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Abstract We consider several notions of regularity, including strong regularity, bounded relative units, and
Ditkin’s condition, in the setting of vector-valued function algebras. Given a commutative Banach algebra A
and a compact space X , let A be a Banach A-valued function algebra on X and let A be the subalgebra of A
consisting of scalar-valued functions. This paper is about the connection between regularity conditions of the
algebra A and the associated algebras A and A. That A inherits a certain regularity condition P to A and A is
the easy part of the problem. We investigate the converse and show that, under certain conditions, A receives P
form A and A. The results apply to tensor products of commutative Banach algebras as they are included in the
class of vector-valued function algebras.
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1 Introduction

In this paper, we shall investigate problems concerning several regularity conditions of vector-valued function
algebras on compact Hausdorff spaces. Assume that X is a compact Hausdorff space and that A is a commutative
unital Banach algebra over the complex field C. The connection between certain Banach-algebraic properties
of the algebra A and the associated A-valued function algebra C (X, A) is investigated in [16]. These properties
concern Ditkin’s condition and bounded relative units. It is proved that C (X, A) is a (strong) Ditkin algebra
if and only if A is one, and that C (X, A) admits bounded relative units if and only if A does. Also in [16],
the relationship between these properties in a special class of admissible Banach A-valued function algebras is
considered.

We consider several notions of regularity, including strong regularity, bounded relative units, and Ditkin’s
condition, in the general setting of vector-valued function algebras. To every Banach A-valued function algebra
A is associated a complex function algebra A, namely, the subalgebra of A consisting of scalar-valued functions.
In the presence of continuous homomorphisms from A onto A and A, many Banach algebraic properties of A
are inherited by A and A. The interesting part is whether A receives a certain property from A and A. More
precisely, we let P be a regularity condition that an algebra may satisfy. Our main concern is to establish an
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implication as follows;

A has P if and only if A and A have P. (1.1)

We will see that (1.1) holds for P = regularity and P = bounded relative units. If AA, the subalgebra of
A generated by A ∪ A, is dense in A, then (1.1) is true for P = strong regularity and P = strong Ditkin’s
condition. If A is an A-valued uniform algebra and A admits bounded relative units, then (1.1) holds for P =
strong regularity and P = (strong) Ditkin’s condition. The results apply to tensor products of commutative
Banach algebras, as they are included in the class of vector-valued function algebras.

This paper is outlined as follows. Section 2 contains preliminary materials about vector-valued function
algebras. Also, basic definitions and concepts regarding several notions of regularity are gathered in Section 2.
Main results of the paper appear in Section 3; it is divided into subsections each of which devoted to establishing
(1.1) for a specific regularity condition P .

2 Preliminaries

Let A be a commutative unital Banach algebra over the complex field C. Every nonzero homomorphism φ :
A → C is called a character of A. Denoted by M(A), the set of all characters of A is nonempty and its
elements are automatically continuous [13, Lemma 2.1.5]. Consider the Gelfand transform Â = {â : a ∈ A},
where â : M(A) → C is defined by â(φ) = φ(a), φ ∈ M(A). The Gelfand topology of M(A) is the weakest
topology with respect to which every â ∈ Â is continuous. Endowed with the Gelfand topology, M(A) is a
compact Hausdorff space, and the Gelfand transform A → Â, a �→ â, is an algebra homomorphism of A onto
the subalgebra Â of continuous complex functions on M(A). It is well-known that the Gelfand transform is
one-to-one if and only if A is semisimple. For more on the theory of commutative Banach algebras see, for
example, [6,7,13].

Let X be a compact Hausdorff space, and let C (X) be the algebra of all continuous complex functions on
X , equipped with the uniform norm. A Banach function algebra on X is a subalgebra A of C (X) that separates
the points of X , contains the constant functions, and is equipped with some complete algebra norm ‖ · ‖. If the
norm of A is equivalent to the uniform norm on X , then A is called a uniform algebra on X .

If A is a Banach function algebra on X , for every x ∈ X , the evaluation homomorphism εx : A → C,
f �→ f (x), is a character of A, and the mapping X → M(A), x �→ εx , imbeds X onto a compact subset of
M(A). When this mapping is surjective we call A natural and M(A) = X ; [7, Definition 4.1.3]. For example,
C (X) is a natural uniform algebra.

Complex function algebras are important and have been extensively investigated by many authors. Note that
every semisimple commutative unital Banach algebra A can be seen, through its Gelfand transform, as a natural
Banach function algebra on X = M(A). See, for example, [7, Chap. 4] and [13, Chap. 2].

2.1 Vector-valued function algebras

Throughout the paper, unless otherwise stated, X is a compact Hausdorff space, and A is a semisimple com-
mutative unital Banach algebra. The space of all continuous A-valued functions on X is denoted by C (X, A).
Algebraic operations are defined in the obvious way. The uniform norm of a function f ∈ C (X, A) is defined
by ‖ f ‖X = sup{‖ f (x)‖ : x ∈ X}.

Given an element a ∈ A, the same notation a is used for the constant function given by a(x) = a, for all
x ∈ X , and A is regarded as a closed subalgebra of C (X, A). We denote the unit element of A by 1, and identify
C with the closed subalgebra C1 = {α1 : α ∈ C} of A. Therefore, every function f ∈ C (X) can be seen as
an A-valued function x �→ f (x)1; we use the same notation f for this function, and regard C (X) as a closed
subalgebra of C (X, A).

