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Abstract In this paper, we determine all finite groups in which each element has order a power of a prime and
have at most five non-central conjugacy classes with representatives of orders multiples of p, for each arbitrary
prime number p.
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1 Introduction

The study of conjugacy classes of finite groups is an important subject in group theory. Some graphs have been
defined over conjugacy classes. Now, we recall the definition of one of them. A conjugacy class graph X of a
finite group G is a graph whose vertex set consists of all non-central conjugacy classes of G and two distinct
vertices a“ and b¢ are joined if (o(a), o(b)) > 1 (See [16]). We say that G satisfies the property P, if for each
prime integer p, G has at most m — 1 non-central conjugacy classes with representatives of orders of multiples
of p. In recent years, some studies on this subject are done. In [16], all finite groups with the property P4 were
classified. The authors in [4,8] determined all finite groups that satisfy the property Ps. Also, a specific case of
finite groups with the property Ps was investigated in [5]. Suppose that A € G. Then the number of classes of
G which are contained in A is denoted by kG (A). Some significant results on the case A = G — N are obtained
in [7], where N is a normal subgroup of G. A group G is called a CP-group, if the order of each element of G
is a power of a prime. In some papers they are known as EPPO-groups. These groups were first studied by G.
Higman in [6]. He gave the structure of solvable CP-groups there. After decades, W. J. Shi improved the results
on these groups and presented their structures (see Lemma 1 below). In this paper, the notation L, (¢g) is used to
denote the projective special linear group for a finite field F,,. Recall that K x H is a semidirect product of K
and H with normal subgroup K. In particular, the Frobenius group with kernel K and complement H is denoted
by K %, H. All further unexplained notations are standard. The goal of this paper is to classify CP-groups that
satisfy the property Pg. The main result is as follows.

Theorem 1 Suppose that G is a finite non-abelian CP-group which satisfies the property Pe. Then G belongs
to the following list of groups:
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() (Z2)* X pr Zs or Zyy XN pr Ls;

(i) Qg or Dg;

(i) Zs X pr Za, (Z3)* X pr Za, Z13 Xy Za or Ly X py La;

(iv) (Z3)*> xFr Qs or (Zs)* X pr Qs;

(V) D16, SD16 or Q1e;

i) (Z3)* 3y Q16 0r (Z7)* X Fr Qi

(Vi) (Z2)? Xy Z3, Z7 X pr L3, L1 Xy 23, (Z4)? X pyr Z3 or (Z)* xpy Zs;
(viii) S3, D19, D14, Dis, D2z or (Z3)? X gy Zo;

(ix) S,

(x) L2(5), L2(7), L2(8), L2(9), L2(17), L3(4) or Sz(8);

(xi) Mo,

(xii) (Z2)* % Ly(5); Conversely, all of these groups satisfy in the property Pg.

We prove Theorem 1 in two cases where G is solvable or non-solvable in Sections 3 and 4, respectively.

2 Preliminary results

In this section we give some preliminary results that will be used in the proof of Theorem 1. In the following
lemma, the classification of all finite CP-groups is given.

Lemma 1 ([11], Lemma 0.4) Let G be a finite CP-group. Then

(1) G is nilpotent if and only if G is a p-group.

(2) If G is solvable and non-nilpotent, then |G| = p®q®. Suppose P (or Q) is the Sylow p(or q)-subgroups of
G, and P is the maximal normal p-subgroup of G.

(a) If the Sylow 2-subgroup of G is a quaternion group, then p # 2, g = 2, and G is a Frobenius group with
Frobenius complement Q. Moreover, G has the chief factors?2, ..., 2; pbl, o pbk, bi>1,b|bj,i=1,...k

B
where b is the exponent of p(mod 2%~ "),
(b) Suppose the order of G is odd or the Sylow 2-subgroup of G is not a quaternion group. Then G/ Py is cyclic
(P1 = P) or metacyclic (Py < P) and G is Frobenius or 2-Frobenius, respectively.
(bl) Py = P and G is a Frobenius group with Frobenius kernel P and cyclic complement Q. Moreover, G has
the chief factors q, . . ., q; pb, ceey pb, o = kb, where b is the exponent of p(mod qP). In this case, the nilpotent
———— ——————

k
class of P is less than or equal to k.
(b2) Py < P and G is a 2-Frobenius group. If |G P| = p¥ qP, then p¥|(q —1). G has the chieffactors p, . .., p;
————

