaka [48], Figueiredo-Madeira [19], Guarnotta-Marano [26], Liu-Motreanu-Zeng
[38], Cen-Haddad-Nguyen-Zeng [12]. Especially, some recently important contributions on the topic of non-
linear obstacle problems with gradient dependence have been provided in Zeng-Bai-Gasifiski [50], Zeng-Bai-
Gasinski-Krech [51], Zeng-Bai-Gasinski-Winkert [52], Zeng-Bai-Winkert-Yao [53], Zeng-Liu-Migérski [54],
Zeng-Radulescu-Winkert [55,57,58].

Precisely speaking, the novelty of setting to Problem 1.1 is that a generalized nonhomogeneous partial
differential operator and the following challenging effects are considered in a problem:

e a set-valued convection term which is formulated by a set-valued mapping and a nonlinear convection
function;

e an obstacle constraint;

e a set-valued boundary condition driven by the Clarke’s generalized subdifferential operator to a locally
Lipschitz function.

On the other hand, upper bound (also called, error bound) is known as an illustration to the upper estimation
of the distance between an arbitrary feasible point and the solution set of a certain problem. It was significant
in determining the convergence of iterative approaches for solving various related-optimization problems, vari-
ational inequalities and equilibrium problems. A useful tool to obtain upper bounds is the gap functions or the
regularized gap functions (see e.g., Auslender [4], Yamashita-Fukushima [49]). Up to now, the topic on gap
functions and upper bounds has been crucial and interesting in the theory of optimization and nonlinear analysis
for the study of related-optimization problems, variational/hemivariational inequalities and equilibrium prob-
lems. For more information on this direction, we refer readers to the recent researches, see e.g., Anh-Hung-Tam
[1], Bigi-Passacantando [9], Chen-Tam [13], Hung-Migérski-Tam-Zeng [27], Hung-Novo-Tam [28], Hung-Tam
[29], Hung-Tam-Baleanu [30], Hung-Tam-Pitea [31], Hung-Tam-Tuan-O’Regan [32], Hung-Tam-Zhou [33],
Khan-Chen [34], Mastroeni [40] and the references therein. Very recently, Tam [46] and Tam-Huang [47] estab-
lished some upper bounds for obstacle problems involving double phase operators in terms of regularized gap
functions.

Motivated by the aforementioned works, the main contribution of this work is twofold. The first goal is
to investigate the existence and uniqueness of the solutions for Problem 1.1. Our main tool in the proof of the
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existence result for Problem 1.1 is based on the theory of nonsmooth analysis and a surjectivity theorem introduced
by Le [35] for the set-valued mappings which are formulated by the sum of a set-valued pseudomonotone mapping
and a maximal monotone set-valued operator. The second novelty of the paper is to propose some upper bounds
for Problem 1.1 via a regularized gap function studied in Yamashita-Fukushima [49] through different norms.

The paper is structured as follows. Section 2 presents some notations, definitions and useful properties of set-
valued mappings and function spaces. In Section 3, we impose the full assumptions on the data of Problem 1.1.
We apply the surjectivity theorem for a inclusion of set-valued mappings to show the existence and uniqueness of
weak solution to Problem 1.1 in Section 4. Finally, Section 5 gives some upper bounds for the obstacle problem
by using the regularized gap function through different norms.

2 Preliminaries
We first recall those elements which will be used throughout the paper. For more details, we refer to [15,36,37].
Let £2 be a bounded domain in RV, N > 2, with Lipschitz boundary I" := 3£2. The boundary I" is divided

into two mutually disjoint parts I'] and I> with I'; having positive Lebesgue measure. Let r € [1, +00) and any
subset Q of £2. We denote the usual Lebesgue spaces L' (Q) := L"(Q; R) and L’ (£2; RV) equipped with the

norm | - || o given by
1
|VWQI=</1kaX>‘
0

Let W1 (£2) be the Sobolev space endowed with the norm || - |1, o defined by
Izl = lzllne + [ Vzllne forall ze W' (£2).
Throughout the paper the symbol BN (resp., —>) stands for the weak (resp., strong) convergence. By r’ > 1,

we denote the conjugate of r € (1, +00), i.e., % + % = 1. Moreover, we denote by p* and p, the critical
exponents to p in the domain and on the boundary, respectively, given by

Mo ifp <N W=Dp it p <N
pr={Vr TP and p={ N TP @.1)
+oo0 if p >N, 400 if p> N.

Since I'1 has positive measure, it follows from Korn’s inequality that the function space
W' (2):={z e W"(2):2(x) =0 fora.a.x € I}
equipped with the norm
Izllw = IVzllp.0 forall z € Wy (£2),
is a reflexive Banach space. In what follows, let A, > 0 and A, be the smallest constants such that

p p p p
I2l2 o < AplIV2ll2 o and Nzll% p < Ars izl g 22)

forall z € W(l)’r(.Q). ‘We now revisit the well-known inequality (see Simon [45, formula (2.2)])
(2 = P2y x =) = mlx = yl* 2.3)

fork > 2 and forall x, y € RY, where m(k) is a positive constant depending on k.
Now, we recall some notion and properties concerning set-valued mappings and nonsmooth analysis.

Definition 2.1 (see Aubin-Ekeland [3]) Let Z and X be two Hausdorff topological spaces, C C Z be a nonempty
setand B: Z = X be a set-valued mapping. Then B is said to be

(a) convex (resp., closed, bounded) valued, if B(z) is convex (resp., closed, bounded) for each 7 € Z;
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(b) upper semicontinuous at zg € Z, if for each open set U C X of B(zg), there is a neighborhood N (z¢)
of zo such that B(N(zp)) := Uyen(zy)B(v) C U. If it holds for each z € C, then B is called to be upper
semicontinuous on C.

Lemma 2.1 (see Bothe [10]) Let Y be a Banach space and D be a nonempty subset of another Banach space.
Assume that F: D = Y is a set-valued mapping with nonempty, weakly compact, convex values. Then F is
strongly-weakly upper semicontinuous if and only if, for each sequence {zx} C D which converges to zo € D

and for each sequence {¢i} C F(zx), there exists {y € F(zo) such that & BN Lo up to a subsequence.

