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Abstract In this paper we observe the set of all continuous additive units (continuous addits) of the vacuum
unit ω in the time ordered product system I�⊗(F), where F is a two-sided Hilbert module over the C∗-algebra
B of all bounded operators acting on a Hilbert space of finite dimension. We prove that the set of all continuous
addits of ω and F ⊕ B are isomorphic as Hilbert B − B modules.
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1 Introduction

Additive units, or addits, and roots are defined in [5, Section 3] for spatial Arveson systems with a fixed normalised
reference unit u (‖ut‖ = 1 for all t > 0 [1]). An addit of a unit u = (ut )t>0 in a spatial Arveson system
E = (Et )t>0 is a measurable section a = (at )t>0, at ∈ Et , that satisfies

as+t = asut + usat , s, t > 0.

An addit a = (at )t>0 of a unit u = (ut )t>0 is a root if 〈at , ut 〉 = 0, t > 0. It is proved that the set of all
addits of a unit u is a Hilbert space wherein the set of all roots of u is a codimension-one Hilbert subspace. The
dimension of Hilbert subspace of roots equals to the index of the Arveson system.

Afterwards, in [15], all of these notions are defined in the context of spatial product systems of two-sided
Hilbert modules over a unital C∗-algebra. Therein, continuous addits and roots of a central unital unit ω are
defined and it is proved that the set of all continuous addits of ω has the structure of a two-sided Hilbert module
and the set of all continuous roots of ω is a two-sided Hilbert submodule therein. Also, the time ordered product
system I�⊗(F), where F is a two-sided Hilbert module over the C∗-algebra B of all bounded operators acting
on a finite-dimensional Hilbert space, is observed in [16, Theorem 20]. It is proved that the set of all continuous
roots of the vacuum unit ω and F are isomorphic as Hilbert B − B modules. In this paper, as the main result, we
prove that the set of all continuous addits of ω and F ⊕ B are isomorphic as Hilbert B − B modules (Theorem
5).

The structure of the paper is as follows. In Sect. 2 we give a brief overview of the basic theory of Hilbert
C∗-modules, product systems of Hilbert modules with an important example - the time ordered product system,
and the basic theory of addits of product systems (additive counterparts to the multiplicative notion of units). In
Sect. 3 we present the main results. If B is the C∗-algebra of all bounded operators acting on a Hilbert space of
dimension n ∈ N (B = Mn(C)) and F is a Hilbert B − B module, we consider the time ordered product system
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I�⊗(F) (from Example 2). We establish an isomorphism between Hilbert B −B modules: F ⊕B and the Hilbert
module of all continuous addits of ω (Theorem 5).

2 Preliminary results

In this section we briefly recall the basic concept of Hilbert C∗-modules, product systems, the notions of addits
and roots and we quote preliminary results.

2.1 Hilbert C∗-modules

Let A and B be arbitrary C∗-algebras.

Definition 1 a) A Hilbert B-module F is a right B-module equipped with a map 〈 〉 : F × F → B that satisfies
the following properties:

• 〈x, λy + μz〉 = λ〈x, y〉 + μ〈x, z〉 for x, y, z ∈ F and λ,μ ∈ C;
• 〈x, yb〉 = 〈x, y〉b for x, y ∈ F and b ∈ B;
• 〈x, y〉 = 〈y, x〉∗ for x, y ∈ F ;
• 〈x, x〉 ≥ 0 and 〈x, x〉 = 0 ⇔ x = 0 for x ∈ F

and F is complete with respect to the norm ‖ · ‖ = ‖〈·, ·〉‖ 1
2 . If E and F are Hilbert B-modules, we denote by

Ba(E, F) the Banach space of all adjointable operators E → F . When E = F , we write Ba(E) instead of
Ba(E, F).

b) A Hilbert A−B module is a Hilbert B-module F with a non-degenerate ∗−representation of A by elements
in the C∗-algebra Ba(F) of adjointable (and, therefore, bounded and right linear) homomorphisms on F . The
homomorphism j : A → Ba(F) is contractive. In particular, if A is a unital C∗-algebra, then the unit of A acts
as the unit of Ba(F). Also, for x, y ∈ F and a ∈ A there holds 〈x, ay〉 = 〈a∗x, y〉 where ay = j (a)(y).

