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1 Introduction

In Linear Algebra, one basic topic is the study of conjugacy classes of matrices and finding some canoni-
cal representative for each class. More precisely, for any A € M, (C), classify the set {B € M, (C) | B =
PAP~! for some P € GL,(C)}. In various cases, conjugacy classes of nilpotent matrices enjoy several proper-
ties that differentiate them from other such families. Jordan canonical form sets up a bijection between conjugacy
classes of nilpotent matrices in M,,(C) and the set P(n) of all partitions of 7.

This theme profoundly extends to the theory of nilpotent orbits of Lie groups. We refer to [5] for many
research works associated with this. This paper will give a readable account of parametrization for the nilpotent
orbits in simple complex Lie algebras.

Recall that M, (C) has a natural Lie algebra structure. Now we will interpret this in the modern terms of the
Lie-theoretic approach. Let G be a Lie group with Lie algebra g. An element X € g is called nilpotent if the
linear endomorphism ad(X) : g —> g is nilpotent. The set of nilpotent elements in g is denoted by Ng. The
Lie group G has a natural Ad(G)-representation on its Lie algebra g

Ad: G — GL(g).

For a linear Lie group G, the Ad-action is given by Ad(g)X = gXg~'. For a nilpotent element X € g, the
nilpotent orbit of X in g is defined as Oy := {Ad(g)X | g € G}. The set of all nilpotent orbits in g under the
adjoint action of G is denoted by N'(G). Here M,,(C) is replaced by the Lie algebra g, the group GL,,(C) by the
Lie group G, and the conjugacy classes of nilpotent elements by the nilpotent orbits. There is a G-equivariant
bijection between Ny, the set of nilpotent elements of g, and the set of unipotent elements of G. Thus, the study
of the unipotent conjugacy classes is equivalent to the study of the nilpotent orbits.

Nilpotent orbits are studied in various branches of Mathematics: Lie theory, representation theory, algebraic
geometry. Several aspects of the nilpotent orbits have drawn attention over the years; see [5,8] and references
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470 C. Maity

therein. For that, there has been huge interest in their classification. The first major result in this context is that
there are only finitely many nilpotent orbits in any semisimple Lie algebra. Gerstenhaber has given a method
for computing representatives of nilpotent orbits in classical Lie algebras in [6]. Dynkin and Kostant classified
such orbits using weighted Dynkin diagrams; see [5]. In the case of s[, (C), the normal Jordan form allows us
to parameterize the nilpotent orbits in s[, (C) with respect to the partitions of n; see Theorem 3.1 for a different
approach. Recently, in [4] using an algebro-geometric argument, Clarke constructs a new canonical form for
these orbits, which is symmetric with respect to the non-main diagonal, with entries in {0, 1}.

Parametrization of the nilpotent orbits in simple complex Lie algebras is discussed in [5, Chapter 5] and
[8, Chapter 3], though explicit map regarding parametrization is not mentioned. In this expository article, we
have provided detailed proofs of [5, Theorems 5.1.1-—5.1.4] regarding parametrization of the nilpotent orbits in
simple complex Lie algebras in Theorems 3.1, 3.2, 3.3. Following scheme given in [2], [7, Chapter 4] we provide
an explicit parametrizing map which might be useful when such results come to use.

We have used Jacobson-Morozov theorem (Theorem 2.1) and some basic results from [2, Appendix] related
to sly-representation. Use of Jacobson-Morozov theorem was indicated in [8]. The results in this article are
well-known to the experts. However in the literature we have not seen any explicit proof. The aim of this article
is to give a proof of such results that should be accessible to a fairly broad mathematical audience.

This article complements [7, Chapter 4], where detailed proof of certain parametrizations of the nilpotent
orbits in non-compact, non-complex, classical, simple real Lie algebras are described. Thus this article together
with [7, Chapter 4] will provide detailed proofs of well-known results on parametrization of the nilpotent orbits
in simple Lie algebras of classical types.