Definition 2.2 (see Migorski-Ochal-Sofonea [41]) Let E be a real Banach space. A function h: E — R :=
R U {400} is said to be

(a) proper, if h # +4-00;

(b) convex, if h(tz + (1 — H)v) < th(z) + (1 —t)h(v) forallz,v € Eand ¢ € [0, 1];

(c) lower semicontinuous at zo € E, if for any sequence {z,} C E such that z;, — zo, it holds /(zo)
liminf i (z,);

(d) upper semicontinuous at zo € E, if for any sequence {z,} C E such that z, — zo, it holds lim sup A (z,) <
h(zo);

(e) lower (resp. upper) semicontinuous on E, if / is lower (resp. upper) semicontinuous at every zg € E;

(f) continuous on E if, it is both lower and upper semicontinuous on E.

IA

Definition 2.3 (see Migérski-Ochal-Sofonea [41]) Let E be a real Banach space with its topological dual E* and
h: E — R be a proper, convex and lower semicontinuous function. The convex subdifferential d.h: E = E*
of h is defined by

dch(z) = {w* € E*: (w*, v — 2)prxg < h(v) — h(z) forall v e E} forall z € D(h).
An element w* € 9.h(z) is called a convex subgradient of h at z € E.

Let E be a real Banach space with its dual space E*. A function g : E — R is said to be locally Lipschitz
at z € E if, there exist a neighborhood U(z) of z and a constant L, > 0 such that

lg(w) —g)| < L lw—v|g forall w,v e U(z).

Definition 2.4 (see Clarke [14]) Let g : E — Rbe alocally Lipschitz function and let z, v € E. The generalized
directional derivative g°(z; v) of g at the point z in the direction v is defined by

l‘ —
L) = lim sup g(w +1v) g(w).

w—z,10 !

The generalized gradient dg : E = E* of g : E — R is defined by
dg(z) = {g e E*: g%z v) > (&, V) prxp forallv e E} forall z € E.

The next proposition collects some basic properties, see [41, Proposition 3.23].

Proposition 2.1 Let the function g : E — R be locally Lipschitz with Lipschitz constant L, > 0 at z € E. Then
we have the following:

(i) The function v — g°(z; v) is subadditive, positively homogeneous and satisfies
8°@ vl < Lellvle forallv e E.

(ii) The function (z, v) — g°(z; v) is upper semicontinuous.

(iii) For each z € E, 3g(z) is a nonempty, convex, and weak™ compact subset of E* with ||&||g+ < L, for all
§ € 0g(2).

(iv) g%(z; v) = max {(§, v)prxp : § € 9g(2)} forall v € E.

(v) The set-valued function E > z +— 0g(z) C E* is upper semicontinuous from E into w*-E*.

We now recall the definition of pseudomonotonicity and generalized pseudomonotonicity for set-valued
operators which will be used in the sequel.
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Existence and upper bounds for nonlinear nonhomogeneous obstacle problems 279

Definition 2.5 (see Gasinski-Papageorgiou [21, Definition 1.4.8]) Let E be a real reflexive Banach space. The
operator A: E =% E* is called

(a) pseudomonotone if the following conditions hold:
(i) the set A(z) is nonempty, closed, bounded and convex for all z € E.
(i1) A is upper semicontinuous from each finite-dimensional subspace of E to the weak topology on E*.

(iii) if {z4} C E with z,—>z in E and &, € A(z,) are such that

lim sup(ém Zn — 2 E*xE <0,
n—+00

then to each element v € E, there exists £(v) € A(z) with

(), z = v)prxp < liminf(§,, z, — V) gxxE.
n——+oo

(b) generalized pseudomonotone if the following holds: Let {z,,} C E and {§,} C E* with§, € A(z,).If an) z
in E and énl>$ in E* and

lim sup(&,, zn — 2)g*xE < 0,
n—+o00o

then the element & lies in A(z) and

(&n, Zn)E*xE — (¢, Z)E*XE .

Remark 2.1 1t follows from Definition 2.5 that every pseudomonotone operator is generalized pseudomono-
tone. However, the converse statement holds if the assumption of boundedness is added, see e.g., Gasinski-
Papageorgiou [21, Proposition 1.4.11 and Proposition 1.4.12]

Proposition 2.2 Let E be a real reflexive Banach space and assume that A: E = E* satisfies the following
conditions:

(i) for each z € E we have that A(z) is a nonempty, closed and convex subset of E*.
(ii) A is bounded.

(i) if zn—>z in E and &,——& in E* with &, € A(zy) and if

lim sup(&,, zn — 2)E*xE < 0.
n—+00

Then the operator A: E = E* is pseudomonotone.

We end this section to revisit the surjectivity theorem for a inclusion of set-valued mappings which was
proved in Le [35, Theorem 2.2].

Theorem 2.1 Let W be a real reflexive Banach space, let T: D(T) ¢ W = W* be a maximal monotone
operator, S: D(S) = W = W* be a bounded set-valued pseudomonotone operator and let M € W*. Assume
that there exist zo € W and L > ||zo|lw such that D(T) N B (0) # @ withBr(0) ={z € W : ||Izllw < L} and

(E+n—M,z—2z0)wsxw >0 (24)
forall z € D(T) with ||z|lw = L, all ¢ € T(z) and all n € S(z). Then the inclusion
T +S@)>M (2.5)

has a solution in D(T).
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3 Hypotheses and relevant lemmas

In this section, we impose the following assumptions on the data of the Problem 1.1 and give two important
lemmas.
Assume that w € C'(0, +00) is any function satisfying the following condition:

/

0<a < <a and azsP7' < w(s) <as(s97 5P forall s >0 (3.1

w(s)

with 1 < ¢ < p < +o00 and the constant a; > 0, j = 1, 2, 3, 4. In what follows, suppose that the nonlinear

nonhomogeneous operator a; : £2 x RY — RV foralli € {1, ..., [} satisfies the following assumptions:
h(a) : For each i € {1,--- [}, the operator a;: 2 x RY — R is such that a;(x, ¥) = a; (x, [?|) ¥ with
a;, € C(2 x [0, +00)) for all ¥ € RN and with @; (x, s) > 0 for all x € £2 and for all s > 0 and

(i) 3 € C1(2 x (0, 400)), s — @A;(x, 5)s is strictly increasing on (0, +00) with

L~ . aA(x,s)s
lim a;(x,s)s >0and lim — =c¢> —1
s—0t s—>0t a;(x,s)

for all x € £2;
(i) There exists a constant as > 0 such that

w(|7])
|0

|Vea;(x,9)| < as

for all x € 2 and for all ¥ € RV \{Ogn};

(iii) For all x € £, for every © € R¥\{Ogn} and for all y € R", the following inequality holds

w(ll‘/‘l)| 2

(Voai(x, )y, y)ry = 91 ;

