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Abstract We present a Fourier-series based method for deriving alternative expressions for ζ(2m) and related
functions such as the Dirichlet eta function, and the Bernoulli and Euler numbers. Using this method, we also
present generalizations of known results for infinite sums involving the zeros of Bessel functions of the first kind.
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1 Introduction

Euler found a closed-form expression for

ζ(2m) =
∞∑

n=1

1

n2m
,

for all positive integers m in terms of the Bernoulli numbers Bm . Since the time of Euler, several proofs and
alternative expressions have been presented for this result, e.g., see [1–3], and the references therein. In addition
to explicit formulae, recursive formulae for ζ(2m) have also been derived, e.g., see [4]. In this article, we
present several alternative expressions for ζ(2m), and related functions such as the Dirichlet eta function, and
the Bernoulli and Euler numbers. We also present generalizations of known results for infinite sums involving
the zeros of Bessel functions of the first kind. The main goal of this article is to present a Fourier-series based
method for deriving the above-mentioned results. Throughout the following development, the symbol m denotes
a positive integer, and ξ ∈ [0, 1] unless otherwise stated.

2 Derivation of the results for the Riemann zeta and related functions

Let k ∈ �. Consider the following Fourier series expansion of the function cos[k(1 − ξ)], with ξ ∈ [0, 1]:

C0 +
∞∑

n=1

Cn cos(nπξ) = cos[k(1 − ξ)]. (1)
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452 C. S. Jog

By using the orthogonality properties of the cosine functions over the domain [0, 1], we get

C0 =
∫ 1

0
cos[k(1 − ξ)]dξ = sin k

k
,

Cn = 2
∫ 1

0
cos[k(1 − ξ)] cos(nπξ)dξ = − 2k sin k

(nπ)2 − k2 .

Eqn. (1) can thus be written as1

∞∑

n=1

k2 cos(nπξ)

(nπ)2 − k2
= 1

2
− k cos k(1 − ξ)

2 sin k
. (2)

Evaluating Eqn. (2) at ξ = 0, we get

∞∑

n=1

k2

(nπ)2 − k2
= 1 − k cot k

2
. (3)

If we now differentiate Eqn. (3) twice with respect to k, we get

∞∑

n=1

�(3)(nπ)2
[
3k2 + (nπ)2

]

[(nπ)2 − k2]3 = −1

2

d2(k cot k)

dk2 , (4)

On taking the limit as k → 0 in Eqn. (4), we get

ζ(2) =
∞∑

n=1

1

n2 = − π2

2�(3)

(
lim
k→0

d2(k cot k)

dk2

)
. (5)

If we differentiate Eqn. (3) four times with respect to k, and take the limit as k → 0, we get

ζ(4) =
∞∑

n=1

1

n4 = − π4

2�(5)

(
lim
k→0

d4(k cot k)

dk4

)
. (6)

Continuing this process, we get

ζ(2m) = − π2m

2�(2m + 1)

(
lim
k→0

d2m(k cot k)

dk2m

)
. (7)

By following a similar procedure, we obtain the values of other functions at positive even integers. For
example, the Dirichlet eta function (also known as the alternating zeta function) is defined as

η(m) :=
∞∑

n=1

(−1)n+1

nm
, (8)

and is related to the Riemann zeta function via the relation

η(m) = (1 − 21−m)ζ(m). (9)

Evaluating Eqn. (2) at ξ = 1, we get

∞∑

n=1

(−1)n+1k2

(nπ)2 − k2
= k csc k

2
− 1

2
. (10)

1 All the Fourier or Fourier-Bessel series expansions used in this work such as Eqns. (15), (29) etc. are derived in a similar manner
by using the orthogonality properties of the sine, cosine, Bessel or spherical Bessel functions over the given domain.
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Following the same procedure as the one used to derive Eqn. (7), we now get

η(2m) = π2m

2�(2m + 1)

(
lim
k→0

d2m(k csc k)

dk2m

)
. (11)

By virtue of Eqns. (9) and (11), we get

ζ(2m) = π2m

2�(2m + 1)
(
1 − 21−2m

)
(

lim
k→0

d2m(k csc k)

dk2m

)
. (12)