Example 1 A C∗-algebra B is a Hilbert B−B module with the natural bimodule operations and the inner product
〈b, b′〉 = b∗b′, b, b′ ∈ B.

For basic facts about Hilbert modules over C∗-algebras we refer the reader to [9,11,13].

Remark 1 It is already known that if B is the C∗-algebra K (H) of all compact operators on a Hilbert space H ,
then each bounded B-linear operator acting on a Hilbert B-module is adjointable ( [10], [7]). Also, if dim H = ∞,
then B is a non-unital C∗-algebra. (For details about Hilbert C∗-modules over B = K (H) we refer the reader to
[2].)

2.2 Product systems

Now we give a brief overview of the basic theory of product systems and we especially mention an important
example: the time ordered product system. (For details we refer the reader to [3,6,12,14].) Let B be a unital
C∗-algebra and 1 denotes its unit. We use ⊗ for tensor product, either algebraic or other, although � is also in
common use.

Definition 2 a) A product system over B is a family E = (Et )t≥0 of Hilbert B − B modules, with E0 ∼= B, and
a family of (unitary) isomorphisms

ϕt,s : Et ⊗ Es → Et+s,

where ⊗ stands for the so-called inner tensor product obtained by identifications ub ⊗ v ∼ u ⊗ bv, u ⊗
vb ∼ (u ⊗ v)b, bu ⊗ v ∼ b(u ⊗ v), (u ∈ Et , v ∈ Es , b ∈ B) and then completing in the inner product
〈u ⊗ v, u1 ⊗ v1〉 = 〈v, 〈u, u1〉v1〉.

b) A unit on E is a family u = (ut )t≥0, ut ∈ Et , so that u0 = 1 and ϕt,s(ut ⊗ us) = ut+s , which we shall
abbreviate as ut ⊗ us = ut+s . A unit u is unital if 〈ut , ut 〉 = 1 for all t ≥ 0. It is central if for all b ∈ B and all
t ≥ 0 there holds but = ut b.
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The previous definition does not include any technical condition, such as measurability, or continuity. Some-
times it is more convenient to pose the continuity condition directly on units.

Definition 3 Two units u and v give rise to the family of mappings Ku,v
t : B → B, given by

Ku,v
t (b) = 〈ut , bvt 〉.

All Ku,v
t are bounded C-linear operators on B, and this family forms a semigroup. We say that the set of units

S is continuous if the corresponding semigroup (Kξ,η
t )ξ,η∈S (with respect to Schur multiplying) is uniformly

continuous. For a single unit u we say that it is uniformly continuous, or briefly just continuous, if the set {u} is
continuous, that is, the corresponding family Ku,u

t is continuous in the norm of the space L(B).

Given a (uniformly) continuous set of units U , we can form, as it was done in [3], a uniformly continuous
completely positive definite semigroup (C P D-semigroup) K = (Kt )t∈R+ .

Remark 2 We should emphasize the difference between the continuous set of units and the set of continuous
units. In the second case only Kξ,ξ

t should be uniformly continuous for ξ ∈ S, whereas in the first case all Kξ,η
t

should be uniformly continuous.

Definition 4 A product system of Hilbert modules E is type I if there is a continuous set S of units which
generates E (i.e. E is the smallest subsystem of E containing all units of S). E is type II if it has a continuous
unit, but is not type I. It is type III if it has no continuous unit.

Definition 5 A product system is spatial if it has a central unital unit ω. It is completely spatial if it is also type
I and the generating set can be chosen to contain the unit ω.

Remark 3 A central unital unit ω is continuous (〈ωt , •ωt 〉 = idB is constant and, therefore, continuous). There-
fore, a spatial product system is non-type III.