The paper is organized as follows. We will recall some basic notions associated with finite-dimensional
slp-modules in Sect. 2. Theorems 3.1, 3.2, 3.3 are proved in Sect. 3.

2 Preliminaries

Here we will set up some notation and recall some well-known facts from the literature, which will be used in
Sect. 3.

2.1 Notation

Throughout this article, we use the following notation. Lie groups will be denoted by the capital letters, while the
Lie algebra of a Lie group will be denoted by the corresponding lower-case German letter. A partition of a positive

integer n is an object of the form [didl, e, d;”‘], where 74, di € N,1 < i < s,suchthat ) ;_,tsdi = n,
t; > landd; > diy; > Oforalli;see[S, § 3.1, p. 30]. Let P(n) denote the set of all partitions of n. For a
partitiond = [did‘, e dé‘ix] of n, define

Ng:={di | 1 <i <5}, Eq:=NgnN2N), Oq := Ng\ Eq. (2.1)
Now define
Pi(n) == {d € P(n) | t, isevenforall n € Eq},
and
P_i1(n):= {d € P(n) | ty isevenforall 6 € Oq}.
Let Pyeven(n) :=1{d = [didl, o dﬁd“] € P(n) | di, tg are even for all i}. Note that Py even(n) C P (n).

Let G be a linear Lie group with Lie algebra g. For an element g € G, the centralizer of g in G is defined
by Z6(g) := {0 € G | ogo~! = g}. For a subset S of g, the centralizer of S in G is Z5(S) := {tr € G |
tYr~! =Y forallY € S}.
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2.2 Jacobson-Morozov Theorem

For a Lie algebra g over C, a subset {X, H, Y} C g is said to be a sl-triple if X # 0, [H, X] = 2X,
[H, Y] = —2Y and [X, Y] = H. Note that Spanc{X, H, Y} = sl,(C) for a slp-triple {X, H, Y}. We now
recall a well-known result due to Jacobson and Morozov.

Theorem 2.1 (Jacobson-Morozov, cf. [5, Theorem 3.3.1]) Let X € g be a non-zero nilpotent element in a
semisimple Lie algebra g over C. Then there exist H, Y € g such that {X, H, Y} is a sly-triple in g.

Next, we state a conjugacy result related to slp-triples due to Kostant.

Theorem 2.2 (Kostant, cf. [5, Theorem 3.4.10]) Let G be a Lie group so that the Lie algebra g is a semisimple
Lie algebra over C. Let {X, H, Y} and {X, H', Y’} be two sly-triples in g. Then there exists g € Z5(X) so that
H =gHg 'andY = gvYg='.

2.3 Lie group SU(V, (-, -).) and Lie algebra su(V, (-, -).)

Let V be a complex vector space of dimension n. First we define the Lie group SL(V) and it’s Lie algebra s[(V):
SL(V) := {g € GL(V) | detg =1} andsl[(V) := {T € Endc(V) | tr(T) =0}.
For e € {£1}, let
(, )e: VxV—C (2.2)

be a non-degenerate, bilinear map satisfying (x, y)e = €(y, x)e forallx, y € C. Wecall (-, -); to be symmetric
form, and (-, -)_; to be alternating or sympletic form. Now define

UV, (- )e) == {g € GL(V) | (v, gu)e = (v, u)e YV v,u € V},
SUV, (-, -)e) == UV, (-, -)e) N SL(V),
su(V, (-, )e) == {T € Endc(V) | (Tv, u)e + (v, Tu)e = 0V v,u € V; r(T) =0}.
‘We now recall a standard fact from linear algebra.
Lemma 2.3 Let V be a n-dimensional vector space over C. Then the following hold:

(1) V admits a unique non-degenerate symmetric form up to equivalence.
(2) V admits a unique non-degenerate alternating form, unique up to equivalence, when n is even. For odd n,
there is no such form.