Groonq; PP PP b > 1, b | by i =1,...,k y < b, where b is the exponent of p(mod qP).
——

B
(3) If G is simple, then G = L»(q), ¢ =5,7,8,9,17; L3(4), Sz(8) or Sz(32) (Theorem 16 of [13]).
(4) If G is non-solvable and non-simple, G = Mo, or G has an elementary abelian 2-subgroup P, P is normal
inGand G/P = L»(q), g =5, 8; Sz(8) or §2(32) (Theorem 3 of [1]; Theorem 3.1 of [12]).

In the following, we give some required results to prove Theorem 1.

Lemma 2 ([7], Lemma 1.3) If a non-abelian group G possesses an element x with |Cg(x)| = 4, then a Sylow

2-subgroup P of G is the dihedral, semi-dihedral or generalized quaternion group. In particular |§| =4 and
; [P

P has a cyclic subgroup of order 5.

Proposition 1 ([7], Proposition2.1) Let N be a normal subgroup of a non-abelian group G. Thenkg(G—N) = 1

. p s ; . G|
if and only if G is a Frobenius group with the kernel N of odd order —-.

Theorem 2 ([7], Theorem 2.2) Let N be a normal subgroup of a non-abelian group G. Then k(G — N) = 2
if and only if G is one of the following solvable groups.

(1) N=1and G = Ss.
2) |%| = 3 and G is a Frobenius group with the kernel N.
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3) |%| =2and |Cg(x)| = 4 forall x € G — N. In particular, P € Syl,(G) has a cyclic subgroup of order
%; furthermore, one of the following holds:

(3.a) G has a normal and abelian 2-complement.
(3.b) G has a normal 2-complement and P is a quaternion group.
(3.¢) G has an abelian 2-complement and P = Dg, the dihedral group of order 8.

Theorem 3 ([10], Theorem 3.6) Let N be a normal subgroup of a non-abelian solvable group G. Then G — N =
x% U yY U z% is a union of three conjugacy classes if and only if one of the following is true:

(1) N=1and G = A4 or Dy,

() € =S3and G = Sy

(3) G is a Frobenius group with the kernel N and cyclic complement of order 4;

4) G = Dgor Qg;

(®)] |%| =4 and G is a Frobenius group with complement Qg;

6) |%| =2, |Cc(x)| = |Cc(y)| = |Cg(2)| = 6. In this case, N is of odd order and N has a normal and
abelian 3-complement;

(7) |%| =2, |Cc(x)| =4, |Cc(y)| = 6and |Cg(z)| = 12. In this case, either G has a normal 2-complement
or OziG) = Sa;

®) |%| =2,|Cc(x)| =4, |Cc(y)| = |Cc(z)| = 8. Inthis case, either 02/G(G) = GL(2, 3) withabelian Oy (G),

G . - . .
or 0, is isomorphic to a non-abelian group of order 16.

Theorem 4 ([10], Main Theorem) Let G be a finite non-abelian group, and N I G. Then |%| =4 and kg (G —
N) =3 ifand only if G is one of the following groups:

(1) G = Dgor Qs; ,
(2) G is a Frobenius group with kernel G and cyclic complement of order 4
(3) G is a Frobenius group with complement Q3.

3 Solvable CP-groups which satisfy the property Pg

Let G be a finite non-abelian solvable group and N = G'Z(G).Then N < G. Suppose that gN € % such that
0(gN) = p, for some prime p. Since % is abelian, there exist at least p — 1 classes with representatives of order
pin % Note that o(gN) | o(g) and gN as a subset of G is a union of some classes of G. It deduces that G has
at least p — 1 non-central classes with representatives of orders of multiples of p. Since G satisfies the property
Ps, p—1<5,ie., p=2,3or5. Moreover, |%| €{2,3,4,5}and 1 < kg(G — N) < 5. Below we give a fact
that will be used in the remaining of this section.

Fact 1 Suppose that G is a solvable CP-group which satisfies the property Pe. If | %| =5, then by Lemma 2.5
of [3], k6(G — N) = 4. Similarly, if|%| =4, then3 <kg(G —N) <5, if|%| =3, thenkg(G — N) =2 and
if || =2, then 1 < kg(G — N) <5.