Let

φ(m) :=
∞∑

n=1

1

(2n − 1)m
. (13)

The above function is a special case of the Hurwitz zeta function, and is related to the Riemann zeta function via
the relation

φ(m) = (
1 − 2−m)

ζ(m). (14)

By substituting ξ = 0 in the relation

∞∑

n=1

k2 cos (2n−1)πξ
2

[(2n − 1)π ]2 − 4k2
= k sin k(1 − ξ)

8 cos k
, (15)

we get

∞∑

n=1

k2

[(2n − 1)π ]2 − 4k2
= k tan k

8
. (16)

By following the same procedure as used to derive Eqn. (7), we now get

φ(2m) = (π/2)2m

2�(2m + 1)

[
d2m(k tan k)

dk2m

]

k=0
. (17)

The main advantage of the above expression is that the limit k → 0 is obtained simply by setting k = 0. By
virtue of Eqns. (14) and (17), we get

ζ(2m) = π2m

2�(2m + 1)
(
22m − 1

)
[

d2m(k tan k)

dk2m

]

k=0
. (18)

In order to find the relation of the above results with the known result for ζ(2m) expressed in terms of
Bernoulli numbers defined via the exponential generating function

k

ek − 1
=

∞∑

m=0

Bmkm

�(m + 1)
, (19)

we use the relation

ζ(2m) = (−1)m+1 B2m(2π)2m

2�(2m + 1)
. (20)

Comparing Eqns. (7), (12) and (18) with Eqn. (20) we get

B2m = (−1)m

22m

(
lim
k→0

d2m(k cot k)

dk2m

)

= (−1)m+1

2
(
22m−1 − 1

)
(

lim
k→0

d2m(k csc k)

dk2m

)

= (−1)m+1

22m
(
22m − 1

)
[

d2m(k tan k)

dk2m

]

k=0
. (21)
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Let

L(m) :=
∞∑

n=1

(−1)n+1

(2n − 1)m
. (22)

The above function is a special case of the alternating Hurwitz zeta function (which one may also call as a special
case of a Hurwitz eta function), and is also referred to as the Dirichlet L-function in [4].2 By substituting ξ = 0
in the relation

∞∑

n=1

4(−1)n+1(2n − 1)π cos (2n−1)πξ
2

[(2n − 1)π ]2 − 4k2
= cos kξ

cos k
, ξ ∈ [0, 1), (23)

we get

∞∑

n=1

2(−1)n+1(2n − 1)πk

[(2n − 1)π ]2 − 4k2
= k sec k

2
. (24)

By following the same procedure as the one used for deriving Eqn. (7) (except that now the differentiation is
carried out an odd number of times), we get

L(2m − 1) = (π/2)2m−1

2�(2m)

[
d2m−1(k sec k)

dk2m−1

]

k=0
. (25)

With the Euler numbers defined via the relation

sech k =
∞∑

m=0

Emkm

�(m + 1)
, (26)

Euler found an expression for L(2m − 1) in terms of the Euler numbers E2m , and given by

L(2m − 1) = (−1)m−1 E2(m−1)π
2m−1

22m�(2m − 1)
. (27)

By comparing Eqns. (25) and (27), we get

E2m = (−1)m

2m + 1

[
d2m+1(k sec k)

dk2m+1

]

k=0
. (28)

2 More precisely, it is the Dirichlet L-function

L(m, χ4) :=
∞∑

n=1

χ4(n)n−m ,

where

χ4(n) =

⎧
⎪⎨

⎪⎩

+1, if n ≡ +1 mod 4 ,

−1, if n ≡ −1 mod 4 ,

0, if 2|n.
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As applications of the above results, we have

∞∑

n=1

(−1)n+1

n2 = π2

12
,

∞∑

n=1

(−1)n+1

n4 = 7π4

720
,

∞∑

n=1

(−1)n+1

n6 = 31π6

30240
,

∞∑

n=1

1

n2 = π2

6
,

∞∑

n=1

1

n4 = π4

90
,

∞∑

n=1

1

n6 = π6

945
,

∞∑

n=1

1

(2n − 1)2 = π2

8
,

∞∑

n=1

1

(2n − 1)4 = π4

96
,

∞∑

n=1

1

(2n − 1)6 = π6

960
,

∞∑

n=1

(−1)n+1

(2n − 1)
= π

4
,

∞∑

n=1

(−1)n+1

(2n − 1)3 = π3

32
,

∞∑

n=1

(−1)n+1

(2n − 1)5
= 5π5

1536
,

∞∑

n=1

(−1)n+1

(2n − 1)7 = 61π7

184320
.