Definition 1 ( [1,15]) A subalgebra A of C (X, A) is called a Banach A-valued function algebra on X if

1. A contains the constant functions X → A, x �→ a, with a ∈ A,
2. A separates the points of X in the sense that, for every pair x, y of distinct points in X , there exists f ∈ A

such that f (x) �= f (y),
3. A is equipped with some complete algebra norm ‖ · ‖.
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If the norm on A is equivalent to the uniform norm ‖ · ‖X , then A is called an A-valued uniform algebra.

We are mostly interested in those A-valued function algebras that are invariant under composition with
characters of A. By definition, an A-valued function algebra A is called admissible if φ ◦ f ∈ A whenever
f ∈ A and φ ∈ M(A). When A is admissible, we let A be the subalgebra of A consisting of scalar-valued
functions; that is, A = A∩C (X). In this case, A = {φ ◦ f : f ∈ A}, for every φ ∈ M(A). The algebra C (X, A)
is the most basic example of an admissible A-valued uniform algebra with A = C (X). Also, if (X, A,A, A) is
an admissible quadruple, in the sense of [15], then A is an admissible Banach A-valued function algebra on X
and A = A ∩ C (X).

Remark 1 Tensor products of commutative Banach algebras can be regarded as vector-valued function algebras.
Indeed, suppose that A and A are Banach function algebras on their character spaces X = M(A) and Y = M(A),
respectively. Consider the algebraic tensor product A ⊗ A and identify every tensor element f ⊗ a in A ⊗ A
with the A-valued function

f̂ · a : X → A, ξ �→ f̂ (ξ)a = ξ( f )a.

If γ is an algebra cross-norm on A ⊗ A, not less than the injective tensor product norm, then its completion
A⊗̂γ A forms a Banach A-valued function algebra on X . Similarly, A⊗̂γ A can be regarded as a Banach A-valued
function algebra on Y . Adopting the terminology from [16], we call A⊗̂γ A a Tomiyama product of A and A. By
a theorem of Tomiyama [18], M(A⊗̂γ A) = M(A)× M(A). More details can be found in [2, Theorem 6.8] and
[16, Proposition 1.6]. For background on cross norms and tensor products of Banach algebras, see [13, Section
2.11] and [17].

Identifying the character space of a vector-valued function algebra is an interesting problem. Let A be an
admissible Banach A-valued function algebra on X , with A = A ∩ C (X). Take characters ψ ∈ M(A) and
φ ∈ M(A) and define

ψ � φ : A → C, ψ � φ( f ) = ψ(φ ◦ f ).

Then ψ � φ is a character of A. In [3], it is shown that, under certain conditions, the converse is also
true; that is, for every τ ∈ M(A) there exist ψ ∈ M(A) and φ ∈ M(A) such that τ = ψ � φ. In this case,
M(A) = M(A)× M(A).

Definition 2 Let A be an admissible Banach A-valued function algebra on X . It is said that A is natural on X
if every character τ ∈ M(A) is of the form τ = εx � φ, for some x ∈ X and φ ∈ M(A).

When A is natural, M(A) is homeomorphic to X ×M(A). Hausner, in [12], proved that {εx �φ : x ∈ X, φ ∈
M(A)} are the only characters of C (X, A) so that it is a natural A-valued uniform algebra.

We conclude the section by presenting some examples.

Example 1 Suppose that X is a compact set in the complex plane C. Let P0(X, A) be the algebra of the restriction
to X of all A-valued polynomials of the form p(z) = anzn +· · ·+a1z+a0, where n ∈ N0 and a0, a1, . . . , an ∈ A.
Also, let R0(X, A) be the algebra of the restriction to X of all rational functions of the form p(z)/q(z), where
p(z) and q(z) are A-valued polynomials and q(z) is invertible in A, for z ∈ X . We denote the uniform closures
of P0(X, A) and R0(X, A) by P(X, A) and R(X, A), respectively, and write P(X) and R(X) instead of P(X,C)
and R(X,C). Then P(X, A) and R(X, A) are admissible A-valued uniform algebras on X , with

P(X) = P(X, A) ∩ C (X), R(X) = R(X, A) ∩ C (X).

By [13, Section 2.5], the character space of P(X) is homeomorphic to X̂ , the polynomially convex hull of X ,
and the character space of R(X) is homeomorphic to X . A discussion in [1, Section 2.2], shows that P(X, A) is
isometrically isomorphic to the injective tensor product P(X) ⊗̂ε A, so that

M(P(X, A)) = M(P(X))× M(A) = X̂ × M(A).

