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Abstract For a simple graph G, let A(G) be the adjacency matrix and D(G) be the diagonal matrix of the
vertex degrees of graph G. For a real number α ∈ [0, 1], the generalized adjacency matrix Aα(G) is defined
as Aα(G) = αD(G) + (1 − α)A(G). The largest eigenvalue of the matrix Aα(G) is the generalized adjacency
spectral radius or the Aα-spectral radius of the graph G. In this paper, we obtain some new sharp lower and
upper bounds for the generalized adjacency spectral radius of G, in terms of different parameters like vertex
degrees, the maximum and the second maximum degrees, the number of vertices and the number of edges, etc,
associated with the structure of graph G. The extremal graphs attaining these bounds are characterized. We show
that our bounds improve some recent given bounds in the literature in some cases. Further, our results extend
some known results for the adjacency and/or the signless Laplacian spectral radius of a graph G to a general
setting.

Keywords Adjacency matrix (spectrum) · Signless Laplacian matrix (spectrum) · Generalized adjacency matrix
(spectrum) · Spectral radius · Regular graph
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1 Introduction

Throughout this paper all graphs considered are simple and connected. Let G be a graph with vertex set V (G) =
{v1, v2, . . . , vn} and edge set E(G). The order of G is the cardinality of the set V (G) and is denoted by n and
the size of G is the cardinality of the set E(G) and is denoted by m. The degree of vertex v, denoted by dG(v)

(we simply write dv if it is clear from the context), is the number of vertices adjacent to v. The neighbourhood
of the vertex v is the set of vertices adjacent to v and is denoted by N (v). It is clear that dv = |N (v)|. If all the
vertices of G are of same degree, then G is said to be a regular graph. The average degree of the neighbors of
vertex vi is denoted by mi and is defined as mi = 1

di

∑
vi v j ∈E(G) d j .

The signless Laplacian matrix of G is Q(G) = D(G) + A(G), where D(G) is the diagonal matrix of vertex
degrees and A(G) is the adjacency matrix of G. This matrix is a real symmetric matrix, so we can arrange its
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Bounds for the spectral radius of the Aα-matrix of graphs 299

eigenvalues as q1(G) ≥ q2(G) ≥ · · · ≥ qn(G). In [15], Nikiforov introduced the generalized adjacency matrix
of a graph G, which is denoted by Aα(G) and is defined as

Aα(G) = αD(G) + (1 − α)A(G), 0 ≤ α ≤ 1.

It is clear from the definition of Aα(G) that A0(G) = A(G), 2A 1
2
(G) = Q(G), A1(G) = D(G) and

Aα(G) − Aβ(G) = (α − β)L(G), where L(G) is the well-studied Laplacian matrix of G, defined as L(G) =
D(G)− A(G). From this, it follows that the family Aα(G) extends the spectral theories of both adjacency matrix
A(G) and the signless Laplacian matrix Q(G) of a graph G. For the sake of simplicity, we sometimes denote
the matrix Aα(G) by Aα .

It is clear that the matrix Aα(G) is a real symmetric matrix, so all its eigenvalues are real. Let λ1(Aα(G)) ≥
λ2(Aα(G)) ≥ · · · ≥ λn(Aα(G)) denote the eigenvalues of Aα(G), which we call the generalized adjacency
eigenvalues or Aα-eigenvalues of graph G. The largest generalized adjacency eigenvalue λ1(Aα(G)) is called
the generalized adjacency spectral radius of graph G. Hereafter, we denote λ1(Aα(G)) by λ(Aα(G)), for the
sake of simplicity. For a connected graph G, it is clear that the matrix Aα(G) is non-negative and irreducible
(except for α = 1), so by the Perron–Frobenius theorem, λ(Aα(G)) is a simple eigenvalue and there is a unique
positive unit eigenvector X corresponding to λ(Aα(G)), which is called the generalized adjacency Perron vector
of G.

A column vector X = (x1, x2, . . . , xn)T ∈ R
n can be considered as a function defined on V (G) which

maps vertex vi to xi , i.e., X (vi ) = xi for i = 1, 2, . . . , n. If λ is an eigenvalue of Aα(G) corresponding to the
eigenvector X , then Aα(G)X = λX gives that

λxi = αdi xi + (1 − α)
∑

vi v j ∈E(D)

x j .

These equations are called the (λ, x)-eigenequations of G. For a normalized column vector X ∈ R
n with at least

one non-negative component, by the Rayleigh’s principle, we have

λ(Aα(G)) ≥ X T Aα(G)X,

with equality holding if and only if X is the generalized adjacency Perron vector of G. Many important spectral
properties of the matrix Aα(G) have been intensively explored in the recent years; see e.g. [1,3,7–13,16–18,20–
22].