Example 2 (The time ordered product system.) Let F be a Hilbert B−B module where B is a unital C∗-algebra.
Then L2(R+, F) is defined as a norm completion of the space of F-valued step functions with the inner product

〈x, y〉 =
∫

〈x(t), y(t)〉dt. (1)

Higher tensor powers fulfill L2(R+, F)⊗n = L2(Rn+, F⊗n), i.e. the n−particle sector L2(R+, F)⊗n may be
considered as the completion of the space of step functions on R

n+ with values in F⊗n . The full Fock module
over L2(R+, F) is defined as

F(L2(R+, F)) =
⊕
n∈N0

L2(R+, F)⊗n,

where L2(R+, F)⊗0 = B. By ω = 1 ∈ L2(R+, F)⊗0 we denote the vacuum. By �n we denote the indicator
function of the subset {(tn, . . . , t1) : tn > · · · > t1 ≥ 0} of R

n+. Then �n acts on the n−particle sector as a
projection via pointwise multiplication (and �0 acts as identity on the vacuum). Set � = ⊕

n∈N0

�n . The time

ordered Fock module is the two-sided submodule

I�(F) = �F(L2(R+, F))

of F(L2(R+, F)). Denote by I�t (F) the restriction of I�(F) to [0, t). Setting

[us,t (Fm
s ⊗ Gn

t )](sm, . . . , s1, tn, . . . , t1) = Fm
s (sm − t, . . . , s1 − t) ⊗ Gn

t (tn, . . . , t1),

bilinear unitaries us,t : I�s(F) ⊗ I�t (F) → I�s+t (F) turn the family

I�⊗(F) = (I�t (F))t∈R+

into a product system - the time ordered product system over F . It has a central unital unit - the vacuum unit

ω = (ωt ), ωt = ω, (2)

so it is a spatial product system.
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Remark 4 By constructing a counterexample, it is proved in [4] that a product subsystem of the time ordered
system need not be isomorphic to a time ordered product system.

Theorem 1 [14, Theorem 6.3] Let E be a spatial product system of Hilbert modules. Then there is a (unique up
to two-sided isomorphism) Hilbert B − B module F such that the maximal completely spatial subsystem of E is
isomorphic to I�⊗(F). In particular, completely spatial product systems of Hilbert modules are time ordered.

The first definition of the index of product systems was given in [14], where the index of a spatial product
system over a C∗-algebra is defined to be the module F that appears in the time ordered product system isomorphic
to a subsystem of the given spatial product system (from Theorem 1). The index of product systems over a C∗-
algebra is defined in full generality in [8] (and in [17]) as a certain two-sided module constructed from the set
of all uniformly continuous units in a product system. The index of a product system E is denoted by ind(E).
It presents a generalization of the notion of the index defined by Arveson [8, Example 6.1]. Also, ind(I�⊗(F))

and F are isomorphic as Hilbert left-right modules [8, Example 6.2], implying that this definition of the index
generalizes that from [14].

2.3 Addits in product systems

The notions of addits and roots of a reference unit in spatial Arveson systems are defined in [5, Section 3]. The
set of addits has a Hilbert space structure with a codimension-one subspace of roots. Also, when the reference
unit is normalised, the subspace of roots is isomorphic to the index space of the initial Arveson system. The
notions of addits and roots of a central unital unit in a spatial product system of two-sided Hilbert C∗-modules
are introduced in [15]. In details, let ω = (ωt )t≥0 be a central unital unit in a spatial product system E = (Et )t≥0
over a unital C∗-algebra B (Definition 2).

Definition 6 A family a = (at )t≥0, at ∈ Et , is said to be an addit of ω if

as+t = as ⊗ ωt + ωs ⊗ at for all s, t ≥ 0 and a0 = 0.

An addit a of ω is said to be a root if

〈at , ωt 〉 = 0 for all t ≥ 0.

Definition 7 For β ∈ B, let Fa,b
β : [0,∞) → B be the map defined by

Fa,b
β (s) = 〈as, βbs〉, s ≥ 0,

where a, b are addits of ω in E .
We say that the set S of addits of ω is continuous if the map Fa,b

β is continuous for all a, b ∈ S, β ∈ B. We
say that a is a continuous addit of ω if the set {a} is continuous, i.e. if the map Fa,a

β is continuous for all β ∈ B.
Denote the set of all continuous addits of ω by Aω and the set of all continuous roots of ω by Rω.

Example 3 [15, Example 2.5] For γ ∈ B, a = (as)s≥0, as = sγωs is a continuous addit of ω, i.e. a ∈ Aω.

Remark 5 [15, Remark 2.7] Let a be a continuous addit of ω. It can be decomposed as as = s〈ω1, a1〉ωs +a′
s, s ≥

0, where a′ is a continuous root of ω.

