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Abstract Let f be any normalized Hecke eigen forms with even integral weight k ≥ 2 for the full modular
group SL(2, Z), and χ be a primitive Dirichlet character modulo q. Let L f (s, χ) be the automorphic L-function
attached to f and χ . In this paper, we study the mean-square estimate of L f (s, χ) weighted by incomplete
character sums, via using properties of Fourier coefficients and analytic methods, and establish an asymptotic
formula which refines the previous results.

Keywords Automorphic L-function · Cusp form · Fourier coefficient · Dirichlet characters

Mathematics Subject Classification 11F03 · 11F11 · 11F30

1 Introduction

Let k ≥ 2 be any even integer, and Sk(�) be the space of holomorphic cusp forms of weight k for the full modular
group � = SL(2, Z). Suppose that f is a normalized Hecke eigen form in Sk(�). Then it has a Fourier expansion
at the cusp ∞, i.e.

f (z) =
∞∑

n=1

λ f (n)n
k−1

2 e(nz), Im z > 0,

where e(z) = e2π i z and λ f (n) is the nth normalized Fourier coefficient of f with λ f (1) = 1. Deligne [4] showed
that

|λ f (n)| ≤ d(n) � nε, (1.1)

where d(n) is the divisor function. For any prime p, there are two complex numbers α f (p) and β f (p) such that

λ f (p) = α f (p) + β f (p)

and

α f (p)β f (p) = |α f (p)| = |β f (p)| = 1.
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378 Y. Chen, W. Yao

The Hecke L-function associated with f is defined by

L(s, f ) =
∞∑

n=1

λ f (n)

ns
=

∏

p

(
1 − α f (p)

ps

)−1(
1 − β f (p)

ps

)−1

, Re s > 1. (1.2)

The symmetric square L-function L(s, sym2 f ) is defined by

L(s, sym2 f ) =
∏

p

(
1 − α2

f (p)

ps

)−1(
1 − 1

ps

)−1(
1 − β2

f (p)

ps

)−1

, Re s > 1. (1.3)

Let χ be a primitive Dirichlet character modulo q and the cusp form f be as before. Then the automorphic
L-function is defined as

L f (s, χ) =
∞∑

n=1

λ f (n)χ(n)

ns
.

The series converges absolutely for Re s > 1 and has an Euler product over prime numbers (see for example
[7]). It has an analytic continuation to an entire function, as shown by Hecke (see for example p. 93 in [12]), and
satisfies the following functional equation:

( q

2π

)s
�

(
s + k − 1

2

)
L f (s, χ) = ε2

χ i k
( q

2π

)1−s
�

(
1 − s + k − 1

2

)
L f (1 − s, χ),

where

εχ = τ(χ)q−1/2 with τ(χ) =
∑

b( mod q)

χ(b)e

(
b

q

)

Bounds for these automorphic L-functions can be found in [1], [2], [5] and [13].
These L-functions are among the most classical and powerful tools in number theory. In this paper, we

study the mean value of automorphic L-functions twisted by incomplete character sums and establish a sharper
asymptotic formula for it. Our main result is as follows.

Theorem 1.1 Let q ≥ 3 be an odd integer, f ∈ Sk(�) a normalized Hecke eigen form, and A the set of square
free numbers. Then for qε < N < q1−ε we have

∑∗

χ mod q

∣∣∣∣
∑

n≤N
n∈A

χ(n)

∣∣∣∣
2

|L f (1, χ)|2

= ϕ∗(q)
ϕ(q)

q
N

L(2, sym2 f )

ζ(4)

∏

p|q

(
1 + λ f (p2)

p2 + λ f (p4)

p4 + · · ·
)−1(

1 + 2C

)

+O
(
ϕ∗(q)2ω(q)N 1/2

)
+ O(N 2qε).

where ϕ∗(q) denotes the number of the primitive characters modulo q, ω(q) the number of all different prime
divisors of q, and