Moreover, by [1, Theorem 2.6], every function f ∈ R0(X, A) can be approximated uniformly on X by
A-valued rational functions of the form r(z) = r1(z)a1 +· · ·+ rn(z)an , where ri (z), for 1 ≤ i ≤ n, are complex
rational functions in R(X). Therefore, the algebra R(X, A) is isometrically isomorphic to the injective tensor
product R(X) ⊗̂ε A and

M(R(X, A)) = M(R(X))× M(A) = X × M(A).
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Example 2 Let (X, ρ) be a compact metric space. A mapping f : X → A is called an A-valued Lipschitz
operator if

L( f ) = sup

{‖ f (x)− f (y)‖
ρ(x, y)

: x, y ∈ X, x �= y

}
< ∞. (2.1)

The space of A-valued Lipschitz operators on X is denoted by Lip(X, A). For any f ∈ Lip(X, A), the
Lipschitz norm of f is defined by ‖ f ‖L = ‖ f ‖X + L( f ). In this setting,

(
Lip(X, A), ‖ · ‖L

)
is an admissible

Banach A-valued function algebra on X with Lip(X) = Lip(X, A) ∩ C (X), where Lip(X) = Lip(X,C) is the
classical complex Lipschitz algebra on X . The algebra Lip(X) satisfies all conditions in the Stone-Weierstrass
Theorem and thus it is dense in C (X). Using [12, Lemma 1], we see that Lip(X, A) is dense in C (X, A). Given
f ∈ Lip(X, A), if f (X) contains no singular element of A, then 1/ f ∈ Lip(X, A). Therefore, by [3, Theorem
2,6], the algebra Lip(X, A) is natural, that is M(Lip(X, A)) = X × M(A).

2.2 Notions of regularity

There are many forms of regularity conditions that a Banach function algebra may satisfy. Many of these
conditions have important applications in several areas of functional analysis, including automatic continuity
and the theory of Wedderburn decompositions; see [5]. Definitions, basic properties and examples concerning
several notions of regularity can be found in [13, Chap. 4]. See also [7, Sec. 4.1].

A family F of complex valued functions on X is called regular if, given a nonempty closed subset E of X and
a point x ∈ X \ E , there exists f ∈ F such that f (x) �= 0 and f |E = 0. This leads to the following definition.

Definition 3 The algebra A is called regular if its Gelfand transform Â is regular on M(A); that is, given any
closed subset E of M(A) and φ0 ∈ M(A) \ E , there exists a ∈ A such that â(φ0) �= 0 and â(φ) = 0 for all
φ ∈ E . The algebra A is called normal if for each proper, closed subset E of M(A) and each compact subset F
of X \ E , there exists a ∈ A with â|F = 1, and â|E = 0.

Remark 2 Every regular Banach function algebra is normal ( [13, Corollary 4.2.9]) and natural (Corollary 1
below).

To each closed set E in M(A) are associated two distinguished ideals;

IE = {a ∈ A : â = 0 on E},
JE = {a ∈ A : â = 0 on a neighbourhood of E}.

We abbreviate Iφ = I{φ} and Jφ = J{φ}. We also write Ix instead of Iεx and Jx instead of Jεx .

Definition 4 The algebra A is called strongly regular at φ ∈ M(A) if Jφ is dense in Iφ . It is said that A is
strongly regular if it is strongly regular at each φ ∈ M(A).

A simple compactness argument shows that if A is strongly regular on a compact set K then it is regular on
K . In particular, if A is strongly regular then A is regular. The converse, however, is not true as the following
example shows.

Example 3 Let X = [a, b], a compact interval of R. For n ∈ N, let Cn(X) denote the space of n-times
continuously differentiable functions f : X → C. Norm on Cn(X) is defined by

‖ f ‖n =
n∑

k=0

1

k!
∥∥ f (k)

∥∥
X ( f ∈ Cn(X)).

By [7, Theorem 4.4.1], Cn(X) is a natural regular Banach function algebra on X and, as a discussion after
Definition 4.4.2 in [7] indicates, it is not strongly regular.

The study of strong regularity for uniform algebras was initiated by Wilken [19]. They proved that every
strongly regular uniform algebra must be normal and natural. An elementary proof of Wilken’s result is given
by Mortini [14, Proposition 2.4], which leads to the following stronger result; see [11, Theorem 2].

Theorem 1 (Mortini) Let A be a Banach function algebra on X, and let K be a closed subset of X such that IK
is the zero ideal. If A is strongly regular on K , then A is normal and M(A) = X = K .
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For a survey of the work on strongly regular uniform algebras, see [11].

Definition 5 Let A be a Banach function algebra on M(A). It is said that A admits bounded relative units at
φ ∈ M(A) if there exists a constant Mφ > 0 such that, for each compact set K in M(A) \ {φ}, there exists
a ∈ Jφ with â|K = 1 and ‖a‖ ≤ Mφ .

It may happen that A does not have bounded relative units but it is strongly regular. An example illustrating
this situation is presented in [10]; see also [7, Example 4.1.46].

Definition 6 Let A be a Banach function algebra on M(A). It is said that A satisfies Ditkin’s condition at
φ ∈ M(A) if a ∈ a Jφ , for all a ∈ Iφ (i.e., given ε > 0, there exists b ∈ Jφ such that ‖a −ab‖ < ε). The algebra
A is called a Ditkin algebra, if it satisfies Ditkin’s condition at every point φ ∈ M(A).

Clearly, if A satisfies Ditkin’s condition at φ ∈ M(A) then A is strongly regular at φ.

Definition 7 Let A be a Banach function algebra on M(A). It is said that A satisfies strong Ditkin’s condition
at φ ∈ M(A) if Iφ has a bounded approximate identity contained in Jφ ; i.e., there is a bounded net (uα) in Jφ
such that ‖auα − a‖ → 0, for all a ∈ Iφ . The algebra A is called a strong Ditkin algebra if it satisfies strong
Ditkin’s condition at every φ ∈ M(A).

