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Abstract Leta > 1,b > 0 and k > 2 be any given integers. It has been proven that there exist infinitely many
natural numbers m such that sum of divisors of m is a perfect kth power. We try to generalize this result when
the values of m belong to any given infinite arithmetic progression an + b. We prove if a is relatively prime to b
and order of b modulo a is relatively prime to k then there exist infinitely many natural numbers n such that sum
of divisors of an + b is a perfect kth power. We also prove that, in general, either sum of divisors of an + b is
not a perfect kth power for any natural number n or sum of divisors of an + b is a perfect kth power for infinitely
many natural numbers 7.
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1 Introduction

Sum of divisors function (denoted by o) is an important function in number theory. Perfect numbers, natural
numbers 7 satisfying o (n) = 2n, have been studied as early as 300 BC. Euclid showed in [3] that ‘MTH) is an
even perfect number whenever ¢ is a prime number of the form 2”7 — 1, for natural number p. Euler (in [4])
proved that all even perfect numbers are of this form. It is still not known whether there are infinitely many
perfect numbers and whether there exists an odd perfect number.

The problem of finding natural numbers n such that o (n) is a perfect kth power has been considered by 17th
century mathematicians like Fermat, Wallis, and Frenicle. Fermat in 1657, asked two problems: (i) Find a cube
m = n3 for which o (m) is a perfect square (ii) Find a square m = n? for which o (m) is a perfect cube (see
Chapter 2, p.54 of [2] for detailed history).

In [1] (see also [5], [9]) it has been proven that for any natural number k > 2, o (m) is a perfect kth power
for infinitely many natural numbers m. There are several sequences in Neil Sloane’s online encyclopedia of
integer sequences [7] dedicated to this problem, namely A006532 (o (m) is perfect square), A020477 (o (m) is
perfect cube), A019422 (o (m) is perfect fourth power), A019423 (o (m) is perfect fifth power), A019424 (o (m)
is perfect sixth power), A048257 (o (m) is perfect seventh power) and A048258 (o (m) is perfect eighth power).
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In this paper, we investigate this problem when the values of m belong to any given infinite arithmetic
progression {an + b : n € N} (here N = {1, 2, 3, ...}). We study the following problem.

Q. For any given integers a > 1,b > 0,k > 2 do there exist infinitely many natural numbers n such that
o(an + b) is a perfect kth power?

In the next section, we give an answer to the above problem when a, b are relatively prime and order of b
modulo a and k are relatively prime. We prove the following theorem.

Theorem 1 For any given relatively prime natural numbers a, b and k > 2, if order of b modulo a is relatively
prime to k, then there exist infinitely many natural numbers n such thatn = b mod a and o (n) is a perfect kth
power.

For general b, we prove the following theorem.

Theorem 2 For any given integers a > 1,b > 0 and k > 2, either o (an + b) is not a perfect kth power for any
natural number n or o (an + b) is a perfect kth power for infinitely many natural numbers n.

In the final section, we give few open questions for further research.

2 Proofs of Theorem 1 and Theorem 2
We require some lemmas in order to prove Theorem 1 and Theorem 2. We will use a group theoretic lemma and

a number theoretic lemma mentioned in [6].
Let P be set of primes. For relatively prime positive integers a, b define,

)

nu,b(x,y)=H%fpfx:peP,pEb modaandP(erl)Sy}

where P (n) denotes largest prime factor of n.
The next lemma is essentially [6, Lemma 2], with a slight difference. Since there is a minor difference we
give a proof of the lemma here.

Lemma 1 Let a, b be fixed coprime integers with a > 0. For any o > % there exist y («) > 0and x1(«, a) such

that 7w, p(x, x%) > ¢(};()oig));x forall x > x1(a, a).

Proof If the claim is true for all % <o < % then the claim is true for o > %, as for all ¢ > % we have

5 3 .
Tap (X, x%) > w4 p(x, x12) > qb)za()lfo)gxx' Hence it suffices to prove for % <a< % and we can assume o < %
.. . . . 1_
Choose a positive € = €(x) < o — % Now if p < x — lissuch that p = —1+ gk foraprime g € [x!7%, x27€],

thenas p+ 1 = gk, q §x%_€ <x%andk = 2L < xlx—_a <x%wehave P(p+1) <x®* Each5 <p=<x-—1
can have at most two such representations (as if there are three different representations p = —1 + g1k; =
—1 4 qoko = —1 + g3k3 then g1¢g2g3| p + 1 which cannot be true as p + 1 < x < x>~ < ¢1¢42¢3). Hence