C =
∞∑′

n=1

∞∑′

l=1
(n,l)=1,(n+l,n)=1

μ2(n)λ f (n)λ f (n + l)μ2(n + l)

n(n + l)2

∏

p|(n+l)n

(
1 + 1

p2

)−1

is a constant depending on f and q.
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On discrete mean value of automorphic L-functions 379

Remark 1.2 The same type estimate for Dirichlet L-function has been studied by Zhang in [15]. Philosophically,
our work generalized the theorem in [15] where only the special case λ f (n) = 1 was treated, that is, the result in
[15] does not involve Fourier coefficients. More precisely, Theorem in [15] asserts that for qε < N < q1/2−ε,

∑

χ mod q
χ 	=χ0

∣∣∣∣
∑

n≤N

χ(n)

∣∣∣∣
2

|L(1, χ)|2 = π2

6

ϕ2(q)

q
N

∏

p|q

(
1 − 1

p2

)
+ O(ϕ(q)2ω(q) ln2 q)

+π2

3

ϕ2(q)

q

N

ζ(3)

∏

p|q

(
1 − 1

p2 + p + 1

) ∞∑′

n=1

∞∑′

m=1
(n+m,q)=1

1

mn(m + n)
+ O(N 3 ln2 q).

Furthermore, our work extends the range of N to qε < N < q1−ε.

Notation Throughout this paper the symbol
∑∗

χ

denotes sum over primitive characters χ modulo q, and
∑′

a

stands for sum over a with (a, q) = 1. The symbol f (x) � g(x) means f (x) = O(g(x)), or equivalently
| f (x)| ≤ cg(x) for absolute positive constant c. The letters ε is reserved for sufficiently small positive constant,
which is not necessarily the same at each occurrence. As usual, ζ(s), ϕ(n) and μ(n) are the Riemann zeta-function,
the Euler function and Möbius function, respectively.

2 Preliminaries

In this section, we shall recall or prove some lemmas for later use.

Lemma 2.1 Let f be any normalized Hecke eigen form in Hk(�), χ be a Dirichlet character modulo q and
q � N. Then for any ε > 0 we have

∑

n≤N

λ f (n)χ(n) � f,ε q
2
3 N

1
3 +ε.

Proof See Proposition 1.1 in [6]. �
Lemma 2.2 Let q ≥ 2 and n be integers with (n, q) = 1, and χ be a Dirichlet character modulo q. Then we
have

∑∗

χ mod q

χ(n) =
∑

r |(q,n−1)

μ
(q

r

)
ϕ(r) and ϕ∗(q) =

∑

r |q
μ

(q

r

)
ϕ(r).

Proof This is Lemma 3 of [14]. �
Lemma 2.3 Let f be any normalized Hecke eigen form in Hk(�). Then we have

∞∑′

l=1

λ f (l2)

l2 = 1

ζ(4)
L(2, sym2 f )

∏

p|q

(
1 + λ f (p2)

p2 + λ f (p4)

p4 + · · ·
)−1

.

Proof It follows the multiplicative property of λ f (n) and (1.2) that

∞∑′

l=1

λ f (l2)

ls
=

∏

p�q

(
1 + λ f (p2)

ps
+ · · · + λ f (p2v)

pvs
+ · · ·

)

=
∏

p

(
1 + λ f (p2)

ps
+ · · · + λ f (p2v)

pvs
+ · · ·

) ∏

p|q

(
1 + λ f (p2)

ps
+ λ f (p4)

p2s
+ · · ·

)−1

=
∞∑

n=1

λ f (n2)

ns

∏

p|q

(
1 + λ f (p2)

ps
+ λ f (p4)

p2s
+ · · ·

)−1

. (2.1)
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Appealing to the expression of L(s, sym2 f ) in (1.3) and the definition of Riemann Zeta function ζ(s), we can
get

ζ−1(2s)L(s, sym2 f )

=
∏

p

(
1 − α2

f (p)

ps

)−1(
1 + 1

ps

)(
1 − β2

f (p)

ps

)−1

=
∏

p

(
1 + α2

f (p) + 1 + β2
f (p)

ps
+ α4

f (p) + α2
f (p) + 1 + β2

f (p) + β4
f (p)

p2s
+ · · ·

)
.