By [9, Proposition 3], if A is strongly regular at φ and Iφ has a bounded approximate identity, then A satisfies
strong Ditkin condition at φ. In [4], Bade asked whether a strong Ditkin algebra admits bounded relative units.
This question is resolved positively in [9, Theorem 4], where it is shown that if a normal, unital Banach function
algebra A is strongly regular at φ, and Iφ has a bounded approximate identity, then A has bounded relative units
at φ (see also [7, Corollary 4.1.33]). Conversely, a Banach function algebra which is both strongly regular and
admits bounded relative units is a strong Ditkin algebra. Indeed, choose a ∈ Iφ and let ε > 0. Then, there exists
b ∈ Jφ such that ‖a − b‖ < ε, and there exists u ∈ Jφ such that ‖u‖ < Mφ and û|K = 1, where K = supp b̂,
the closed support of b̂. It follows that b̂ − âû = (b̂ − â)û. Since A is semisimple, we get b − au = (b − a)u.
Hence,

‖a − au‖ = ‖a − b + (b − a)u‖ < ε(1 + Mφ).

By [7, Corollary 2.9.15], Iφ has a bounded approximate identity. Therefore, the class of strong Ditkin algebras
is the intersection of the classes of strongly regular algebras and of algebras with bounded relative units.

The above discussion is summarized in the following statement.

Proposition 1 Let A be a normal Banach function algebra on M(A). Then, for every φ ∈ M(A), the following
are equivalent;

(a) A satisfies strong Ditkin’s condition at φ,
(b) A is strongly regular at φ and Iφ has a bounded approximate identity,
(c) A is strongly regular at φ and admits bounded relative units at that point.

The story for uniform algebras is a little different [11]. If A is a uniform algebra, then A has bounded relative
units at φ if, and only if, A satisfies strong Ditkin’s condition at φ. In [8] an example of a non-trivial, normal
uniform algebra A is given which admits bounded relative units.

To complete the discussion, we give the following result. Although proofs may be found in the literature, we
present one for the reader’s convenience.

Theorem 2 Suppose that A and B are commutative unital Banach algebras and that T : A → B is a continuous
homomorphism with T (A) = B. Then

(a) if A is (strongly) regular, so is B,
(b) if A admits bounded relative units, so does B,
(c) if A satisfies strong Ditkin’s condition, so does B,
(d) if T (A) = B and A satisfies Ditkin’s condition, so does B.

Proof Before going to detailed proofs for each statement, notice that the condition T (A) = B implies that
ψ ◦ T ∈ M(A), for every ψ ∈ M(B). The homomorphism T : A → B, therefore, induces a mapping
T̂ : M(B) → M(A), defined by T̂ (ψ) = ψ ◦ T . Indeed, T̂ (ψ)(a) = T̂ (a)(ψ), for all a ∈ A, ψ ∈ M(B). It is
easily seen that T̂ is a continuous injection, so that M(B) is homeomorphic to a compact subset of M(A), and
the following statements hold;
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(1) a set E in M(B) is closed if, and only if, its image T̂ (E) in M(A) is closed,
(2) T (a) ∈ IE if and only if a ∈ IT̂ (E), where a ∈ A and E ⊂ M(B),
(3) T (a) ∈ Jψ if and only if a ∈ JT̂ (ψ), where a ∈ A and ψ ∈ M(B).

We now present a detailed discussion of theorem statements.
((a)) It is clear from ((1))– ((3)) that if A is regular then so is B. Assume that A is strongly regular. Take

ψ0 ∈ M(B) and b0 ∈ Iψ0 . Let L > 1 + 2‖T ‖. Given ε > 0, since T (A) = B, there exists a1 ∈ A such that
‖b0 − T (a1)‖ < ε/L . Let φ0 = T̂ (ψ0) and a0 = a1 − φ0(a1). Then a0 ∈ Iφ0 and

‖a1 − a0‖ = |φ0(a1)| = |ψ0(T (a1))|
= |ψ0(T (a1)− b0)| ≤ ‖T (a1)− b0‖ < ε/L .

Therefore,

‖b0 − T (a0)‖ ≤ ‖b0 − T (a1)‖ + ‖T (a1 − a0)‖
≤ ε/L + ‖T ‖‖a1 − a0‖ ≤ ε(1 + ‖T ‖)/L .

(2.2)

Since A is strongly regular at φ0 and a0 ∈ Iφ0 , there is a ∈ Jφ0 such that ‖a0 − a‖ < ε/L . Take b = T (a).
By ((3)), b ∈ Jψ0 and

‖b0 − b‖ = ‖b0 − T (a)‖
≤ ‖b0 − T (a0)‖ + ‖T (a0 − a)‖
≤ ‖b0 − T (a0)‖ + ‖T ‖‖a0 − a‖
≤ ε(1 + ‖T ‖)/L + ε‖T ‖/L

= ε(1 + 2‖T ‖)/L < ε.