Now, we start to verify each case separately.

Case 1: First assume that |%| = S5and % = (gN) = Zs.ByFact 1, k(G — N) = 4. So, all the elements in each
four non-trivial cosets of N in G are conjugate. Hence they all have centralizers of order 5. This deduces that g
isof order 5and G = N X, (g). Since G is a CP-group which satisfies the property P, we have N € Syl,(G)
and thus kg (N — {1}) < 5.If N is abelian, then by Lemma 4.3 of [2], % < 5and so |N| < 26. Therefore,
G is isomorphic to one of the groups in (i). Now assume that N is non-abelian. We show that there is not any
group satisfying in this case. We know that kg(Z(N) — {1}) < 4. Suppose that kg(Z(N) — {1}) = j. Then
|Z(N)| = 5j + 1 should be a power of a prime and N — Z(N) = UleaiG, suchthat ] <s <5—j.If j =2,
then |Z(N)| = 11. Let [N| = 11%. Since s € {1,2,3}, we have N — Z(N) = af,a¥ Ua{ oraf Ua$ Ua¥,
where |al.G| = 5.11%, o; > 1. The only possibility is (11%!, 11*2, 11*) = (11, 11, 121). But in this case N is
abelian, impossible. If j = 3, then |Z(N)| = 16. Suppose that |N| = 2%. By a similar discussion, we get only
the possibility (291, 292, 2%) = (16, 32, 256), which is not possible by [14].
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Case 2: If |%| =4, then by Fact 1,3 < kg(G — N) <5.

If k(G — N) = 3, then we use Theorem 4. Obviously, Dg and Qg satisfy the condition and listed in (i7).
If G is a Frobenius group with a cyclic complement of order 4, then N = G’ is abelian and % <5.So0, G
is one of the groups in (iii). If G is a Frobenius group with complement Qg, then the kernel, say K, is abelian.
So, |K5‘;1 < 5. Thus, G is one of the groups in (iv).

If k(G — N) = 4, then the size of centralizers of representatives of conjugacy classes is (4, 4, 8, 8). First
suppose that % = (gN) = Z4. Then Since Cg(g) = CG(g_l) C C(;(g2), we conclude that [Cg(g)| = 4 and
o(g) = 4. This implies that Cy (g) = 1 and | N| is odd, which is a contradiction. Now suppose that % = 7o X1y
and P € Syl»(G).So, PN N # 1iscyclic and | P| > 8. This implies that N has a normal 2-complement, say
Qand N = Q x (P N N). On the other hand by Lemma 2, P = D¢, SD16 or Q6. Assume that P = (xy, x2),
in which o(x1) = 8 and 0(x2) = 2 or 4. Then |Cg(x1)| = 8 and |C5(x2)| = |Cg(x1x2)| = 4. If P = Dy, then
x2 and x1xp are of order 2 and for any element ¢ € Q, we have ¢ € Cp(x;) = 1. This deduces that Q = 1
and G = Dy, as mentioned in (v). If P = §Djg, then with a similar discussion we have ¢ € Cp(x1x2) = 1.
This deduces that Q = 1 and G = SDjg, which is the group in (v). Suppose that P = Q. If O = 1, then
G = Q16 which is mentioned in (v). Assume that Q # 1. In this case o(x2) = 4 and Cg(x) € P,forany x € P.
Therefore G is a Frobenius group with complement Q1¢, which is stated in (vi).

Now assume that kG (G — N) = 5. Then there are centralizers with sizes 4 and 8 of the representatives of some
classes in G — N. This shows that | N| is even and by Lemma 2, the Sylow 2-subgroups of G are semi-dihedral,
dihedral or quaternion groups. If |Z(G)| = 1, then N has a G-class with representative of order 2, impossible.
Let |Z(G)| = 2. Then Z(G) has an element of order 2, say z. If Z(G) N G’ = 1, then for some 1 #U € G, we
have (uz)% is a G-class in N, which is not possible. Now, suppose that | Z(G) N G | = 2. Then when Z(G) = G,
we deduce that G is Dg or Qg. But these groups do not satisfy in k(G — N) = 5, impossible. If Z(G) < G,
then again there exists a G-class with representative of even order in /N, is not possible.