In view of Lemma 2.3, we may assume that

x'y ife=1,
Ve = 2.3
(xs y)e {x’me ife=—-1,2m=n; 2.3)

forx,y e C", and J,, := (I _Im). Now we list down the classical Lie groups and Lie algebras which will
m

be used in this article.

SL,(C) := {g € GL,(C) | det(g) = 1}, s1,(C) :={z € M,(C) | tr(z) = 0};
O(n,C):= {g € GL,(C) | g'g = L.}, so(n,C) :={z € sl,(C) | Z' +z = 0O};
Sp(2n, C) :={g € SL2,(C) | g'J,g =1}, sp(2n, C) := {z € s, (C) | Z'J, + T4z = 0},

and SO(n, C) = O(n, C) N SL,(C).
Thus in view of (2.3), we have the following isomorphisms:

SU(V, (-, J¢) >~ SO(n,C) and su(V, (-, -)¢) ~ so(n, C) ife=1,
SUV, (-, Ye) =~ Sp2m,C) and su(V, (-, -)e) =~ sp(2m, C) ife=—1,2m=n.

In our case, the Lie algebra su(V, (-, -)¢) is a simple Lie algebra over C for € € {£1}.
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2.4 Parametrizing map for the nilpotent orbits in s[(V)

Here we will define a parametrizing map in case of the Lie algebra s[(V'). We follow the construction done in [2,
§4.2], and [7, Chapter 4]. Let g := s[(V) be the simple Lie algebra over C, and X € g be a non-zero nilpotent
element. Let {X, H, Y} be a sl-triple in g containing X, see Theorem 2.1. Consider V as Spanc{X, H, Y}-
module with respect to the standard representation.

Definition 2.4 For any positive integer d, let M (d — 1) denote the sum of all the irreducible Spanc{X, H, Y}-
submodule W of V so that dim¢c W = d. Then M(d — 1) is the isotypic component of V containing all the
irreducible submodules of V with the highest weight d — 1.

Let dy, ..., ds be the integers that occur as C-dimensions of irreducible Spanc{X, H, Y}-submodules of V.
Then the vector space V can be decomposed as follows:

V=P Md-1. (2.4)

1<i<s
Now define the lowest weight space L(d — 1) in the isotypic component M (d — 1) as follows:
L(d; —1):=kerY N M(d; —1) and {4 = dimc L(d; —1). 2.5)

Then ZISiSS tg;di = n = dimc V, and hence

d=1[d",....d" e P(n). (2.6)

Since X # 0, it follows that the above partition d 7 [1"]. Thus, for a non-zero nilpotent element X € g, we
associate it to the partition d as in (2.6). For X = 0, we consider the partition [1"]. This induces a map

Yg: Ng — Pn). 2.7)
01
J(0, 3) :
Example 2.5 Let X3 y27 = J(0,2) ,where J(0, n) := K € M,,(C). Then it follows
J(0,2) 01
0
that o1,y (0, n)) = [n] € P(n), and Yeiyc) (X322 = [3, 221 € P(7). o

Let G := SL(V) be the Lie group. The map 14 as in (2.7) has the following properties:

Pl ¢g(X) = ¥g(gXg™!) forallg € G.
P.2 14(X) does not depend on the choice of sl,-triple {X, H, Y} containing X.

Let & € G be an arbitrary element. Then {hXh~', hHh™', hYh~'} is a sl-triple in g. Considering V
as Spanc{hXh~', hHh™", hYh~'}-module, it follows that AM (d, — 1) is the isotypical component of V
containing all irreducible submodules V with highest weight d. — 1 for | < r < s, see (2.4). Moreover,
hL(d, — 1) = ker(hYh~") N hM(1 — d,). Thus dimc hL(d, — 1) = dim¢ L(d, — 1) = tg,. Therefore
Ya(X) = Yg(gXg™") = [d", ..., d"]. This proves (P.1).

To prove (P.2), let {X, H', Y’} be another sl,-triple containing X. By Theorem 2.2, there exists g € G such
that gXg~!' = X, gHg™' = H', g¥g~! = Y'. Now (P.2) follows from a similar argument given for (P.1).