Therefore, B is strongly regular at ψ0.
((b)) It follows from ((1))–((3)).
((c)) Let ψ0 ∈ M(B) and φ0 = T̂ (ψ0). Since A is a strong Ditkin algebra, Iφ0 has a bounded approximate

identity (uα), say, contained in Jφ0 . Let vα = T (uα), for all α. Then (vα) is a bounded net, contained in Jψ0 by (3).
Given b0 ∈ Iψ0 , we show that b0vα → b0. For ε > 0, as in (2.2), there is a0 ∈ Iφ0 such that ‖b0 − T (a0)‖ < ε.
Hence,

‖b0 − b0vα‖ ≤ ‖b0 − T (a0)‖ + ‖T (a0 − a0uα)‖
+‖(T (a0)− b0

)
T (uα)‖ < ε + ‖T ‖‖a0 − a0uα‖ + εM,

where M = supα ‖T (uα)‖. Since ‖a0 − a0uα‖ → 0, we get

lim sup
α

‖b0 − b0vα‖ ≤ ε(1 + M).

This holds for arbitrary ε > 0, so limα ‖b0 − b0vα‖ = 0.
((d)) Forψ0 ∈ M(B), let b0 ∈ Iψ0 andφ0 = T̂ (ψ0). Since T (A) = B, there is a0 ∈ Iφ0 such that T (a0) = b0.

The algebra A satisfies Ditkin’s condition at φ0, so there exists, for every ε > 0, an element u0 ∈ Jφ0 such that
‖a0 − a0u0‖ < ε/‖T ‖. Take v0 = T (u0). Then v0 ∈ Jψ0 and

‖b0 − b0v0‖ = ‖T (a0)− T (a0)T (u0)‖ ≤ ‖T ‖‖a0 − a0u0‖ < ε.

This means that B satisfies Ditkin’s condition at ψ0. ��
We conclude the section with a result on vector-valued function algebras.

Theorem 3 Let A be an admissible Banach A-valued function algebra on X, with A = C (X) ∩ A.

(a) If A is (strongly) regular, so are A and A.
(b) If A admits bounded relative units, so do A and A.
(c) If A satisfies (strong) Ditkin’s condition, so do A and A.

Proof Take a point x ∈ X and a character φ ∈ M(A). Consider the following mappings;{Ex : A → A,
f �→ f (x),

{

 : A → A,
f �→ φ ◦ f.

Then Ex and 
 are continuous epimorphisms. Now, apply Theorem 2. ��
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3 Regularity conditions for vector-valued function algebras

Throughout this section, we let A be an admissible Banach A-valued function algebra on X with M(A) =
M(A) × M(A), where A = C (X) ∩ A. By Theorem 3, if A satisfies a regularity condition P then A and A
satisfy P . We are concerned with the question that whether A receives P from A and A.

3.1 Regularity

Let us commence with the following observation.

Proposition 2 If A is regular then A is natural, i.e., M(A) = X × M(A).

Proof Suppose, towards a contradiction, that M(A) �= X ×M(A), and take a character τ0 in M(A)\ X ×M(A).
Since A is regular and X × M(A) is closed in M(A), there exists a function f ∈ A such that τ0( f ) �= 0 and
f̂ = 0 on X × M(A). This means that φ( f (x)) = 0, for all x ∈ X and φ ∈ M(A). Since A is assumed to
be semisimple, we get f (x) = 0, for all x ∈ X . This means that f = 0, which is a contradiction. Therefore,
M(A) = X × M(A). ��

In case A = C, we get the following result for complex function algebras.

Corollary 1 Let A be a Banach function algebra on X. If A is regular, then A is natural; that is M(A) = X.

Theorem 4 For the A-valued function algebra A, suppose that A and A are regular. Then A is regular.

Proof Let E be a closed subset of M(A) and let τ ∈ M(A) \ E . Take ψ ∈ M(A) and φ ∈ M(A) such that
τ = ψ � φ. Let W be a neighbourhood of τ in M(A) such that W ∩ E = ∅. There exist neighbourhoods U of
ψ in M(A) and V of φ in M(A) such that U × V ⊂ W . Since A is regular, there exists an element g ∈ A such
that ĝ = 0 on M(A) \ U and ĝ(ψ) = 1. Similarly, there exists an element a ∈ A such that â = 0 on M(A) \ V
and â(φ) = 1. Now let f = ga. Then f ∈ A, f̂ (τ ) = 1 and f̂ = 0 on F , where

F = (
(M(A) \ U )× M(A)

) ∪ (
M(A)× (M(A) \ V )

)
.

Since E ⊂ F , we get f̂ = 0 on E . Therefore, A is regular. ��
As a consequence of the above theorem, we get the following result, which appears in [13, Theorem 4.2.20].

Corollary 2 If A and A are regular, then any Tomiyama product A ⊗̂γ A is regular.

3.2 Bounded relative units

Our first result extends [16, Theorem 2].

Theorem 5 For the A-valued function algebra A, suppose that A and A admit bounded relative units. Then A
admits bounded relative units.

Proof Let τ ∈ M(A). Take ψ ∈ M(A) and φ ∈ M(A) such that τ = ψ � φ. Let K be a compact set in M(A)
such that τ /∈ K . Let W be a neighbourhood of τ in M(A) such that W ∩ K = ∅. There exist neighbourhoods
U of ψ in M(A) and V of φ in M(A) such that U × V ⊂ W . Then (U × V )∩ K = ∅. Set E = M(A) \ U and
F = M(A) \ V . Then E and F are compact sets in M(A) and M(A), respectively, such that ψ /∈ E , φ /∈ F and

K ⊂ (E × M(A)) ∪ (M(A)× F).