Remark 6 [15] The set Aω is continuous in the sense of Definition 7.

Theorem 2 [15, Theorem 3.1] The set Aω is a B − B module under the point-wise addition and the point-wise
scalar multiplication. The set Rω is a B − B submodule in Aω.

Theorem 3 [15, Theorem 3.3] The set Aω is a Hilbert B−B module with the inner product 〈 〉 : Aω ×Aω → B
defined by

〈a, b〉 = 〈a1, b1〉, a, b ∈ Aω

and the set Rω is a Hilbert B − B submodule in Aω.
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Now we quote the important definitions and results from [16] that we use in the sequel, in Sect. 3. Let B be
the C∗-algebra of all bounded operators acting on a Hilbert space of dimension n ∈ N (B = Mn(C)). Let
I�⊗(F) = (I�t (F))t∈R+ be the time ordered product system over F (from Example 2), where F is a Hilbert
B − B module and ω is the vacuum unit. For c ∈ F ,

νc = (νc
t )t∈R+ ∈ I�⊗(F) = (I�t (F))t∈R+, (3)

where

νc
0 = 0 ∈ B (4)

and for t > 0,

νc
t = c[0,t) ∈ I�t (F) (5)

is defined as

c0
[0,t) = 0,

c1
[0,t)(s) = c, s ∈ [0, t),

cn
[0,t)(sn, . . . , s1) = 0, t > sn > · · · > s1 ≥ 0, n ≥ 2. (6)

Theorem 4 [16, Theorem 20] Let B be the C∗-algebra of all bounded operators acting on a Hilbert space G of
dimension n ∈ N (B = Mn(C)). Let I�⊗(F) = (I�t (F))t∈R+ be the time ordered product system over F, where
F is a two-sided Hilbert module over B and ω is the vacuum unit. Then ind(I�⊗(F)) and Rω are isomorphic as
Hilbert B − B modules.

Actually, in Theorem 4 it is proved that continuous roots of the vacuum unit ω in I�⊗(F) are indexed by the
elements of F , via the isomorphism between Hilbert B − B modules F and Rω defined by

F � c �→ νc ∈ Rω. (7)

Therefore, as mentioned in the proof of Theorem 4, it is obtained that the index of the time ordered product
system I�⊗(F) - ind(I�⊗(F)) and Rω are isomorphic as Hilbert two-sided modules.

3 Results

Here we present the main results. Throughout this section, B is the C∗-algebra of all bounded operators acting on
a Hilbert space of finite dimension, F is a Hilbert B − B module and we use the notations (3) - (6). In Theorem
5 we prove that the set of all continuous addits of the vacuum unit ω in the time ordered product system I�⊗(F)

and the direct sum F ⊕ B are isomorphic as Hilbert two-sided modules.

Theorem 5 Let B be the C∗-algebra of all bounded operators acting on a Hilbert space of dimension n ∈ N

(B = Mn(C)). Let I�⊗(F) = (I�t (F))t∈R+ be the time ordered product system over F, where F is a Hilbert
B − B module and ω is the vacuum unit. Then Aω (the set of all continuous addits of ω in I�⊗(F)) and F ⊕ B
are isomorphic as Hilbert B − B modules.

Proof By Theorem 3, Aω is a Hilbert B − B module. Since B is a Hilbert B − B module (Example 1), the space
F ⊕ B has also the structure of Hilbert B − B module with the inner product:

〈(x, b), (x ′, b′)〉 = 〈x, x ′〉 + 〈b, b′〉 = 〈x, x ′〉 + b∗b′, x, x ′ ∈ F, b, b′ ∈ B. (8)

Let β ∈ B, c ∈ F and

at = tβωt + νc
t ∈ I�t (F), t ≥ 0

where νc ∈ I�⊗(F) is defined in (4), (5) and (6). Since νc ∈ Rω ⊂ Aω, by Example 3 and Theorem 2 it follows
that a = (at )t≥0 ∈ Aω. Therefore, we have just obtained a well-defined map

f : F ⊕ B → Aω,

F ⊕ B � (c, β) �−→ a = (at )t≥0, at = tβωt + νc
t . (9)
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Let (c, β), (d, γ ) ∈ F ⊕ B and t ≥ 0. By (9), by the properties of the mapping (7) and Theorem 2, there
holds

[ f ((c, β) + (d, γ ))]t = [ f (c + d, β + γ )]t = t (β + γ )ωt + νc+d
t =

= tβωt + tγωt + νc
t + νd

t = [ f (c, β)]t + [ f (d, γ )]t = [ f (c, β) + f (d, γ )]t ,

implying that

f ((c, β) + (d, γ )) = f (c, β) + f (d, γ ).

