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Abstract For a commutative ring R, the comaximal graph �(R) of R is a simple graph with vertex set R and
two distinct vertices u and v of �(R) are adjacent if and only if a R + bR = R. In this article, we find the
Laplacian eigenvalues of �(Zn) and show that the algebraic connectivity of �(Zn) is always an even integer
and equals φ(n), thereby giving a large family of graphs with integral algebraic connectivity. Further, we prove
that the second largest Laplacian eigenvalue of �(Zn) is an integer if and only if n = pαqβ, and hence �(Zn)

is Laplacian integral if and only if n = pαqβ, where p, q are primes and α, β are non-negative integers. This
answers a problem posed by [Banerjee, Laplacian spectra of comaximal graphs of the ring Zn , Special Matrices,
(2022)].

Keywords Laplacian matrix · Algebraic connectivity · Comaximal graphs · Integers modulo ring · Laplacian
integral graphs · Euler’s totient function

Mathematics subject classification 05C50 · 05C25 · 15A18

1 Introduction

Let G be a finite simple undirected graph with vertex set V = {v1, v2, . . . , vn} and the set of unordered pairs
of vertices are it’s edge set E . The number of vertices in G, n = |V |, is called the order of G. The number of
edges in G,m = |E |, is called the size of G. Two adjacent vertices u and v are represented by u ∼ v. A vertex
of degree 0 is said to be isolated vertex. The set of vertices adjacent to v ∈ V excluding v, denoted by NG(v),
is the neighbourhood of v (sometimes known as an open neighbourhood). The degree dvi (or simply di ) of vi is
the number of elements in the set NG(vi ). A graph G is known as r -regular if di = r , for all i = 1, 2, . . . , n.
The union G1 ∪ G2 of two graphs G1 = (V1, E1) and G2 = (V2, E2) is the graph with vertex set V1 ∪ V2
and edge set E1 ∪ E2. The join G1 ∨ G2 of two graphs G1 and G2 with disjoint vertex sets V1 and V2 is the
graph G1 ∪ G2 together with all the edges joining each vertex of V1 to every vertex of V2. The adjacency matrix
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A(G) = (ai j )n×n is a (0, 1)-square matrix of order n, where

ai j =
{

1 if i ∼ j,

0 otherwise.

The adjacency matrix is a real symmetric matrix, we index its real eigenvalues from largest to smallest as

λ1(G) ≥ λ2(G) ≥ · · · ≥ λn(G)

and the set of all λi ’s is known as the spectrum of graph G. The Laplacian matrix L(G) = (li j )n×n is a real
positive semidefinite matrix, defined by

li j =

⎧⎪⎨
⎪⎩

di if i = j,

−1 if i ∼ j,

0 otherwise.

Clearly, L(G) = D(G) − A(G), where D(G) = diag(d1, d2, . . . , dn) is the diagonal matrix of vertex degrees
and A(G) is the adjacency matrix. The multiset of all eigenvalues of L(G) is called the Laplacian spectrum of
a graph G and is denoted by

ρ1 ≥ ρ2 ≥ · · · ≥ ρn−1 > ρn = 0,

where ρ1 is called the Laplacian spectral radius of G and ρn−1 is the second smallest Laplacian eigenvalue, it
is known as the algebraic connectivity of G. Also ρ1 ≤ n with equality holding if and only if G is connected
and its complement G is disconnected [Mohar, [14]]. Further ρn−1 > 0 if and only if G is connected [Fiedler,
[10]]. If ρ is the Laplacian eigenvalue of G repeated k ≥ 2 times, we say ρ is the Laplacian eigenvalue with
algebraic multiplicity k and denote it by ρ[k]. More literature about L(G) including recent results on the algebraic
connectivity can be seen in [2,8,13].

For a commutative ring R with identity 1 �= 0, Shamra and Bhatwadekar [19] introduced the comaximal
graph �(R) of R with vertex set R, and a �= b ∈ �(R) are adjacent if and only if a R +bR = R,where x R is the
ideal generated by x ∈ R. Several properties of rings were related to its associated comaximal graphs, like R is
finite ring if and only if the chromatic number of �(R) is finite, the chromatic number of �(R) equals number of
the maximal ideals and number of units of R (see, [19]). For some recent development about comaximal graphs
of R, see [9,18,20] and the references therein.

Eigenvalues and eigenvectors of graphs associated with algebraic structures are very well studied, the adja-
cency eigenvalues of power graphs of finite groups in [15], the Laplacian eigenvalues of power graphs in [6,17],
the adjacency and the Laplacian eigenvalues of zero divisor graphs of commutative rings in [7,23–25,27]. The
adjacency and the Laplacian eigenvalues of comaximal graphs were studied by Banerjee [3,4], the normalized
Laplacian eigenvalues (including the similar other eigenvalues) can be seen in [1,21,22].

A graph G is said to be the Laplacian integral if all its Laplacian eigenvalues are integers. We denote integer
modulo ring of order n by Zn . Banerjee asked the following problem about the Laplacian integrability of �(Zn).

Problem 1 ([3]) Is it true that �(Zn) is Laplacian integral if and only if n = pαqβ, where p, q are primes and
α, β are non-negative integers? If not, then find all n such that �(Zn) is Laplacian integral.

We carry forward the study of the Laplacian eigenvalues of comaximal graph of integer modulo rings and answer
the above problem.

Kn denotes the complete graph and K n its complement. For other undefined notations and terminology from
spectral graph theory, graph theory and group theory, the readers are referred to [8,11,16].

The rest of the paper is organized as follows. In Section 2, we discuss the Laplacian spectrum of the comaximal
graph �(Zn). We show that �(Zn) is Laplacian integral if and only if n = pαqβ,where p, q are primes and α, β
are non-negative integers. We also show that the algebraic connectivity ρn−1 of �(Zn) is always an even integer
φ(n), thereby we obtain an infinite class of graphs with integral algebraic connectivity.

123



312 B. A. Rather et al.

2 Laplacian eigenvalues of the comaximal graphs of integer modulo ring

In this section, we give some definitions and already-known results. We find the Laplacian eigenvalues of the
comaximal graph�(Zn) of integer modulo rings and characterize the values of n such that�(Zn) is the Laplacian
integral.

Consider an n × n matrix

M =

⎛
⎜⎜⎜⎜⎝

A1,1 A1,2 · · · A1,s−1 A1,s
A2,1 A2,2 · · · A2,s−1 A2,s
...