Tap(x, x%) > % > oo

xlftx<q<x%7€ 5<p<x—1
qeP p=—1 mod g
p=b mod a

When x is large enough, then the congruence conditions can be combined into a single congruence mod agq,
so, by the Bombieri-Vinogradov theorem,

o 1
R SEE DY > 1
| x
I—a 3¢ s<p=<x—1
R I p=—aa-+bgqq mod aq

gelP
1 Z li(x—l)—li(%)
2 , ¢ (aq)
xl""<q<x77
qeP
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li(r — 1) — i (3)
+0 -2
Z 1 X Z<: 1 ¢(QQ)
x1_a<q<x7_€ Z<p__x—
p=—aa-+bgqq mod aq

gelP
1+o0(1) X -10
> - —— + O(x(logx)™ ™)
B L . 26(q)logx :
X cgax2”€
qeP
1
log (ﬁ)x
>~ 7
~ 8¢(a)logx
for every large enough x. O

Let A(G) denote maximal order of the elements of a group G, and let €2 (/) denote the number of prime number
divisors of the natural number /4, counted with multiplicities. Let [x] denote the least integer greater than or
equal to x. We have the following lemma from [6, Lemma 6].

Lemma 2 For any multiplicative group G write
5(G) = [51(G)*Q(IG]) log BA(G)RQ(IG ).
Let A be a sequence of length n consisting of nonidentity elements of G. Ifn > s(G), then there exists a non-trivial
subgroup H < G such that for every h € H, AN H has a subsequence whose product is equal to h.
Proof See Lemma 6 of [6]. |

Lemma 3 Let k > 2,1t be relatively prime positive integers and S be any nonempty finite set of primes. Let A
be any finite set of natural numbers such that all the prime factors of A belong to S. If |A| > [5k*t>(|S|Q2 (k) +
Q(1)) log(3kz (|S|S2 (k) + Q(1)))] then there exists a nonempty subset A’ of A such that [, 4 a is a perfect kth
power and |A’'| =1 mod t.

Proof Let ny,...,nj4 be distinct elements of A and let py,..., p|s| be distinct elements of S. Let G =
(Z)kZ)1S! x (Z/t7Z). As all the prime factors of n; are in S there exist nonnegative integers a1, ...,a;,s such
that n; = p?i'l e pré’llsl. Now define ¢; € G in the following way:

e = (a,‘,1 mod k, ---, ai s mod k,1 mod 1),

for 1 <i < |A|. Now for group G, we have maximal order A(G) = kt, and the number of elements equal to
|G| = kIS, Q(IG]) = |S|2(k) + Q(t). Now, s(G) given in Lemma 2 is equal to, s(G) = [5k>2(|S|Q (k) +
Q(t)) log(Bkt (]S|2(k) + 2(2)))]. If any e; is identity element then n; is a perfect kth power and r = 1, which
implies there is a subset A" = {n;} of A such that [[,., a = n; is perfect kth powerand |A’| = 1 mod 7. Hence

we can assume e; is not equal to identity for alli € {1, ..., |Al}.

Since length of the sequence, |A| > s(G), from Lemma 2, there exists a nontrivial subgroup H < G such
that forevery h € H, {eq, -+ , eja;} N H has a subsequence whose product is equal to .

Now let H be such a subgroup, clearly {ey, - - - , ejo;} N H is nonempty. Lete € {e1,--- ,ea} N H. Ask,t

are relatively prime, there exists a positive integer solution to the congruencesn = 0 mod k,andn =1 mod 7.
Let n be one solution. Now as

ne=(0 modk,...,0 modk,1 mod?)e H

, from Lemma 2, there exists a subsequence e, ..., e;,, such that

,
Zem[=(0 mod k,...,0 modk,1 mod ).

i=1

Let A" = {ny,, ..., npy,} C A. From the definition of ¢; and )\, e,,, = (0 mod k,...,0 mod k, 1 mod 1)
it follows that 7 = |A’| = 1 mod ¢ and all the exponents in the prime factorization of [ [, 4 @ are multiples of
k,hence [ [, 4 a is a perfect kth power. O
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Lemma 4 Let a, b, k be positive integers such that a, b are relatively prime and k > 2 is relatively prime with
order of b modulo a. There exists a positive real number xo(a) such that for all x > xo(a) there exists a natural
number n such that all the prime factors of n lie in the interval [5, x], n = b mod a, and o (n) is perfect kth
power.

Proof Let

A:{p+l:pprime,§§p§x,pzb mod a, andP(p+l)§x%},

and S = {p: p prime , p <x 3 }. Let order of b modulo a be equal to 7. From prime number theorem, we have

S| =0 < ) and therefore [5k272(|S|Q (k) + (1)) log(3kz (|S|2 (k) + 2(1)))] = O(x?). From Lemma

1, for sufficiently large x, we have |A| > %. Hence for sufficiently large x, |A] > [5k2t%(|1S|2 (k) +
Q (1)) log(3kt (|S|2 (k) +£2(1)))]. Applying Lemma 3 we get that there exists a subset A’ of A such that |[A'| = 1
mod ¢ and ]_[p+1€A,(p + 1) is a perfect kth power. Let n = ]_[p+1€A, p, we have o (n) = Hp+1eA’(p +1)asa
perfect kth power. Since from the definition of A we have p + 1 € A" implies p = b mod a we can conclude

that n = ]_[p+1€A/ p= b4l = b mod a, which completes the proof of the lemma. O

In the proof of Lemma 4, the choice of the exponent % is arbitrary. One can choose any exponent in the range
(%, 1) and arrive at a proof using the same arguments. We can now prove Theorem 1 and Theorem 2.

