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Abstract In this paper, we consider an iterative scheme for solving nonlinear ill-posed operator equations of
monotone types under minimal and weaker assumptions. The convergence analysis of the scheme is carried
out with both a priori and a posteriori parameter choice strategies and the error estimate is derived accordingly.
Finally, we supply numerical examples to illustrate the proposed scheme by considering the model of nonlinear
integral equations in Wiener-type filtering theory, and the efficiency of the proposed scheme is compared with
other schemes.
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1 Introduction

Many inverse problem in science and engineering can be modeled as an operator equation of the form

F(x) =y, (1.1)
where F' : D(F) — H is a nonlinear operator with domain D(F) C H; H is a real Hilbert space with the
inner product (-, -) and the norm || - ||. We further assume that F is monotone i.e.,

(F(x) — F(y),x —y) >0, forall x,ye D(F)CH. (1.2)

The nonlinear ill-posed problems (1.1) with monotone operators F' arise in a number of applications, see e.g.,
[16,17,23].

In practice, one may have to work with an inexact data y in place of y. Hence, assume that we have only
approximate data y of y satisfying

ly =yl <3. (1.3)
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342 D. Pradeep, M. P. Rajan

where § > 0 is the known noise level. In such situations, we have the operator equation as
F(x)=y (1.4)

with ||y — y|| < 8, 8 > 0. The regularization procedures such as Tikhonov regularization and Lavrentiev
regularization are the well-known techniques generally employed to get a stable approximate solution for both
linear and nonlinear problems (see [2,4,10,11,18-20,22,24-26] and reference therein). The analysis of nonlinear
problems is much harder than linear counter part. Another common approach widely considered in literature to
solve the nonlinear problems are iterative methods( see [3,5-9,11-13]).

For example, one such iterative scheme considered by [9] is of the form:

Tl = Fn — (F' ) +an D)™ (F (&) — 5+ an(Fn — x0)) (1.5)

where «;, is the sequence of positive real numbers which satisfies certain conditions. The authors in [9] have
proven the convergence and convergence rate under the generalized source condition with a posteriori stopping
rule. The authors in [11], considered a Lavrentiev type iterative scheme and in [12,13], the authors considered
the Newton-type iterative schemes.

In this paper, we are considering another iterative scheme of the form,

Bnp1 =x0+ (K +al)™' (5 = F(E) + K (0 — x0)) , (1.6)

where K = F'(xq), X0 = xo and o > 0 is a real number. The main advantage of our approach is two-fold.
Firstly, the Fréchet derivative is computed only once at the initial point and not at each iteration stage. This
approach not only reduces the computational complexity of computing the Fréchet derivative at each iteration
stage. Secondly, it simplifies other standard assumptions as well. Such an approach has been successfully applied
to other iterative schemes for solving nonlinear problems(cf. [11-13]). Apart from the a priori method, we also
propose an a posteriori stopping rule and an adaptive parameter choice strategy for choosing the regularization
parameter. The computational advantage of the proposed scheme over the standard scheme will be illustrated in
the numerical section. Throughout the paper, we assume that (1.1) has a solution x " which satisfies F(x) =y
and F has a locally uniformly bounded Fréchet derivative in a ball B, (x¢).

This paper is organized as follows, In Section 2, we prove the convergence and convergence rate result
using an a priori parameter choice rule. In Section 3, we consider an a posteriori stopping rule and a parameter
choice strategy for choosing the regularization parameter. The numerical results and comparisons are given in
Section 4.

2 Convergence analysis and error estimate

In order to establish the convergence of the method and deriving the convergence rate, we make use of the
following assumptions.

Assumption I ( A-I): There exists a constant kg > 0 and ¢ (x, xo, h) € H satisfying (F'(x) — F'(xo))h =
F'(x0)$ (x, xo, h) with

o (x, x0, h)|| < kollh|ll|x — xo|| forall x, & in B%(xo) and ]%r < 1.

Assumption II (A-II): x¥ — xg = F/(x0)0 = K0 for some 0 € H.
We also may make use of the following results for proving the convergence of the proposed scheme as and when
required.