...
. . .

...
...

As−1,1 As−1,2 · · · As−1,s−1 As−1,s
As,1 As,2 · · · As,s−1 As,s

⎞
⎟⎟⎟⎟⎠ ,

whose rows and columns are partitioned according to a partition P = {P1, P2, . . . , Ps} of the set X =
{1, 2, . . . , n}. The quotient matrix Q = (qi j ) (see [8]) is an s × s matrix, where qi j -th entry is the average
row (column) sum of the block Ai j of M . The partition P is said to be equitable, if row (column) sums of each
block Ai, j is some constant and in such case Q is known as the equitable quotient matrix.

For, two sequences of real numbers {l1, l2, . . . , ln} and {l ′1, l ′2, . . . , l ′m} with n > m. The latter is said to
interlace former, whenever

li ≥ l ′i ≥ ln−m+i , for i = 1, 2, . . . ,m.

The interlacing is said to be tight if there exists a positive integer k ∈ [0,m] such that

li = l ′i for i = 1, 2, . . . , k and ln−m+i = l ′i for k + 1 ≤ i ≤ m.

If m = n − 1, then the interlacing becomes

l1 ≥ l ′1 ≥ l2 ≥ l ′2 ≥ · · · ≥ ln−1 ≥ l ′n−1 ≥ sn .

Next, result give the relations between the eigenvalues of M and those of Q.

Theorem 2.1 ([5,8]) Let M be a matrix of order n and Q be its quotient matrix. Then the following hold.

(i) If the partition P of X of matrix M is not equitable, then eigenvalues of Q interlace the eigenvalues of M.
(ii) If the partition P of X of matrix M is equitable, then the interlacing is tight, that is each eigenvalue of Q is

an eigenvalue of M.

The following result gives the eigenvalue interlacing between a real symmetric matrix and its principal sub
matrices.

Theorem 2.2 (Interlacing Theorem, [8,11]) Let M ∈ Mn(R) be a real symmetric matrix and A be its principal
sub matrix of order m, (m ≤ n), respectively. Then the eigenvalues of M and A satisfy the following relation

λi+n−m(M) ≤ λi (A) ≤ λi (M), with 1 ≤ i ≤ m.

For i = 1, 2, . . . , n, let Gi (Vi , Ei ) be graphs of order ni . The joined union [26] G[G1, . . . ,Gn] is the graph
H(W, F) with

W =
n⋃

i=1

Vi and F =
n⋃

i=1

Ei ∪
⋃

{vi ,v j }∈E

Vi × Vj .

In other words, the joined union is the union of graphs G1, . . . ,Gn together with the edges from every vertex
in Gi to every vertex in G j , whenever vi and v j are adjacent in G. Thus, the join of two graphs G1 and G2 is
G1 ∨ G2 = K2[G1,G2].

The following result gives the Laplacian spectrum of G[G1,G2, . . . ,Gn] in terms of the Laplacian eigen-
values of Gi ’s and the eigenvalues of the equitable quotient matrix, provided each Gi is a ri -regular graph.
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Theorem 2.3 ([25]) Let G be a graph of order n ≥ 3 having m edges. Let Gi be ri -regular graphs of order
ni with the Laplacian eigenvalues μi1 ≥ μi2 ≥ . . . ≥ μini , where i = 1, 2, . . . , n. The Laplacian spectrum

of the joined union graph G[G1, . . . ,Gn] of order N =
n∑

i=1
ni consists of the eigenvalues αi + μik(Gi ) for

i = 1, . . . , n and k = 2, 3, . . . , ni , where αi = ∑
v j ∈NG (vi )

n j is the sum of the cardinality of G j , j �= i , which

corresponds to the neighbours of vertex vi ∈ G. The remaining n eigenvalues are given by the matrix

Q =

⎛
⎜⎜⎜⎜⎝

α1 −ψ12 · · · −ψ1(n−1) −ψ1n
−ψ21 α2 · · · −ψ2(n−1) −ψ2n
...

...
. . .

...
...

−ψ(n−1)1 −ψ(n−1)2 · · · αn−1 −ψ(n−1)n
−ψn1 −ψn2 · · · −ψn(n−1) αn

⎞
⎟⎟⎟⎟⎠ , (2.1)

where for i �= j , ψi j = n j , if vi ∼ v j , while as ψi j = 0, if vi � v j .

For a positive integer n, let τ(n) (see [12]) denotes the number of positive factors of n and let n =
pn1

1 pn2
2 . . . pnr

r be its canonical decomposition, where r, n1, n2, . . . , nr are positive integers and p1, p2, . . . , pr
are distinct primes. Then

τ(n) = (n1 + 1)(n2 + 1) . . . (nr + 1). (2.2)

The Euler’s totient function φ(n) denotes the number of positive integers less or equal to n and relatively
prime to n. Then

∑
d|n
φ(d) = n, where d|n represents d divides n.

An integer d is a proper divisor of n if d divides n and 1 < d < n. Let d1, d2, . . . , dt be the distinct proper
divisors of n. Let Gn be a simple graph with vertex set {d1, d2, . . . , dt } in which two distinct vertices di and
d j are adjacent if and only if they are relatively prime, that is (di , d j ) = 1, for 1 ≤ i < j ≤ t , where (x, y)
is the greatest common factor of x and y. If the prime power factorization of n is n = pn1

1 pn2
2 . . . pnr

r , where
r, n1, n2, . . . , nr are positive integers and p1, p2, . . . , pr are distinct prime numbers, then from (2.2), it follows

that the size of Gn is |V (Gn)| =
r∏

i=1
(ni + 1) − 2. Gn plays very important role in obtaining the structure of

�(Zn).

For 1 ≤ i ≤ t , let

Adi = {x ∈ Zn : (x, n) = di },
where (x, n) denotes the greatest common divisor of x and n. We observe that Adi ∩ Ad j = φ, when i �= j ,
implying that the sets Ad1 , Ad2 , . . . , Adt are pairwise disjoint and partitions the vertex set of �(Zn) as

V (�(Zn)) = Ad1 ∪ Ad2 ∪ · · · ∪ Adt ∪ {0} ∪ U (Zn),

where U (Zn) = {x ∈ Zn : (x, y) = 1, for each y ∈ Zn}, and there are φ(n) such elements in Zn .

The following result can be found in [27], which gives the cardinality of Adi .