Note that the results given by Eqns. (7), (12), (18) and (25) can also be derived using the series expansions
for tan k, sec k etc. as given in Ref. [5], and Eqn. (20). However, the results and their derivation presented here
are in terms of elementary functions, and the presented method entirely bypasses the need to introduce Bernoulli
numbers.

3 Results for the zeros of Bessel functions of the first kind

Let g ≥ 0, and let Jg(x) denote the Bessel functions of the first kind of order g. Further, let λn , n = 1, 2, . . . ,∞,
be the positive roots of Jg(x) = 0. For k ∈ �, we have
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∞∑

n=1

k2 Jg+1(λnξ)

Jg+1(λn)
(
λ2

n − k2
) = k Jg+1(kξ)

2Jg(k)
, (29a)

∞∑

n=1

k2 Jg(λnξ)

λn Jg+1(λn)
(
λ2

n − k2
) = 1

2

[
Jg(kξ)

Jg(k)
− ξ g

]
. (29b)

By evaluating Eqn. (29a) at ξ = 1, and dividing Eqn. (29b) by ξ g , and then taking the limit as ξ → 0, we get

∞∑

n=1

k2

λ2
n − k2 = k Jg+1(k)

2Jg(k)
= g − k Jg−1(k)

2Jg(k)
, (30a)

∞∑

n=1

k2λ
g−1
n

Jg+1(λn)(λ2
n − k2)

= kg

2Jg(k)
− 2g−1�(g + 1). (30b)

Eqn. (30a) agrees with Eqn. (5.3b) of [6].
Similar to the derivation of Eqn. (7), by repeatedly differentiating Eqn. (30a) and taking the limit as k → 0,

we get

∞∑

n=1

1

λ2m
n

= − 1

2�(2m + 1)

[
lim
k→0

d2m

dk2m

(
k Jg−1(k)

Jg(k)

)]

= 1

2�(2m + 1)

[
lim
k→0

d2m

dk2m

(
k Jg+1(k)

Jg(k)

)]
. (31)

In a similar manner, by differentiating Eqn. (30b) repeatedly and taking the limit as k → 0, we get

∞∑

n=1

λ
g−2m−1
n

Jg+1(λn)
= 1

2�(2m + 1)

[
lim
k→0

d2m

dk2m

(
kg

Jg(k)

)]
. (32)

As special cases of Eqns. (31) and (32), we get

∞∑

n=1

1

λ2
n

= 1

4(g + 1)
, (33a)

∞∑

n=1

1

λ4
n

= 1

16(g + 1)2(g + 2)
, (33b)

∞∑

n=1

1

λ6
n

= 1

32(g + 1)3(g + 2)(g + 3)
, (33c)

∞∑

n=1

1

λ8
n

= 5g + 11

256(g + 1)4(g + 2)2(g + 3)(g + 4)
, (33d)

∞∑

n=1

λ
g−3
n

Jg+1(λn)
= 2g−3�(g + 1)

g + 1
, (33e)

∞∑

n=1

λ
g−5
n

Jg+1(λn)
= 2g−6(g + 3)�(g + 1)

(g + 1)2(g + 2)
, (33f)

∞∑

n=1

λ
g−7
n

Jg+1(λn)
= 2g−8(g2 + 8g + 19)�(g + 1)

3(g + 1)3(g + 2)(g + 3)
, (33g)

Some of the above results can also be found in [6,7].