Using also (2), there holds

[ f ((c, β)γ )]t = [ f (cγ, βγ )]t = tβγωt + ν
cγ
t = tβωtγ + νc

t γ =
= [ f (c, β)]tγ = [ f (c, β)γ ]t ,

implying that

f ((c, β)γ ) = f (c, β)γ.

In a similar way, we obtain that

f (γ (c, β)) = γ f (c, β).

Let (c, β) ∈ F ⊕ B so that f (c, β) = a = (at )t≥0 = 0 ∈ Aω, i.e.

at = tβωt + νc
t = 0 for all t ≥ 0. (10)

For t > 0 observe 1-particle component a1
t of at ∈ I�t (F) in (10). By (2), (5) and (6), there holds a1

t = c1
[0,t) = 0,

implying that c = 0. Then, observing 0-particle component a0
t of the same at , we obtain β = 0. Therefore, since

f is a homomorphism, we obtain that f is an injective map.
Now, let a ∈ Aω. As pointed out in [16, Remark 23], by Remark 5, properties of the mapping (7), (2) and

Example 1, it follows that there is c ∈ F so that

at = t〈ω1, a1〉ωt + νc
t = t〈ω0

1, a0
1〉ωt + νc

t = ta0
1ωt + νc

t , t ≥ 0.

Since a0
1 ∈ B, we obtain that f is a surjective map.

Therefore, f is an (algebraic) isomorphism of modules.
Finally, let (c, β), (d, γ ) ∈ F ⊕ B. Denote f (c, β) = a, f (d, γ ) = b, a, b ∈ Aω. Since the vacuum unit

ω is central and unital (Definition 2), by Theorem 3, (9), the mapping (7), Definition 6, (5), (6), (1) and (8) we
obtain that

〈 f (c, β), f (d, γ )〉 = 〈a, b〉 = 〈a1, b1〉 = 〈βω1 + νc
1, γω1 + νd

1 〉 =
= β∗〈ω1, ω1〉γ + 〈νc

1, ω1〉γ + β∗〈ω1, ν
d
1 〉 + 〈νc

1, ν
d
1 〉 =

= β∗γ + 〈c1
[0,1), d1

[0,1)〉 = β∗γ + 〈c, d〉 = 〈(c, β), (d, γ )〉,
implying that F ⊕ B and Aω are isomorphic Hilbert B − B modules.

��
Remark 7 In the discussion after Theorem 4 it is mentioned that Rω (that is a Hilbert B − B submodule in Aω)
and F are isomorphic Hilbert B − B modules. The goal of this paper is the previous Theorem 5, where it is
proved that Aω and F ⊕ B are isomorphic Hilbert B − B modules.
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8. D. J. Kečkić, B. Vujošević (2015). On the index of product systems of Hilbert modules. Filomat, 29, 5, 1093-1111. https://doi.

org/10.2298/FIL1505093K
9. E. C. Lance (1995). Hilbert C∗-Modules: A toolkit for operator algebraists. Cambridge University Press.

10. B. Magajna (1997). Hilbert C∗-modules in which all closed submodules are complemented. Proceedings of the American
Mathematical Society 125, 3, 849-852. S 0002-9939(97)03551-X

11. V. M. Manuilov and E. V. Troitsky (2005). Hilbert C∗-Modules. American Mathematical Society.
12. M. Skeide (2003). Dilation theory and continuous tensor product systems of Hilbert modules. QPPQ: Quantum Probability

and White Noise Analysis XV World Scientific.
13. M. Skeide (2001). Hilbert modules and application in quantum probability. Habilitationsschrift, Cottbus.
14. M. Skeide (2006). The index of (white) noises and their product systems. Infin. Dimens. Anal. Quantum Probab. Relat. Top. 9,

617–655. https://doi.org/10.1142/S0219025706002573
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