Lemma 2.4 ([27]) Let di be the divisor of n. Then the cardinality of Adi is φ
(

n
di

)
, for 1 ≤ i ≤ t.

The next lemma [3] says that the induced subgraphs �(Adi ) of �(Zn) are complements of certain cliques.

Lemma 2.5 ([3]) Let n be a positive integer and di be its proper divisor. Then the following hold.

(i) xi ∈ Adi is adjacent to x j ∈ Ad j if and only if (di , d j ) = 1.
(ii) if vi ∈ Adi is adjacent to v j ∈ Ad j for some i �= j , then vi is adjacent to every v j ∈ Ad j .

(iii) No two members of the set Adi are adjacent, for each di .

The following lemma says that �(Zn) is joined union of certain complete graphs and null graphs.

Lemma 2.6 ([1]) For the positive integer n and its proper divisor di , the following holds

(i) For each i = 1, 2, . . . , t , �(Adi ) is isomorphic to K
φ
(

n
di

), where �(Adi ) is induced subgraph of Adi .
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(ii) The comaximal graph of Zn is

�(Zn) = Kφ(n) ∨
(

K1 ∪ Gn

[
K
φ
(

n
d1

), K
φ
(

n
d2

), . . . , K
φ
(

n
dt

)]) .
By applying Theorem 2.3 and Lemma 2.6, the Laplacian spectrum of �(Zn) can be obtained in terms of the

Laplacian spectrum of Kn, K n and the eigenvalues of the equitable quotient matrix. We recall that the Laplacian
spectrum of Kn is

{
n[n−1], 0

}
and that of K n is {0[n]}.

The following result gives the Laplacian eigenvalues of the comaximal graph of Zn .

Theorem 2.7 The Laplacian spectrum of �(Zn) consists of the eigenvalue n with multiplicity φ(n) − 1, the
eigenvalues βi + φ(n) with multiplicity φ( n

di
) − 1, i = 1, 2, . . . , t and the t + 2 eigenvalues of the following

equitable quotient matrix

M =

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

n − φ(n) −φ( n
d1
) −φ( n

d2
) · · · −φ( n

dt
) −1

−φ(n) β1 + φ(n) −θ12 · · · −θ1(t) 0
−φ(n) −θ21 β2 + φ(n) · · · −θ2(t) 0
...

...
...

. . .
...

...

−φ(n) −θt1 −θt2 · · · βt + φ(n) 0
−φ(n) 0 0 · · · 0 φ(n)

⎞
⎟⎟⎟⎟⎟⎟⎟⎠
, (2.3)

where βi = ∑
d j ∈NGn (di )

φ( n
d j
), and θi j =

{
φ( n

d j
) (di , d j ) = 1,

0 otherwise,
for i = 1, 2, . . . , t.

Proof Let Zn be a finite commutative ring of order n. By the definition of comaximal graph of Zn , the invertible
φ(n) elements of Zn form the clique and are adjacent to every other vertex of �(Zn). Thus, by using Lemma
2.6, the structure of �(Zn) is

�(Zn) = Kφ(n) ∨
(

K1 ∪ Gn

[
K
φ
(

n
d1

), K
φ
(

n
d2

), . . . , K
φ
(

n
dt

)]) .
Where Gn is the graph defined above. Now, with the notations as in Theorem 2.3, it is clear that αi is same for
each of the vertices of Kφ(n) and using the

∑
d|n φ(d) = n, its value is given as

α1 =
t∑

i=1

φ

(
n

di

)
+ 1 = n − φ(n).

Thus, by Theorem 2.3, we have

α1 + μ1k(Kφ(n)) = n − φ(n)+ φ(n) = n,

is the Laplacian eigenvalue of �(Zn) with multiplicity φ(n)− 1. Also, from the structure of �(Zn), other Gi ’s
are null graphs, and αi = ∑

d j ∈NGn (di )

φ( n
d j
) + φ(n) = βi−1 + φ(n), for i = 2, 3, . . . , t + 1 are the Laplacian

eigenvalues of �(Zn) with multiplicity φ( n
d j
)− 1, for j = 1, 2, . . . , t. The other t + 2 Laplacian eigenvalues of

�(Zn) are the eigenvalues of the equitable quotient matrix M given by (2.3). ��
The following immediate consequence of Theorem 2.7, shows that n, φ(n) and 0 are always eigenvalues of

M in (2.1).

Corollary 2.8 Let M be defined as in (2.3). Then 0, φ(n) and n are its eigenvalues. That is, n is the eigenvalue
of �(Zn) with multiplicity exactly φ(n).
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Proof From the statement of Theorem 2.7, Matrix (2.3), can be rewritten in block form as

M =

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

n − φ(n) −φ( n
d1
) −φ( n

d2
) · · · −φ( n

dt
) −1

−φ(n) β1 + φ(n) −θ12 · · · −θ1(t) 0
−φ(n) −θ21 β2 + φ(n) · · · −θ2(t) 0
...

...
...

. . .
...

...

−φ(n) −θt1 −θt2 · · · βt + φ(n) 0
−φ(n) 0 0 · · · 0 φ(n)

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

(2.4)

where βi = ∑
d j ∈NGn (di )

φ( n
d j
), and θi j =

{
φ( n

d j
) (di , d j ) = 1,

0 otherwise,
for i = 1, 2, . . . , t.

Now, using the number theory identity,
∑
d|n

φ(d) = n, the quotient matrix of (2.4) is

⎛
⎜⎜⎜⎝

n − φ(n) −(n − 1 − φ(n)) −1

−φ(n) 1

t

t∑
i=1

Ri 0

−φ(n) 0 φ(n)

⎞
⎟⎟⎟⎠ , (2.5)

where for k = 1, 2, . . . , t , we have

Ri = βi + φ(n)−
t∑

i �= j, j=1

θk j = βi + φ(n)+
∑

d j ∈NGn (di )

φ(
n

d j
) = φ(n),

for each i = 1, 2, . . . , t . Thus Matrix (2.5) is an equitable quotient matrix of (2.4) and it is easy to verify that
0, φ(n) and n are its eigenvalues. Therefore, in view of Theorem 2.7, n is the Laplacian eigenvalue of �(Zn)

with multiplicity exactly φ(n). ��
By Theorem 2.7 and Corollary 2.8, out of the n Laplacian eigenvalues of �(Zn), n − (t − 1) of them are

known to be non-negative integers. The remaining t − 1 Laplacian eigenvalues of �(Zn) are the eigenvalues
(other than 0, φ(n) and n) of the Matrix in (2.3).