In view of (P.1) and (P.2), ¥4 as in (2.7) induces a well-defined map

Wsivy: NSL(V) — P, Ox — [d\",....d"].
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2.5 Structure of the isotypic components

The aim of this subsection is to find a suitable basis for the underlying vector space, which will be used in
Theorem 3.2 and Theorem 3.3. Although the results listed here follow from sl,-representation, we refer to [2,
Appendix] for details.

Lemma 2.6 Let V be a C-vector space, and g be the Lie algebra isomorphic to either s\(V) or su(V, (-, -)¢).
Let{X, H, Y} C gbeasly-triple. Let d be a positive integer such that M(d —1) # 0. Let {wy, w2, ..., wy,}
be any C-basis of L(d — 1). Then
(1) X4w; = 0and H(X'w;) = X'w; QI+ 1—d)foralll < j < tg;
(2) theset{Xle |1 <j<ty, 0<l<d-—1}isaC-basisof M(d —1);
(3) the C-Span of {w;, Xwj, ..., Xd_le} is an irreducible Spanc{X, H, Y}-submodule of M(d — 1), and
moreover, if W; is the C-Span of {wj, Xw;j, ..., Xd_le}, then

Md—-1) =W oW, - W, 2.9)
=Ld-1D®XLd-1)&---® X" 'Lid—-1). ’
Proof See [2, Lemma A.1] for a proof. O

Because of the direct sum decomposition as in (2.4), the above result gives a suitable basis for the underlying
vector space V.

Proposition 2.7 ( [9, 1.6, 2.19]) Let V and g be as in Lemma 2.6. Let {X, H, Y} C g be a sly-triple. For all
d € Ngq and for any C-basis of L(d — 1), say, {v;l | 1 < j <ty := dimc L(d — 1)} the following statements
hold:

(1) de;? = oandH(lej) = le;?(21+ 1 —d) for1
(2) Foralld € Nq, the set {le;f |1 <j<t,0<I

jJ<t;;0<1<d-1,d e Ng.

<
< d — 1} is a C-basis of M(d — 1). In particular,

X' |1<j<u.0<l<d-1decNy
is a C-basis of V.
Next result shows that for g >~ su(V, (-, -)¢), the direct sum as in (2.4) is orthogonal with respect to (-, -)..

Lemma 2.8 (c¢f. [8, § 3.2, p. 178]) Let V be a right C-vector space. Let {X, H, Y} C su(V, (-, -)¢) be a
sly-triple. The following hold:

(1) Let v and w be two nonzero elements in V such that Hv = Av and Hw = pw for some A, p € C.If
A4+ u # 0, then (v, w)e = 0.

(2) Letd — 1 and d’' — 1 be two highest weight withd # d'. Then M (d — 1) and M (d' — 1) are orthogonal with
respect to (-, -)e. In particular, the form (-, -). on M(d; — 1) is non-degenerate for all such d;.

Proof We refer to [2, Lemma A.3, Lemma A.4] for a proof. For the sake of completeness, we include it here.
We may assume thatd > d’.Letv € L(d — 1)andu € L(d’ — 1). By (1), we have that (v, X'u) = 0 when
0 <! <d —1. Moreover, X'u = 0if ] > d’. Thus (v, X'u) = 0 foralll > 0. Hence, (X"v, X'u) =
(=" (v, X'*"u) = 0. Now the lemma follows from Lemma 2.6. |

The following result describes a suitable basis of V in the presence of the non-degenerate form (-, -). as in
(2.2), which will be used crucially in the next section.

Proposition 2.9 ( [9, 2.19]) Let V be a right C-vector space. Let {X, H, Y} C su(V, (-, -)¢) be a sly-triple.

Letd € Ngqandty := dimc L(d — 1). Then for all d € Ngq, there exists a C-basis {v;i | 1 < j < tg}of

L(d — 1) such that the following statements hold:

(1) {le;? | 1 < j <t;,0 <1 <d-—1,d € Na}isaC-basis of V which satisfies (1) and (2) of
Proposition 2.7.

