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Abstract We present a Fourier-series based method for deriving alternative expressions for ¢ (2m) and related
functions such as the Dirichlet eta function, and the Bernoulli and Euler numbers. Using this method, we also
present generalizations of known results for infinite sums involving the zeros of Bessel functions of the first kind.
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1 Introduction

Euler found a closed-form expression for

=1
c@my =3 —o.
n=1

for all positive integers m in terms of the Bernoulli numbers B,,. Since the time of Euler, several proofs and
alternative expressions have been presented for this result, e.g., see [1-3], and the references therein. In addition
to explicit formulae, recursive formulae for ¢(2m) have also been derived, e.g., see [4]. In this article, we
present several alternative expressions for ¢ (2m), and related functions such as the Dirichlet eta function, and
the Bernoulli and Euler numbers. We also present generalizations of known results for infinite sums involving
the zeros of Bessel functions of the first kind. The main goal of this article is to present a Fourier-series based
method for deriving the above-mentioned results. Throughout the following development, the symbol m denotes
a positive integer, and & € [0, 1] unless otherwise stated.

2 Derivation of the results for the Riemann zeta and related functions

Let k € N. Consider the following Fourier series expansion of the function cos[k(1 — &)], with & € [0, 1]:

Co + Z C,cos(nm&) = cos[k(l — &)]. (1)

n=1
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By using the orthogonality properties of the cosine functions over the domain [0, 1], we get

sink

1
Co :/ cos[k(1 — &)]déE = —,
0 k

2k sink

1
. — 2f0 coslk(l = )] cos(nré)ds = ="

Eqn. (1) can thus be written as!

i/& cos(nmf) 1 kcosk(l—§)

=5 2
2 2
1 (nm)” —k 2 2sink
Evaluating Eqn. (2) at £ = 0, we get
i k> 1—kcotk &
2 2 .
i () —k 2
If we now differentiate Eqn. (3) twice with respect to k, we get
i F3)(nm)? [3k* + (nm)*]  1d>(kcotk) @
— [(nm)2 — k2]3 T2 dkr
On taking the limit as k — 0 in Eqn. (4), we get
0 2 2
1 T . d(kcotk)
2) = — =- lim ———— |. 5
(@ ; 22 2rQ) (135 K2 ) )
If we differentiate Eqn. (3) four times with respect to k, and take the limit as k — 0, we get
00 4
1 . d*(kcotk)
4 — = lim ——— ). 6
(@ = g 2= 2r(5) (1335 K ) ©
Continuing this process, we get
2m 2m
T . d“™(kcotk)
2m) = — | . 7
CCm) = = om 1) (zﬂ% dKm ) @

By following a similar procedure, we obtain the values of other functions at positive even integers. For
example, the Dirichlet eta function (also known as the alternating zeta function) is defined as

o (— 1)n+1
nom) = ——, ®)
n=1
and is related to the Riemann zeta function via the relation
n(m) = (1 —=2""")z(m). ©)

Evaluating Eqn. (2) at £ = 1, we get

i (—D"k2 kesck 1

= —. 10
— ()’ — k2 22 (1o

I All the Fourier or Fourier-Bessel series expansions used in this work such as Eqns. (15), (29) etc. are derived in a similar manner
by using the orthogonality properties of the sine, cosine, Bessel or spherical Bessel functions over the given domain.
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Following the same procedure as the one used to derive Eqn. (7), we now get

T o d*™(kcsck)
lim
2 2m + 1) \k»0  dk>m

n@2m) = (11)

By virtue of Eqns. (9) and (11), we get

Tm . d*™(kcsck)
@2m) = <1}£% ) . (12)

20 @2m + 1) (1 — 21-2m) dkm
Let
> 1
¢ (m) := ; eren (13)

The above function is a special case of the Hurwitz zeta function, and is related to the Riemann zeta function via
the relation

¢ (m) = (1 —27")¢(m). (14)
By substituting £ = 0 in the relation
Z k2 cos ZSDTE ksink(1 — §) s)
—@n—Dm*—4k>  8cosk
we get
o 2
k ktank
3 . == (16)
= [@n— D] — 4k 8

By following the same procedure as used to derive Eqn. (7), we now get

(r/2)%m [dz’"(k tan k)]
2I'2m + 1) dk>m (=0

¢(2m) = a7

The main advantage of the above expression is that the limit & — 0 is obtained simply by setting k = 0. By
virtue of Eqns. (14) and (17), we get