Case 3: If |%| = 3, then by Fact 1, k(G — N) = 2. By Theorem 2(2), G = N X, Z3. So, N € Syl,(G)
and kg(N — {1}) < 5. If N is abelian, then % < 5and so |N| < 16. Therefore, G is isomorphic to one of
the groups in (vii). Now assume that N is non-abelian. We show that there is not any group satisfying in this
case. We know that kg(Z(N) — {1}) < 4. Suppose that kg(Z(N) — {1}) = j. Then |Z(N)| = 3j + 1 should
be a power of a prime and N — Z(N) = U'l?'zla,-G, suchthat 1 <s <5—j.If j = 1, then |Z(N)| = 4. Let
IN| = 2%. Since s € {1,2,3,4}, we have N — Z(N) = af,af Ua§,af Ua¥ Ua§ oral Uaf Ua§ Uaf,
where |a,.G | = 3.2%, «; > 1. By considering the equations in each case, one can see that the last two cases do
not happen and the first two cases happen only when (2¢!,2%) = (4, 16) or (2*!, 22, 2%) = (2, 2, 16). But by
[14], N is abelian, which is a contradiction. If j = 2, then |Z(N)| = 7. Let |[N| = 7*. Since s € {l, 2, 3},
we have N — Z(N) = af;, alG U ag or aIG U aZG U a3G, where |al.G| = 3.7%, o; > 1. The only possibility is
(7%1,7°2,7%) = (7,7, 49). But in this case N is abelian, impossible. If j = 4, then |Z(N)| = 13. Suppose that
IN| = 13*. Since s = 1, we have N — Z(N) = alG where |a]G| = 3.13%1. This implies that 13% = 13 4 3.13%!,
which has no solution, a contradiction.

Case 4: Finally assume that |%| =2.

If k(G — N) = 1, then by Proposition 1, G = N X, Z,. Therefore, |[N| < 11 and G is isomorphic to one
of the groups in (viii).

Suppose that k(G — N) = 2. Set P = P N N, where P € Syl>(G). By Lemma 2, P is a generalized
quaternion group, dihedral or a semi-dihedral group. Assume that P is cyclic. Then N has a normal 2-complement
subgroup, say S, and thus G has too. If P is a generalized quaternion group, then by [1], G = § X, Qo and
so S is abelian. Now since G satisfies Pg, Qo» = Qg or Q16.If G = § X, Qg, then we have kg (S — {1}) <5
and so |S| < 41. Therefore, G belongs to the groups in (iv). Similarly, if G = § xr, Qis, then |S| < 81 and
G lies among the groups in (vi). If P is not a generalized quaternion group, then there exists an involution in
P — P; which acts fixed point freely on the normal 2-complement S of G. So, § is abelian and | S| < 11. Note
that in this case G is a 2-Frobenius group. It is not hard to verify that there is not any group with the properties
of this case. Now we consider the case where P; = P N N is non-cyclic. By Lemma 2, P = Dg. If N has a
normal 2-complement S, then there exists an involution in G — N which acts fixed point freely on S. Thus G
is a 2-Frobenius group and |S| < 11. One can see that there is no group satisfying the hypotheses of this case.
Now, assume that N has not any normal 2-complement. Let 7 be a 2 -Hall subgroup of G. Then there exists
an involution in Ng(T') — T which acts fixed point freely on 7. So, G is the symmetric group S4, which is the
group in (ix).
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Table 1 Sizes of centralizers of representatives of G-classes

Group G Sizes of centralizers of representatives of conjugacy classes in G
Ly(5) (60,5,5,4,3)
L2(7) (168,8,7,7,4,3)
L>(8) (504,8,9,9,9,9,7,7,7)
L>(9) (360,8,4,9,9,5,5)
L,(17) (2448,17,17,9,9,9,9, 8, 8, 8, 16)
L3(4) (20160, 64, 16,16, 16,7,7,5,5,9)
Mo (720,4,8,16,9,8,8,5)
S5z(8) (29120, 64, 16, 16, 13, 13,13,7,7,7,5)
5 10 15
—T——— ——
$z(32) (32537600, 25, ..., 25,41, ..., 41,31,..., 31,1024, 64, 64)

If k¢(G — N) = 3, then we refer to Theorem 3. Obviously, the parts (1-5) do not arise. For the part (6)
and the part (7), G has an element of order 6, which is not possible. Suppose that the part (8) happens. If

~

%(G) = GL(2,3), then G has an element of order 6, a contradiction. Assume that 0 is isomorphic to a
2 2

non-abelian group of order 16 and P € Syl,(G). Then by Lemma 2, P = Q1¢, D16 or SDj¢. If G is a Frobenius
group, then it belongs to the groups in (vi). If G is a 2-Frobenius group, then |G| = 112, which is not possible
by [14].