From [4], for all integers l ≥ 1, we have

λ f (pl) = αl+1
f (p) − βl+1

f (p)

α f (p) − β f (p)
= αl

f (p) + αl−2
f (p) + · · · + βl

f (p).

Therefore,

ζ−1(2s)L(s, sym2 f ) =
∏

p

(
1 + λ f (p2)

ps
+ λ f (p4)

p2s
+ · · ·

)
=

∞∑

n=1

λ f (n2)

ns
. (2.2)

The desired result follows from (2.1) and (2.2). �

Principal Lemma Let f be as above and X 
 q.

B :=
∑′

n≤N

∑′

n<m≤N
m,n∈A,(n,m)=1

1

mn

∑′

t≤ N
m

t∈A

∑′

l≤ X
m

λ f (ml)λ f (nl)

l2 .

Then for qε < N < q1−ε, we have

B = C
ϕ(q)

q

N

ζ(4)
L(2, sym2 f )

∏

p|q

(
1 + λ f (p2)

p2 + λ f (p4)

p4 + · · ·
)−1

+ O(2ω(q)N 1/2),

where

C =
∞∑′

n=1

∞∑′

l=1
(n,l)=1,(n+l,n)=1

μ2(n + l)μ2(n)λ f (n + l)λ f (n)

(n + l)2n

∏

p|(n+l)n

(
1 + 1

p2

)−1

.

is a constant depending on f and q.

Proof From the Hecke relation

λ f (n)λ f (m) =
∑

d|(n,m)

λ f

(nm

d2

)
, (2.3)

for (m, n) = 1, n < m and m � X , we have

∑′

l≤ X
m

λ f (ml)λ f (nl)

l2 =
∑′

l≤ X
m

∑

v|l

1

l2 λ f

(
nml2

v2

)
=

∑′

v≤ X
m

1

v2

∑′

l≤ X
mv

λ f (nml2)

l2

=
∑′

v≤ X
m

1

v2

∞∑′

l=1

λ f (nml2)

l2 + O(X−1+εm). (2.4)
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On discrete mean value of automorphic L-functions 381

Applying Möbius inversion theorem to (2.3), we deduce that

λ f (ab) =
∑

d|(a,b)

μ(d)λ f (a/d)λ f (b/d). (2.5)

By combining (2.5) with the work in [3],
∞∑′

m=1

λ f (um2)

m2 =
∑

l|u

μ(l)λ f (u/ l)

l2

∞∑′

m=1

λ f (lm2)

m2

= λ f (u)
∏

p|u

(
1 + 1

p2

)−1 ∞∑′

m=1

λ f (m2)

m2 , (2.6)

where u satisfies μ2(u) = 1. Since (m, n) = 1 with μ2(m) = μ2(n) = 1, we have μ2(mn) = 1. Inserting (2.6)
back in (2.4), we obtain

∑′

l≤ X
m

λ f (ml)λ f (nl)

l2

= λ f (mn)
∏

p|mn

(
1 + 1

p2

)−1 ∑′

v≤ X
m

1

v2

∞∑′

l=1

λ f (l2)

l2 + O(X−1+εm)

= λ f (mn)
∏

p|mn

(
1 + 1

p2

)−1 ∞∑′

l=1

λ f (l2)

l2

( ∞∑′

v=1

1

v2 + O(X−1m)

)
+ O(X−1+εm)

= λ f (mn)
∏

p|mn

(
1 + 1

p2

)−1 ∞∑′

l=1

λ f (l2)

l2

(
ζ(2)

∏

p|q

(
1 − 1

p2

)
+ O(X−1m)

)
+ O(X−1+εm),

where we have used
∞∑′

v=1

1

v2 =
∏

p�q

(
1 + 1

p2 + 1

p4 + · · ·
)

= ζ(2)
∏

p|q

(
1 − 1

p2

)
.