(iv) The function s — a;(x, s)s — ca[.sf”_1 is increasing on [0, +00) with some c,; > 0.

h(¥) : ¥ : 2 x R x R¥Y — Ris a Carathéodory function such that

a1
(i) there exist ay, by > 0 and a function oy, € L91-' (£2)4 satisfying

rlq1—1

1Y (x,5,6) < aglél 1 +byls|f ! + ay (x)

fora.a.x € £2, forall £ € RN and for all s € R, where 1 < g1 < p* and p* is the critical exponent to p
in the domain considered in (2.1);
(ii) there exist ¢y, dy > 0, and a function By, € L' (£2)4 such that

Y(x,s,6)s < cyll” +dyls|? + By (x)

fora.a.x € 2, forall £ € RN and for all s € R;
(iii) there exist ey, Iy, > 0 such that

(Y(x,5,8) =Y (x,1,E)(s —1) <eyls — 1|7,
(x5, 6) — V(x5 8] < lyls — &P
fora.a.x € 2, forall &, & € RN and forall s, 7 € R.
h(B) : B: 2 x R = R satisfies the following conditions:

(i) B(x,s) is a nonempty, closed, bounded and convex set in R for a. a. x € £2 and all s € R;
(ii) x +— B(x, s) is measurable in §2 for all s € R;
(iii) s — B(x, s) is upper semicontinuous;
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(iv) there exist 01 € [1, p), ap € LY (£2)+ and Bp > 0 such that
1B(x, )| < apx) + Bpls|" !

fora.a.x € £2 and forall s € R;
(v) there exist g € Ll(Q)Jr and b > 0 such that

¢r < bglr|” + Bp(x),
forall ¢ € B(x,r),r € R, and fora. a. x € £2.
(vi) there exists a constant cg > 0 such that
(€1 = &) (r1 —r2) < cglri —r2|?,
forall ¢; € B(x,r;),ri € R,i =1,2,and fora. a. x € £2.
h(f): f: £ x R — R satisfies the following conditions:

(i) x — f(x,s) is measurable in §2 for all s € R;
(ii) fora.a.x € I', s — f(x,s) is continuous;
(iii) there existay > O and by € L'(£2) such that

fx,8)s =ayls|? —byr(x),
fora.a. x € £2 and forall s € R;
(iv) forany z,v € LP" (£2), the function x > f(x, z(x))v(x) belongs to LY (2);
(v) there exists ¢y > 0 such that
(f(x,81) = f(x,52))(s1 —52) = crlsy — 5217,
for a. a. x € £2 and for all 51, 5o € R.
h(g) : g: I x R — R is such that

(1) x — g(x,s) is measurable on I for all s € R and the function x — g(x, 0) belongs to LY (D);
(i1) s +— g(x,s) is locally Lipschitz continuous for a. a. x € I»;

(iii) there exist 6; € [1, p), ag > 0 and By € L2 (I) such that

&1 < agls|™ ™" + B (x)
fora.a.x € I, forall £ € dg(x, s) and for all s € R, where | < 6, < p, and p, is the critical exponent
on the boundary given in (2.1);
(iv) there exist cg > O and y, € L#(Fz) satisfying
g0(x, s, —5) < cglsI? + ()

fora.a.x € I> and forall s € R;
(v) there exists a constant /; > 0 such that

(&1 — &) (51 — 52) = —lgls1 — 52/”
for a. a. x € I; and for all 5; € R whenever &; € dg(x, s;), fori =1, 2.

h(W) :¥: 2 — [0, +00) is measurable in £2.
h(k) : k: I — R is measurable on I» and there exists by > 0,

lk(x)| < by fora.a.x € I.

h(w) :w; > 0foralli € {1,...,1}.
h(0) : The following inequalities hold:

l
a
(Z wi) » _3 [~ + (bkcg)»rz +bp+dy —af) Ap and bg+dy >ay,

where A, and A, are given in (2.2).
The following lemma proposes some crucial properties of the function a; (see e.g., Bai-Gasifiski-
Papageorgiou [7, Lemma 2.2] and Zeng-Bai-Gasifiski-Krech [51, Lemma 2.4]).
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Lemma 3.1 If hypotheses h(a) are satisfied, then for eachi € {1, ..., 1}, we obtain

(i) a; € C(2 xRN, RV) N C' (2 x ®RY \ {0}, RY) and for all x € 2 the map © +— a;(x,?) is
continuous, strictly monotone, and so maximal monotone as well;
(i1) There exists a constant ag > O such that

la; (x, D) < aes(1 + |z9|p_1)forall 9 e R andx € £2;
>iii) It holds

(@ (x, 9), Mgy = a—31|z9|1’f0rallx € 2 andforall 9 € RV,
Py

where a3 is given in (3.1);
@iv) It holds

(@i (x, 91) — a;(x, 92), 91 — V2)pn = m(p)ca; |01 — V2|7,

for a. a. x € 2 and for all 91,92 € RN, where m(p) is defined by (2.3) and Ca; given in the condition
h(a)(iv).

Furthermore, foreach i € {1, ..., [}, let the nonlinear operator A; : W(l)’p (£2) > (W(l)’p (£2))* be defined by
(4. viw = [ @it V2, Vo dx (32)
Q

forall z,v e W(l)’p(.Q), where (-, -)w is the duality pairing between W(l)’p(.Q) and its dual space (W(l)’p(.Q))*.
We recall the following useful properties of the operator A; (see e.g., Gasifiski-Papageorgiou [22]).

Lemma 3.2 Assume that the hypothesis h(a) holds. Then, for each i € {1, ...,1}, the operator A; defined in

(3.2) is continuous, bounded (i.e., A; maps bounded subsets in W(l)’p (£2) to bounded subsets in (W(l)’P (£2)*),
strictly monotone (hence maximal monotone too) and of type (S)+, i.e.,

if zn Y zin W(l)’p(.Q) and limsup(A;(z,),zn — 2)w < 0,
n——+00

entail 7, — z in W(l)’p(.s?).

4 Existence and uniqueness

In this section, we study the existence and uniqueness of the solutions for Problem 1.1 in which our method is
based on a surjectivity theorem considered in Le [35].
Consider the set

K= {2 e Wi(@) 120 = (o) foraa v e 2} @.1)
and the set-valued mapping N : W(l)’p(.Q) = LP/(.Q) is defined by
Ni(z) == {g e L7 (2): ¢(x) € B(x, z(x)) fora. a. x € 9} , (4.2)

forall z € W(l)’p(.Q).
Remark 4.1

(i) Under the assumption h(¥), the set C defined by (4.1) is a nonempty, closed and convex subset of W(l)’p (£2)
(see [53, page 8]). Moreover, it is clear that 0 € K.