Tm |:d2’" (k tan k)]
(18)
k=0

2r2m 4+ 1) (22m — 1) dk>m

In order to find the relation of the above results with the known result for ¢(2m) expressed in terms of
Bernoulli numbers defined via the exponential generating function

k . Bnk"
= , 19
ek —1 W;)F(m—i-l) (1

we use the relation
(=1)"*! By 21)*"
2m) = . 20
¢@m) M C2m + 1) (20)
Comparing Eqns. (7), (12) and (18) with Eqn. (20) we get

(=)™ [ d*(kcotk)
Bam = = 10— aiom

(—Dmt! i d*" (k csc k)

= im
2 (22’"*1 — 1) k—0  dk>m

o (=pmt! d* (k tan k)

T 92m (22m _ 1) dk2m . 0'

2y
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Let

L(m) = S~ (D 22

n=1

The above function is a special case of the alternating Hurwitz zeta function (which one may also call as a special
case of a Hurwitz eta function), and is also referred to as the Dirichlet L-function in [4].2 By substituting & = 0
in the relation

i 4(=1)"1@n — D cos PEDIE s kg

a 0. 1), 23
n=1 [(@n — D7 ] — 4k2 cosk ’ §€l0.h (23)
we get
> _1)ntl .
> 2D (2”2 Drk _ kseck o
n=1 [(2n — Dr]” - 4k2 2

By following the same procedure as the one used for deriving Eqn. (7) (except that now the differentiation is
carried out an odd number of times), we get

(/2)?m=1 [ d*> =1 (k sec k)
L2m—1) = . (25)
2I'2m) dk2m—1 k=0
With the Euler numbers defined via the relation
o0
E, k™
sechk = Z m—, (26)
C(m+1)
m=0
Euler found an expression for L (2m — 1) in terms of the Euler numbers E,,, and given by
—1 m—lE _ 2m—1
Lam—1)= T BT 27)
22m(2m — 1)
By comparing Eqns. (25) and (27), we get
(=)™ [d?+ (k seck)
21’)’[ + 1 dk m+ k=0

2 More precisely, it is the Dirichlet L-function
[e°]
Lm, xa) == ) xa(mn™",
n=1
where
+1, ifn=+1mod4,

xa(n) =4 -1, ifn=—-1mod4,
0, if2|n.
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As applications of the above results, we have

i (_1)n+1 B 7.[_2
— k12
i (_1)n+l B E
— ot 720
i (_1)n+1 B 3170
L5 T 302400
S

2 >
—n 6
S
ot 90"
1o
= n 945’
n—12 8
i 1 . ot
Z@n—1DF T %6’
i 1 _ 7®
2 @n—1)0 "~ 960’
i (_1)n+l B z
vt 2n—1) 4’

i (_1)n+1 573
2n—1)>5 1536’

i (_l)n-H 617'[7
n—1)7  184320°

Note that the results given by Eqns. (7), (12), (18) and (25) can also be derived using the series expansions
for tan k, sec k etc. as given in Ref. [5], and Eqn. (20). However, the results and their derivation presented here
are in terms of elementary functions, and the presented method entirely bypasses the need to introduce Bernoulli
numbers.

3 Results for the zeros of Bessel functions of the first kind

Let g > 0, and let Jg (x) denote the Bessel functions of the first kind of order g. Further, letA,,n = 1,2, ..., o0,
be the positive roots of Jg(x) = 0. For k € ), we have
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o kg1 ) kg1 (k&)
= : 29
= o1 G) (A3 — k%) 250 (292)
00 k2Jg(kn§) 1 |:Jg(k$) g]
=3 -5 29b
; Mndgi1On) (A2 —K2) 2| Je(k) § (29b)

By evaluating Eqn. (29a) at £ = 1, and dividing Eqn. (29b) by £, and then taking the limit as £ — 0, we get

— k2 kJga) kJg—1(k) 20
da = =8~ ’ (30a)
=k —k 2J, (k) 2J, (k)
00 2,8—1

k2 k8
> L= —287r (g + 1). (30b)
— Jer10a) (0 — k) 24, (k)

n

Eqn. (30a) agrees with Eqn. (5.3b) of [6].
Similar to the derivation of Eqn. (7), by repeatedly differentiating Eqn. (30a) and taking the limit as k — 0,
we get

i 1 1 i d¥m (kJg_1(k)
= — m
= 20 2m + 1) Lk—~0 dk?m \ " J, (k)

1 d*" (kJgq(k
— |:lim Zm( g1 )>] 31)
2I'2m + 1) | k—0 dk Jg (k)
In a similar manner, by differentiating Eqn. (30b) repeatedly and taking the limit as k — 0, we get
o, g—2m—1 2m
A 1 d k8
d = = lim ) (32)
Jor1(An) 2I'2m + 1) | k—0 dk2m Jg (k)

n=1

As special cases of Eqns. (31) and (32), we get

1 1

Py b rEai) (338)

i = 1 : (33b)