Lemma 2.1 [/4] For a monotone operator A € BL(H), and p € [0, 1]
I(A+aD) ' AP|| < P!,
where a > 0 is a real number.

Lemma 2.2 ( [12]) Suppose that F possesses a locally bounded Fréchet derivative in B%(xo) and satisfies
assumption A-I. Then,

k
(K +aD)™ (F(x) = F(») —K(x —y) || < %rllx =l 2.1

forall x,y in B% (x0).
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Lemma 2.3 ( [3,8]) Let a, be the sequence satisfying 0 < a, < a and lim,_,» a, = a < a. Moreover, we
assume that vy, be the sequence satisfying

0 = Vntl = ap +byn +C)/,12

withn € N and yy > 0 holds for some b,c > 0. Let y/ and y be defined as y' =

2—07 and
1—b++/(1—b)2—dac

— 1 me/(l b)2—4ac Ifb—i—\/_<1and

Yy = if yo <V then,

Yn < max{yo, y'}.
Now by making use of Lemma 2.3, we claim that all the successive iterations belong to the ball B% (x0). Let

r'=( k"’) Through out the paper, we assume that xT € B,/ (xg) C Br (xo) C D(F).
i g

Lemma 2.4 Suppose that F satisfy the assumptions AL S -=<(1- kOTr)HxJr — xol|| and Lemma 2.2 holds good.
Then, the successive iterations X1 of the iterative scheme (1.6) belong to the ball B% (x0).

Proof We have,
Fnp1 = X0+ (K +a)”' (5 — F(&,) + K — x0)) and

Fup1 —x0 = (K +a)™' (5 — F(&) + K (G — x0))
= (K +al)™ (F(xo) — F(&y) — K (x0 — %n) + 7 — F(x0)).

Therefore, by using Lemma 2.2,

. kor . 1
1041 = 2oll = == 1% = xoll + (K + ] "G = Fxo)ll.
ko

< TIIXn — xoll + 11 — xoll.
This is of the form
Vnsl < cy,% + byn + an (2.2)
with y, = 1%, — x0ll, an = a = &1 — xoll. b = %, ¢ = 0. We thus have b + 2 /ac = &= < 1, ' = ol
-2
Hence by Lemma 2.3,
. X1 — xoll
lXn+1 — xoll < max{—,m,, 0}
-2
X1 = xoll
=—.
-
However,

%1 — xoll = (K + o)™ G — Fxo))ll
= [I(K +al)"'(y = F(xo) — K(x" —x0) + K(x" —x0) + 5 — »)|

kor = . 1)
< —IIx" —xoll + = + IIx" — xoll
2 o

k()r T 8
=+ —)lx" —xoll + —.
2 o

Since g <{- /%)HXT — xoll, we get || X1 — xo| < 2|lxT = xo]|. Therefore,

. = IxT = xoll

”xn-i-l _XO” = m
< # !
T - "0’)

@ Springer



344 D. Pradeep, M. P. Rajan

<2 23)
=3 .
and hence
Xnt1 € By (x0).
Theorem 2.5 Let X1 be defined by the iteration scheme (1.6). Then, under the assumption A-I,
- - kor \"
[ Xn41 — Xnll < (7) X1 — xoll- 2.4)

Proof We have,

Fnp1 = X0+ (K +aD)7' (5 — F(&) + K (& — x0)),
% =x04+ (K +al)™' (§ — F(Z—1) + K(&—1 — x0)) and
(K + o)™ (F(Zp—1) — FGy) — K (Fpe1 — %)) ©

)En—&-l - -’En

Therefore by assumption A-I and Lemma 2.2,

- - kor . .
1Xp41 — Xull < 2_||xn — Xp—1l
< (") s — ol
=\ — X1 — X0l
2

Theorem 2.6 (A priori method) Under the assumptions A-I, A-1I and if we choose o ~ §
number n such that (l%)" < 8%, then

Hence the proof.