(ii) Assume that hypotheses h(B) hold. It follows from [55, Lemma 1.1] that N is well-defined and strongly-
weakly upper semicontinuous. Furthermore, for each z € L?(£2), the set N5(z) is bounded, closed and
convex in LP,(Q).

@ Springer



Existence and upper bounds for nonlinear nonhomogeneous obstacle problems 283

Consider the function G: L?(13) — R defined by
G(z) := / k(x)g(x,z)dI, forallz € L?(I3). (4.3)
5]

From the definition of G in (4.3) and assumptions h(g) and h(k), we have the following lemma which is a
direct consequence of Migérski et al. [41, Theorem 3.47].

Lemma 4.1 Under assumptions h(g) and h(k), the following hold:

(i) G: LP(I) — Ris locally Lipschitz continuous;
(1) there hold

GOz v) < / k(x)g° (x, z(x); v(x)) dT,
I

G ) = bi (cllzll) ry + Iy lhrs)

forall z,v € LP(I>);
(iii) for each z € LP(I%), one has

9G(z) C / k(x)0g(x,z(x))dTI.
I
(iv) for each z € LP(I%) and ¥ € 9G(z), there exists Moy > 0 such that
0, 0,
19163 1, = Mo (12152, + 18613 ) -

The weak solutions for Problem 1.1 are given in the following sense.

Definition 4.1 A function z € W(l)’p (£2) is said to be a weak solution of Problem 1.1, if z € K and there exists
¢ € Ng(z) such that

l

ZZITi /(ai(x, Vz), V(v —2))gny dx —i—/ k(x)g%(x, v —2)dI

i=1 I
+/ f(x,2)(v—2)dx 2/ x)(v—12) dx+/ Y(x,z,Vz)(v—2) dx,
Q Q Q

for all v € KC, where K and N are defined by (4.1) and (4.2), respectively.

We now introduce the operator .Af, : Wé’p (£2) —> (W(l)'p (£2))* defined by
!
(AZ (). v)w =) _ i / (a; (x, Vz), Vo)py dx (4.4)
i=1
forallz,v e W(l)’p(.Q). Then, it follows from (3.2) that
I
(AZ @), vw =D @i{Ai@). v)w. forallz,v e Wy’ (£2). (4.5)
i=1

Lemma 4.2 Assume that hypotheses h(a) and h(w ) hold. Then, the operator .AZEU defined by (4.4) is continuous,
bounded, strictly monotone (hence maximal monotone too) and of type (S)+.
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Proof By the condition h(w), @w; > 0 for all i € {I,...,l}. Applying the continuity, boundness, strict
monotonicity of the operators A;, i = 1,...,/ (in Lemma 3.2) implies that the operator A2 in form of

(4.5) is also continuous, bounded and strictly monotone. Let {z,, z} C W(l)‘p (£2) be such that z,,—w>z and
limsup, ., |, (AZ(z4), zn — z)w < 0. Then, we have

1

0 > lim sup( A2 (z0), 20 — 2)w = limsup [ > @i (4;(2), 20 — 2w
n— 400 n—-+00 i—1

-1

> @i liminf(A; (2), 24 — 2)w + lim sup(A;(z,), 20 — 2w
n——+00

i1 n—-+00

=limsup(A;(z,), 2n — 2)W-
n——4o00

Since A; is of type () , it follows from the above inequality that AZ is also of type (S)-. O

The following theorem provides the first main result of this paper involving the existence of weak solutions
of Problem 1.1.

Theorem 4.1 Assume that hypotheses h(a)(i)—(iii), h( f)(1)-@v), h(B)@{1)-(v), h(¥)(), (ii), h(g)({)—(v), h(k),
h¥), h(w) and h(0) are satisfied. Then Problem 1.1 has at least one weak solution z € W(l)’p(.Q).

Proof Let us consider the operator F : W(l)’p(Q) C LP(£2) — L”/(.Q) be defined by
(F(2), v>Lp’(Q)XLp(Q) = /Q fx,2vdx.

Also, let Ny : W(])’p(Q) C L9(2) — L% (£2) be the Nemytskij operator associated to ¥, that is,
Ny (2) = ¥ (x, z, V),
and k*: L9 (Q) — (W(])’P(Q))* be the adjoint operator for the embedding « : W(])’P(Q) — L9 (), and
N} (@) = "Ny (2), Yz € Wy ().

We consider the embedding operator ¢ : W(l)’p(.Q) — L9(2) (reps., y: W(l)’p(.Q) — LP(£2)) with its
adjoint operator ¢*: L% (2) — (W(l)’p(Q))* (resp., y*: LP' (2) — (W(l)’p(.Q))*). As1 < 6; < p*, the
embedding operator ¢ is compact and so is ¢*. Furthermore, by Remark 4.1(ii), the Nemytskij operator Nz
associated to the mapping B defined by (4.2) is well-defined. Let Ng =c*oNjg: W(l)’p(.Q) = W(l)’p(.Q)* and
introduce the indicator function Iy : Wé’p (£2) > Rof K, by

0 ifz e IC,
+00 otherwise.

Ix(z) := {

It is easy to see that z € I is a weak solution of Problem 1.1 (see Definition 4.1), if and only if z solves the
following variational-hemivariational inequality:

(A2 @)+ 7 F@) —Nj@) =% v —2)w+ G v —2) +Ix(v) — Ix(2) = 0, (4.6)

forallv € W(l)’p(.Q), with some ¢* € Nj5(2).
Next, we consider the set-valued operator T* : W(l)’p (2) = (W(l)’p (£2))* defined by

T (2) := Ay (2) + ¥*F(2) + n*0G(uz) — k*Ny (2) — s*Np(2), 4.7)

forallz € W(l)’p (£2).Itis obvious that problem (4.6) can now be reformulated in the following inclusion problem:
Find z € I such that

T> (2) + 3.Ix(2) 3 0, (4.8)
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where the notation d.Ixc stands for the convex subdifferential of Ic.