(2) The value of (-, -)e on any pair of the above basis vectors is 0, except in the following cases:

o [fe = 1, then (le?, Xd*l’lv?)6 = 1l whend € Qgq, and (le?, Xd’l*lvﬁ_l)E = 1l whend € Eq

and j is odd. ‘ ‘
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o Ife = —1, then <le;1, Xd_l_lv;l)e = 1 whend € Eq, and <X’v;l, xd—l—’v;f“)e = 1whend € Qg and
J is odd.

Now we define a bilinear form on the lowest weight space L(d — 1) as in [5, p. 139].
(v Ved: Ld—=1)xLd—1) — C; (v, w)eq := (v, X7 u)e, deNg. (2.10)

Remark 2.10 In view of Lemma 2.8(1), it follows that the form (-, -). is non-degenerate on M (d — 1) if and only
if the new form (-, -)¢4 is nondegenerate on L(d — 1) for all d € Ng. When (-, -). is symmetric, then (-, -)¢q 1S
symmetric (respectively, symplectic) if d is odd (respectively, even). When (-, -), is symplectic, then (-, -)¢g is
symplectic (respectively, symmetric) if d is odd (respectively, even).

2.6 Parametrizing map for the nilpotent orbits in su(V, (-, -)¢)

Here we follow the construction done in [3, §3.2, §3.4] where homotopy types of the nilpotent orbits are
explicitly computed. Recall that we have the natural inclusions in various levels SU(V, (-, -)¢) C SL(V),
su(V, (-, )¢) C sl(V) and Nsu(V, 0 C M[(V)- Let

Vsu(V, (-, )0) = Ysi(V) © Lou(V, (-, )0) - Nou(v, (-, 9e) —> P(n), (2.11)

where tgu(v, (90 Nouv, (900 —> Nsiv) is the inclusion map. Using Remark 2.10, it follows that
Vsu(v, (90 Nouv, (-, 90)) S Pe(n). Thus

Vsuv. (.90 Nouv, (- e) —> Pe(n) . (2.12)

By considering G := SU(V, (-, -)¢), analogous statements of (P.1) and (P.2) hold. Thus the map sy (v, (., .).)
as in (2.12) induces a well-defined map

Wsuw. (90 N(SUV, (- )0) —> Pe(n), Ox —> [dit, ..., d"]. (2.13)

2.7 Structure of the centralizer of a nilpotent element

First we recall a well-known result which gives the Levi part of the centralizer of a nilpotent element.

Lemma 2.11 (¢f. [9, (2.23)], [5, Lemma 3.7.3, p. 50]) Let G be the Lie group isomorphic to either U(V, (-, -)¢)
or SU(V, (-, )¢). Let X € su(V, (-, -)¢) be a non-zero nilpotent element, and {X, H, Y} a sly-triple in
su(V, (-, Ye). Then Zg(X, H,Y) is a (reductive) Levi subgroup of Zg(X).

Now we are introducing some notation which will be used to state Theorem 2.12. For a group H, we denote
by HX the diagonally embedded copy of H in the n-fold direct product H". Let H; C GL;; be a matrix subgroup,
for 1 <i < m. We then define the subgroup

S(HH,-) - [(hl,...,hm) € ]ﬁ[H,»
i i=1

Theorem 2.12 (Springer-Steinberg, cf. [9, 2.25], [5, Theorem 6.1.3]) Let X € so(n, C) be a non-zero nilpotent
element, and {X, H,Y} be a sly-triple in so(n, C). Let the nilpotent Ox corresponds to the partition d :=

[a’id1 Y e, d;d‘] € Pi1(n). Let Eq and Oq be as in (2.1). Then the following isomorphisms hold:

[T deth = 1} c ]ﬂ[H,».
i

i=1

Zowoy(X, H,Y) ~ ] Sp24,,C) x [] O, O,

nekq 6e0q
Zs0m0) (X H.¥) = [T sp1,.© x $( [] 06, ©4).
nekq 0e0q
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3 Parametrization of the nilpotent orbits

This section will provide detailed proof of the well-known results on the parametrizations of nilpotent orbits in
non-compact complex simple classical Lie algebras.