12 and the iteration

- 1
Ix" — Fpp1ll = 0(82). (2.5)

More generally, if xo — x' = KP?0, for some v € H, then for o ~ 571 and (1%);14-1 = 5#’

P

Ix" = Zpp1ll = O@7F). (2.6)
Proof We have,

Fnt1 = x0 + (K +al)™' (§ — F(&,) + K& — x0)) and
Fup1 — 2T =x0 —xT + (K +aD)7' G = F(F) + K& — x0))

(K +al)~! ((K Tal)(xo—x") 4+ — F(En) + K (Fn — x0)>

= (K +aD™ (§ = F@) - K& = %) = ato - x))

= (K+an™ (y= FG) - K& =50 +7 -y —ato —x)).

Therefore,
: < KT o g8 e
IXn41 — x| < 7”)@1 — x|+ 5 +al(K+al) (x" —xo)l
kor . ; 1) N
< Tllxn —x'[[ 4+ =+«
o
kor /. . - . 1) .
= 2 (s = 271+ 1% = Faal]) + = + @51l
2 o
Thus by Theorem 2.5,
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kor ~ ¥ - - 8 ~
== g = =l = X [ 4 = + el

k()r n+1 N 5 .
< > X1 — xoll + — + «||7]|.
o

Hence, by using the assumption on n and the parameter o we see that
" = Tl = 0", 2.7)

The result (2.6) follows using the spectral result ||(K + al)"'K?| < «P~!, the assumptions on the parameter
and the iteration number.

3 A posteriori stopping rule and an adaptive algorithm

In this section, we consider an a posteriori stopping rule to stop the iterative scheme, which is used in [2,3] and
also suggest a method for choosing the regularization parameter . We terminate the iteration in such a way that
there is an NV for which the following relation holds.

IFGN) = JIl <Co <y —FGE)I, n=0,1,2,...N —1, (3.1
where C is a sufficiently large constant. We would obtain « by solving the equation
le(K +aD)™ (5 = FEo))| = C8. (3.2)

Next we claim that the parameter obtained through this strategy and the resultant error estimate are of the order
0(s'7?).

Proposition 3.1 Suppose that the iteration (1.6) is stopped according to the stopping criterion (3.1) and o is
kor

computed by (3.2), then by using g <=7 Mixt = xoll,
o~ 82 forall n. 3.3)
Proof First, we note that
CIK +a™' G = FEDI < @K +aD™ (F&h) = F@E) - Kt = 5) |
+ @2|I(K +aD)! (K(xT i) y) I.
Therefore,
Cs < o*|(K +al)™'(F — F@E))
<ad+ az{]%rnxn — x|+ 11E = xT]
< as+a? (215 —«"1)
<l + 2ra’.
This implies that
§(C —a) < 2ra? (3.4)
and hence o > ¢8!/2. On the other hand, we know that
lo?(K + D)™ (5 — F(xo))|| = C8.

This would imply that &?|| %] — xo| = C8.
o= \/581/2,where ro < 5. Thus we get,

o~ 812,
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Lemma 3.2 Let pg > 0 and py < pé). Suppose that the sequence 1, has the following property
Po— Ty < fpt1 < po+ 10y, n=0,1,2..... (3.5)
Ift < landny < ﬁpé, then for all n,

|
. 3.6
l—rpo (3.6)

Nn =

Proof Proof is by induction. When n = 0, it is obvious. Assume the result is true for n = j and we will prove
the result true for n = j + 1. We have

Nj+1 = po+11;

= potTn;
1 ,

’ +T—
Po l—rpo

IA

p_é)
11—t
Lemma 3.3 Let po = ||a(K +al) ' (x" —x0) + (K + o)~ (F — y)|. Then,
kor . ¥ - ¥ kor . ¥
Po — T”xn = x| < [1%n+1 —x"I < po+ THXn —x'|l, forall n. (3.7)
Proof We have,

Fnp1 = X0+ (K +a)™" (5 — F(xy) + K — x0))) and
Fnpl — 2" =x0 —x" + (K +al)T' G = F(xp) + K G — x0)))