Observe that the function F is bounded, it follows from the boundedness, convexity and closedness of
7z = pu*9G(uz) — ¢*Np(z), hypotheses h(v) and Lemma 4.2 that z — Ag )+ y*F@) + u*oG(uz) —
k*Ny (z) — ¢*Np(z) has nonempty, bounded, closed and convex values. Taking into account Remark 4.1(ii),
Lemma 4.1(iv) and Lemma 4.2, we have z — T¥(z) = Ag @)+ v*F()+pn*aG(nz) — k*Ny (z) — c*Np(2)
is a bounded mapping.

We now prove that T* is a pseudomonotone operator. Let {z,},eny C W(l)’p(.Q), (£} nen C (W(l)’p(.Q))* be

sequences and let (z, &) € W(l)’p(.Q) X (W(l)’p(.Q))* be such that

£, € T (z,) foreachn € N, &, —> & and limsup(&,, 2, — z)w < O. (4.9)

n—-+00

Then, for every n € N, there exist ¥, € 3G (uz,), &, € Ng(z,) such that
£, = ,Afr(z,,) + y*F(zn) + W0 — k*Ny(24) — ¢*¢p foralln € N

It follows from Remark 4.1(ii) and Lemma 4.1(iv) that two sequences {9, }peny C L% (1), {En}nen C L1(£2)
are bounded. Without loss of generality, assume there are functions (¢, ) € L% (Ip) x L% (£2) such that

Op —  in L2(I%) and ¢, — ¢ in L91(R2). (4.10)

Recall that W(l)’p (£2) is embedded compactly into L7'(£2) (resp. LP(£2) and LY (£2)) is compact, and
e W(l)’p(.s?) — L% () is compact, so, we have

i * = i — ’ =
nl}TQQ(V F(zn),zn — )W = nEI—Poo(F(Zn)’ Y (2n Z)>LP (2)xLP(£2) 0

: . o N _
Jam (P, zn —2)w = Hm (D, w(an = 2)) o o 1050y =00

@.11)

1 * — = 1 — ’ =
Jm Ny (), 20 = 2w = lim (@) Gn = D) pah o) ey = O
1 * — = i — ’ =
Jim (T8, zp —2)w = lm (Gn, 6 @n = 2)) of ) ror () = O

Inserting (4.11) into the inequality in (4.9) yields

0 > limsup(&,, zn — 2)w
n—+00o

> lim sup(Af,(zn), 2w — 2w+ lim (y*F(z), 20 — 2)W
n——+00 n—+00

+ lim (u*0,, 20 — 2w+ Lm (K*Ny(2p), 20 — 2w+ lim (¢4, 20 — 2)W
n——+00 n——+00

n—-+00

> limsup(AZ (z,), zn — 2)W-
n——+00

From Lemma 4.2, we know that A2 is of type (Si). Thus, z, — z in W(l)’p(Q). Taking a subsequence if
necessary, we can suppose that

Zp(x) = z(x) and Vz,(x) - Vz(x) fora.a.x € £2. (4.12)
Since v is a Carathéodory function, it follows from (4.12) that
V(x, 20, Vzu) = ¥ (x,z,Vz) fora.a.x € 2
and so,
KNy (2n) —> K" Ny () in (WyP (2))*.
Applying Mazur’s Theorem, there is a sequence {b; },cn of convex combinations to {¢, },en satisfying

by — ¢ in L91(£2).
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Thus, we may assume that b, (x) — ¢(x) for a. a. x € £2. By virtue of the convexity of B, we can see that
b, (x) € B(x,z,(x)) fora.a. x € £2.

Using hypotheses h(3)(i) and (iii), we know that 13 is upper semicontinuos and has nonempty, bounded, closed
and convex values. So, we can use the result of Proposition 4.1.9 in [16] to infer that the graph of s > B(x, s)
is closed for a. a. x € £2. By the convergence properties in (4.10) and b, (x) — ¢(x) for a. a. x € £2, we have

(x) € B(x,z(x)) fora.a.x € £,

which implies that ¢ € Ng(z). Using the same arguments as before, we get the conclusion that ¢ € 9G(uz).
Recall that Af, and F are continuous. Using the convergence (4.10), one has

én ZAZEU(Zn) + J/*]:(Zn) + l/«*ﬁn - K*Nw(zn) - §*§n
> AZ@ + Y F@ 4+ 1 — "Ny (2) — ¢*¢ =& in (W(l)’p(f?))*-

This shows that & € T (z). Hence, we have

lim (&, zn)w

n——+00
= lim (AZ @) + 7 F@n) + w00 — K* Ny (@) = % 2n)yy
= lim (A% @n) + 7 F@n) — K* Ny (2n). 2n)yy
I D i) 10 ) 1) Ty 0 G S30) 18] 101 )
= nETOO(AZ);;(Z) +y*F(2) + 10 — "Ny (2) — ¢7¢, 2)w
= (£, 2)w.

This implies that T> is a generalized pseudomonotone operator. It follows from Proposition 2.2 that T¥ is
pseudomonotone.
Next, we will show the existence of a constant L > 0 such that

E+u,2)w>0 (4.13)

forall § € T% (z), all « € 8.1k (z) and all z € Wy” () with [|zlw = L.
Letz € W(l)’p and £ € T* () be arbitrary. Then, we can find functions ¥ € 9G(uz), ¢ € Ng(z) such that

E= AL @+ 7 F@)+ 1" — Ny (2) — 6*¢.
As 0 € K (see Remark 4.1(i)), we have

<$ + ¢, Z)W

l
= Zwi /(ai(x,Vz),Vz)RN dx +/ Y (x)zdI"
i=1 I
/f(x,z)zdx—/ ;“(x)zdx—/ Y(x,z, V)zdx + Ic(z) — I (0)
2 2 2

+
I o
> (;w,) p_1||VZ||Z,Q _./1“2 P(x)(—z)dI’ —/Q(bg|z|p+/33(x))dx

+/ (aflzl”—bf(x))dx—/ (C¢|Vz|p+d¢|z|p+,3w(x)) dx 4+ Ixc(z)
2 2

1
as
> {(} :w,) _%} IV2I12 o — 6%, —2) +arlizll’ g
i=1

p—1

@ Springer



Existence and upper bounds for nonlinear nonhomogeneous obstacle problems 287

— (b +dy) llzllh o = Ibslie = 1By lie — 1BslLe + Ik (). (4.14)
p

Additionally, Lemma 4.1(ii) implies that
G°(z, —2) < bi (cglizh py + Ivelhrs) - (4.15)

It is well known that I : W(l)’p (£2) — Ris a proper, lower semicontinuous and convex function. Thus, applying
Proposition 1.10 in Brézis [11] indicates that there exist ax, bxc > 0 such that

Ixc(2) > —agllzllw — b forall z € Wy (). (4.16)
Using (2.2), (4.15) and (4.16) in (4.14), we have
E+u2w

/1
as
> (Z wl-) Frte cw} IVzllD o = breglizllh = brllvelir

i=1
— (b +dy —ag)lzl} o = lbslie = 1By le — IBslLe —aclizlw — bk

B !
as
> (E wi) m —Cy — (bkcg)tl‘z +bg +dy — af) )‘p:| ||Z||€;V —arlzllw
L \i=1

—lbsllie =By llne — I1Bsllh.e — billvgllir — bk.