123



Alternative expressions for the Riemann zeta and related functions... 457

Let g > 0 (the results for g = 0 are obtained from Eqns. (31) and (32) by setting g = 1), and let λn ,
n = 1, 2, . . . ,∞, be the positive roots of J ′

g(x) = 0 where a prime denotes a derivative with respect to the
argument. For k ∈ �, we have

∞∑

n=1

Jg(λnξ)

Jg(λn)
(
λ2

n − g2
) (

λ2
n − k2

) = − 1

2k2

[
ξ g

g
+ Jg(kξ)

k Jg+1(k) − g Jg(k)

]
, (34a)

∞∑

n=1

Jg+1(λnξ)

Jg(λn)λn
(
λ2

n − g2
) (

λ2
n − k2

) = − ξ g+1

4k2g(g + 1)
− Jg+1(kξ)

2k3[k Jg+1(k) − g Jg(k)] . (34b)

By evaluating Eqn. (34a) at ξ = 1, and dividing Eqn. (34b) by ξ g+1, and then taking the limit as ξ → 0, we get

∞∑

n=1

k2
(
λ2

n − g2
) (

λ2
n − k2

) = − 1

2g
− Jg(k)

2
[
k Jg+1(k) − g Jg(k)

] , (35a)

∞∑

n=1

k2λ
g
n

Jg(λn)
(
λ2

n − g2
)
(λ2

n − k2)
= −1

2

[
2g�(g) + kg

k Jg+1(k) − g Jg(k)

]
. (35b)

Similar to the derivation of Eqn. (7), by repeatedly differentiating Eqn. (35a) and taking the limit as k → 0, we
get

∞∑

n=1

1

λ2m
n (λ2

n − g2)
= − 1

2�(2m + 1)

[
lim
k→0

d2m

dk2m

(
Jg(k)

k Jg+1(k) − g Jg(k)

)]
. (36)

In a similar manner, by differentiating Eqn. (35b) repeatedly and taking the limit as k → 0, we get

∞∑

n=1

λ
g−2m
n

Jg(λn)(λ2
n − g2)

= − 1

2�(2m + 1)

[
lim
k→0

d2m

dk2m

(
kg

k Jg+1(k) − g Jg(k)

)]
. (37)

As special cases of Eqns. (36) and (37), we have

∞∑

n=1

1

λ2
n − g2 = 1

2g
, (38a)

∞∑

n=1

1

λ2
n

(
λ2

n − g2
) = 1

4g2(g + 1)
, (38b)

∞∑

n=1

1

λ4
n

(
λ2

n − g2
) = 3g + 4

16g3(g + 1)2(g + 2)
, (38c)

∞∑

n=1

1

λ6
n

(
λ2

n − g2
) = 5g + 6

32g4(g + 1)3(g + 3)
, (38d)

∞∑

n=1

1

λ8
n

(
λ2

n − g2
) = 35g4 + 269g3 + 752g2 + 896g + 384

256g5(g + 1)4(g + 2)2(g + 3)(g + 4)
, (38e)

∞∑

n=1

λ
g−2
n(

λ2
n − g2

)
Jg(λn)

= 2g−3(g + 2)�(g)

g(g + 1)
, (38f)

∞∑

n=1

λ
g−4
n(

λ2
n − g2

)
Jg(λn)

= 2g−6(16 + 20g + 7g2 + g3)�(g)

g2(g + 1)2(g + 2)
, (38g)

∞∑

n=1

λ
g−6
n(

λ2
n − g2

)
Jg(λn)

= 2g−8(288 + 528g + 330g2 + 91g3 + 14g4 + g5)�(g)

3g3(g + 1)3(g + 2)(g + 3)
, (38h)
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∞∑

n=1

λ
g−8
n(

λ2
n − g2

)
Jg(λn)

= 2g−12�(g)

3g4(g + 1)4(g + 2)2(g + 3)(g + 4)

[
18432 + 52224g

+ 58752g2 + 34096g3 + 11278g4 + 2275g5 + 301g6 + 25g7 + g8
]
, (38i)

Eqn. (36) ‘works’ for m = 0, i.e., it yields the same result as that given by Eqn. (38a), although, strictly speaking,
Eqn. (36) is derived for integers m ≥ 1.