= (K +al)™ ((K +aD(xo—xD)+ (G = FG) + K = x0)
= (K +an)™ (5= FG) = KT = %) —atxo —x))
= (K +aD)™ (y = F() = KT =5 +5—3) —ato—x1)).
Therefore,
ft = = (K +aD) 75 =) —a(K +ab) ! (x —xh)
= (K +aD)™' (v = F(&n)
— (K +anT'KG" = %)) and
. i ~1; -1 t kor o i
a1 =" = (K +aD) ™G =3) —a(K +ab) ™ (o —xH) | = S-15 -]l

By the property of norm, .
1 =X = 11 (K +aD7'G —y) —a(K + D) xo —xD) ] < 1Fpp1 —x" = (K +aD7'G —y)
—a(K + o)~ (xo —xH) | < Y15, — x| i,

. kor .
1Ze1 — x"I| = pol < — I = X (3.8)

Therefore, formula (3.7) holds good.

Theorem 3.4 Suppose that the iterative scheme (1.6) satisfies the assumption A-1 and A- Il and stopped according
to the stopping criterion (3.1) with parameter choice described in Proposition 3.1, then

- 1
Ix" = Zup1ll = O(82).
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Proof From Lemma 3.3, we have

kor . ¥ - ¥ kor . +
po — Tﬂxn —x' = Xn+1 — x| < po+ THXn —x'. (3.10)
Let py = a||0] + g Using assumption A-II we get,

B . R )
po=lla(K +aD) 'x" —x0) + (K +al)'G — ) = alldll+ = = pp.

1 . 8
— (alin+ > ).
2

IxT — Zop1 | = O82). (3.11)

Hence by Lemma 3.2,

~ %
[ Xn41 — x| <

Therefore, by Proposition 3.1, it follows that

4 Numerical examples

In this section, we consider various models of nonlinear integral equation which occurs in Wiener-type filtering
theory. For details about Wiener-type filtering theory, see [23]. Numerical computations are carried out in
MATLAB and executed on a PC with 2.5 GHz intel core i3 processor and 4GB RAM.

Example 1 (c.f. Ramm [17]): Consider the nonlinear integral operator, F' : H — H in Wiener Filtering theory,
defined on H = L?[0, 1, ] by

F(u) := B(u) + (arctan u)’ := /01 exp(—|x — yDu(y)dy + (arctan u)® = v. (4.1)
We consider the data
v(x) = {(2)+ (arctan(1))? — exp(x — 1) —exp(—x) étli,r)\c)visse% 4.2)
so that the exact solution will be
u(x) = { (1) (%)tlfer)\c)vifse.% “.3)

First, we verify the assumptions A-I and A-II. The monotonicity of the operator has been proven in [17]. The
Fréchet derivative of F is

3 (arctan u)>

1
F'(uh = T h +/O exp(—|x — yDh(y)dy. (4.4)

Let ug be the initial guess of the exact solution u'. Then,

[F'(u) — F'(uo)lh =3 [

(arctan u)2 (arctan uo)2 I
1+ u? 1+ uj

3(arctanuo)2 1 ey (arctanu)2 _ (aICtanuo)2
S T Jo exp(=lx y|>dy3[ T |

3(arctan 140)2
1+u(2)

= F'(uo)¢ (u, ug, h),

1
+ Jo exp(=Ilx — yDdy
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where

3 |:(arctanu)2 _ (arctanuo)z] h

1+u? 1+u?
¢ (u, uo, h) = 3(arctan ug)? 1
Tu%o + Jo exp(—|x — y)dy
(arctan u)2 _ (arctan u0)2
1+u? 1+u(2) 1 ’
< —— : [/ e dy > 0 forall x,y e l[0,1]].
(arctan ugp) 0
1+u%
Therefore we have,
(arctan u)? _ (arctan u)? _ 1+u(2)
¢, uo, h) < co| =n el } h, where co = sy

By considering a function,

(arctan u )2

u— gu) = T (4.5)
and applying mean value theorem we have
gw) —g(w) =g ) —v), (4.6)
where g/ (1) = 2ctan 'zlflfz(;;cm")z and ||g’(w)|| < 0.6. Hence,
¢ (u, v, h) < kollhllllu — vl 4.7

where kg < collg’ ()] < 0.6¢o. Thus, by suitably choosing ug and r < %, we see that F satisfies the assumption
A-I and accordingly we take ug = 1.23.