Since A admits bounded relative units atψ , there exists a constant Mψ , a function g ∈ A, and a neighbourhood
U1 of ψ , such that ĝ = 0 on U1, ĝ = 1 on E , and ‖g‖ ≤ Mψ . Since A admits bounded relative units at φ, there
exists a constant Mφ , an element a ∈ A, and a neighbourhood V1 of φ, such that â = 0 on V1, â = 1 on F , and
‖a‖ ≤ Mφ . Take W1 = U1 × V1 and f = g + a − ga. Then f ∈ A, f̂ = 0 on W1, f̂ = 1 on K , and

‖ f ‖ = ‖g + a − ga‖ ≤ Mψ + Mφ + MψMφ.

Therefore, A admits bounded relative units at τ . ��
Corollary 3 If A and A have bounded relative units, then any Tomiyama product A ⊗̂γ A has bounded relative
units.

The uniform algebra C (X) has bounded relative units. Therefore, the algebra C (X, A) has bounded relative
units if, and only if, A has bounded relative units ( [16, Corollary 1.1]).
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3.3 Strong regularity

If A is strongly regular then, by Theorem 3 (a), A and A are strongly regular. We show that the converse is true
if each of the following conditions holds;

1. A is an A-valued uniform algebra and A admits bounded relative units,
2. AA, the subalgebra of A generated by A ∪ A, is dense in A.

First, we remark that if A is strongly regular at every point of X × M(A), then A is regular and M(A) =
X×M(A). To see this, consider A as a (complex) Banach function algebra on X = M(A) and let K = X×M(A).
Then K is a closed subset of X and IK = {0}. Now, apply Theorem 1 to get M(A) = K .

Theorem 6 Suppose that A is an A-valued uniform algebra and that A admits bounded relative units. Then A
is strongly regular if and only if A is strongly regular.

Proof If A is strongly regular, then A is strongly regular by Theorem 3 (a). Conversely, assume that A is strongly
regular. Note that A is regular and M(A) = X . Given τ0 ∈ M(A), there exist x0 ∈ X and φ0 ∈ M(A) such that
τ0 = εx0 � φ0. Let f ∈ Iτ0 and ε > 0. Let a = f (x0). Then φ0(a) = 0 and, since A is strongly regular at φ0,
there exist a neighbourhood V0 of φ0 and an element b ∈ A such that b̂ = 0 on V0 and ‖a − b‖ < ε. Set

U = {
x ∈ X : ‖ f (x)− b‖ < ε

}
.

Since A admits bounded relative units at x0, there exist a constant Mx0 , a function g ∈ A and a neighbourhood
U0 of x0, such that g|X\U = 1, g|U0 = 0 and ‖g‖ < Mx0 . Let G = f − (1 − g)( f − b) and W0 = U0 × V0.
Then, for each τ = εx � φ in U0 × V0, we have

τ(G) = φ( f (x))− (1 − g(x))φ( f (x)− b) = φ( f (x))− φ( f (x)) = 0.

Therefore, G ∈ Jτ0 . Moreover, if x ∈ U then

‖ f (x)− G(x)‖ = ‖(1 − g(x))( f (x)− b)‖
≤ (1 + Mx0)‖ f (x)− b‖ ≤ (1 + Mx0)ε,

and if x ∈ X \ U then ‖ f (x)− G(x)‖ = ‖(1 − g(x))( f (x)− b)‖ = 0. Hence,

‖ f − G‖X ≤ (1 + Mx0)ε.

We conclude that A is strongly regular at τ0. ��
Corollary 4 Let A be a uniform algebra on X having bounded relative units. The injective tensor product A⊗̂ε A
is strongly regular if and only if A is strongly regular.

Corollary 5 C (X, A) is strongly regular if and only if A is strongly regular.

In the following, AA represents the subalgebra of A generated by A ∪ A. Therefore, f ∈ AA if and only if
f = ∑n

i=1 fi ai , with n ∈ N, fi ∈ A and ai ∈ A.

Theorem 7 Suppose that AA is dense in A. If A and A are strongly regular, then A is strongly regular.

Proof Note that the algebra A is regular and M(A) = X ×M(A). Take a character τ0 = εx0 �φ0 in X ×M(A),
let F ∈ Iτ0 and let ε > 0.

First, assume that F ∈ AA and it is of the form F = f1a1 + · · · + fnan , with fi ∈ A and ai ∈ A, 1 ≤ i ≤ n,
n ∈ N. Write

F =
n∑

i=1

(
fi − fi (x0)

)
ai +

n∑
i=1

fi (x0)ai =
n∑

i=1

gi ai + a,

where gi = fi − fi (x0) and a = ∑n
i=1 fi (x0)ai . We see that

φ0(a) = φ0

( n∑
i=1

fi (x0)ai

)
=

n∑
i=1

fi (x0)φ0(ai ) = τ0(F) = 0.
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Since A is strongly regular at φ0, there exists a neighbourhood V0 of φ0 in M(A), and an element b ∈ A such
that b̂ = 0 on V0 and ‖a −b‖ < ε/2. Since A is strongly regular at x0 and gi (x0) = 0, for 1 ≤ i ≤ n, there exists,
for each i , a neighbourhood Ui of x0 in X and a function hi ∈ A, such that hi = 0 on Ui and ‖hi − gi‖ < ε/M ,
where M = 2

∑n
i=1 ‖a‖i . Take

G =
n∑

i=1

hi ai + b and W =
n⋂

i=1

Ui × V0.