The results given by Eqns. (38a)–(38c) agree with Eqns. (3.6a)–(3.6c) of [6], and Eqns. (74)–(75) of [7].
However, the results given by Eqns. (38d) and (38e) differ from the corresponding results given by Eqns. (3.6d)
and (3.6e) of [6], and Eqns. (76) and (77) of [7]. Using Eqn. (73) of [7], we regenerated the results given by
Eqns. (76) and (77) of [7], and found that they are erroneous due to a calculation error, and that the corrected
results match perfectly with Eqns. (38d) and (38e). Of course, how both [6] and [7] obtained the same wrong
results is a mystery! The results given by Eqns. (38f)–(38h) differ from the corresponding results given by
Eqns. (81)–(83) of [7]; in this case though, the discrepancy does not seem ascribable to a calculation error.

The above results for Bessel functions can be extended to spherical Bessel functions of the first kind and
order g denoted by jg(x). Let g ≥ 0, and let λn , n = 1, 2, . . . ,∞, be the positive roots of jg(x) = 0. For k ∈ �,
we have

∞∑

n=1

jg+1(λnξ)

jg+1(λn)
(
λ2

n − k2
) = jg+1(kξ)

2k jg(k)
, (39a)

∞∑

n=1

jg(λnξ)

λn jg+1(λn)
(
λ2

n − k2
) = 1

2k2

[
jg(kξ)

jg(k)
− ξ g

]
. (39b)

By evaluating Eqn. (39a) at ξ = 1, and dividing Eqn. (39b) by ξ g , and then taking the limit as ξ → 0, we get

∞∑

n=1

k2

λ2
n − k2 = k jg+1(k)

2 jg(k)
= g + 1

2
− k jg−1(k)

2 jg(k)
, (40a)

∞∑

n=1

k2λ
g−1
n

jg+1(λn)(λ2
n − k2)

=
√

πkg − 2g+1�(g + 3/2) jg(k)

2
√

π jg(k)
. (40b)

By repeatedly differentiating Eqn. (40a) and taking the limit as k → 0, we get

∞∑

n=1

1

λ2m
n

= − 1

2�(2m + 1)

[
lim
k→0

d2m(k jg−1(k)/jg(k))

dk2m

]

= 1

2�(2m + 1)

[
lim
k→0

d2m

dk2m

(
k jg+1(k)

jg(k)

)]
. (41)

Similarly, by differentiating Eqn. (40b) repeatedly, we get

∞∑

n=1

λ
g−2m−1
n

jg+1(λn)
= 1

2�(2m + 1)

[
lim
k→0

d2m

dk2m

(
kg

jg(k)

)]
. (42)
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As special cases of Eqns. (41) and (42), we have

∞∑

n=1

1

λ2
n

= 1

2(2g + 3)
, (43a)

∞∑

n=1

1

λ4
n

= 1

2(2g + 3)2(2g + 5)
, (43b)

∞∑

n=1

1

λ6
n

= 1

(2g + 3)3(2g + 5)(2g + 7)
, (43c)

∞∑

n=1

1

λ8
n

= 10g + 27

2(2g + 3)4(2g + 5)2(2g + 7)(2g + 9)
, (43d)

∞∑

n=1

λ
g−3
n

jg+1(λn)
= 2g−1�(g + 3/2)√

π(2g + 3)
, (43e)

∞∑

n=1

λ
g−5
n

jg+1(λn)
= 2g−3(2g + 7)�(g + 3/2)√

π(2g + 3)2(2g + 5)
, (43f)

∞∑

n=1

λ
g−7
n

jg+1(λn)
= 2g−4(4g2 + 36g + 93)�(g + 3/2)

3
√

π(2g + 3)3(2g + 5)(2g + 7)
. (43g)

Let g > 0 (for g = 0, the results are obtained by substituting g = 3/2 in Eqns. (31) and (32)), and let λn ,
n = 1, 2, . . . ,∞, be the positive roots of j ′g(x) = 0. For k ∈ �, we have

∞∑

n=1

jg(λnξ)

jg(λn)
[
λ2

n − g(g + 1)
] (

λ2
n − k2

) = − 1

2k2

[
ξ g

g
+ jg(kξ)

k jg+1(k) − g jg(k)

]
, (44a)