Since the matrix Aα(G) is a generalization of the matrices A(G) and Q(G), therefore it will be interesting
to see whether the results which already hold for the spectral radius of the matrices A(G) and/or Q(G) can be
extended to the spectral radius of the Aα(G). Further, let A(G) be the adjacency matrix of the graph G and B
be a real diagonal matrix of order n. In 2002, Bapat et al. [2] defined the matrix L

′ = B − A(G) and called it
the perturbed Laplacian matrix of graph G. The aim of introducing this matrix was to generalize the results that
hold for the adjacency matrix and the Laplacian matrix L(G) of the graph to some general classes of matrices.
For α �= 1, it is easy to see that

Aα(G) = αD(G) + (1 − α)A(G) = (α − 1)
( α

α − 1
D(G) − A(G)

)
.

Clearly α
α−1 D(G) is a diagonal matrix with real entries, giving that the matrix Aα(G) is a scaler multiple of a

perturbed Laplacian matrix. This gives another motivation to study the spectral properties of the matrix Aα(G).
This paper focus on the spectral properties of the generalized adjacency matrix Aα(G) of a graph G. In fact
various upper and lower bounds involving different graph parameters are obtained for the generalized adjacency
spectral radius λ(Aα(G)).

The rest of the paper is structured as follows. In Section 2, we mention some known results which will be
used in the proofs of our main results in subsequent sections. In Section 3, we obtain some relations between
the generalized adjacency spectral radius λ(Aα(G)), the adjacency spectral radius λ(A(G)) and the signless
Laplacian spectral radius λ(Q(G)) of a graph G. In Section 4, we obtain bounds for the generalized adjacency
spectral radius λ(Aα(G)), in terms of vertex degrees of a graph G. We identify the extremal graphs attaining
these bounds. We show that our bounds for λ(Aα(G)) are better than some previously known bounds in some
cases.
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300 A. Alhevaz et al.

2 Preliminary results

In this section, we mention some known results which are helpful throughout the paper.
The following lemma gives the relation between the eigenvalues of a symmetric matrix and its principal

submatrix, and can be found in [6].

Lemma 2.1 (Interlacing theorem) [6] Let A be a symmetric real matrix of order n and B be a principal submatrix
of A with order s (s ≤ n). For the eigenvalues of A and B, then

λi+n−s(A) ≤ λi (B) ≤ λi (A), 1 ≤ i ≤ s.

We recall a simplified version of the Weyl’s inequalities for eigenvalues of Hermitian matrices [6]. The
conditions for the equality in Weyl’s inequalities were first established by So in [19].

Lemma 2.2 Let A and B are Hermitian matrices of order n and let 1 ≤ j ≤ n. Then

λ j (A) + λn(B) ≤ λ j (A + B) ≤ λ j (A) + λ1(B).

In either of these inequalities the equality holds if and only if there exists a nonzero n-vector that is an eigenvector
to each of the three eigenvalues involved.

3 Relations between λ(Aα(G)), λ(A(G)) and λ( Q(G))

In this section, we establish some relations between the generalized adjacency spectral radius λ(Aα(G)), the
adjacency spectral radius λ(A(G)) and the signless Laplacian spectral radius λ(Q(G)) of a graph G.

Let Mm×n(R) be the set of all m×n matrices with real entries, that is, Mm×n(R) = {X : X = (xi j )m×n, xi j ∈
R}. For M = (mi j ) ∈ Mm×n(R), the Frobenius norm is defined as ‖ M ‖=

√
n∑

i=1

n∑

j=1
|mi j |2 = √

trace(Mt M),

where the trace of a square matrix is defined as sum of the diagonal entries. Further, if M Mt = Mt M , then

‖ M ‖2=
n∑

i=1
|λi (M)|2, where λi (M) is the i-th eigenvalue of the matrix M .

Using the definition of Aα(G), the identity

Aα(G) + A1−α(G) = Q(G) (3.1)

is immediate. As we will see, the identity (3.1) can be applied to transform lower bounds on λ(Aα(G)) into upper
bounds, and vice-versa.

The following result gives a relation between λ(Aα(G)) + λ(A1−α(G)) and the signless Laplacian spectral
radius λ(Q(G)) of a graph G.

Theorem 3.1 Let G be a connected graph of order n and let α ∈ [0, 1). Then

λ(Aα(G)) + λ(A1−α(G)) ≥ λ(Q(G)). (3.2)

If G is a k-regular graph, then the equality holds in (3.2) for any α ∈ [0, 1). If the equality holds in (3.2) for
some α �= 1

2 , then G is a k-regular graph.