Therefore, by (1.1),
∑′

l≤ X
m

λ f (ml)λ f (nl)

l2

= ζ(2)
∏

p|q

(
1 − 1

p2

)
λ f (mn)

∏

p|mn

(
1 + 1

p2

)−1 ∞∑′

l=1

λ f (l2)

l2 + O

(
X−1+εm

∞∑′

l=1

λ f (l2)

l2

)
. (2.7)

From Lemma 2.3, we can see that the sum over l in (2.7) is � f,q 1. The binomial theorem gives the estimate

∑′

n≤N

1 =
∑

n≤N

∑

d|(n,q)

μ(d) = N
∑

d|q

μ(d)

d
+ O

⎛

⎝
∑

d|q
μ(d)

{
N

d

}⎞

⎠

= ϕ(q)

q
N + O

( ∑

d|q
|μ(d)|

)
= ϕ(q)

q
N + O(2ω(q)). (2.8)

Since 2ω(q) � d(q) � qε, this estimate holds for N > qε. We then have,

B = T1ζ(2)
∏

p|q

(
1 − 1

p2

) ∑′

n≤N
n∈A

∑′

n<m≤N
m∈A

(n,m)=1

λ f (mn)

mn

∏

p|mn

(
1 + 1

p2

)−1 ∑′

t≤ N
m

t∈A

1 + O(N X−1+ε), where T1 =
∞∑′

l=1

λ f (l2)

l2 .

(2.9)
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By estimate (2.8) again,

∑′

t≤Y
t∈A

1 =
∑′

t≤Y

μ2(t) =
∑′

t≤Y

∑

d2|t
μ(d) =

∑′

d≤√
Y

μ(d)
∑′

t≤Y/d2

1

= ϕ(q)

q
Y

∑′

d≤√
Y

μ(d)

d2 + O

(
2ω(q)

∑′

d≤√
Y

|μ(d)|
)

= ϕ(q)

q
Y

{
1

ζ(2)

∏

p|q

(
1 − 1

p2

)−1

+ O

(
1√
Y

)}
+ O(2ω(q)Y 1/2)

= ϕ(q)

q

Y

ζ(2)

∏

p|q

(
1 − 1

p2

)−1

+ O(2ω(q)Y 1/2). (2.10)

Therefore from (2.9), we obtain

B = T1
ϕ(q)

q
N

∑′

n≤N

∑′

n<m≤N
(n,m)=1

μ2(m)μ2(n)λ f (m)λ f (n)

m2n

∏

p|mn

(
1 + 1

p2

)−1

+O(2ω(q)N 1/2).

By the bound (see Lemma 2.1 in [8])

∑

n≤Y

|λ f (n)| � Y (log Y )−δ, (0 < δ < 1),

we have

∑

m>N

|λ f (m)|
m2 =

∫ +∞

N

1

t2 d

{ ∑

N<m≤t

|λ f (m)|
}

=
(

1

t2

∑

N<m≤t

|λ f (m)|
)∣∣∣∣

+∞

N
+ 2

∫ +∞

N

1

t3

∑

N<m≤t

|λ f (m)|dt

� N−1 log−δ N .

Thus, we obtain estimates

∑

n>N

|λ f (n)|
n

∞∑

m=n+1

|λ f (m)|
m2 � N−1 log−2δ N

and

∑

n≤N

|λ f (n)|
n

∑

m>N

|λ f (m)|
m2 � N−1+ε log1−δ N .
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On discrete mean value of automorphic L-functions 383

That is,

B = T1
ϕ(q)

q
N

∞∑′

n=1

∞∑′

m=n+1
(n,m)=1

μ2(m)μ2(n)λ f (mn)

m2n

∏

p|mn

(
1 + 1

p2

)−1

+O(2ω(q)N 1/2)

= T1
ϕ(q)

q
N

∞∑′

n=1

∞∑′

l=1
(n,l)=1,(n+l,n)=1

μ2(n + l)μ2(n)λ f (n + l)λ f (n)