∞∑

n=1

jg+1(λnξ)

jg(λn)λn
[
λ2

n − g(g + 1)
] (

λ2
n − k2

)

= − ξ g+1

2k2g(2g + 3)
− jg+1(kξ)

2k3
[
k jg+1(k) − g jg(k)

] . (44b)

By evaluating Eqn. (44a) at ξ = 1, and dividing Eqn. (44b) by ξ g+1, and then taking the limit as ξ → 0, we get

∞∑

n=1

k2
[
λ2

n − g(g + 1)
] (

λ2
n − k2

) = −1

2

[
1

g
+ jg(k)[

k jg+1(k) − g jg(k)
]
]

, (45a)

∞∑

n=1

k2λ
g
n

jg(λn)
[
λ2

n − g(g + 1)
] (

λ2
n − k2

)

= −1

2

[
2g+1�(g + 3/2)√

πg
+ kg

[
k jg+1(k) − g jg(k)

]
]

. (45b)

By repeatedly differentiating Eqn. (45a) and taking the limit as k → 0, we get

∞∑

n=1

1

λ2m
n [λ2

n − g(g + 1)] = − 1

2�(2m + 1)

[
lim
k→0

d2m

dk2m

(
jg(k)

k jg+1(k) − g jg(k)

)]
. (46)

In a similar manner, by differentiating Eqn. (45b) repeatedly and taking the limit as k → 0, we get

∞∑

n=1

λ
g−2m
n

jg(λn)[λ2
n − g(g + 1)] = − 1

2�(2m + 1)

[
lim
k→0

d2m

dk2m

(
kg

k jg+1(k) − g jg(k)

)]
. (47)
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As special cases of Eqns. (46) and (47), we have

∞∑

n=1

1

λ2
n − g(g + 1)

= 1

2g
, (48a)

∞∑

n=1

1

λ2
n

[
λ2

n − g(g + 1)
] = 1

2g2(2g + 3)
, (48b)

∞∑

n=1

1

λ4
n

[
λ2

n − g(g + 1)
] = 3g + 5

2g3(2g + 3)2(2g + 5)
, (48c)

∞∑

n=1

1

λ6
n

[
λ2

n − g(g + 1)
] = 35 + 38g + 10g2

2g4(2g + 3)3(2g + 5)(2g + 7)
, (48d)

∞∑

n=1

1

λ8
n

[
λ2

n − g(g + 1)
] = 1575 + 3005g + 2093g2 + 631g3 + 70g4

2g5(2g + 3)4(2g + 5)2(2g + 7)(2g + 9)
, (48e)

∞∑

n=1

λ
g−2
n[

λ2
n − g(g + 1)

]
jg(λn)

= 2g−1(g + 2)�(g + 3/2)√
πg2(2g + 3)

, (48f)

∞∑

n=1

λ
g−4
n[

λ2
n − g(g + 1)

]
jg(λn)

= 2g−3
(
40 + 44g + 15g2 + 2g3

)
�(g + 3/2)√

πg3(2g + 3)2(2g + 5)
, (48g)

∞∑

n=1

λ
g−6
n[

λ2
n − g(g + 1)

]
jg(λn)

= 2g−4
(
1680 + 2664g + 1518g2 + 405g3 + 60g4 + 4g5

)
�(g + 3/2)

3
√

πg4(2g + 3)3(2g + 5)(2g + 7)
, (48h)

∞∑

n=1

λ
g−8
n[

λ2
n − g(g + 1)

]
jg(λn)

= 2g−7�(g + 3/2)

3
√

πg5(2g + 3)4(2g + 5)2(2g + 7)(2g + 9)

[
604800

+ 1456320g + 1426032g2 + 740856g3 + 226383g4 + 43476g5 + 5504g6

+ 432g7 + 16g8
]
. (48i)

Eqn. (46) ‘works’ for m = 0, i.e., it yields the same result as that given by Eqn. (48a), although, strictly
speaking, Eqn. (46) is derived for integers m ≥ 1.