By the assumption h(0), we obtain

[
a
(sz) p——31 —cy — (bregh, + b +dy —ayg) kp > 0.

i=1

Hence, we can find Ly > 0 large enough such that for all L > Ly,

I
a
|:(Z w,-) p——31 —cy — (bkcgkrz +bp+dy —af) Ap:| L? —axlL

i=1
—bsline = 1By lie —1B8l1,2 — billvellh,m — bk > 0.
Thus, the inequality (4.13) holds.
Because the operator d.Ix : Wé’p £2) = (W(l)’p (£2))* is maximal monotone, applying Theorem 2.1 with

S=0.Ix, T= T, M = 0, we conclude that inclusion (4.8) has at least one solution z € C which is a solution
of (4.6). So, Problem 1.1 has at least one weak solution. ]

The next theorem delivers the uniqueness of Problem 1.1.

Theorem 4.2 Let p > 2. Suppose that the assumptions h(a), h(f), h(B), h(¥), h(g), h(k), h(¥), h(w) and
h(0) hold. If, in addition, the following inequality

! 1
min!(Zw,-cal) m(p) —lyhy,cyr—brlghpr, — ey —CB} >0

i=1
holds, then Problem 1.1 has a unique solution.

Proof Applying the existence result in Theorem 4.1, we only need to prove the uniqueness of Problem 1.1.

Letzi, 22 € W(l)’p (£2) be two weak solutions of Problem 1.1, namely, z; € K and there exists {; € Np(z;)
such that

1
Zw,- Lf (a; (x, Vzj), V(v — 2j))w dx
i=1
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+/ k(x)go(x,z,-;v—z,-)df+/ Sz —z;)dx
I 2

2/ Cj(x)(v—zj) dx—i—/ w(x,zj,VZj)(U—Zj) dx,
2 2

forall v € K and for j = 1,2. Taking v = z» and v = z; for the inequalities above with j = 1 and j = 2,
respectively, we sum up the resulting inequalities to obtain

1
Zw,- / (a;(x, Vz1) —a;(x, Vz2), V(z2 — z1))gn dx
i=1

+ [ k) (0 ziz = 2 + w221 - ) dr
I
+ fg(f(x, z1) — f(x,z2))(z2 — z1) dx
> /Q (€100 — £00) (22 — 21) dx
+ [(Z(W(x, 71, Vz1) — ¥ (x, 22, V22)) (z2 — z1) dx. (4.17)

Hence, for eachi € {1, ..., [}, it follows from Lemma 3.1 that

/ (ai(x, Vz1) — ai(x, V22), V(22 — 21))pw dx
2

< —/ m(p)ca;|V(z1 — 22)|P dx
2

= —m(p)ea, IV(z1 — 2} o

namely,

l
Zwi f(a,-(x,Vm)—a,-(x,sz),V(zz—m))RN dx
i=1

l
<- (Z wl-cal) m(pIV G — I 5. (4.18)

i=1
Using the conditions h( f)(v), h(g)(v) and h(k), we have

/ (f(x,z1) = f(x,22)) (22 — 21) dx < —f crlzr — z2|” dx
2 2

— —crllzi - 202 0. (4.19)

and

/ k(x) (go(x, 222 —21) 4+ 80 (x, 225 21 — zz)) ar
I

< / brlglzi — 22| dI
I}

bklg”Zl - 12”;1*2
bilghr izt — 221l o (4.20)

By the condition h(t/)(iii), one has

IA

/Q(w(x,zl, Va) — ¥ (x, 22, Vo) (22 — 21) dx
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= / (Y (x,z1, Vz1) = ¥ (x, 21, V22))) (22 — 21) dx
2
+/ (Y (x, 21, Vz2) — ¥ (x, 22, V22)) (22 — 21) dx
Q
> —/ eylz1 — z22|P dx —/ Iy|V(z1 — 22)P 7 z1 — za] dx.
2 2
Applying Holder’s inequality, the above inequality gives
/ (W (x,z1, Vz1) — ¥ (x, 22, V22)) (22 — 21) dx
2

-1
> —eylzi —22ll) o =V =21 llz1 = 22llp.e- 4.21)

By the hypothesis h(5)(v), we obtain

/Q(Q(x) — () (z2 —z1) dx > —/QCB|21 — 22|V dx
= —cglzi — 22l o 4.22)

Combining (4.17)-(4.22), we have

!
|:<Z @Ca,-) m(P)] 1V(z1 — ZZ)”QQ + (cf = brlghp) llz1 — Zzllﬁ,g

i=1

< (ey +cp)llz1 — Zzllz,g +1lyIV(z1 — Zz)llﬁ_lllm —220p.2
< (ey +cp)llzt — Zzlli,g + lg//?»,é V(z1 — 22)”;(3‘
Hence,
C* (IV@ -2l g + 21 = 20 5) <0 (4.23)
where

! 1
C* = min { (Z w,-ca,.) m(p) — Ly, cp—brlghr, — ey — cg} .

i=1

By assumption, C* > 0, hence it follows from (4.23) that z; = z. Therefore, Problem 1.1 has a unique weak
solution z € Wy (£2). O

5 Upper bounds

In this section, we shall establish two upper bounds for Problem 1.1 associated with the regularized gap function
based on different norms || - || .2 and || - [|1,, 2.