2.1 Proof of Theorem 1

Proof Assume for a contradiction that there are only finitely many n such thatn = b mod a and o (n) is a perfect
kth power. Then there exists an x; > O suchthatforalln = b mod a andn > x1, 0 (n) is not a perfect kth power.
This implies that there cannot be any n whose prime factors lie in the range [, x] for x = max{2x(a), 2x1}, is
congruent to » modulo a, and whose sum of divisors is a perfect kth power, contradicting Lemma 4. O

We have a corollary for Theorem 1.

Corollary 1 For any given natural numbers a and k > 2 there exist infinitely many natural numbers n such that
n =1 mod a and o(n) is perfect kth power.

Proof As order of b = 1 modulo a equal to 1, is relatively prime to k, the corollary follows from Theorem 1. O

2.2 Proof of Theorem 2

Proof Suppose for a contradiction that there are nonzero finitely many natural numbers of the form an + b
such that o (an + b) is a perfect kth power, then let an,, + b be largest such natural number. From Lemma
4, for b = 1, there exists a natural number » = 1 mod a such that all the prime factors of r lie in [%, x] for
x = max{xop(a), 4(an, +b)} and o (r) is perfect kth power. Since all prime factors of r are greater than an,, + b,
we have an,, + b is relatively prime to r. We have (an,, + b)r > an,, + b, o ((an,, + b)r) = o(an,, + b)o (r)
is a perfect kth power and (an,, + b)r = b mod a, contradicting maximality of an,, + b. O

3 Future prospects

We ask five questions Q1 to Q5 in this section.

Given a, b and k > 2, Theorem 2 leaves us with two possibilities, either o (an + b) is perfect kth power for
infinitely many n or o (an + b) is never a perfect kth power. This implies that if there exists a natural number n
such that o (an + b) is perfect kth power then there are infinitely many » such that o (an + b) is a perfect kth
power. So we ask the following question.

Q1. Do there exist integers a > 1, b > 0, k > 2 such that o (an 4 b) is not a perfect kth number for any natural
number n?
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Table 1 Comparison of N(x;7,0,2) and N(x;7,1,2)

x N(x:7,0,2) N(x:7,1,2) T
100 2 2 1.0000...
1000 16 5 3.2000...
10000 68 28 2.4285...
100000 307 147 2.0884...
1000000 1508 748 2.1299...
10000000 7562 3811 1.9842...
100000000 37652 18882 1.9940...

If the answer to Q1 is no, then from Theorem 2, it follows that for all integers a > 1, b > 0, k > 2 there exist
infinitely many n such that o (an + b) is a perfect kth power.

For natural numbers a, k > 2 and integer b such that 0 < b < a — 1, let N(x; a, b, k) denote number of
natural numbers n < x such thatn = a mod b and o (n) is perfect kth power.

Q2. Given natural numbers a,0 < by, by < a — 1,k > 2 such that N(x; a, by, k) > 0, N(x; a, by, k) > 0 for
some real number x. Is it true that

lim inf &4 PL0
x—00 N(x;a, by, k)

We will now ask a stronger version of the above question. Are perfect kth power values of o (n) equally
distributed among residue classes modulo a?

Q3. Given natural numbers a, 0 < by, by < a — 1,k > 2, is it true that there exists a real number x such that
N(x;a,b;,k) >0, N(x;a,br, k) > 0and

. N(x;a,by,k)
lim —mM8M8M8— =
x—o0 N(x;a,by, k)

Numerical evidence suggests that Q3 may not always be true, for example when we consider perfect square
values of o (n) for n < x and residue classes n = 0 mod 7 and n = 1 mod 7, we have the following data.

Table 1 suggests that, there might be larger number of natural numbers n of the form 7k compared to 7k + 1
for which o (n) is a perfect square. We ask the following question.

Q4. Is it true that

. N(x;7,0,2)
limsup ——= >
n—soo N(x;7,1,2)

If the answer for question Q4 is yes, then the answer for Q3 is no.
Till now, we have been dealing with linear polynomials an + b. A natural generalization would be the
following question.

QS. Let p(n) be any given polynomial with nonnegative integer coefficients and k > 2 be any natural number.
Is o (p(n)) perfect kth power for infinitely many n?

Question 2.5 (when p(n) = nh), Conjecture 2.6 (when p(n) = n?), Conjecture 2.7 (when p(n) = n3) of [1]
are special cases of the above question. In Neil Sloane’s online encyclopedia of integer sequences [7] we find few
sequences related to this problem, namely, A008847 (o (n?) isa perfect square, p(n) = n2, k = 2), A008850
(c(n?) isa perfect cube, p(n) = n2, k = 3) and A008849 (a(n3) is a perfect square, p(n) = n3, k = 2).
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