Proof Applying the Weyl’s inequalities to (3.1), the inequality (3.2) is immediate. If α = 1
2 , then using the

fact A 1
2
(G) = 1

2 Q(G) in (3.1), the equality always holds in (3.2). Assume that G is a k-regular graph. Then
λ(Aα(G)) = αk + (1 − α)λ(A(G)) = αk + (1 − α)k = k. Similarly λ(A1−α(G)) = k. Hence λ(Aα(G)) +
λ(A1−α(G)) = 2k = λ(Q(G)) and so the equality holds in (3.2) for any α ∈ [0, 1]. Assume now that the
equality in (3.2) holds for some α �= 1

2 . The conditions for the equality in Weyl’s inequalities imply that the
eigenvalues λ(Aα(G)), λ(A1−α(G)) and λ(Q(G)) have a common eigenvector X = (x1, x2, . . . , xn). Hence

αD(G)X + (1 − α)A(G)X = λ(Aα(G))X

and

D(G)X + A(G)X = λ(Q(G))X.
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These equalities lead to

(2α − 1)D(G)X = (λ(Aα(G)) + (α − 1)λ(Q(G))) X.

Hence for any vertex v ∈ V (G), we have

(2α − 1)dvxv = (λ(Aα(G)) + (α − 1)λ(Q(G))) xv.

Since G is a connected graph, from Perron-Frobenius theorem, X is positive and thus

(2α − 1)dv = λ(Aα(G)) + (α − 1)λ(Q(G))

for all v ∈ V (G). Finally, using that 2α − 1 �= 0, we conclude that all the vertices of G have the same degree. 	

The following result gives an upper bound for λ(Aα(G)), in terms of the adjacency spectral radius λ(A(G))

and the signless Laplacian spectral radius λ(Q(G)) of a graph G.

Theorem 3.2 Let G be a connected graph of order n, with maximum degree �.

(i) If 0 ≤ α ≤ 1
2 , then

λ(Aα(G)) ≤ αλ(Q(G)) + (1 − 2α)λ(A(G)). (3.3)

Equality holds in (3.3) if and only if G is a regular graph or G is non-regular and α = 0 or α = 1
2 .

(ii) If 1
2 ≤ α ≤ 1, then

λ(Aα(G)) ≤ (1 − α)λ(Q(G)) + (2α − 1)�. (3.4)

Equality holds in (3.4) if and only if G is a regular graph or G is non-regular and α = 1
2 or α = 1.

Proof We consider the following two cases:

(i) Suppose that 0 ≤ α ≤ 1
2 . We have

Aα(G) = αD(G) + (1 − α)A(G) = αQ(G) + (1 − 2α)A(G).

Hence, by the Weyl’s inequalities, the inequality (3.3) follows. If G is a regular graph, then λ(Aα(G)) =
k = λ(A(G)), λ(Q(G)) = 2k and so equality holds for all α. Let G be a non-regular graph. On the contrary,
suppose that 0 < α < 1

2 and that the equality holds in (3.3). The condition for the equality in Lemma 2.2
implies that the eigenvalues λ(Aα(G)), λ(Q(G)) and λ(A(G)) have a common eigenvector X. Since G is
connected, X has non-zero entries. Therefore, proceeding similar to Theorem 3.1, it follows that the degrees
of G are all equal, this is a contradiction because G is a non-regular graph. Hence, if G is a non-regular
graph, and the equality holds in (3.3), then α = 0 or α = 1

2 . The converse is immediate.
(ii) Suppose that 1

2 ≤ α ≤ 1. We have

Aα(G) = αD(G) + (1 − α)(Q(G) − D(G)) = (1 − α)Q(G) + (2α − 1)D(G).

Then, by the Weyl’s inequalities, the inequality (3.4) follows. The condition for the equality can be proved as in
(i). This completes the proof. 	


The following result gives a lower bound for λ(Aα(G)), in terms of the adjacency spectral radius λ(A(G))

and the signless Laplacian spectral radius λ(Q(G)) of a graph G.

Theorem 3.3 Let G be a connected graph of order n, with maximum degree �.

(i) If 0 ≤ α ≤ 1
2 , then

λ(Aα(G)) ≥ (1 − α)λ(Q(G)) + (2α − 1)�. (3.5)

Equality holds in (3.5) if and only if G is a regular graph or G is non-regular and α = 1
2 .

(ii) If 1
2 ≤ α ≤ 1, then

λ(Aα(G)) ≥ αλ(Q(G)) + (1 − 2α)λ(A(G)). (3.6)

Equality holds in (3.6) if and only if G is a regular graph or G is non-regular and α = 1
2 .
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Proof Applying the Weyl’s inequalities to the matrix equality (3.1), we have

λ(Aα(G)) + λ(A1−α(G)) ≥ λ(Q(G)).

We consider the following two cases:

(i) Suppose that 0 ≤ α ≤ 1
2 . Then 1

2 ≤ 1 − α ≤ 1. By (3.4), we get

λ(A1−α(G)) ≤ αλ(Q(G)) + (1 − 2α)�.