Since the main information of�(Zn) ∼= Kφ(n)∨
(

K1 ∪Gn

[
K
φ
(

n
d1

), K
φ
(

n
d2

), . . . , K
φ
(

n
dt

)]) lies in the graph

Gn . Once the structure of Gn is known, the Laplacian spectrum of �(Zn) can be completely determined for some
special cases. However, in general structure of Gn cannot be found and may be complex.

The following result gives some properties of Gn .

Theorem 2.9 For the graph Gn, the following holds.

(i) If n is a prime, then Gn is empty an graph.
(ii) If n = pm, p is a prime and m ≥ 2 is a positive integer, then Gn ∼= K m−1.

(iii) Gn is connected if and only if n is product of distinct primes.

Proof (i) If n = p is a prime, then p has no proper divisors and Gn has no meaning.
(ii) If n = pm,m ≥ 2, where p is a prime, then p, p2, . . . , pm−2, pm−1 are the proper divisors of n and by the

definition of Gn , pi is not adjacent to p j for any i and j , since (pi , p j ) �= 1, for 1 ≤ i, j ≤ m − 1.
(iii) Assume that n = p1 p2 . . . pm , where p1 < p2 < · · · < pm are primes. Consider two arbitrary proper

divisors of n, say δi < δ j and let their greatest common divisor be δ. If δ = 1, then we are done. If δ �= 1,
then both δi and δ j have a common prime factor. As n = p1 p2 . . . pm, so there exists two distinct primes
say p1 �= p2 with (p1, p2) = 1 such that (δi , p1) = 1 and (δ j , p2) = 1 Thus, δi ∼ p1 ∼ p2 ∼ δ j and it
follows that Gn is connected. For the other way round, assume that n = pm1

1 pm2
2 . . . pmm

m , we show that
m1 = m2 = · · · = mm = 1. If this is not so, then there is at least one mi ≥ 2.Without loss of generality, we
consider m1 ≥ 2. Let u = p1 p2 . . . pm be a vertex of Gn and consider any other arbitrary vertex v of Gn .
If v is any of primes pi , then (u, v) �= 1 and Gn is disconnected. If v is composite say v = pl1

1 pl2
2 . . . plk

k ,
0 ≤ li ≤ mi and k ≤ m, then it is clear that (u, v) �= 1 and hence Gn is disconnected.

��

123



316 B. A. Rather et al.

Following are the immediate consequences of Theorems 2.7 and 2.9.

Corollary 2.10 Let �(Zn) be the comaximal graph of Zn. Then the following hold.

(i) If n is a prime, then the Laplacian spectrum of �(Zn) is{
0, n[n−1]}.

(ii) If n = pm, p is a prime and m ≥ 2 is a positive integer, then the Laplacian spectrum of �(Zn) is{
0, (pm)[pm−pm−1], (pm − pm−1)[pm−1−1]}.

(iii) If n = pq, where (p < q) are primes, then the Laplacian spectrum of �(Zn) is{
0, (pq)[(p−1)(q−1)], (pq − p)[p−2], (pq − q)[q−2], (p − 1)(q − 1), pq − 1

}
.

Proof (i) For n = p, Gn is empty and�(Zn) ∼= Kn,. So, its Laplacian spectrum consists of the simple eigenvalue
0 and n with multiplicity n − 1.

(ii) For n = pm,m ≥ 2, we have

�(Zn) ∼= Kφ(pm ) ∨ (K1 ∪
(

K φ(pm−1) ∪ K φ(pm−2) ∪ · · · ∪ K φ(p2) ∪ K φ(p)

)
= K pm−pm−1 ∨ K pm−1 ,

since φ(pm−1)+φ(pm−2)+· · ·+φ(p2)+φ(p) = pm−1 − 1. Now, by Theorem 2.7 and Corollary 2.8, the
Laplacian spectrum of �(Zn) consists of the eigenvalue pm with multiplicity pm − pm−1 −1, the eigenvalue
pm − pm−1 with multiplicity pm−1 − 1 and the eigenvalues of the following matrix(

pm−1 −pm−1

−(pm − pm−1) pm − pm−1

)
.

It is easy to see that 0 and pm are the eigenvalues of the above matrix.
(iii) For n = pq, with p < q being primes. The proper divisors are n are p and q and G pq ∼= K2. So, the

comaximal graph of Zpq is

�(Zpq) = K pq−p−q+1 ∨
(

K1 ∪ (
K p−1 ∨ K q−1

))
.

By Theorem 2.7, the Laplacian spectrum of�(Zpq ) consists of the eigenvalues n,with multiplicity pq−p−q,
the eigenvalue pq− p with multiplicity p−2, the eigenvalue pq−q with multiplicity q−2 and the eigenvalues
of the following equitable matrix⎛

⎜⎝
p + q − 1 −(p − 1) −(q − 1) −1

−(pq − p − q + 1) pq − p −(q − 1) 0
−(pq − p − q + 1) −(p − 1) pq − q 0
−(pq − p − q + 1) 0 0 pq − p − q + 1

⎞
⎟⎠ .

The eigenvalues of the above matrix are 0, (p − 1)(q − 1), pq − 1 and pq.

Next, we have more general consequences of Theorem 2.7.

Corollary 2.11 Let �(Zn) be the comaximal graph of Zn. Then the following hold.

(i) If n = pαqβ , where p < q are primes and α, β are positive integers, then the Laplacian spectrum of �(Zn)

consists of the eigenvalues{
0,(pαqα)[pα−1q(β−1)(p−1)(q−1)], (pα−1qβ(p − 1))[pα−1qβ−1(q−1)−1], (pαqβ−1(q − 1))[pα−1qβ−1(p−1)−1],

(pα−1q(β−1)(p − 1)(q − 1))[pα−1qβ−1], pα−1qβ−1(pq − 1)
}
.
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(ii) If n = pαqβrγ , where p, q, r are primes and α, β, γ are positive integers, then the Laplacian spectrum
of �(Zn) consists of the eigenvalue n with multiplicity φ(n), the eigenvalue pα−1qβ−1rγ−1(p − 1)qr with
pα−1qβ−1rγ−1(q −1)(r −1), the eigenvalue pα−1qβ−1rγ−1(q −1)pr with multiplicity pα−1qβ−1rγ−1(p−
1)(r − 1), the eigenvalue pα−1qβ−1rγ−1(r − 1)pq with multiplicity pα−1qβ−1rγ−1(p − 1)(q − 1),
the eigenvalue pα−1qβ−1rγ (p − 1)(q − 1) with multiplicity pα−1qβ−1rγ−1(r − 1), the eigenvalue
pαqβ−1rγ−1(q−1)(r−1)with multiplicity pα−1qβ−1rγ−1(p−1), the eigenvalue pα−1qβrγ−1(p−1)(r−1)
with multiplicity pα−1qβ−1rγ−1(q − 1), the eigenvalue φ(n) = pα−1qβ−1rγ−1(p − 1)(q − 1)(r − 1) with
multiplicity pα−1qβ−1rγ−1 − 1 and the eigenvalues of the matrix in (2.6).