When kg (G — N) = 4, then the possible sizes of centralizers of representatives of conjugacy classes are
(4, 8,16, 16) or (8,8,8,8). If (4,8, 16, 16) happens, then by Lemma 2, P = Qs3;, D3 or SD3,. But these
groups of order 32 do not satisfy the property Pg, a contradiction. Suppose that the case (8, 8, 8, 8) happens. If
G is a 2-group, then kg (G — Z(G)) < 5. By [9,15], there is no group satisfying the conditions of this case.
Suppose that G = K xp, H is a Frobenius group. If H is a cyclic 2-group, then H has at least 7 conjugacy
classes with representatives of orders of powers of 2, impossible. If H is a generalized quaternion group, then
H = Qg or Q16. But none of these groups have four centralizers of size 8 of representatives of conjugacy classes.
Suppose that |H| is odd. So, |H| = 3 or 5. First consider the case that |H| = 3. In the case that K is abelian,
|K| € {4,7,13, 16} and K does not have centralizers of size 8, impossible. Suppose that K is non-abelian. Since
k(G — K) = 2, by the argument mentioned in Case 3, we get a contradiction. Assume that |H| = 5. If K is
abelian, then since |G| is even, | K| = 16. But this group does not have centralizers of size 8, impossible. Now
assume that K is non-abelian. So kg (Z(K)—{1}) < 4. Suppose thatkg(Z(K)—{1}) = j.Then|Z(K)| =5j+1
should be a power of a prime and K — Z(K) = Uleaic, such that 1 <s <5 — j. Since |G| is even, we have
j = 3. Thus |Z(K)| = 16. Suppose that |K| = 2%. Since s € {1, 2}, we have K — Z(K) = af ora¥ Ua§,
where |al.G| = 5.2% «; > 1. The only possibility is (2%!,2% 2%) = (16, 32, 256), which is not possible by
[14]. Assume that G = K HM be a 2-Frobenius group. Since K H and H M are Frobenius groups which satisfy
the property Pg, we have a contradiction.

If k(G — N) = 5, then by the same discussion mentioned in Case 2, we get a contradiction.

4 Non-solvable CP-groups which satisfy the property P

In this section, we verify non-solvable CP-groups G with the property Pg. We use parts (3) and (4) of Lemma 1
to proceed in this section. If G is simple, then G = Ly(q),q = 5,7, 8,9, 17, L3(4), Sz(8) or Sz(32). Then by
[14], we have Table 1 and by this table, the groups in (x) will be obtained. If G is non-solvable and non-simple,
then G = Mg or G has an elementary abelian 2-subgroup K, K is normal in G and % = Lr(g),q = 5,8,
Sz(8) or Sz(32). By Table 1, the Mathieu group Mg satisfies the property and is mentioned in (xi). Also, the
case % = §57(32) does not happen. Note that K € Cg(k), for any k € K. Moreover, since G is a CP-group,
|Cq (k)| = 2%, for some natural number «.

If & = L5(5), then k(K — 1) < 4. Assume that |[K| = 2%, k(K — 1) = l and K — 1 = k. Then

26 — 1= 222035 in which 2.1 = |Cg (k)| = 2°. This deduces that [ = 4, |K| = 16 and |C (k)] = 64. By

[14], the only group satisfying in this case is (Z>)* x L»(5) which is mentioned in (xii). Simply, one can see
that there does not exist any group in the cases where kg (K — 1) = 2,3 or 4.
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If % = Ly(8), then kg(K — 1) < 4. When kg(K — 1) = 1, as above we deduce that [ = 8§, |K| = 64
and |Cg (k)| = 512. But by [14], there is no group satisfying in this case. In the other cases, with some easy
calculations, there does not exist any group.

If % = S7(8), then kg (K — 1) = 1 or 2. With the same discussion, there is not any group satisfying in this
case.
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