Hence

λ(Aα(G)) ≥ λ(Q(G)) − λ(A1−α(G))

≥ λ(Q(G)) − (αλ(Q(G)) + (1 − 2α)�)

= (1 − α)λ(Q(G)) + (2α − 1)�.

Then (3.5) follows. If G is a regular graph, then λ(Aα(G)) = k = �, λ(Q(G)) = 2k and so equality holds
for all α. Let G be non-regular. If the equality holds in (3.5), then

λ(Aα(G)) + λ(A1−α(G)) = λ(Q(G))

and Theorem 3.1 implies that α = 1
2 . Clearly, if α = 1

2 , then the equality holds in (3.5).
(ii) Suppose that 1

2 ≤ α ≤ 1. Then 0 ≤ 1 − α ≤ 1
2 . By (3.3), we have

λ(A1−α(G)) ≤ (1 − α)λ(Q(G)) + (1 − 2(1 − α))λ(A(G))

= (1 − α)λ(Q(G)) + (2α − 1)λ(A(G)).

Hence

λ(Aα(G)) ≥ λ(Q(G)) − (1 − α)λ(Q(G)) − (2α − 1)λ(A(G))

= αλ(Q(G)) + (1 − 2α)λ(A(G)).

Then (3.6) follows. The condition for the equality can be proved as in (i). 	

Let w1 and w2 denote the maximum number of common neighbors of a pair of adjacent vertices and the

maximum number of common neighbors of a pair of non-adjacent vertices of G, respectively. The graph G is
said to be strongly regular with parameters (n,�,w1, w2), if the order of G is n, every vertex of G has the
same degree �, every chosen pair of adjacent vertices and every chosen pair of non-adjacent distinct vertices
has the same number w1 and w2, of common neighbors, respectively. Let Gc denote the complement of G, i.e.
the graph with the same vertex set with G and with adjacency matrix A(Gc) = J − I − A(G), where I is the
identity matrix and J is the all ones matrix. Fan and Weng in [5] showed that the signless Laplacian spectral

radius λ(Q(G)) is less than or equal to � − w2
4 +

√
(� − w2

4 )2 + (1 + w1)� + w2(n − 1) − �2, with equality

if and only if G is a strongly regular graph with parameters (n,�,w1, w2). In the following theorem we follow
the idea of Fan and Weng [5] and obtain an upper bound for Aα-spectral radius of graphs.

The following result gives an upper bound for λ(Aα(G)), in terms of the maximum degree �, the parameters
w1, w2 and the signless Laplacian spectral radius λ(Q(G)) of a graph G.

Theorem 3.4 Let G be a graph of order n with maximum degree �. Let w1 and w2 denote respectively the
maximum number of common neighbors of a pair of adjacent vertices and the maximum number of common
neighbors of a pair of non-adjacent vertices of G. Then

λ(Aα(G)) ≤ α� + (1 − α)

√

� + w1� + w2

(
n − 1 − λ

(
A 1

2
(G)

) )
, (3.7)

where α ∈ [0, 1). Equality occurs in (3.7) if and only if G is a strongly regular graph with parameters
(n,�,w1, w2).
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Proof Let X = (x1, x2, . . . , xn)T with xi > 0 be the Perron eigenvector corresponding to the generalized
adjacency spectral radius λ(Aα(G)) of graph G. We have

(λ(Aα(G)) − α�)2 ≤
∑

i∈V (G)

(λ(Aα(G)) − αdi )
2x2

i = ||(λ(Aα(G))I − αD(G))X ||2 (3.8)

= ||(Aα(G) − αD(G))X ||2 = ||(1 − α)A(G)X ||2

= (1 − α)2

⎛

⎝
∑

i∈V (G)

di x2
i + 2

∑

j<k

(A2(G)) jk x j xk

⎞

⎠

≤ (1 − α)2

⎛

⎝� + 2w1

∑

j<k, jk∈E(G)

x j xk + 2w2

∑

j<k, jk /∈E(G)

x j xk

⎞

⎠

≤ (1 − α)2

⎛

⎝� + w1λ(A(G)) + w2

2

∑

j<k, jk /∈E(G)

(x j + xk)
2

⎞

⎠

≤ (1 − α)2
(
� + w1� + w2

2

(
X T 2A 1

2
(Gc)X

))

≤ (1 − α)2
(
� + w1� + w2

(
n − 1 − λ

(
A 1

2
(G)

)))
, (3.9)

where we have used that

2w1

∑

j<k, jk∈E(G)

x j xk = w1 X T A(G)X ≤ w1λ(A(G)) ≤ w1�,

and

2w2

∑

j<k, jk /∈E(G)

x j xk ≤ w2

2

∑

j<k, jk /∈E(G)

(x j + xk)
2 = w2

2

(
X T 2A 1

2
(Gc)X

)

