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Abstract By searching for good quadratic sections, we construct a new example of an elliptic curve over function
field Q(k) with rank at least 4 containing a torsion point of order four.
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1 Introduction

Let E be an elliptic curve over rational field Q. A fundamental theorem of Mordell (generalized by Weil to
number fields), states that the set £(Q) of QQ-rational points of an elliptic curve provided with an addition law
known as the “tangent chord law”, has a structure of a finitely generated abelian group.

Theorem 1 (Mordell) E(Q) >~ E(Q)ors X 7.

We mean by the rank of E the non negative integer r. By Mazur’s well-known result, we know that the torsion
subgroups (over Q) must be one of the fifteen groups

Z  1<n<l10orn=12,

E(@)rors =

%XO%)Z 1 <n<4,
and that all these 15 possibilities occur. To determine the elements of E(Q);,s, the theorem of Lutz-Nagell
provides a direct way with a simple calculation. Although the torsion subgroup is fully described, the rank r of
an elliptic curve remains a mystery, no known formula or algorithm can determine its exact value.

Understanding the rank of elliptic curves over the rationals (or more generally number fields) has become a
central topic in number theory. Among the questions that arise about this invariant where we do not yet have an
answer is
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Question 2 For every positive integer m and possible torsion group T, is there an elliptic curve whose group
has a rank greater than m and whose torsion subgroup is T ?

It is believed that the rank is unbounded and even if we could answer this question, it is difficult to produce
examples of high rank elliptic curves. The largest rank known is exactly 28 (subject to “GRH”) found in 2006 by
Elkies [8]. But, following recent studies [15], specialists have predicted that the rank is bounded and there are
only finitely many elliptic curves with a rank greater than 21. In both cases, it has become interesting to construct
elliptic curves of high rank over rationals or function field.

To be up to date with rank news and records, the website of A. Dujella [4] provides many information
regarding the rank (over Q and Q(¢)).

In this paper, we limit our interest to curves having a torsion point of order four, for this torsion, the record
over (Q was obtained by N. Elkies [9] with an elliptic curve of rank 13 and torsion subgroup isomorphic to ‘%.

Over Function fields the first high rank parametric elliptic curve with this torsion was obtained by L. Kulesz
in [13] with an elliptic curve with rank 3 and similar result was olso obtained by Campbell Garikai [3].

In 2004, the record was improved to rank four elliptic curve by Kihara in [11] then a second time by the same
author in ( [12], see also the related paper [5]) to rank five elliptic curve by forcing five Q(¢)-rational points to
be in the affine curve

H:(X>=Y)?4+2aX*>+Y>)+b=0,
which in Weierstrass form correspond to
E :y? = x(x* 4+ (2a* 4+ 2b)x + (a® — b)?).

Following Kihara’s approach, F. Khoshnam and D. Moody [10] gave a second example of rank 5 elliptic curve.
Another remarkable result is due to Elkies [9] with a rank four elliptic curve over Q(¢) obtained by a general
surface having torsion Z/47Z, this is the affine curve given by

Y2 +aXY 4 abY = X3 +bX?
with

a= @8 —1)(32+7),

b =8+ 1)(15t — 8)(311 — 7).

Using this last parametric curve A. Dujella and J. C. Peral gave in [6] a list of 26 substitutions of ¢ leading to
rank 5 subfamilies where one of them (see [7]) reaches rank 6.

2 Elliptic curves with rational point of order 4

Let C be the hyperelliptic curve given by the equation

C :v? = au* 4+ bu® + .
This quartic is of genus 1 and we know from [14] that if we take the point (x, y) as 1dent1ty of the %roug then
(—x, —y) is of order 2, and according to ( [2], Section 3.4) the following torsion subgroups 57 m, 70 370 122

or ZZZ X 21%2 fork =2,4,6,8 are possible to be reached with this quartic model.
Multiplying both sides of C by a?u?, we get

(auv)2 (auz)3 + b(auz)2 +ac (au ).
The substitutions x = au? and y = auv give to C the following Weierstrass equation
r: y2 = x> + bx* + ac’x. (D

Since we are interested by the case where the curve contains a torsion point of order 4, we will impose some
conditions on I' to make clear the torsion subgroup.