(iii) If n = pqrs, and (p < q < r < s) are primes, then the Laplacian spectrum of �(Zn) consists of the
eigenvalue n with multiplicity φ(n), the eigenvalue qrs(p − 1) with multiplicity φ(qrs)− 1, the eigenvalue
prs(q−1)with multiplicityφ(prs)−1, the eigenvalue pqs(r−s)with multiplicityφ(pqs)−1, the eigenvalue
pqr(s −1) with multiplicity φ(pqr)−1, the eigenvalues (p −1)(q −1)(rs −1) with multiplicity φ(rs)−1,
the eigenvalue (p −1)(r −1)(qs −1) with multiplicity φ(qs)−1, the eigenvalue (p −1)(s −1)(qr −1) with
multiplicity φ(qr) − 1, the eigenvalue (q − 1)(r − 1)(ps − 1) with multiplicity φ(ps) − 1, the eigenvalue
(q − 1)(s − 1)(pr − 1) with multiplicity φ(pr)-1, the eigenvalue (r − 1)(s − 1)(pq − 1) with multiplicity
φ(pq)−1, the eigenvalue s(p−1)(q−1)(r−1)with multiplicityφ(s)−1, the eigenvalue r(p−1)(q−1)(s−1)
with multiplicity φ(r)− 1, the eigenvalue q(p − 1)(r − 1)(s − 1) with multiplicity φ(q)− 1, the eigenvalue
q(q − 1)(r − 1)(s − 1) with multiplicity φ(p)− 1, and the eigenvalues of the Matrix in (2.7)

Proof (i) For n = pαqβ , (p < q) are primes and α, β ≥ 2 are positive integers, then by definition, the
comaximal graph of Zn is

�(Zn) ∼= Kφ(pαqβ) ∨
(

K pα−1qβ−1 ∪ K2[K pα−1qβ−1(q−1), K pα−1qβ−1(p−1)]
)

Now, by proceeding as in (iii) of Corollary 2.10, the Laplacian spectrum of�(Zn) consists of the eigenvalue n
with multiplicity φ(n)−1, the eigenvalue pα−1qβ(p−1)with multiplicity pα−1qβ−1(q −1), the eigenvalue
pα−1qβ(q − 1) with multiplicity pα−1qβ−1(p − 1), the eigenvalue φ(n) with multiplicity pα−1qβ−1 − 1
and the eigenvalues of the following matrix

⎛
⎜⎜⎝

n − φ(n) −pα−1qβ−1(q − 1) −pα−1qβ−1(p − 1) −pα−1qβ−1

−pα−1qβ−1(p − 1)(q − 1) pα−1qβ−1(pq − q) −pα−1qβ−1(p − 1) 0
−pα−1qβ−1(p − 1)(q − 1) −pα−1qβ−1(q − 1) pα−1qβ−1(pq − p) 0
−pα−1qβ−1(p − 1)(q − 1) 0 0 pα−1qβ−1(p − 1)(q − 1)

⎞
⎟⎟⎠ .

The eigenvalues of the above matrix are 0, n, φ(n) and pα−1qβ−1(pq − 1).
(ii) Let n = pαqβrγ , where p, q, r are primes and α, β, γ are positive integers. Then the proper divisors of n

are

p, p2, . . . , pα, q, q2, . . . , qβ, r, r2, . . . , rγ ,

pq, pq2, . . . , pqβ, pr, pr2, . . . , prγ

p2q, p2q2, . . . , p2qβ, p2r, p2r2, . . . , p2rγ

...

pαq, pαq2, . . . , pαqβ, pαr, pαr2, . . . , pαrγ

qr, qr2, . . . , qrγ , q2r, q2r2, . . . , q2rγ , . . . , qβr, qβr2, . . . , qβrγ ,

pqr, pqr2, . . . , pqrγ , pq2r, pq2r2, . . . , pq2rγ , . . . , pqβr, pqβr2, . . . , pqβrγ ,

p2qr, p2qr2, . . . , p2qrγ , p2q2r, p2q2r2, . . . , p2q2rγ , . . . , p2qβr, p2qβr2, . . . , p2qβrγ ,

...

pαqr, pαqr2, . . . , pαqrγ , pαq2r, pαq2r2, . . . , pαq2rγ , . . . , pαqβr, pαqβr2, . . . , pαqβrγ−1.

Now, pi ’s form set of isolated vertices in Gn are connected to each of q j , rk, q jrk, for i = 1, 2, . . . , α, j =
1, 2, . . . , β and k = 1, 2, . . . , γ .Thus, it follows that n1 = φ(pα−1qβrγ )+φ(pα−2qβrγ )+· · ·+φ(pqβrγ )+
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φ(qβrγ ) = φ(qβ)φ(rγ )(φ(pα−1) + φ(pα−2) + · · · + φ(p) + 1) = (qβ − qβ−1)(rγ − rγ−1)pα−1 in

G = �(Zn), since
b∑

i=1

φ(pi ) = pb − 1.