= w2

2

(
X T [(n − 2)I + J − 2A 1

2
(G)]X

)

≤ w2

2

(
X T (n − 2)I X + X T J X − X T 2A 1

2
(G)X

)

= w2

2

(
n − 2 +

(
n∑

i=1

xi

)2

− 2λ
(

A 1
2
(G)

) )

≤ w2

2

(
n − 2 + n

n∑

i=1

x2
i − 2λ

(
A 1

2
(G)

) )

= w2

2

(
2n − 2 − 2λ

(
A 1

2
(G)

) )

= w2

(
n − 1 − λ

(
A 1

2
(G)

) )
,

as 2A 1
2
(G) + 2A 1

2
(Gc) = (n − 2)I + J. Thus, we have

λ(Aα(G)) ≤ α� + (1 − α)

√

� + w1� + w2

(
n − 1 − λ

(
A 1

2
(G)

) )
.

The equality holds in (3.7) if and only if the equalities in (3.8) and (3.9) hold. This is equivalent to that G is
strongly regular with parameters (n,�,w1, w2). Conversely, it is easy to see that if G is strongly regular with
parameters (n,�,w1, w2), then equality holds (3.7). 	
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4 Bounds for the generalized adjacency spectral radius in terms of degrees

In this section, we obtain bounds for the generalized adjacency spectral radius λ(Aα(G)), in terms of the maximum
degree, the second maximum degree, the vertex degrees, the order, the size and the parameter α. We characterize
the extremal graphs attaining these bounds. We show our bounds are better than some previously known bounds
for large families of graphs.

Let � be the class of graphs H = (V, E) such that H is connected graph with V (H) = {v1} ∪ V1 ∪ V2,

d(v1) = d1 = �1, V1 = {k ∈ N (v1), dk = δ}, V2 = {k /∈ N (v1), dk = �2} and (�2 − δ)(�2 − α�1) =
(1−α)(�1 −�2), where �1 and �2 are respectively the maximum and second maximum degrees of G. Denote
by Hn−1,�2 , a connected graph with maximum degree n − 1 and second maximum degree �2 such that �2 = δ

(δ is the minimum vertex degree). Thus Hn−1,�2 is a (n − 1,�2)-semiregular graph with �2 < n − 1. One can
see easily that the generalized adjacency spectral radius of the graph Hn−1,�2 is given by the following equation

λ2(Aα(Hn−1,�2)) − (αn + �2 − 1)λ(Aα(Hn−1,�2)) + (n − 1)(α�2 + α − 1) = 0,

giving that the generalized adjacency spectral radius of Hn−1,�2 is

λ(Aα(Hn−1,�2)) = αn + �2 − 1 +√
(αn + �2 − 1)2 − 4(n − 1)(α�2 + α − 1)

2
.

Maden et al. in [14] showed that the signless Laplacian spectral radius λ(Q(G)) of a graph G is less than or

equal to maxi∼ j

{
di +2d j −1+√

(di −2d j +1)2+4di
2

}

, with equality if and only if G is isomorphic to a regular graph

or G ∼= Hn−1,�2 or G ∈ �. In the following theorem, we extend this result to Aα-spectrum of graphs.
The following result gives an upper bound for the generalized adjacency spectral radius λ(Aα(G)), in terms

of vertex degrees of the connected graph G.

Theorem 4.1 Let G be a connected graph of order n and let �1 = d1 ≥ d2 = �2 ≥ d3 ≥ · · · ≥ dn be the
vertex degrees of G. Then

λ(Aα(G)) ≤ max
i∼ j

⎧
⎨

⎩

αdi + d j + α − 1 +
√

(αdi + d j + α − 1)2 − 4αdi d j + 4(1 − α)di

2

⎫
⎬

⎭
. (4.1)

If equality holds in (4.1), then G is isomorphic to a regular graph or G ∼= Hn−1,�2 or G ∈ �.

Proof Let X = (x1, x2, . . . , xn)T , xk > 0 be an eigenvector of Aα(G) corresponding to an eigenvalueλ(Aα(G)).