=g 16(g + DXg +2)

i = 1 (33¢)

G R+ D+ +I)]

=1 5¢+11

255 = 35 T : (33d)

i g+ D g +2)7(g+3)g+4

00 g3 -3

> M _ 2T+ D (33¢)

= Jg-‘rl()”n) g+1

2T 2 g+ 3)T(g+ 1

ZJ _ (g+2) (g + )7 (331)

= Je+10m) (g+D*(g+2)

Y 287 8(g2 + 8¢+ 19)'(g + 1)

> = ; ’ (33g)
Jor1(An) 3(g+ 1D +2)(g+3)

n=1"8

Some of the above results can also be found in [6,7].
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Let g > O (the results for g = 0 are obtained from Eqns. (31) and (32) by setting g = 1), and let A,,
n=1,2,...,00, be the positive roots of Jé (x) = 0 where a prime denotes a derivative with respect to the

argument. For k € ), we have

- Ty (M) _1orss Jg (k§)
,;ng (2 —-g2) (32 -k sz[ -

ki1 (k) —

i g+1()hn$) §g+l
J

n=1 g()h ))L

S (2 —k) T Mgle+ D) 2Kk (k) —

(34a)

(34b)

By evaluating Eqn. (34a) at £ = 1, and dividing Eqn. (34b) by £8*! and then taking the limit as &€ — 0, we get

k2

Mg

1 J (k)

= (3-8 (3

i kz,\ﬁ 1 [2gr( - k
T (33— g2) 0F — kP 2 § kJgi1(k) —

Similar to the derivation of Eqn. (7), by repeatedly differentiating Eqn. (35a) and taking the limit as k — 0, we
get

—12) 28 2kl (k) — glg(0)]

Z 2m(A2

In a similar manner, by differentiating Eqn. (35b) repeatedly and taking the limit as k — 0, we get

)Lg72m

1 2m
T Tarem+ [zﬁo dikm (kjg+1(k) -

>

n=1

1 2m
o (An )()»n —g ) 21"(2m +1) |:k—>0 dk2m (ng_H(k) —

As special cases of Eqns. (36) and (37), we have

g

> 1 1

n; 2(02—g?) 42+ D)

> 1 3g+4

;Aﬁ (02 —g?)  1683(g+ D2(g +2)°
> 1 5¢+6

,;ks (02—g%)  328% g+ D3(g +3)

35g% +269¢3 + 752g% + 8965 + 384

> 1
3 S(2-g7)

= 256g5(g + D*(g +22(g +3) (g +4)’
i Pt _ 263(g +2)T(g)
= (02 -8) 10  gg+D

—4
PH

2876(16 4+ 20g + 7g% + g3 (g)

A58

2 (02— g2 Jy(a)

’

g2(g+ D% (g+2)

288(288 4-528g +330g% + 91> + 14g* + ¢”)I'(g)

2 (02 =62 Jg()

3g3(g + D (g +2)(g +3)

(35a)

(35b)

(36)

(37

(38a)

(38b)

(38c)

(38d)

(38e)

(38f)

(382)

(38h)
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o )\g 8 Zg—IZF(g)
. . . [18432 + 52224
n=1 (22 — g2) T () T 3¢t g+ DA +2)2(g +3)(g + 4)
+58752¢2 + 34096g> + 11278g% +2275¢° + 301g° + 25¢7 + gg], (38i)

Eqn. (36) ‘works’ for m = 0, i.e., it yields the same result as that given by Eqn. (38a), although, strictly speaking,
Eqn. (36) is derived for integers m > 1.

The results given by Eqns. (38a)—(38c) agree with Eqns. (3.6a)—(3.6¢) of [6], and Eqns. (74)—(75) of [7].
However, the results given by Eqns. (38d) and (38e) differ from the corresponding results given by Eqns. (3.6d)
and (3.6e) of [6], and Eqns. (76) and (77) of [7]. Using Eqn. (73) of [7], we regenerated the results given by
Eqns. (76) and (77) of [7], and found that they are erroneous due to a calculation error, and that the corrected
results match perfectly with Eqns. (38d) and (38e). Of course, how both [6] and [7] obtained the same wrong
results is a mystery! The results given by Eqns. (38f)—(38h) differ from the corresponding results given by
Eqns. (81)—(83) of [7]; in this case though, the discrepancy does not seem ascribable to a calculation error.