It is known that this model of elliptic curve has a tors10n point of order two, namely (0, 0). In order to
eliminate those torsion subgroups of the form % X 2kZ’ the curve (1) must have a single point of order 2.
Since the second member of I" can be written as x f (x) then, the statement holds when the polynomial f(x) is
irreducible in Q[x]. Therefore, D( f) (the discriminant of f(x)) must not be a rational square. So, we have the
first
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Condition 3
b* — 4ac® £ 0.

Now, we force the curve I' to have a point of order 4. If a point P = (z, w) is in I" then the x-coordinate of 2 P
is
@ — (ac?)?

4w?
In this way, if P is of order four then x(2P) = x(0, 0) = O which means 7% = (ac?) and leads to the
Condition 4

x(2P) =

a="[.

In what follows we replace a by a>.
By applying the conditions 3 and 4 the curve would be of the form:

ry: y2 =x3+bx?+ (azcz)x. 2)

Now, the point of order 4 with abscissa “z = ac” must be in the curve, by substitution in (2) we can easily see
that this can be achieved when

Condition 5
(b +2ac) =L

In the following, we replace b by b — 2ac.
Let us reformulate and redefine the equation of our elliptic curve I" to a new elliptic curve E while respecting
the three conditions 3, 4 and 5.

E : y2 =3+ (b2 — 2ac))c2 + (azcz)x. (3)

It contains the torsion point of order four (ac, abc) and has discriminant D = —16a*b*c*(4ac — b?), so the
curve E is non singular for a # 0, b # 0, ¢ # 0 and b # 4ac.

Remark 6 Note that the torsion subgroup of the elliptic curve E under the preceding conditions can only be one
of the following: Z /47, 7Z./8Z or 7Z./127. So, in any case it contains a torsion point of order four.

2.1 For the torsion Z/8Z

The curve E must have a point P = (z, w) of order eight. Such a point satisfies 2P is of order four, therefore
2P equal to one of the points (ac, acb) or (ac, —acb) of the same order, in both cases x(2P) = ac. Using
duplication formula we have

(Z2 _ a2c2)2 B
BT
which implies ac is a square, say (a¢)>.
Now, such point will be on E if the equation
(Z2 _ Zl454)2 0

4B+ B2 2222+ att)
has a solution. This can be achieved when
2ac
b= ———

(k2 —1)°

and this comes from the condition that 2abc + b? is a rational square. Finally the resulting curve is

20 \* .5 4
Egz : y2 =x3+ ((m) — 2(1262) X2+ (a4c4> X.
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2.2 For the torsion Z /127

As the curve already has a point P of order four, the torsion subgroup % is reached if moreover E contains a
point Q of order three, which gives P + Q of order twelve. Here, we look for a point Q = (x, y) of order three
in E. Such point satisfy x(20Q) = x(— Q) = x(Q) = x which mean
()C2 _ a2c2)2
=X
4(x3 + (b2 — 2ac)x? + ac%x)

“)
Cross-multiplying gives 3x* 4+ (4b%> — 8ac)x> + (6a*c?)x? — a*c*
last polynomial (if it exists) gives a point of order three.

The product of the roots is equal to the constant —a?c?, so let’s choose for example the divisor —a?c as
abscissa for the point of order 3. We substitute —a’c in the last polynomial and then solve it as a second degree
polynomial in variable b. The existence of a possible root of the resulting equation

= 0, consequently, each rational root of the

—c + 6a%c + 8a’c + 3a*c — 4a*b? = 0,

can only be if the discriminant c(3a — 1)(a + 1)3 is a rational square.
c+k2

3.2 hence the solution

Consider H : h?> = ¢(3a + 1)(a — 1), this conic has the parametrization a =

b= 8c2k

= TGS and the curve would then be of the form:

—24c3k2+6c2k4+3c4—k8> ) <c2(k2+c)2>2
X

Eng:yr=x*-2 —
Ly =a (C (e — kD)2(c + k2)?2 (e — k2)2

The final step is to force the chosen point of order three to be in the curve, this can be done only if —16¢° (¢ —

2y et k?)?
(Bc — k%)

the denominator) of the form

is arational square. Putting c = —1 solves the situation and this makes the curve (after eliminating

Epg: y> = x> +204k> + 6k* +3 — kx> + (k — DOk + DO(K> + 3)x.