We can assume that one eigencomponent xi is equal to 1 and the other eigencomponents are less than or equal
to 1, that is, xi = 1 and 0 < xk ≤ 1, for all k, k �= i. Let x j = max {xk | k = 1, 2, . . . , n, k �= i} . From the i-th
equation of Aα(G)X = λ(Aα(G))X , we have

λ(Aα(G))xi = αdi xi + (1 − α)
∑

k∼i

xk, i.e., λ(Aα(G)) ≤ αdi + (1 − α)di x j . (4.2)

From the j-th equation of Aα(G)X = λ(Aα(G))X , we have

λ(Aα(G))x j = αd j x j + (1 − α)
∑

k∼ j

xk,

i.e., λ(Aα(G))x j ≤ αd j x j + 1 − α + (1 − α)(d j − 1)x j

i.e., (λ(Aα(G)) − d j + 1 − α)x j ≤ 1 − α. (4.3)

From (4.2) and (4.3), we get

(λ(Aα(G)) − αdi )(λ(Aα(G)) − d j + 1 − α) ≤ (1 − α)2di ,

i.e., λ2(Aα(G)) − (αdi + d j + α − 1)λ(Aα(G)) + αdi d j − (1 − α)di ≤ 0,

then

λ(Aα(G)) ≤
αdi + d j + α − 1 +

√
(αdi + d j + α − 1)2 − 4αdi d j + 4(1 − α)di

2
.
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From this the result follows.
Suppose that equality holds in (4.1). Then all the inequalities in the above argument must be equalities. From

equality in (4.2) we get xk = x j , for all vk, vk ∼ vi and from equality (4.3), we get xk = x j , for all vk, vk ∼
v j , k �= i and there is a vertex vs , such that vs ∼ v j with xs = xi = 1. Let V1 = {vt : vk ∈ N (vt ) with xk = x j }.
We claim that V1 = V (G) − {vi }. If V1 �= V (G) − {vi }, then there exist vertices a ∈ V1, b /∈ V1, b �= vi such
that a ∼ b as G is connected. Thus we have xb < x j , but for the vertex a ∈ V (G) we must have xb = x j , a
contradiction. Thus, V1 = V (G) − {vi } and so vs = vi . We consider the following two cases:

(1) If x j = 1, then λ(Aα(G)) = di , i = 1, . . . , n, hence G is a regular graph.
(2) If x j < 1, then we consider the following subcases:

(i) Suppose that di = n −1, then vk ∈ N (vi ), for all vk ∈ V (G)−{vi }. Therefore, for any vk ∈ V (G)−{i},
we have λ(Aα(G))x j = αdk x j + (1 − α) + (1 − α)(dk − 1)x j giving that each vk ∈ V (G) − {vi } have
same degree dk < n − 1. Thus, it follows that �2 = d2 = · · · = dn = δ, and so G ∼= Hn−1,�2 .

(ii) Suppose that di < n − 1. Consider the sets V ′
1 = N (vi ) and V ′

2 = V (G) − (V ′
1 ∪ {i}). For the vertex vi ,

we have

λ(Aα(G)) = di (α + (1 − α)x j ); (4.4)

for the vertex vk ∈ N (vi ), we have

λ(Aα(G))x j = (dk − 1)x j + 1 − α + αx j , (4.5)

and for the vertex vt /∈ (N (vi ) ∪ {vi }), we have

λ(Aα(G)) = dt . (4.6)

It is clear from (4.5) that dk = λ(Aα(G)) + (1 − α)(1 − 1
x j

), for all vk ∈ N (vi ). This shows that all the vertices
in N (vi ) have same degree dk and all the vertices in (N (vi ) ∪ {vi }) have same degree dt . Again, from (4.4) and
(4.6), we get di > dt and from (4.5) and (4.6), we get dt > dk . Thus, it follows that di = �1, dt = �2, for
all vt ∈ V ′

2 and dk = δ, for all v j ∈ V ′
1. Moreover, we have (�2 − δ)(�2 − α�1) = (1 − α)(�1 − �2), by

(4.4)-(4.6). Hence G ∈ �. 	

The following upper bound for λ(Aα(G)), in terms of vertex degrees can be found in [20]:

λ(Aα(G)) ≤ max
i∼ j

⎧
⎨

⎩

α(di + d j ) +
√

α2(di + d j )2 + 4(1 − 2α)di d j

2

⎫
⎬

⎭
. (4.7)

Equality occurs for α �= 1, if and only if G is a regular graph or a bipartite semi-regular graph.

Remark 4.2 For a connected graph G of order n having vertex degrees �1 = d1 ≥ d2 = �2 ≥ d3 ≥ · · · ≥ dn ,
it is clear that for the family of graphs �, the upper bound given by (4.1) is always better than the upper bound
given by (4.7).

Let G be a graph with maximum degree �1 and second maximum degree �2. Using interlacing Theorem,
Das [4] showed that the signless Laplacian spectral radius λ(Q(G)) is greater or equal to maximum degree �1,
if the vertices with maximum degree and second maximum degree are not adjacent; and greater or equal to
�1+�2+

√
(�1−�2)2+4
2 , if the vertices with maximum degree and second maximum degree are adjacent. Here, in

the next theorem we extend this result to the Aα-spectrum of graphs.
The following gives a lower bound for λ(Aα(G)), in terms of the maximum degree �1, the second maximum

degree �2 and the parameter α.