(n + l)2n

∏

p|(n+l)n

(
1 + 1

p2

)−1

+O(2ω(q)N 1/2)

= C
ϕ(q)

q

N

ζ(4)
L(2, sym2 f )

∏

p|q

(
1 + λ f (p2)

p2 + λ f (p4)

p4 + · · ·
)−1

+ O(2ω(q)N 1/2),

where

C =
∞∑′

n=1

∞∑′

l=1
(n,l)=1,(n+l,n)=1

μ2(n + l)μ2(n)λ f (n + l)λ f (n)

n(n + l)2

∏

p|(n+l)n

(
1 + 1

p2

)−1

.

This completes the proof of the Principal Lemma. �

3 Proof of Theorem 1.1

By Abel’s summation formula,

∑

n≤X

λ f (n)χ(n)

n
= 1 +

∫ X

1

1

t
d

{ ∑

n≤t

λ f (n)χ(n)

}
.

Lemma 2.1 gives that L f (1, χ) is convergent. Now we divide L f (1, χ) into two parts,

L f (1, χ) =
∑

1≤u≤X

λ f (u)χ(u)

u
+

∫ ∞

X

A f (χ, y)

y2 dy,

where X 
 q is a parameter to be decided later and

A f (χ, y) =
∑

X<u≤y

λ f (u)χ(u).

Then we have

∑∗

χ mod q

∣∣∣∣
∑

n≤N
n∈A

χ(n)

∣∣∣∣
2

|L f (1, χ)|2

=
∑∗

χ mod q

∣∣∣∣
∑

n≤N
n∈A

χ(n)

∣∣∣∣
2∣∣∣∣

∑

1≤u≤X

λ f (u)χ(u)

u
+

∫ ∞

X

A f (χ, y)

y2 dy

∣∣∣∣
2

.

By expanding the innermost square and applying the fact that λ f (n) are real-valued, we rewrite the above quantity
as

∑∗

χ mod q

∣∣∣∣
∑

n≤N
n∈A

χ(n)

∣∣∣∣
2

|L f (1, χ)|2 =: M1 + M2 + M3 + M4, (3.1)
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384 Y. Chen, W. Yao

where

M1 =
∑∗

χ mod q

∣∣∣∣
∑

n≤N
n∈A

χ(n)

∣∣∣∣
2∣∣∣∣

∑

1≤u≤X

λ f (u)χ(u)

u

∣∣∣∣
2

,

M2 =
∑∗

χ mod q

∣∣∣∣
∑

n≤N
n∈A

χ(n)

∣∣∣∣
2∣∣∣∣

∫ ∞

X

A f (χ, y)

y2 dy

∣∣∣∣
2

,

M3 =
∑∗

χ mod q

∣∣∣∣
∑

n≤N
n∈A

χ(n)

∣∣∣∣
2( ∑

1≤u≤X

λ f (u)χ(u)

u

)(∫ ∞

X

A f (χ, y)

y2 dy

)
,

M4 =
∑∗

χ mod q

∣∣∣∣
∑

n≤N
n∈A

χ(n)

∣∣∣∣
2( ∑

1≤u≤X

λ f (u)χ(u)

u

)( ∫ ∞

X

A f (χ, y)

y2 dy

)
.

The symbol χ(n) satisfies χ(n)χ(n) = |χ(n)|2. We shall estimate these terms one by one.
In combination with Lemma 2.1 and the trivial bound

∣∣∣∣
∑

n≤N
n∈A

χ(n)

∣∣∣∣
2

=
∣∣∣∣
∑

n≤N

χ(n)μ2(n)

∣∣∣∣
2

� N 2, (3.2)

we have

M2 =
∑∗

χ mod q

∣∣∣∣
∑

n≤N
n∈A

χ(n)

∣∣∣∣
2∣∣∣∣

∫ ∞

X

A f (χ, y)

y2 dy

∣∣∣∣
2

� N 2ϕ∗(q)q
4
3 X−4/3+ε. (3.3)