In order to verify assumption A-II, we need to show that there exists a © € H such that ut — ug = Kv, where
K = F'(ug). u" — ug = K0 can be written as

ut(x) — up(x) = Kd(x)

3(arctan ug(x))? . 1 R
_ e b0t 4 / eH 5 (y)dy
14 u()(x) 0
This can be rewritten as
1
D) = g(0) + 4 / Wiy, 48)
0
. 14u? (x) + . 14u? (x)
where g(x) = 3(arctan(i¢0(x))2 (uo(x) —u'(x)) and 2 = ?a(arctan(;o(x))2 :

The equation (4.8) is of the form, an integral equation of the second kind with kernel, K (x, y) = e~ I, Since
SUPg<y<| fol MK (x, y)| < 0.7869 x 1.0618 = 0.8355 < 1, it has a unique solution v(cf. [1]). This verifies the
assumption A-II.
We started the iterative scheme (1.6) with the initial guess u and the randomly perturbed data v with a data error §
such that ||[v—70|| < 8. Weuse 10%, 5%, 1% and 0.1% data error for analysis. The parameter « is computed using
the discrepancy principle (3.2) and « is computed using & = ag * (0.8)U~D j = 1,2, .... The computational
result is summarized in Table 1. It shows that numerical estimate is consistent with theoretical estimate. In
order to further analyze the computational efficiency of the proposed scheme, we numerically experimented the
iterative Lavrentiev scheme considered by Nair [9], the method (1.5) that find the solution by computing the
Fréchet derivative at each point, the standard procedure. The computational result is summarized in Table 1.
The combined solution corresponds to data error 1% and 0.1% are shown in Figures 1 and 2 respectively. The
error behaviour of the proposed scheme corresponds to the data errors 1% and 0.1% are shown Figures 3 and 4
respectively. It indicates that the proposed method is a very stable method.

The analysis reveals that the proposed method achieves good computational result compared to standard
scheme.
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Table 1 L%-norm errors(Example 1)

B Proposed Scheme Standard Scheme Expected: §'/2
No. of Iter. lu® — Time(Sec.) No. of Iter. Nu® = Time(Sec.)
0.1 4 1.859 x 1071 17 2 8.59 x 101 12 3.16 x 1071
0.05 6 6.74 x 1072 26 2 8.53 x 107! 12 224 x 107!
0.01 11 1.43 x 1072 48 3 1.43 x 107! 19 1.00 x 107!
0.001 20 1.4 x 1073 81 3 1.42 x 107! 19 3.16 x 1072
Combined Solution when delta=0.01{ Example 1)
1.2 T T T T T T T T T
1_.4.-.-.l.!_| bbb b L L
08F B
06F B
. Exact
=+ Standard
04 Proposed
02F B
D L o
_Dz 1 1 1 1 1 1 1 1 1
0 0.1 0.2 03 0.4 045 06 07 08 09
Fig. 1 Soln. when 6 = 1%(Ex.1)
Combined result when delta=0.001{ Example 1)
1.2 T T T T T T T T T
o
08 B
Standard
0Ek +  Exact i
Proposed
0.4F &
021 B
0F _
_Dz L 1 1 1 1 1 1 1 1
0 01 02 03 04 05 06 07 08 09 1

Fig. 2 Soln. when § = .1%(Ex.1)

Example 2: We consider another example with the same nonlinear integral operator considered in Example 1

namely,

1
F(u) := B(u) + (arctan u)? = / exp(—|x — yDu(y)dy + (arctan u)’
0

(4.9)

with the data v = 2 + ((arctan(1))3) — exp(x — 1) —exp(—x) such that u(x) = 1 solves the nonlinear equation

F(u) =v.
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Error behaviour of the Proposed Scheme when delta=0.01 ( Example 1)
15 T T T T T T T T T