Theorem 4.3 Let G be a connected graph of order n ≥ 3, having maximum degree �1 and second maximum
degree �2. Then

λ(Aα(G)) ≥
{

α�1 if v1 � v2,

α(�1+�2)+
√

α2(�1−�2)2+4(1−α)2

2 if v1 ∼ v2,

where v1 and v2 are the vertices with maximum and second maximum degrees in G.
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Proof Let G be a connected graph of order n ≥ 3 and let v1 and v2 be the vertices with maximum degree �1
and the second maximum degree �2, respectively. We consider the following two cases:

(i) Let v1 � v2. Consider the submatrix M =
(

α�1 0
0 α�2

)

of Aα(G) indexed by the vertices v1 and v2. By

Lemma 2.1, we have λ1(G) ≥ x1, where x1 is the largest eigenvalue of

|M − x I2| =
∣
∣
∣
∣
α�1 − x 0

0 α�2 − x

∣
∣
∣
∣ = 0.

Then λ(Aα(G)) ≥ α�1.

(ii) Let v1 ∼ v2. Again, consider the submatrix M =
(

α�1 1 − α

1 − α α�2

)

of Aα(G) indexed by the vertices v1

and v2. By Lemma 2.1, we have λ1(G) ≥ x1, where x1 is the largest eigenvalue of

|M − x I2| =
∣
∣
∣
∣
α�1 − x 1 − α

1 − α α�2 − x

∣
∣
∣
∣ = 0.

Then

λ(Aα(G)) = λ1(G) ≥ α(�1 + �2) +√
α2(�1 − �2)2 + 4(1 − α)2

2
,

as desired. 	

The proof of the following theorem is similar to the proof of Theorem 4.3, and is therefore omitted.

Theorem 4.4 Let G be any connected graph of order n. Let u and v be the vertices with degrees du and dv ,
respectively. Then

λ(Aα(G)) ≥ max
u∼v

{
α(du + dv) +√

α2(du − dv)2 + 4(1 − α)2

2

}

.

It is clear from Theorem 4.3 that if the vertices v1 and v2 having the maximum and the second maximum
degree in G are not adjacent then λ(Aα(G)) ≥ α�1, for all α ∈ [0, 1).

The following result gives a lower bound for λ(Aα(G)), in terms of the second maximum degree �2 and the
parameter α.

Corollary 4.5 Let G be a connected graph of order n and let α ∈ [0, 1). Suppose that �1 and �2 are respectively
the maximum and the second maximum degree of G. If the vertices v1 and v2 having maximum and second
maximum degrees in G are adjacent, then

λ(Aα(G)) ≥ α(�2 − 1) + 1. (4.8)

If equality always holds in (4.8), then α = 0 or α �= 0 and �1 = �2.

Proof Let v1 and v2 be respectively the vertices with maximum degree �1 and the second maximum degree �2.
In Theorem 4.3, we have shown that if v1 and v2 are adjacent then

λ(Aα(G)) ≥ α(�1 + �2) +√
α2(�1 − �2)2 + 4(1 − α)2

2
.

To obtain the inequality (4.8), it suffices to show that

α(�1 + �2) +√
α2(�1 − �2)2 + 4(1 − α)2

2
≥ α(�2 − 1) + 1, (4.9)

that is,

α2(�1 − �2)
2 + 4(1 − α)2 ≥

(
α(�2 − �1) + 2(1 − α)

)2
,
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that is,

4α(1 − α)(�2 − �1) ≤ 0,

which is always true. Thus, the inequality (4.8) follows.
Now, suppose that λ(Aα(G)) = α(�2 − 1) + 1. Then we must have

λ(Aα(G)) = α(�1 + �2) +√
α2(�1 − �2)2 + 4(1 − α)2

2
= α(�2 − 1) + 1. (4.10)

It is clear that for α = 0 the equality (4.10) always holds, giving that for α = 0 if equality holds in (4.8) then
the maximum and second maximum degree vertices are adjacent. Suppose that α �= 0, then it is easy to see that
equality (4.10) holds if and only if �1 = �2. Thus, it follows that for α �= 0, if equality holds in (4.8), then the
maximum and the second maximum degree vertices are adjacent and �1 = �2. This completes the proof. 	