The above results for Bessel functions can be extended to spherical Bessel functions of the first kind and
order g denoted by j,(x). Letg > 0,and letA,,n = 1,2, ..., 00, be the positive roots of j,(x) = 0. Fork € N,
we have

JeriOu®) i)
GO (02— T 2k (9%
= Jg () 1 [Jg<ks> g] 208
LT 02 =) 2 [ (390)

By evaluating Eqn. (39a) at £ = 1, and dividing Eqn. (39b) by £, and then taking the limit as £ — 0, we get

00 2 . .
k k k 1 kjo—1(k
Y = det® 1 M@ (400)
=k 2jo (k) 2 2jo (k)
i 2as! Tk = 2841 (g +3/2) jy (k) ob)
S e G (32 = K2) 207 (k)
By repeatedly differentiating Eqn. (40a) and taking the limit as k — 0, we get
S [y e k)
— ~2T@2m+ 1) [k—0 dk>m
1 d®" (kjor1(k
S [nm < (—Jé?“( )>] . (1)
2'2m + 1) [k—0dk>™ \  j, (k)
Similarly, by differentiating Eqn. (40b) repeatedly, we get
00, g—2m—1 2m
A 1 d k8
)P |:lim . ( )} (“42)
= Jgr1Gn) 20 Qm A1) [0 dk2M X g (k)
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As special cases of Eqns. (41) and (42), we have

> 1 1
_—=—, 43a
;,\g 22 +3) (43a)
ii = ! (43b)
= T 2Q2¢+3)22g +5)°
> 1 1
2w mrIa 2 ’ ()
o (28 +3°Q2g+35)C2g+7)
o
1 10g + 27
Z_s = 4 g 2 ’ (43d)
AS 2Qg+3)"2g +5*2g+7(2g +9)

i M 287 (g +3/2)

- 43
L) VT8 +3) e
i 283 _ 272+ Dl(g +3/2) @)
eniOn) VT2 +3)72+5)
i by _ 2874(4g” + 365 + 93)I'(g +3/2) @3
Jer1(n)  3Ym(Rg+3)3Q2g+5Q2g+7)

n=1

Let g > 0 (for g = 0, the results are obtained by substituting g = 3/2 in Eqns. (31) and (32)), and let A,,,

n=1,2,..., 00, be the positive roots of jé (x) = 0. For k € N, we have
o . .
]g(}\ng) 1 8 ]g(k%—)
> ; o = | o T — |, (44a)
el 0] [A2 —g(g+ D] (A2 —k?) 2ke [ g kjg+1(k) — gjg(k)
i Jor1 Gn)
= jeCa)ha [M] — g(g + D] (A2 — &)
getl Jor1 (k&)

- - . 44b
2k2g(2g +3)  2K3 [kjgy1(k) — gjg (k)] (40)

By evaluating Eqn. (44a) at & = 1, and dividing Eqn. (44b) by £2+1, and then taking the limit as £ — 0, we get

00 2 .
k 1|1 k
Z 2 Yl T Js®) - , (45a)
-+ D] (2 -K)  2(g [kigr (o) — gjg(b)]
> k228
; JgOn) [A2 = g(g + D] (A2 — Kk?)
1|25 (g+3/2 k8
== (§+3/2) | : : (45b)
2 NETS [kjg11(k) — gjg (k)]
By repeatedly differentiating Eqn. (45a) and taking the limit as k — 0, we get
1 1 d k
)P — _ [nm S ( Js® )} (46)
2 —g(@+ DI 20@m+ 1) [0 dk2 \kjg1 (k) — gjg (k)
In a similar manner, by differentiating Eqn. (45b) repeatedly and taking the limit as k — 0, we get
oo g—2m 2m
A 1 d k8
> - - =— [nm 5 ( . , )] (47)
= Jea)lAy —g(g + D] 2 2m + 1) [k—>0 dk“" \kjgi1(k) — gjg(k)
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As special cases of Eqns. (46) and (47), we have

1 1

WK

— (48a)
—ar-gg+ ) 2
> 1 1
= , (48b)

,; M[r2—gg+ D] 28*Q2g+3)
i 1 _ 3¢g+5 (48¢)
P2+ D] 28328 +3722g +5)
i 1 B 35 +38g + 10g2 (430)
A2 —ge+ D] 28*(2g+3)°Q2g+5 (28 +7)
i 1 15754 3005g + 2093g* + 631> + 70g* 480)
Zo8[2-gg+ D] 28522 +3*2e+522e+ N2 +9)
i P _ 2 g+ 2T (g +3/2) s
= A7 —g(g + D] jgOn) VTg?(2g +3)
i P 2873 (40 4 44g + 152 + 2¢%) T'(g + 3/2) ase)
= 32— g(g+ D] jgOhn) V7828 +3)2(28 +5) ’
=32 —g(g+ D] jg(hn)