Let § > 0 be a fixed parameter. We consider the following functions Ps : Wé’p (£2) x Ll’/(Q) — R and
®5: Wy (2) — R defined by

Ps(z,¢)

I
= sup Zwi /(ai(x,Vz),V(z—v))RN dx —/ k(x)go(x,z;v—z)dF

vell \ ;25 I

+/ £(x) (v —2) dx+/ Y2, V) (v —2) dx
2 2
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8
+/ f(x,z)(z—v)dx——||z—v||§’g> (5.1
Q p
forall z € Wy (£2) and ¢ € L”'(£2), and
Ds(z) = inf  Ps(z, 0), (5.2)
CeNB(R)
that is,

I
®s(z) = inf sup Z w; / (@i (x,Vz),V(z —v)py dx | — / k(x)go(x, zzv—2z)dl’
{ENB(Z) velC i=1 Ip)

+/ t(x)(v—12) dx—i—/ Y(x,z,Vz) (v —2) dx

Q Q

+/ f(x,2)(z —v)dx — %IIz—vH;Q), forall z € W(l)’p(.Q).
2

Lemma 5.1 Assume that the hypothesis h(B) holds. Then for each z € K, there exists ¢, € Np(z) such that
Ps(z) = Ps(z, &2).

Proof 1t s clear that the function Pj is convex and continuous with respect to its second variable. Furthermore,
applying Remark 4.1(ii) gives that for each z € W(l)’p (£2), N5(z) is abounded, closed and convex set. Therefore,

using an elementary result for convex minimization (see e.g., [2, Theorem 3.3.12]) that for each z € W(l)’p (£2),
there exists ¢; € Ng(z) such that @5(z) = Ps(z, 7). O

Proposition 5.1 Suppose the hypotheses of Theorem 4.1 are satisfied. Then for any § > 0, the function ®g
defined by (5.2) satisfies the following properties:

(1) Ps(z) = 0forall z € K.
(ii) Z € K is such that @5(z) = 0 if and only if Z is a weak solution to Problem 1.1, i.e., the solution set of
Problem 1.1 is defined by
G =z e Wy(@) 2 € K and @5() =0).

Proof (i) It follows from the definition of Ps in (5.1) that for each § > 0 fixed, z € K and ¢ € Ng(z), one has

!
Ps(z,0) = ) i /(ai(x,Vz),V(z—z))RN dx —/ k()¢ (x, 22— 2)dl

i=1 D
+/ () (z—2) dx—i—/ V(x,z,Vz) (z —2) dx
2 2
8
Jrfgf(x,z)(z—z)dx—;nz—zn;Q

= [ kg zoyar
)]
=0.
By the arbitrariness of ¢ € Nz (z), we conclude that

®s(z) = inf Ps(z,¢) =0, Vz € K.
¢eNB()
(ii) Assume that z € K satisfies @5(Z) = 0, i.e.,

CeNB(E

inf )775(2, ) =0.
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Thanks to Lemma 5.1, we conclude that there exists gc € Ng(Z) such that

0="Ps(, %)
l
=sup | D @ L/(ai(x,va,wz—w)w dx —/ k(g (x. 21 v —2)dIl
velkl i=1 F2

+/ f(x)(v—i) dx+/ Y(x,2,VZ) (v—2) dx
2 2

A 3 .
+/Qf(x,z)(z—v)dx—;IIZ—UH?Q).

This implies
!
Zwi /(ai(x,vz),V(z—u))RN dx —f k(x)g%(x, 2 v — 3)dIr
i=1 Igy
~|—/ £ (v—2) dx+/ V(x,2,VZ) (v—2) dx
2 I?)
b)
+/ f(x,2)E—v)ydx < =]z —v|f .
7, p P2
for all v € K.

For any w € K and t € (0, 1), since K is convex, we have v; := (1 — 7)Z + tw € K. Hence, we insert v,
into the above inequality to obtain

1
3w [[(ai(x,v@,wz—vf))m dx —/ k(x)g%(x, 2 v — 2)dT
i—1 2

+f cx) (vr —2) dx+f V(x,2,V2) (ve — 2) dx
2 2

—i—/ f(x,2)(Z—vr)dx
7,

st?

< —lZ=vollh o= TIIE—wIIZ,Q, (5.3)

< | o

for all w € K. Using the convexity of v g%x, z;v) forall z € Wé’p(.Q) and for a. a. x € I», one has

1
T Zwi |:D/(ai(x,V2),V(2— w))RN dx —f k(x)g°(x, 3w —2)dI
i=1 I
+/ Z(x) (w—2) dx—i—/ ¥ (x,2,V2) (w—2) dx
2 2

+ / f(x,2)(EZ— w)dx)
Q

!
< Zwl- /(ai(x, V2),V(EZ — vf))RN dx —/ k(x)g%(x, 2 ve — 2)dI

i=1 I

+
5

f(x,2)(E —vr)dx, (5.4)
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for all w € .
Combining (5.3) and (5.4), we obtain

x|/

a,(x V2),V(Z— ))]RN dx —/ k(x)g%(x, 2w —2)dI
5]

/ (w—2) dx—i—/gxﬁ(x,ﬁ,V%)(w—ﬁ) dx
/
-

f(x,2)(Z—w)dx

||z—w||,,9,

for all w € K. Letting T — 0™ for the above inequality, it gives

1
> @i L/(a,-(x,vz),ww — )y dx +/ k(080,35 w — ) dT
i=1 &

+/ f(x,z)(w—z)dxz/ £x) (w—2) dx+/ Y(x,2,V2) (w—2) dx
2 2 2

for all w € K. Thus, Z is a weak solution to Problem 1.1.
Conversely, suppose that 7 € wl.rp (£2) is a weak solution of Problem 1.1, i.e., 2 € K and there exists
¢ € Np(2) such that

l
Z of |:v/ (ai(x, V2), V(v — 2))pn dx +/ k(x)g%(x, 2 v — 2)dIl
i=1 I

+/ f(x,z)(u—z)dxz/ te) (v—12) dx—l—/ ¥ (x,2,V2) (v—2) dx, Yvek.
2 2 2

Since v € K is arbitrary, we have

Ps(2, 2)
i
= sup Zwi |:[ (ai(x,V2), V(E - v))RN dx | — f k(x)g%(x, 2 v — 2)drIr
vek \ ;5 I

+/ £(x) (v—2) dx—i—/ ¥ (x,2,V2) (v—2) dx
2 2

1)
+/ fx,DE—v)dx — =)z —v|} )
Q p P&
<0.
Hence, for any ¢ € Ng(32),

Ps(2) = . }\I}f Ps(z,0) = 0.