The following lower bounds for λ(Aα(G)) in terms of the maximum degree can be found in [15]:

λ(Aα(G)) ≥ α(�1 + 1), for 0 ≤ α ≤ 1

2
(4.11)

λ(Aα(G)) ≥ α�1 + (1 − α)2

α
, for

1

2
≤ α < 1. (4.12)

Remark 4.6 Let G be a connected graph of order n ≥ 3, having maximum degree �1 and second maximum
degree �2. Let v1 and v2 be the vertices of maximum and second maximum degree in G. Suppose that v1 and v1
are adjacent in G. For the graph G it is easy to see that the lower bound for λ(Aα(G)) in Corollary 4.5 is better
than the lower bound given by (4.11), provided that α ≤ 1

�1−�2+2 . In particular if the vertices with maximum and
second maximum degree are adjacent and the maximum and second maximum degrees are equal, then the lower
bound for λ(Aα(G)) in Corollary 4.5 is better than the lower bound given by (4.11), for all α ≤ 1

2 . Similarly, it
can be seen that for the graph G, the lower given in Corollary 4.5 is better than the lower bound given by (4.12),
provided that α(�1 − �2) ≤ (1 − α)(2α − 1). Again, if in particular the vertices with maximum and second
maximum degree are adjacent and the maximum and second maximum degrees are equal, then the lower bound
for λ(Aα(G)) in Corollary 4.5 is better than the lower bound given by (4.12), for all α ≥ 1

2 .

The following result gives a lower bound for λ(Aα(G)), in terms of the order n, the size m and the parameter
α.

Theorem 4.7 Let G be a connected graph of order n ≥ 3 having size m and let α ∈ [0, 1). If the vertices v1
and v2 having maximum and second maximum degrees in G are adjacent, then

λ(Aα(G)) ≥ 2αm

n
+ 1 − α. (4.13)

If equality holds in (4.13), then α = 0 and G has a vertex of the maximum degree �1 and n − 1 vertices of the
second maximum degree �2 or α �= 0 and G is a regular graph.

Proof Suppose that �1 and �2 are respectively the maximum degree and the second maximum degree of graph
G. Let v1 and v2 be the vertices in G having degree �1 and �2, respectively. We have,

2m =
n∑

i=1

di ≤ �1 + (n − 1)�2. (4.14)

Assume that the vertices v1 and v2 with maximum and second maximum degree in G are adjacent. From
Theorem 4.3 and inequality (4.14), we have

λ(Aα(G)) − 2αm

n

≥ α(�1 + �2) +√
α2(�1 − �2)2 + 4(1 − α)2

2
− α(�1 + (n − 1)�2)

n

= α(n − 2)(�1 − �2) − 2n(1 − α) + n
√

α2(�1 − �2)2 + 4(1 − α)2

2n
+ 1 − α.
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From this it is clear that to arrive at inequality (4.13), we need to show

α(n − 2)(�1 − �2) − 2n(1 − α) + n
√

α2(�1 − �2)2 + 4(1 − α)2 ≥ 0,

that is,

n2α2(�1 − �2)
2 + 4n2(1 − α)2

≥ α2(n − 2)2(�1 − �2)
2 + 4n2(1 − α)2 − 4α(1 − α)n(n − 2)(�1 − �2),

that is,

4α
(
�1 − �2

)(
(1 − α)n(n − 2) + α(n − 1)(�1 − �2)

)
≥ 0, (4.15)

which is always true. Thus, the inequality (4.13) follows.
Now, suppose that the equality holds in (4.13). Then, all the inequalities in the above argument must be

equalities. From the equality in (4.15), we get α = 0 or �1 = �2 and from the equality in (4.14), we get �2 = δ,

where δ is the minimum degree in G. This shows that if equality occurs in (4.13) for α = 0 then the maximum
and the second maximum degree vertices are adjacent and G has a vertex of the maximum degree �1 and n − 1
vertices of degree �2; for α �= 0 equality holds in (4.13) if G is a δ-regular graph having the maximum and the
second maximum degree vertices adjacent. This completes the proof of the theorem. 	


The following lower bound for λ(Aα(G)) in terms of average vertex degree can be found in [15]:

λ(Aα(G)) ≥ 2m

n
. (4.16)

Equality holds in (4.16), if and only if G is a regular graph.

Remark 4.8 Let G be any connected graph of order n and let α �= 1. Let v1 and v2 be the vertices with maximum
and second maximum degrees in G. Suppose that the vertices v1 and v2 are adjacent in G. Since 2αm

n +1−α ≥ 2m
n ,

it follows that for the graph G, the lower bound given by Theorem 4.7 is always better than the lower bound
given by (4.16).

5 Conclusion

As mentioned in the introduction, for α = 0, the generalized adjacency matrix Aα(G) is same as the adjacency
matrix A(G) and for α = 1

2 , twice the generalized adjacency matrix Aα(G) is same as the signless Laplacian
matrix Q(G). Therefore, if in particular, we put α = 0 and α = 1

2 , in all the results obtained in Sections 3 and
4, we obtain the corresponding bounds for the adjacency spectral radius λ(A(G)) and the signless Laplacian
spectral radius λ(Q(G)). We note most of the results we obtained in Section 3 and 4 has been already discussed
for the adjacency spectral radius λ(A(G)) or/and for the signless Laplacian spectral radius λ(Q(G)). Therefore,
in this setting our results are the generalization of these known results.
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