Similarly, q j ’s form an isolated set in Gn and are connected to each of rk, pirk , and cardinality of the
component in G is n2 = pα−1qβ−1rγ−1(p − 1)(r − 1). Proceeding in a similar manner G ∼= �(Zn)

is shown in Figure 1, where n3 = pα−1qβ−1rγ−1(p − 1)(q − 1), n4 = pα−1qβ−1rγ−1(r − 1), n5 =
pα−1qβ−1rγ−1(p − 1), n6 = pα−1qβ−1rγ−1(q − 1), and n7 = pα−1qβ−1rγ−1.We note that pi p j pk form
an isolated set in Gn and their corresponding component in joined union of Gn forms an isolated set of
cardinality n7 = pα−1qβ−1rγ−1.
By Corollary 2.8, n is always the Laplacian eigenvalue of G with multiplicity φ(n). Also, α2 = β2 +
φ(n) = φ(n)+ pα−1qβ−1rγ−1(p − 1)+ pα−1qβ−1rγ−1(p − 1)(q − 1)+ pα−1qβ−1rγ−1(p − 1)(r − 1) =
pα−1qβ−1rγ−1(p − 1)((q − 1)(r − 1)+ 1 + q − 1 + r − 1) = pα−1qβ−1rγ−1(p − 1)qr is the Laplacian
eigenvalue of G with multiplicity n1 −1. Similarly, the other eigenvalues of G are α3 = pα−1qβ−1rγ−1(q −
1)pr, α4 = pα−1qβ−1rγ−1(r − 1)pq, α5 = pα−1qβ−1rγ (p − 1)(q − 1), α6 = pαqβ−1rγ−1(q − 1)(r −
1), α7 = pα−1qβrγ−1(p −1)(r −1) and α8 = φ(n)with multiplicities n2 −1, n3 −1, n4 −1, n5 −1, n6 −1
and n7 − 1, respectively. The remaining Laplacian eigenvalues of G are the eigenvalues of the following
equitable quotient matrix ⎛

⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

α1 −n1 −n2 −n3 −n4 −n5 −n6 −n7
−φ(n) α2 −n2 −n3 0 −n5 0 0
−φ(n) −n1 α3 −n3 0 0 −n6 0
−φ(n) −n1 −n2 α4 −n4 0 0 0
−φ(n) 0 0 −n3 α5 0 0 0
−φ(n) −n1 0 0 0 α6 0 0
−φ(n) 0 −n2 0 0 0 α7 0
−φ(n) 0 0 0 0 0 0 α8

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

(2.6)

(iii) By proceeding as in part (ii) and skipping calculations, the structure of the comaximal graph of G ∼= Zpqrs
is

Kφ(n) ∨
(

K1 ∪ Gn[K 1, K 2, K 3, K 4, K 5, K 6, K 7, K 8, K 9, K 10, K 11, K 12, K 13, K 14, K 15]
)
,

where Gn[K 1, K 2, K 3, K 4, K 5, K 6, K 7, K 8, K 9, K 10, K 11, K 12, K 13, K 14, K 15] is shown in Figure 2
with n2 = φ(qrs), n3 = φ(prs), n4 = φ(pqs), n5 = φ(pqr), n6 = φ(rs), n7 = φ(qs), n8 = φ(qr), n9 =
φ(ps), n10 = φ(pr), n11 = φ(pq), n12 = φ(s), n13 = φ(r), n14 = φ(q), n15 = φ(p).
By Theorem 2.3, we have the following values of αi ’s

α1 = n − φ(n),

α2 = φ(n)+ φ(p)+ φ(ps)+ φ(pqr)+ φ(pqs)+ φ(prs)+ φ(pr)+ φ(pq) = qrs(p − 1),

α3 = pqs(r − 1), α5 = pqrs(s − 1),

α6 = φ(n)+ φ(pqr)+ φ(pqs) = (p − 1)(q − 1)(rs − 1),

α7 = (p − 1)(r − 1)(qs − 1), α8 = (p − 1)(s − 1)(qr − 1), α9 = (q − 1)(r − 1)(ps − 1),

α10 = (q − 1)(s − 1)(pr − 1), α11 = (r − 1)(s − 1)(pq − 1),

α12 = φ(n)+ φ(pqr) = s(p − 1)(q − 1)(r − 1), α13 = r(p − 1)(q − 1)(s − 1),

α14 = q(p − 1)(r − 1)(s − 1), α15 = p(q − 1)(r − 1)(s − 1),

α16 = φ(n) = (p − 1)(q − 1)(r − 1)(s − 1).

Now, by Theorem 2.7, the Laplacian spectrum of G consists of the eigenvalue n with multiplicity φ(n)− 1,
the eigenvalues αi with multiplicity ni −1, for i = 2, 3, . . . , 15 together with the eigenvalue of the following
matrix ⎛

⎜⎜⎜⎜⎜⎝

α1 −φ(qrs) −φ(prs) −φ(pqs) −φ(pqr)
−φ(n) α2 −φ(prs) −φ(pqs) −φ(pqr)
−φ(n) −φ(qrs) α3 −φ(pqs) −φ(pqr) A5×11
−φ(n) −φ(qrs) −φ(prs) α4 −φ(pqr)
−φ(n) −φ(qrs) −φ(prs) −φ(pqs) α5

B11×5 C11×11

⎞
⎟⎟⎟⎟⎟⎠ , (2.7)
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Kn7

Kφ(n)

Kn2

Kn6

Kn3

Kn4

Kn1

Kn5

Fig. 1 Comaximal graph G ∼= �(Zpαqβrγ )

where

A = −

⎛
⎜⎜⎜⎝
φ(rs) φ(qs) φ(qr) φ(ps) φ(pr) φ(pq) φ(s) φ(r) φ(q) φ(p) 1

0 0 0 φ(ps) φ(pr) φ(pq) 0 0 0 φ(p) 0
0 φ(qs) φ(qr) 0 0 φ(pq) 0 0 φ(q) 0 0

φ(rs) 0 φ(qr) 0 φ(pr) 0 0 φ(r) 0 0 0
φ(rs) φ(qs) 0 φ(ps) 0 0 φ(s) 0 0 0 0

⎞
⎟⎟⎟⎠ ,

B = −

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

φ(n) 0 0 φ(pqs) φ(pqr)
φ(n) 0 φ(prs) 0 φ(pqr)
φ(n) 0 φ(prs) φ(pqs) 0
φ(n) φ(qrs) 0 0 φ(pqr)
φ(n) φ(qrs) 0 φ(pqs) 0
φ(n) φ(qrs) φ(prs) 0 0
φ(n) 0 0 0 φ(pqr)
φ(n) 0 φ(pqs) 0
φ(n) 0 φ(prs) 0 0
φ(n) φ(qrs) 0 0 0
φ(n) 0 0 0 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

,

and C = diag(α6, α7, α8, α9, α10, α11, α12, α13, α14, α15, α16).

��
The following interesting result states that the algebraic connectivity ρn−1 of the comaximal graph of Zn is

always an even integer and it is the simple Laplacian eigenvalue of �(Zn) if and only if Gn is connected.