€ B Z
Since @s(z) > 0 for all z € I, then @5(Z) = 0. The proof is complete. O

By Proposition 5.1, the function @5 defined by (5.2) is known as a gap function of the regularized type
for Problem 1.1, where § > 0 is a regularized parameter (see Fukushima-Yamashita [20,49]). Based on the
properties of the regularized gap function @;, the following result provides an upper bound for Problem 1.1.
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Theorem 5.1 Let p > 2 and Z € W(l)’p(.Q) be a weak solution of Problem 1.1. Suppose that h(a), h(f), h(B),
h(y), h(g), h(k), h(¥), h(@w) and h(0) hold. Additionally, assume that the regularized parameter § satisfies

! 1-p
O0<§<p |:<Z w,-ca,.) m(p))»;l —lyrp," +cy—bilghpr —ey — CB:| .

i=1

Then, for each z € IC, we have

S =

Iz = 2lp.e = (Com) ' @52)) " (5.5)
where

I 1—p 5
Co(p) = (Z wicai> m(p))»;,1 —lyr,” Hcp—brlghp, —ey —cp — ;

i=1

Proof Let Z € W(l)”7 (£2) be a weak solution of Problem 1.1, namely, Z € K and there exists g: € Ng(2) such
that

1
> @i L/ (ai (x. V2), V(o = 2)) gy dx | + / k(0)g%(x. 3 v — 2y dT
i—1 &

+f f(x,z)(v—z)dxz/ E) (v—2) dx+/ V.2, V2) (v —2) dx,
2 2 2

for all v € K. For any z € K fixed, we insert v = z into the above inequality to obtain

!
Z ;i U (ai(x, V2),V(z — 2))pw dx | + / k(x)g%(x, 22— 2)dI
i=l I3

+/ f(x,z)(z—z)dx—/ t@) (z—2) dx—/ V(x,2,V2) (z—2) dx > 0. (5.6)
2 2 2

Let us consider the function Pys : IC x L”,(.Q) — R defined by
Ps(z,¢)

l
= sup Zwi /(ai(x,Vz),V(z—v))RN dx —/ k(x)go(x,z;v—z)dl"

velkl i=1 Iy
+/ t(x)(v—12) dx+/ Y(x,z,Vz) (v —12) dx
Q Q

8
! /g Fox, )@ —vydx = Jliz = v||§,9>.

It follows from Lemma 5.1 and the definition of @ that there exists ¢, € Ng(z) such that

Ps(z) =Ps(z, &)
I
> Zwi |;Z (ai(x, Vz), V(z — 2))pw dx | — / k(x)g'(x,z:2 — 2)d Il
i=1 I

+/ £(x) (2~ 2) dx—i—/ ¥ (x,2,V2) (2 —2) dx
Q Q

. § .
+/Qf(x,z)(z—z)dx—;Ilz—zllﬁ,g- (5.7)
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Repeating the similar arguments as in (4.17)—(4.22) and using (5.6), it has

l
Zwi U(ai(x, V2), V(z = 2))gy dx —/ k(0)g(x, 22 —2)dl’
i=I >
+/ L) (2~ 2) dx+/ ¥ (x.2.V2) (2 - 2) dx+/ fox, -2 dx
2 2 2
!
> Zwl. |:!(35(X, V2),V(z = 2))pw dx +/ k(x)g(x, 2z —2)dIr
i=1 >
_/ £ (z—2) dx—/ Y(x,2,V2) (z—2) dx+/ [,z —2)dx
2 2 2

[
A A -1 ~
+ (Z w,»cai) m(P)IVE =D o =l IVE = D5 gl —2llpe
i=1

+(cr —belghry —ey —cB) Iz — 2l o

e -
> (Zwica)m(p)—lwx;; IVG@=DI) o

i=1

+ (Cf —bplghp, — ey — CB)

o -
(Z wl-ca,.) m(p) =Ly |2, Nz =210 o

i=1

4
lz =zl 0

v

+(cf = bulghry —ey —cg) Iz =2l o

. -
= (Z wicai> m(p)h,' —lyhy,” +cp = bilghp, — ey — CB:| lz — 2117 o (5.8)

i=1

Combining (5.7) and (5.8), one has

1 - p 5
Ds(2) = [(Z w,-ca,) m(p)h,' —lydy’ +cp —bilghr, — ey — B — ;} llz — 2117 o

i=1
Thus, the desired inequality (5.5) holds. O

Note that the error bound in (5.5) of Theorem 5.1 is established by the norm || - || .. The following result
provides an error bound for Problem 1.1 under the norm || - |1, .-

Theorem 5.2 Let p > 2 and? € W(])’P (82) be a weak solution of Problem 1.1. Suppose that all assumptions of
Theorem 4.2 hold. Assume further that

! 1
(Z wicai> m(p) —lyr, >0

i=1
and the regularized parameter § satisfies
0<$§ <p(Cf—bklgkr2—e,/, —CB).
Then, for each z € IC, we have

=

R p=1 1
Iz = 2pe =277 (CHp ' @5@)" (5.9)
where
I 1 5
Ci(p) = min {( E zzr,-cai) m(p) —lyrpy,cy—brlghp, —ey —cp — ;} )

i=1
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Proof Let Z € W(l)’p (£2) be a weak solution of Problem 1.1. Using a similar method as in the first part of the
proof of Theorem 5.1, we have the expression (5.8). It follows from the proof of (4.21) that for each z € IC,

l
> @i L/(ai(x,vm,wz_z))m dx —/ k()¢ (x, 22— 2)dl’
i=1 >
+/ ) (2-72) dx+/ V(x,z,V2) (2 —2z) dx+/ f(x,2)(z —2)dx
2 2 2

! 1
> (D mica | mp) =1y [IVG =BT

i=1

+(cr = bulghr, — ey —cp) iz = 2ll} o (5.10)
Having in (5.7) and (5.10) and using the elementary inequality
(Inl +lmD)* <27 (Inl* + m|*)

for all s > 1 and for all m, n € R, we have

! 1
D5(2) = || D wica, | m(p) =Ly} | IVG = DI o
i=1

3 .
+ (Cf —brlghp, —ey —cp — ;) Iz —Z||$’_Q

=Ci(p) (IV@ =I5 o + 11z =210 5 )

>2'7C1(p) (IV G — Dl + Iz — 2l p.2)”
1— ~

=2'7rCi(p)llz 217, o

where

/ 1
< 1)
Ci(p) = min E wica; | m(p) —lyAp,cqr—blghr, —ey —cg—— ¢ > 0.
: p
i=1

Therefore, the inequality (5.9) is valid. O
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    /JPN <>
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    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 6.0 en hoger.)
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    /DEU <>
    /ENU <>
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