Then W is a neighbourhood of τ0 in M(A) and τ = εx � φ ∈ W implies that x ∈ Ui , hi (x) = 0, for
1 ≤ i ≤ n, and φ ∈ V0, φ(b) = 0. Therefore,

τ(G) =
n∑

i=1

hi (x)φ(ai )+ φ(b) = 0,

meaning that G ∈ Jτ0 . Moreover,

‖F − G‖ ≤
n∑

i=1

‖gi − hi‖‖ai‖ + ‖a − b‖ < ε

2
+ ε

2
= ε.

Now, consider the general case of F ∈ Iτ0 . Since AA is dense in A, there exists F1 ∈ AA such that
‖F − F1‖ < ε/3. Let F0 = F1 − τ0(F1)1. Then F0 ∈ AA and τ0(F0) = 0. Previous case applies to F0 so that,
for some function G ∈ Jτ0 , we get ‖F0 − G‖ < ε/3. We claim that ‖F − G‖ < ε. Write

F − G = (F − F0)+ (F0 − G) = (F − F1 + τ0(F1)1)+ (F0 − G).

Note that τ0(F1) = τ0(F1 − F) so that |τ0(F1)| ≤ ‖F1 − F‖ < ε/3. Therefore,

‖F − G‖ ≤ ‖F − F1‖ + |τ0(F1)| + ‖F0 − G‖ < ε/3 + ε/3 + ε/3 = ε.

We conclude that A is strongly regular at τ0. ��
Corollary 6 If the algebras A and A are strongly regular, then any Tomiyama product A⊗̂γ A is strongly regular.

3.4 Ditkin’s condition

If A is a Ditkin algebra then, by Theorem 3 (c), A and A are Ditkin algebras. We show that the converse is true
provided A is an A-valued uniform algebra and A admits bounded relative units. This extends [16, Theorem 1].

Theorem 8 Let A be an A-valued uniform algebra such that A admits bounded relative units. Then A is a Ditkin
algebra if, and only if, A is a Ditkin algebra.

Proof We just need to consider the “if” part of the theorem. Suppose that A is a Ditkin algebra. Since the algebra
A admits bounded relative units, it is regular from which we get M(A) = X and M(A) = X × M(A). Take
x0 ∈ X and φ0 ∈ M(A), and let τ0 = εx0 � φ0. We need to show that f ∈ f J τ0

, for every f ∈ Iτ0 .
Given f ∈ Iτ0 and ε > 0, let a = f (x0). Then φ0(a) = φ0( f (x0)) = τ0( f ) = 0. Since A satisfies Ditkin’s

condition at φ0, we have a ∈ a Jφ0 , i.e., there exist b ∈ A and a neighbourhood V0 of φ0 such that b̂ = 0 on V0
and ‖a − ab‖ < ε. Set

U = {
x ∈ X : ‖ f (x)− f (x)b‖ < ε

}
.

Then U is a neighbourhood of x0 and K = X \ U is compact in X . Since A admits bounded relative units at
x0, there exists a constant Mx0 , a function g ∈ A, and a neighbourhood U0 of x0 such that g = 0 on U0, g = 1
on X \ U , and ‖g‖ < Mx0 . Let G = g + b − gb and W0 = U0 × V0. Then Ĝ = 0 on W0 so that G ∈ Jτ0 . If
x ∈ X \ U then G(x) = 1 and thus ‖ f (x)− f (x)G(x)‖ = 0. If x ∈ U then

‖ f (x)− f (x)G(x)‖ = ‖(1 − g(x))( f (x)− f (x)b)‖ < (1 + Mx0)ε.

Therefore, ‖ f − f G‖X ≤ ε(1 + Mx0) and we conclude that f ∈ f J τ0
. ��

Corollary 7 Suppose that A is a uniform algebra on X having bounded relative units. The injective tensor
product A ⊗̂ε A is a Ditkin algebra if and only if A is a Ditkin algebra.
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3.5 Strong Ditkin’s condition

If A is a strong Ditkin algebra then A is strongly regular and M(A) = X × M(A). Also, by Theorem 3 (c),
the associated algebras A and A are strong Ditkin. We show that the converse is true if each of the following
conditions holds;

1. A is an A-valued uniform algebra,
2. AA, the subalgebra of A generated by A ∪ A, is dense in A.

Theorem 9 Let A be an A-valued uniform algebra. If A and A are strong Ditkin algebras then A is a strong
Ditkin algebra.

Proof By Theorem 4, the algebra A is regular and M(A) = X × M(A). Take x0 ∈ X and φ0 ∈ M(A), and
let τ0 = εx0 � φ0. We show that A satisfies strong Ditkin’s condition at τ0 (equivalently, Iτ0 has a bounded
approximate identity in Jτ0 ). First, we show that, for some M > 0, for every ε > 0, and for every finite set F in
Iτ0 , there is an element G = GF ,ε in Jτ0 such that ‖G‖X ≤ M and

‖ f − f G‖X ≤ ε ( f ∈ F).
Let F = { f1, . . . , fn} be a finite set in Iτ0 and set ai = fi (x0), 1 ≤ i ≤ n. Then φ0(ai ) = φ0

(
fi (x0)

) =
τ0( fi ) = 0. Since A satisfies strong Ditkin’s condition at φ0, the ideal Iφ0 has a bounded approximate identity
(uα) in Jφ0 with bound Mφ0 , say. Choose α such that ‖ai − ai uα‖ < ε, for all i = 1, . . . , n, and let V0 be a
neighbourhood of φ0 such that ûα = 0 on V0. Set

U = {
x ∈ X : ‖ fi (x)− fi (x)uα‖ < ε, i = 1, . . . , n

}
.