_ 2874 (1680 + 2664¢g + 1518 +405g° + 60g* + 4¢°) ' (g +3/2) 45h)

3/mg* (28 +3)32g+5Qg+7) ’

i M _ 27T (g +3/2) [604800
= [A2—gg+ D] jgOGw)  3Vmg (28 +3)* (28 + 5228 + 7 (2g +9)

+ 14563208 + 1426032g% + 740856g> + 226383g* + 43476g° + 5504g°

143247 + 16g8]. (48i)

Eqn. (46) ‘works’ for m = 0, i.e., it yields the same result as that given by Eqn. (48a), although, strictly
speaking, Eqn. (46) is derived for integers m > 1.

4 Summary of the results

For convenience, the various expressions derived in this work are summarized here. The formulae for ¢ (2m) as
given by Eqns. (7), (12) and (18) are

Tm d¥ (k cot k)
2m)=—-———(lim ————= 49
C@m) = = am 1) <ka Ak ) (492)
2m d2m k k
_ ™ <lim (k csc )) (49b)
20 @2m + 1) (1 —21-2m) \ki»0  dk?”
2m 2m
_ T [d (k tan k)} ’ (49¢)
2 2m + 1) (22" — 1) dk2m =0

among which Eqn. (49c¢) is probably the most convenient to use since one just needs to substitute k = 0 after the
derivatives have been computed.
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The corresponding results for the Bernoulli numbers By, as given by Eqns. (21) are

(=™ ( _d*™(kcot k))

s

o (=pmH (lim dzm(kcsck))
- 2(22m—1 _ 1)

By = (50a)

k=0  dk?m (500)

o (=pmt! d*" (k tan k)
T 22m (22m _ 1) dk2m o

among which again, Eqn. (50c) is probably the most convenient to use.
The expression for the Euler numbers Ey,, as given by Eqn. (28) is

(=" d*> 1 (k sec k)
S 2m+1 di2m+t ], "

(50c)

(5D

2m

If g >0,andif A,,n =1,2, ..., 00, are the positive roots of J,(x) = 0, then from Eqns. (31) and (32), we

have
i 1 1 i d* (kJe_1(k)
=————— | lim —_—
A2m 20 Q2m + 1) [k—~0dk>m \  Jg(k)

n=1
1 d* (kd i (k
_ hm g+1( ) , (523)
20 Q2m + 1) [k—0dk>m \  Jg(k)
oo, g—2m—1 2m
A 1 g
SR [nm d ( k )} (52b)
Jer1 ()~ 20 Q2m + 1) [k—0 dk2m \ J4(k)

n=1

Ifg>0,andifA,,n =1,2,..., 00, are the positive roots of Jg’(x) = 0, then from Eqns. (36) and (37), we
have

i 1 1 g Jg (k)

Z —s = — lim — , (53a)
=207 — &%) 20Q2m 4 1) k>0 k> \ kJgy1(k) — gJ (k)

00 A§—2m 1 2m k8

Z R N |:lim m ( )] ’ (53b)
= T )0 — 7) 20Q2m 4 1) k-0 k> \ kJgy1(k) — gJg(k)

with the results for g = 0 obtained by setting g = 1 in Eqns. (52).
If g > 0,andif Ay, n = 1,2, ..., 0o, are the positive roots of j,(x) = 0, then from Eqns. (41) and (42), we

have
i L 1 i d* (kjg—1(k)
o 20Q2m 4 1) Lk—0 dk>m \ jo (k)

1 (g k
_ lim L (Mant ) | (54a)
2 2m + 1) | k=0 dk?m Jg (k)
oo, g—2m—1 2m
A 1 d k8
Z .n _ |:lim — ( : >:| . (54b)
= g (An) 2I'C2m + 1) | k-0 dk Jg (k)

Ifg>0,andifA,,n =1,2,..., 00, are the positive roots of jg, (x) = 0, then from Eqns. (46) and (47), we
have

i ! =— ! [um & ( Jg (k) )] (55a)
g —gg+ D] 20 @m A+ 1) Lk~0 k™ \kjgs1 (k) — gjg (k) ) |7

> AE2m 1 o k8

,; JeODZ =g+ D]~ 2M@m+1) [131310 dk™ <kjg+1<k) - gjgac))] ’ (550

with the results for g = 0 obtained by setting ¢ = 3/2 in Eqns. (52).
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