Error

0sF B

1
0 5 10 15 20 25 30 35 40 45 50
Ma. of iterations

Fig. 3 Err. beh. when § = 1%(Ex.1)

Error behaviour of the proposed scheme when delta=0.001({ Example 1)
15 T T T T

Error

05 B

0 L . L
0 10 20 30 40 50

Itereation number

Fig. 4 Err. beh. when § = .1%(Ex.1)

Assumptions I and II can be easily verified as in Example 1 as we have the same integral operator. In this
example, we have taken ugp = 1.4 and r = 0.4. We use 10%, 5%, 1% and 0.1% data error for analysis and « is
computed using o = o * (0.8)(j - j =1,2,.... The computational result is summarized in Table 2. As we
have done in the case of Example 1, we compared the proposed scheme with Nair [9]. The computational result is
given Table 2 and the combined solution corresponds to 1% and 0.1% are shown in Figures 5 and 6 respectively.
The error behaviour with respect to data error shown in the Figures 7 and 8 indicates that the proposed method
is a stable method. In this case also,

the numerical result shows that the proposed method achieves good computational result compared to standard
scheme.

Example 3: In this case, we consider the nonlinear model in Wiener-Field type filtering [23] defined on H =
H'[0, 1] by
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Table 2 L%-norm errors(Example 2 )

B Proposed Scheme Standard Scheme Expected: §'/2
No. of Iter. Nt — Time(Sec.) No. of Iter. Nt = un Time(Sec.)

0.1 3 9.86 x 1072 15 12 1.13 x 107! 73 3.16 x 1071

0.05 4 2.75 x 1072 19 14 4.54 x 1072 85 2.24 x 107!

0.01 4 4.90 x 1073 19 18 7.10 x 1073 110 1.00 x 107!

0.001 5 9.10 x 10~* 25 23 8.10 x 1074 159 3.16 x 1072

Solution when delta=0.01( Example 2)

1.4 T T T T T T T I
Proposed Scheme(Red)

+  Exact Solution(Blug)
103k Standard Scheme(Green) ||
1021 —
101 B

e e o 7 s e
099 —
098}~ -
097}~ .
0.96 | | | | | | | | |
0 01 02 03 04 05 06 07 08 09 1

Fig. 5 Soln. when § = 1%(Ex.2)

Combined Solution when delta=0.001( Example 2)
104 T T T T T T T

Proposed Scheme(Red)
#  Exact Solution(Blue)
Standard Scheme(Green)

102 —

1.01 - —

099 —

098 —

09 I I | | I I I I I
0 01 02 03 04 05 06 07 08 09 1

Fig. 6 Soln. when § = .1%(Ex.2)

1
F(u) := B(u) +u’ := /0 exp(—|x — yDu(dy + u® = v. (4.10)

1
F'(wh = 3u’h +f exp(—|x — yDh(y)dy. (4.11)
0

For the data, v(x) = 12exp(x — 1) — 7exp(—x) +4 — 10x — 2x3 4+ (2 + x — x3)3, the solution will be
ux) =2+x — x3.If ug is the initial guess of the exact solution u®, then

1
F'(uo)h = 3udh + / exp(—|x — yDh(y)dy. (4.12)
0
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Error behaviour of Proposed Scheme when delta=0.01({ Example 2)
0.35 T T T T T

03r B

Errar

D 1 I T T
0 5 10 15 20 25 30

MNo. of lterations

Fig. 7 Err. beh. when § = 1%(Ex.2)

Error behaviour of Proposed Scheme when delta = 0.001( Example 2)
0.07 T T T T T

Error

0 5 10 15 20 25 30
Mo. of lterations

Fig. 8 Err. beh. when § = .1%(Ex.2)

In order to verify the assumptions A-I and A-II, we consider

(F'(u) — F'(up)) h = ( 2_ ug) h

3 — ”0
F'(uo)

F'(uo)o (u, ug, h) where

= F'(uo)

- ”o (4.13)
b (u, uo. h) F, o)

3 (u2 — ”0
3ul + [ e"hvldy
(u2 — u%) h

2
U

IA
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Table 3 H'-norm errors(Example 3 )