Theorem 2.12 Let �(Zn) be the comaximal graph of Zn, n > 3, and n is not prime. Then the multiplicity K of
the algebraic connectivity φ(n) of �(Zn) satisfies

1 ≤ K ≤ pn1−1
1 pn2−1

2 . . . pnt −1
t ,

with equality on left if and only if n is product of distinct primes and equality on right if and only if n =
pn1

1 pn2
2 . . . pnt

t

Proof Since G ∼= �(Zn) = Kφ(n) ∨
(

K1 ∪ Gn

[
K
φ
(

n
d1

), K
φ
(

n
d2

), . . . , K
φ
(

n
dt

)]), and it immediately follows

that structure of G depends on the graph Gn . From Theorem 2.7, value of each of αi ’s is at least φ(n) and at
most n − φ(n). Further from the graphs equitable partition Matrix (2.3), the largest and the smallest non-zero
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Kn2

Kn4

Kn15

Kn13

Kn5 Kn3Kn12 Kn14

Kn11
Kn9

Kn7

Kn8
Kn6

Kn10

Fig. 2 Gn[K 1, K 2, K 3, K 4, K 5, K 6, K 7, K 8, K 9, K 10, K 11, K 12, K 13, K 14, K 15]

eigenvalue of G are also the eigenvalue of (2.3). So, it follows that the non-zero Laplacian eigenvalues of G lie
in [φ(n), n] and φ(n) is the algebraic connectivity of G.

Again, from Theorem 2.7 and Corollary 2.8, we see thatφ(n) is the Laplacian eigenvalue of G with multiplicity
at least one, as φ(n) is always simple eigenvalue of the quotient matrix given in (2.3). Now, when n is product of
distinct primes, then Gn is connected (Theorem 2.9) and only one vertex of K1 shares the vertices of Kφ(n) and in
this case φ(n) is the simple eigenvalue as given in Corollary 2.8. Conversely, assume that n is not product of two
distinct primes. We will show that multiplicity of the Laplacian eigenvalue φ(n) is greater than 1. By theorem
2.9, Gn has isolated vertices of cardinality at least one, when n is not product of distinct primes. So, the number
of isolated vertices including K1 of G are at least two, sharing all the vertices of Kφ(n). Thus by Theorem 2.3,
the multiplicity of φ(n) is at least one and φ(n) is always an eigenvalue of Matrix (2.4), which in turn gives that
φ(n) is the Laplacian eigenvalue of G with multiplicity at least 2, when n is not product of distinct primes.

For n = pn1
1 pn2

2 . . . pnt
t , by Theorem 2.9, Gn is disconnected. Also pl1

1 pl2
2 . . . plt

t , 1 ≤ ni , i = 1, 2, . . . , t are
the isolated vertices in Gn , where we exclude the divisor n = pn1

1 pn2
2 . . . pnt

t . With this observation, proceeding

as in Corollary 2.11, it can be easily seen that G has pn1−1
1 pn2−1

2 . . . pnt −1
t isolated vertices sharing the vertices of

Kn . Therefore, using Theorem 2.7 and Corollary 2.8, the multiplicity of the Laplacian eigenvalue φ(n) is at most
K ≤ pn1−1

1 pn2−1
2 . . . pnt −1

t . The equality occurs if and only if canonical representation of n = pn1
1 pn2

2 . . . pnt
t . ��

From Theorem 2.7, out of the n Laplacian eigenvalues of �(Zn), n − (t + 2) of them are positive integers
and from Corollary 2.8, three out of t +2 eigenvalues of the Matrix in (2.3) are non-negative integers. Therefore,
n − (t −1) Laplacian eigenvalues of �(Zn) are integers. Thus in order to answer Problem 1, it is enough to show
that �(Zn) has at least one non-integer Laplacian eigenvalue for n other than pαqβ, p, q are primes and α, β
are non-negative integers.

123



On Laplacian integrability of comaximal graphs... 321

Next, we have a result which shows that the second largest eigenvalue λ2(M) of the matrix in (2.3) is an
integer if and only if n = pαqβ.

Theorem 2.13 Let �(Zn) be the comaximal graph with its quotient matrix M given in (2.3). Then the second
largest eigenvalue λ2(M) satisfies the following inequality

λ2(M) ≥ φ(n)+ β1 + 1

t − 1

t−1∑
i=1

li , (2.8)

where β1 = ∑
d j ∈NGn (d1)

φ( n
d j
) and li is the sum of the i-th row of the block B32 of Matrix (2.9). Equality holds

in (2.8) if and only if l1 = l2 = · · · = lt−1, that is Matrix B given in (2.10) is equitable quotient matrix of M,
which happens if and only if n = pαqβ, where p, q are primes and α, β are non-negative integers and in this
case λ2(M) = φ(n)+ β1 + 1

t−1

∑t−1
i=1 li = pα−1qβ−1(pq − 1) is an integer.

Proof From the statement of Theorem 2.7, Matrix (2.3), can be rewritten in block form as

M =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

n − φ(n) −φ( n
d1
) −φ( n

d2
) −φ( n

d3
) · · · −φ( n

dt
) −1

−φ(n) β1 + φ(n) −θ12 −θ13 · · · −θ1t 0
−φ(n) −θ21 β2 + φ(n) −θ23 · · · −θ2t 0
−φ(n) −θ31 −θ32 β3 + φ(n) · · · −θ3t 0
...

...
...

...
. . .

...
...

−φ(n) −θt1 −θt2 −θt3 · · · βt + φ(n) 0
−φ(n) 0 0 0 · · · 0 φ(n)

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

(2.9)

where βi = ∑
d j ∈NGn (di )

φ( n
d j
), and θi j =

{
φ( n

d j
) (di , d j ) = 1,

0 otherwise,
for i = 1, 2, . . . , t. The quotient matrix of

Matrix (2.9) with given blocks is⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

n − φ(n) −φ
(

n
d1

)
−

t∑
i=2

φ

(
n

di

)
−1

−φ(n) β1 + φ(n) −
∑

j∈NGn (d1)

θi j 0

−φ(n) − 1
t−1

t−1∑
i=1

li
1

t−1

t−1∑
i=1

Ri 0

−φ(n) 0 0 φ(n)

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
,

where li and Ri are the row sums of the blocks say B23 and B33, respectively. Clearly, Ri = φ(n) + li and the
above matrix in simplified form can be written as

B =

⎛
⎜⎜⎜⎜⎜⎜⎝

n − φ(n) −φ
(

n
d1

)
−

(
n − φ(n)− φ

( n
d1

)) −1

−φ(n) β1 + φ(n) −β1 0

−φ(n) − 1
t−1

t−1∑
i=1

li
1

t−1

t−1∑
i=1

(
li + φ(n)

)
0

−φ(n) 0 0 φ(n)

⎞
⎟⎟⎟⎟⎟⎟⎠
. (2.10)

It can be easily seen that the eigenvalues of the above Matrix in (2.10) are

{0, n, φ(n), φ(n)+ β1 + l} ,

where l = 1
t−1

t−1∑
i=1

li . Since, the spectral radius of G is n and its algebraic connectivity is φ(n). By Theorem 2.2

and interlacing property of quotient matrix, we have

λ1(M) ≥ λ1(B) ≥ λ2(M) ≥ λ2(B) ≥ λ3(M) ≥ λ3(B) ≥ λ4(M) ≥ λ4(B).