By the bounds (1.1), (3.2) and Lemma 2.1, we can obtain

|M3 + M4| � N 2 Xε
∑∗

χ mod q

( ∑

1≤u≤X

1

u

)(∫ ∞

X

|A f (χ, y)|
y2 dy

)

� N 2ϕ∗(q)q
2
3 X−2/3+ε. (3.4)

It remains to estimate M1. Applying the multiplicative property of Dirichlet character, we get

M1 =
∑′

n≤N

∑′

m≤N
n,m∈A

∑

1≤u≤X

∑

1≤v≤X

λ f (u)λ f (v)

uv

∑∗

χ mod q

χ(munv).

Thus, by Lemma 2.2,

M1 =
∑

d|q
μ(q/d)ϕ(d)

∑′

n≤N

∑′

m≤N

∑′

1≤u≤X

∑′

1≤v≤X
m,n∈A,mu≡nv( mod d)

λ f (u)λ f (v)

uv

= ϕ∗(q)
∑′

n≤N

∑′

m≤N

∑′

1≤u≤X

∑′

1≤v≤X
m,n∈A,mu=nv

λ f (u)λ f (v)

uv

+ 2
∑

d|q
μ(q/d)ϕ(d)

∑′

n≤N

∑′

m≤N

∑′

1≤u≤X

∑′

1≤v≤X
m,n∈A,mu≡nv( mod d),mu>nv

λ f (u)λ f (v)

uv

=: ϕ∗(q)F1 + 2
∑

d|q
μ(q/d)ϕ(d)F2, (3.5)
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On discrete mean value of automorphic L-functions 385

where

F1 =
∑′

n≤N

∑′

m≤N

∑′

1≤u≤X

∑′

1≤v≤X
m,n∈A,mu=nv

λ f (u)λ f (v)

uv
,

and

F2 =
∑′

n≤N

∑′

m≤N

∑′

1≤u≤X

∑′

1≤v≤X
m,n∈A,mu≡nv( mod d),mu>nv

λ f (u)λ f (v)

uv
.

We first deal with F1. For mu = nv, we let (m, n) = t , then m = m1t, n = n1t with (n1, m1) = 1. Since
m, n ∈ A, we have μ2(m1) = μ2(n1) = μ2(t) = 1. Thus m1u = n1v, and hence u = n1l, v = m1l. Therefore,

F1 =
∑′

n≤N

∑′

m≤N

∑′

1≤u≤X

∑′

1≤v≤X
m,n∈A,mu=nv

λ f (u)λ f (v)

uv

=
∑′

t≤N

∑′

n≤ N
t

∑′

m≤ N
t

t,m,n∈A,(n,m)=1

∑′

l≤min{ X
n , X

m }

λ f (ml)λ f (nl)

mnl2 .

We divide the quantity into two parts according to m = n or not. Thus

F1 =
∑′

t≤N
t∈A

∑′

l≤X

λ2
f (l)

l2 + 2
∑′

n≤N

∑′

n<m≤N
(n,m)=1,t,m,n∈A

∑′

t≤ N
m

∑′

l≤ X
m

λ f (ml)λ f (nl)

mnl2

=: A + 2B, (3.6)

where

A =
∑′

t≤N
t∈A

∑′

l≤X

λ2
f (l)

l2 ,

and

B =
∑′

n≤N

∑′

n<m≤N
(n,m)=1,t,m,n∈A

∑′

t≤ N
m

∑′

l≤ X
m

λ f (ml)λ f (nl)

mnl2 .

We remind that B here is the quantity in the Principal Lemma. Therefore, we come to A. Recall the work of
Rankin [9] and Selberg [11], which states that

∑

n≤x

λ2
f (n) = cx + O f (x3/5),

then we have

∑′

n>Y

λ2
f (n)

n2 �
∑

n>Y

λ2
f (n)

n2 �
∫ +∞

Y

1

t2 d

{ ∑

n≤t

λ2
f (n)

}
� Y −1.