8 Proposed Scheme Standard Scheme Expected (8 172y
No. of Iter. ”“”r;ib“‘”” Time(Sec.) No. of Iter. %7#{1” Time(Sec.)
0.1 2 7.2 x 1073 10 2 2.06 x 1072 14 3.16 x 107!
0.01 5 2.3 %1073 22 4 2.06 x 1072 28 1.00 x 107!
0.001 8 2.00 x 1073 35 7 1.94 x 1072 47 3.16 x 1072
24 T T T T T — T T T
*  Exact
235 Proposed 1
Standard
231 b
2.25 % 1
221 \ ]
. \
215 f X i
21 # N
205 A ﬁ)’
A
zf ]

1.95 ¢ . . . . . . . . .
0 0.1 02 03 04 05 06 07 08 09 1

Fig. 9 Soln. when § = 1% (Ex.3)

Hence, using mean value theorem, we can see that ||¢ (u, ug, h)|| < koll||h|l|lu — uoll, where ko = V3¢p and

co = % Thus, by suitably choosing r( for example, r < ();W)’ we get ]% < 1 and assumption A-I is satisfied.
2 .
As we have seen in Example 1, the existance of ¥ in assumption A-II can be obtained by solving the integral

equation of the second,

1
0(x) = g1(x) +)»/0 K (x, )0 (y)dy, (4.14)

where g1(x) = #(uT(x) —ug(x)), K(x,y) =e ™ and A = % We start with an initial guess ug(x) = 2.
0

We take 0.1%, 1% and 10% data error for analysis. The parameter «g is computed using the discrepancy principle
(3.2) and « is computed using ¢ = o * (0.9)(f b, j = 1,2,.... The computational result and comparison
result with standard scheme are summarized in Table 3. The computed solution corresponding to the data error
1% and 0.1% are shown in Figure 9 and Figure 10 respectively. In this case as well, the proposed scheme works
better than standard scheme.

Example 4: As a fourth example, we consider the same nonlinear integral operator considered in Example 3 for
the data 2x? — 3¢~ — 6¢*~! 4-6 having solution u (x) = 1+ x2. Assumptions I and II can be easily verified as in
Example 3. We start the iteration with the initial guess uo(x) = 2. The computational result and the comparison
result are summarized in Table 4. The solution corresponds to 1% and 0.1% data error are shown in Figure 11
and Figure 12 respectively.

5 Conclusion

In this paper, we have considered a Lavrentiev type iterative scheme for solving nonlinear monotone ill-posed
operator equations. The theoretical analysis is carried out with weaker assumptions. A parameter choice strategy
for choosing the regularization parameter is also proposed. We have implemented various models of nonlinear
integral operator in the Wiener-Filed filtering theory. The theoretical results are supplemented with numerical
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24 T T T T T T
#  Exact
235 Proposed
Standard

23+ & % _
225
22t

215 rd S

205 & %

1.95 . . . . . . . . . .
0 0.1 02 03 04 05 06 07 08 09 1

Fig. 10 Soln. when § = 0.1% (Ex.3)

Table 4 H'!-norm errors(Example 4 )

8 Proposed Scheme Standard Scheme Expected (8/%)
No. of Iter. ”":‘ u_TTln I Time(Sec.) No. of Iter. H”‘:u%'ﬁ”” Time(Sec.)
0.1 3 7.68 x 1072 12 2 7.78 x 1072 12 3.16 x 107!
0.01 8 2.44 x 1072 36 8 2.64 x 1072 48 1.00 x 107!
0.001 14 2,12 x 1072 60 14 2.15%x 1072 78 3.16 x 1072
2 T T T T T T

#*  Exact
Proposed
Standard

Fig. 11 Soln. when § = 1% (Ex.4)

results to ascertain that the method is implementable. The proposed scheme is also compared with standard
scheme. We observe that the proposed method achieves good computational result and can be considered as a
proper method for solving nonlinear problems.
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2 T T T T T
#  Exact

191 Proposed
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Fig. 12 Soln. when 6 = 0.1%(Ex.4)
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