Then U is a neighbourhood of x0 in X and K = X \U is compact in X . Since the uniform algebra A satisfies
strong Ditkin’s condition at x0, it admits bounded relative units at that point. Hence, there is a constant Mx0 > 0,
a neighbourhood U0 of x0, and a function g ∈ A such that

g|U0 = 0, g|X\U = 1, ‖g‖X ≤ Mx0 .

Let M = Mx0 + Mφ0 + Mφ0 Mx0 . If GF ,ε = g + uα − guα , then ĜF ,ε = 0 on U0 × V0 so that GF ,ε ∈ Jτ0 ,
and ‖GF ,ε‖X ≤ M . Moreover, for every x ∈ X , we have

‖ fi (x)− fi (x)GF ,ε(x)‖ = ‖(1 − g(x)
)(

fi (x)− fi (x)uα
)‖

≤
{
0, x ∈ X \ U ;
(1 + Mx0)ε, x ∈ U.

Therefore, ‖ fi − fi GF ,ε‖X ≤ (1 + Mx0)ε, for all fi ∈ F .
Now, a traditional argument shows that the net (GF ,ε), where F runs over all finite subsets of Iτ0 and

ε ∈ (0,∞), forms a bounded approximate identity in Jτ0 for Iτ0 . Therefore, A satisfies strong Ditkin’s condition
at τ0. ��
Theorem 10 For the A-valued function algebra A, suppose that AA is dense in A. If A and A are strong Ditkin
algebras, then A is a strong Ditkin algebra.

Proof As in the proof of Theorem 9, we need to show that Iτ0 has a bounded approximate identity in Jτ0 ,
where τ0 = εx0 � φ0 belongs to M(A) = X × M(A). Let (uα) be a bounded approximate identity for Iφ0 ,
contained in Jφ0 , and let (gβ) be a bounded approximate identity for Ix0 , contained in Jx0 . For λ = (α, β), set
Gλ = gβ +uα− gβuα . It is easily verified that (Gλ) is a bounded net contained in Jτ0 . We show that FGλ → F ,
for every F ∈ Iτ0 . First, assume that F ∈ AA is of the form F = f1a1 + · · · + fnan . Write

F =
n∑

i=1

(
fi − fi (x0)

)
ai +

n∑
i=1

fi (x0)ai =
n∑

i=1

gi ai + a,

where gi = fi − fi (x0) and a = ∑n
i=1 fi (x0)ai . Then, gi ∈ Ix0 and

φ0(a) = φ0

( n∑
i=1

fi (x0)ai

)
=

n∑
i=1

fi (x0)φ0(ai ) = τ0(F) = 0.

123



Regularity conditions for vector... 449

Therefore, auα → a and gi gβ → gi , for i = 1, . . . , n. Let M be a positive number such that ‖uα‖ ≤ M ,
for all α, ‖gβ‖ ≤ M , for all β, and ‖ai‖ ≤ M , for i = 1, . . . , n. Then

‖F − FGλ‖ =
∥∥∥

n∑
i=1

gi ai + a −
n∑

i=1

gi ai Gλ − aGλ

∥∥∥

≤
n∑

i=1

‖gi − gi Gλ‖‖ai‖ + ‖a − aGλ‖

≤ M
n∑

i=1

‖gi − gi gβ − (gi − gi gβ)uα‖ + ‖a − auα − gβ(a − auα)‖

≤ M(1 + M)
n∑

i=1

‖gi − gi gβ‖ + (1 + M)‖a − auα‖.

This yields that ‖F − FGλ‖ → 0. Note that

‖Gλ‖ = ‖gβ + uα − gβuα‖ ≤ 2M + M2.

Now, consider the general case of F ∈ Iτ0 . Since AA is dense in A, for every ε > 0, there exists F1 ∈ AA
such that ‖F − F1‖ < ε/2. Let F0 = F1 − τ0(F1)1. Then F0 ∈ AA and τ0(F0) = 0 so that, by the previous
part, we get ‖F0 − F0Gλ‖ → 0. Moreover,

‖F − F0‖ = ‖F − F1 + τ0(F1)1‖ ≤ ‖F − F1‖ + |τ0(F1 − F)| ≤ ε

2
+ ε

2
= ε.

Hence, for every λ, we get

‖F − FGλ‖ = ‖(F − F0)− (F − F0)Gλ + F0 − F0Gλ‖
≤ ‖F − F0‖(1 + ‖Gλ‖)+ ‖F0 − F0Gλ‖
≤ ε(1 + 2M + M2)+ ‖F0 − F0Gλ‖.

This yields that lim supλ ‖F − FGλ‖ ≤ ε(1 + M)2. Since ε is arbitrary, we get

lim
λ

‖F − FGλ‖ = 0 (F ∈ Iτ0).

��
As a consequence of the above theorem, we get the following result.

Corollary 8 If A and A are strong Ditkin algebras, then any Tomiyama product A ⊗̂γ A is a strong Ditkin
algebra.
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