3 Rank 4 subfamily

In this section, we impose 4 points on E by adopting a widely used technique, this last consists on looking for

a points with x-coordinate among the divisors of a>c? or a rational square multiplied by the divisors of a®c?,

points which, when substituted in the second member of the curve E, they reduced to
[F(a,b,c)]*-G(a,b,c),

where G (a, b, ¢) is a quadratic section that has a solution, then, we parameterize these quadratic forms.

3.1 System of equations

In order to increase the rank, we are going to extract a subfamily of £ which contains 4 additional points P; so
that these last ones are independent.
The choice of x-coordinates

P = da
P, = d’c,
Pi= ac’, ®
Py = 1.

leads to a system of the following four quadratic sections

a2—>b2+(a—c)2:D,
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a’c —> b* +cla— 1> =0, (7

ac® — b*+alc—1)?> =0, 8)

1 — >+ (ac— 1> =0. )

A parametric solution for the first equation (6) is

_ Qak — 2ck)

b= ©-1 for ke Q— {0, £1}.

When replaced in Eq.(7) we get the conic section:
(c — 2ck* + ck* + 4k?)a® — 2c(k* + DHa + (4Pk> + ck* — 2¢k* + ¢) = A
This last admits the solution (a, A) = (1, 2k(c — 1)), therefore

_(—c —6ck? — ck* — 4hk + h? + 4k* + 4chk)
B (—c +2ck? — ck* + h? — 4k?)

is a parametrization of Eq.(7).
Substitute the results into Eq.(8) and setting & = 0 leads to the quadratic form

A0k> + k* + Dk — D*k + D*? — 16k*(=2k + k> — D2k + k> — 1) = D?

4k2

which contains the solution (¢, D) = | ——————,
(k —1)2(k + 1)2

24k3>. So, we get the parametrization

—4k2(—16k31 + 8Kkt + 8kt + 6k% — 33k* + 52k° — 33k8 + 6k'0 + k12 + 12 4+ 1)
c=
(k — D2k + 1)2(6k? — 33k* + 52k6 — 33k8 + 6k10 + k12 — 2 + 1)

Finally, let

A = —22k% — 77k* + 696k° — 946k® + 700k'° — 946k'2 + 696k
—T77k6 — 2218 _ (20 _q,
B = 8k + 48k> — 136k — 352k — 136k° + 48k'! + 8k'3.

Putting t = % makes b + (ac — 1)? a perfect rational square. Thus, the last equation (9) is satisfied.

Therefore, the resulting curve contains the four Q(k)-rational points mentioned in (5).

3.2 Independence of points

To prove the independence of the imposed points, we will have recourse to the specialization theorem of Silverman
(see [16], Theorem 20.3), which states that if a set of n Q(k)-rational points of an elliptic curve are independent
for a single specialization at a value of k then, they remain so for all but a finite number of values k. Specialization

to k = 2 gives

t_—3815721
T 45200

—6169711312

21098810987
—18454348112

a=——,

8814174187
—446645190021221337600

185968595178007392569 °
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For these values the x-coordinates of the points in question are:

340562964238877964544

77689666598777110969 °
p —2101175172912856848034651721728
2. =

ame 1639159591210645429676855416403 °
p —702470992426134899690248982528

ac 3923716239178697595102039355603 °
P =1.

Py =

2 =

Their regulator equal to 404468.099216647077722234038089 as calculated by Magma [1], which prove their
independence in the specialized curve.

In the literature we find few results for this torsion and even if an infinite family of rank 4 does not improve
the record, it could be one of the few examples obtained with elementary method.

Acknowledgements We would like to thank the referee for his constructive comments and recommendations. Our thanks also go
to A. Dujella for his helpful comments.
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