123



322 B. A. Rather et al.

Thus, it follows that

λ2(M) ≥ λ2(B) = φ(n)+ β1 + l = φ(n)+ β1 + 1

t − 1

t−1∑
i=1

li , (2.11)

whit equality if and only if l1 = l2 = · · · = lt−1, that is block B32 have constant row sum, since rows of
B33 depend on rows of block B32. Now, we characterize the values of n, such that equality holds in (2.11) and
discuss its non-integrability. If n = pαqβ, then Gn is disconnected and the primes p and q form K2 in Gn . From
Corollary 2.11, t = 2 and the matrix B in (2.10) is equitable and

λ2(M) = λ2(B) = φ(n)+ β1 + 1

t − 1

t−1∑
i=1

li = φ(n)+ β1 + l1

= pα−1qβ−1(p − 1)(q − 1)+ pα−1qβ−1(p − 1)(q − 1)+ pα−1qβ−1(q − 1)

= pα−1qβ−1(pq − 1).

Hence, G is the Laplacian integral with its Laplacian spectrum is given in Corollary 2.11. Next, for n other than
pαqβ , we show that G is not Laplacian integral. Let n = p1 p2 . . . pt . Then by Theorem 2.9, Gn is connected
and pi is adjacent to every p j , for i �= j. Thus, pi ’s form clique of size t and vi = ∏t

j=1
i �= j

p j is pendent vertex

adjacent to pi in Gn . With this observation, we see that some of li ’s are zero and the matrix in (2.10) is not
equitable and it implies that at least one eigenvalue of M is not integer, which in turn implies that G is not
Laplacian integral. Now, if n = pn1

1 pnt
2 . . . pnt

t , t ≥ 3, then from Theorem 2.9, Gn is disconnected graph. We
collect all the pendents of Gn and form a separate set along with the vertex of K1, so that all of them are further
connected to each vertex of Kφ(n), as can be seen in the structure of �(Zpαqβ ) and �(Zpαqβrγ ). The quotient
matrix M in (2.3) can be rewritten and all vertices of degree φ(n) (isolated vertices including vertex of K1) of
G lie in the last row. Where, we note that βi , for i = 1, 2, . . . , t , correspond to the connected components in the

connected part of Gn

[
K
φ
(

n
d1

), K
φ
(

n
d2

), . . . , K
φ
(

n
dt

)]. Again, in the connected part of Gn, pi ’s form clique Kt

and vi =
t∏

j=1,i �= j

p j is pendent vertex adjacent to pi of Kt . This further implies that at least one li is non-zero

and at least one li is zero. Thereby implying that the block B32 has no constant row sum, and t ≥ 3. Therefore,
all the eigenvalues of the matrix M in (2.3) are not integers. ��

Theorem 2.13 gives necessary and sufficient condition on the integrability of the second largest eigenvalue
of M (second largest Laplacian eigenvalue of �(Zn) ). When n is other than pαqβ , then λ2(M) (and hence
ρ2(�(Zn))) can never be an integer. Thus in case of n = pαqβ , the graph �(Zn) is determined by its Laplacian
spectrum. The follows example gives an illustration of this concept.

Example 2.14 Laplacian spectrum of the comaximal graph of the ring Z30, whose order is product of three
distinct primes.

For n = 30 = 2 · 3 · 5, the comaximal graph �(Z30) (see Figure 3) is

K8 ∨
(

K1 ∪ G30
[
K 8, K 4, K 2, K 4, K 1, K 2

])
,

where G30 is the triangle graph with a pendent vertex attached at each vertex of triangle. By Theorem 2.7, the
Laplacian spectrum of �(Z30) consists of the eigenvalues set{

30[7], 15[7], 203, 24, 12, 10[3]},
together with the eigenvalues of the following equitable quotient matrix

M =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

22 −8 −4 −2 −4 −1 −2 −1
−8 15 −4 −2 0 −1 0 0
−8 −8 20 −2 0 0 −2 0
−8 −8 −4 24 −4 0 0 0
−8 0 0 −2 10 0 0 0
−8 −8 0 0 0 16 0 0
−8 0 −4 0 0 0 12 0
−8 0 0 0 0 0 0 8

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

123



On Laplacian integrability of comaximal graphs... 323

Fig. 3 Comaximal graphs of Z30

The eigenvalues of the above matrix are

{30, 26.1981, 24.4138, 16.5451, 12, 9.84295, 8, 0}.
Therefore, the second largest eigenvalue λ2(M) = 26.1981 (ρ2(�(Z30))) of M is not an integer.

In view of Theorem 2.3, its consequences and Theorem 2.13, we have the following result which answers
Problem 1 in a positive sense.

Theorem 2.15 Let �(Zn) be the comaximal graph of Zn, n ≥ 2. Then �(Zn) is Laplacian integral if and only
if n = pαqβ , where p, q are prime and α, β are non-negative integers.

Conclusion

The Laplacian eigenvalues of the comaximal graphs of the commutative ring Zn are given along with the values
of n such that the Laplacian eigenvalues of �(Zn) are integers. However, for n = pn1

1 pn2
2 . . . pnr

r , with r ≥ 3,
it is not possible to find all the Laplacian eigenvalues, especially the Laplacian spectral radius as they remain
hidden in the corresponding equitable quotient matrix. Developing a new technique can help us to find the other
Laplacian eigenvalues for some values of n and approximating these eigenvalues in other cases. Besides, studying
the combinatorial and spectral properties of Gn remains open for future research.
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