This means that we can extend the sum over l in A to infinity. From the equation (4) in [10] and the definition
of L(s, sym2 f ) in (1.3), we obtain

∞∑

l=1

λ2
f (l)

ls
= 1

ζ(2s)

∏

p

(
1 − α2

f (p)

ps

)−1(
1 − 1

ps

)−2(
1 − β2

f (p)

ps

)−1

= ζ(s)

ζ(2s)
L(s, sym2 f ).
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Therefore,

∞∑′

l=1

λ2
f (l)

l2 =
∞∑

l=1

λ2
f (l)

l2

∏

p|q

(
1 + λ2

f (p)

p2 + λ2
f (p2)

p4 + · · ·
)−1

= ζ(2)

ζ(4)
L(2, sym2 f )

∏

p|q

(
1 + λ2

f (p)

p2 + λ2
f (p2)

p4 + · · ·
)−1

.

This together with (2.10) gives

A = ϕ(q)

q

N

ζ(4)
L(2, sym2 f )

∏

p|q

(
1 − 1

p2

)−1(
1 + λ2

f (p)

p2 + λ2
f (p2)

p4 + · · ·
)−1

+O

(
2ω(q)N 1/2

)
.

Appealing to (2.5), we can get

λ f (p2v) = λ2
f (pv) − λ2

f (pv−1),

Therefore,

A = ϕ(q)

q

N

ζ(4)
L(2, sym2 f )

∏

p|q

(
1 + λ f (p2)

p2 + λ f (p4)

p4 + · · ·
)−1

+ O

(
2ω(q)N 1/2

)
.

Inserting this estimate and the Principal Lemma back into (3.6), we have

F1 = ϕ(q)

q

N

ζ(4)
L(2, sym2 f )

∏

p|q

(
1 + λ f (p2)

p2 + λ f (p4)

p4 + · · ·
)−1

(1 + 2C) + O

(
2ω(q)N 1/2

)
, (3.7)

where C is the constant in the Principal Lemma.
We now come to F2.

|F2| =
∑′

n≤N

∑′

m≤N

∑′

1≤u≤X

∑′

1≤v≤X
m,n∈A,mu≡nv( mod d),mu>nv

|λ f (u)λ f (v)|
uv

� Xε
∑

0≤i≤ j≤log2 X

2−i− j
∑

2i ≤u<2i+1

∑

2 j ≤v<2 j+1

∑

n≤N

∑

m≤N
mu≡nv( mod d)

mu>nv

1

=: Xε
∑

0≤i≤ j≤2 log2 X

2−i− j�i, j ,

where

�i, j =
∑

2i ≤u<2i+1

∑

2 j ≤v<2 j+1

∑

n≤N

∑

m≤N
mu≡nv( mod d)

mu>nv

1

denotes the number of solutions of the congruence

mu ≡ nv(modd), 1 ≤ m, n ≤ N , 2i ≤ u < 2i+1, 2 j ≤ v < 2 j+1, mu > nv.

Let mu = nv + kd. Then

1 ≤ |k| ≤ d−1mu ≤ d−1 N2i+1 ≤ d−1 N2 j+1.
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Since 1 ≤ m ≤ N and 2i ≤ u < 2i+1, the number of possible values for nv = mu − kd is O(N 2d−12i+ j+2).
Since d(n) � nε, we have

�i, j � N 2d−1+ε2i+ j .

Hence

F2 � Xε N 2d−1. (3.8)

Collecting (3.7), (3.8) and (3.5), we then have

M1 = ϕ∗(q)
ϕ(q)

q

N

ζ(4)
L(2, sym2 f )

∏

p|q

(
1 + λ f (p2)

p2 + λ f (p4)

p4 + · · ·
)−1

(1 + 2C)

+O

(
2ω(q)N 1/2ϕ∗(q)

)
+ O

(
N 2 Xε

)
. (3.9)

Setting X = q3, then the desired result follows from (3.1), (3.4), (3.3) and (3.9).
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