4 Summary of the results

For convenience, the various expressions derived in this work are summarized here. The formulae for ζ(2m) as
given by Eqns. (7), (12) and (18) are

ζ(2m) = − π2m

2�(2m + 1)

(
lim
k→0

d2m(k cot k)

dk2m

)
(49a)

= π2m

2�(2m + 1)
(
1 − 21−2m

)
(

lim
k→0

d2m(k csc k)

dk2m

)
(49b)

= π2m

2�(2m + 1)
(
22m − 1

)
[

d2m(k tan k)

dk2m

]

k=0
, (49c)

among which Eqn. (49c) is probably the most convenient to use since one just needs to substitute k = 0 after the
derivatives have been computed.
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The corresponding results for the Bernoulli numbers B2m as given by Eqns. (21) are

B2m = (−1)m

22m

(
lim
k→0

d2m(k cot k)

dk2m

)
(50a)

= (−1)m+1

2
(
22m−1 − 1

)
(

lim
k→0

d2m(k csc k)

dk2m

)
(50b)

= (−1)m+1

22m
(
22m − 1

)
[

d2m(k tan k)

dk2m

]

k=0
, (50c)

among which again, Eqn. (50c) is probably the most convenient to use.
The expression for the Euler numbers E2m as given by Eqn. (28) is

E2m = (−1)m

2m + 1

[
d2m+1(k sec k)

dk2m+1

]

k=0
. (51)

If g ≥ 0, and if λn , n = 1, 2, . . . ,∞, are the positive roots of Jg(x) = 0, then from Eqns. (31) and (32), we
have

∞∑

n=1

1

λ2m
n

= − 1

2�(2m + 1)

[
lim
k→0

d2m

dk2m

(
k Jg−1(k)

Jg(k)

)]

= 1

2�(2m + 1)

[
lim
k→0

d2m

dk2m

(
k Jg+1(k)

Jg(k)

)]
, (52a)

∞∑

n=1

λ
g−2m−1
n

Jg+1(λn)
= 1

2�(2m + 1)

[
lim
k→0

d2m

dk2m

(
kg

Jg(k)

)]
. (52b)

If g > 0, and if λn , n = 1, 2, . . . ,∞, are the positive roots of J ′
g(x) = 0, then from Eqns. (36) and (37), we

have
∞∑

n=1

1

λ2m
n (λ2

n − g2)
= − 1

2�(2m + 1)

[
lim
k→0

d2m

dk2m

(
Jg(k)

k Jg+1(k) − g Jg(k)

)]
, (53a)

∞∑

n=1

λ
g−2m
n

Jg(λn)(λ2
n − g2)

= − 1

2�(2m + 1)

[
lim
k→0

d2m

dk2m

(
kg

k Jg+1(k) − g Jg(k)

)]
, (53b)

with the results for g = 0 obtained by setting g = 1 in Eqns. (52).
If g ≥ 0, and if λn , n = 1, 2, . . . ,∞, are the positive roots of jg(x) = 0, then from Eqns. (41) and (42), we

have
∞∑

n=1

1

λ2m
n

= − 1

2�(2m + 1)

[
lim
k→0

d2m

dk2m

(
k jg−1(k)

jg(k)

)]

= 1

2�(2m + 1)

[
lim
k→0

d2m

dk2m

(
k jg+1(k)

jg(k)

)]
, (54a)

∞∑

n=1

λ
g−2m−1
n

jg+1(λn)
= 1

2�(2m + 1)

[
lim
k→0

d2m

dk2m

(
kg

jg(k)

)]
. (54b)

If g > 0, and if λn , n = 1, 2, . . . ,∞, are the positive roots of j ′g(x) = 0, then from Eqns. (46) and (47), we
have

∞∑

n=1

1

λ2m
n [λ2

n − g(g + 1)] = − 1

2�(2m + 1)

[
lim
k→0

d2m

dk2m

(
jg(k)

k jg+1(k) − g jg(k)

)]
, (55a)

∞∑

n=1

λ
g−2m
n

jg(λn)[λ2
n − g(g + 1)] = − 1

2�(2m + 1)

[
lim
k→0

d2m

dk2m

(
kg

k jg+1(k) − g jg(k)

)]
, (55b)

with the results for g = 0 obtained by setting g = 3/2 in Eqns. (52).
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