3.1 Nilpotent orbits in sl(n, C).

Let V := C". Here we will give proof of a standard fact which says that the map as in (2.8) parametrizes the
nilpotent orbits in s[, (C). This also follows from Jordan canonical form. For the sake of completeness, we will
include a proof.

Theorem 3.1 (cf. [5, Theorem 5.1.1]) The map Vs, (C): J\/(SL,Z ((C)) —> P(n) as in (2.8) is bijective.
Proof For injectivity, let X, N € Ns(.c) be two non-zero elements with Vs, ) (Ox) = ¥sL, ) (On) =:d €
P(n),say.Let{X’vj? |0<l<d—-1,1 gjgtd,deNd}and{lej |0<l<d—1,1<j<tyg,deNg}

be two C-bases of C" as in Proposition 2.7. Let g; € GL,,(C) be such that gl(le?) = lej.l forall0 <1 <
d—1,1<j <ty deNg.Set ‘

g = g1/(detgn'/" € SL, (C).

It is now straightforward that gX(le;.i) = Ng(le;l) forall0 </ <d—-1,1<j <t4,d € Nq. Since gX and
Ng agree on a basis, we have gX = Ng. Thus Ox = Oy.

For surjectivity, let d € P(n) be a partition. Let Xq € sl,,(C) be the matrix in Jordan canonical form. Then
following the construction as describe in Sect. 2.4, it follows that W, (¢)(Xq) = d. |

3.2 Nilpotent orbits in sp(2m, C).

Let m be a positive integer. In this subsection, we describe a suitable parametrization of the nilpotent orbits in
sp(2m, C) under the adjoint action of Sp(2m, C). We next use our terminologies to describe the result, which
gives a parametrization of the nilpotent orbits in sp(2m, C).

Theorem 3.2 (cf. [5, Theorem 5.1.3, p. 70]) The map ¥Ysp2m,C) : N(SpQR2m,C)) — P_1(2m) in (213)isa
bijection.

Proof First we will show that Wgp,,¢) is injective. Let X, N € N, sp(2m,C) be two non-zero elements with
Wsp@2m, o) (Ox) = Wsp@2m, 0)(On) =:d € P_1(2m), say. Let {Xl d |0<l<d—-1,1<j<ty,d € Ng}and
{N'w d |0<l<d-1,1<j<ty,d e Ng}betwo C- basesofV C?™ as in Proposition 2.9 when € = —1.

After sultable re-scaling each element of the ordered sets (v1 sees U d) and (w] e, WY d) for all d € Ng, if
necessary, we may assume that

(v'.’ X”_lv") (w N j>—1 forall n € Eq, 1 < j <ty;
3.1)
Wl xO % =l Nl ) forall 6 € Qq, 1 < j <1

Let g € GL;,,(C) be such that g(X'v d) = N’wd forall0 </ <d—1,1<j <1t;,d e Nq. It is now
straightforward that gX(Xl d) = Ng(X’ d) for all 0<l<d-1,1<j<ty,d e Ng. Since gX and Ng
agree on a basis, we have gX Ng. Using the equalities in (3.1) and the definition of g as above, it follows that
(gxlu'? gX"*1*1v7>_ =<X’u’? x”**’v’.’)_l foralln e Bq, 1 < j <t,;
(gXl 0 gxf-1- 9 -1 = (X' 9 , x0-1- 1u9 -1 foralld e Qq,1<j <ty.

As {X’vd |0<l<d-1,1<j <ty,de Ng}isaC-basis of C?" we conclude from the relations among
basis elements in Proposition 2.9(3) in the case of ¢ = —1 that the matrix g satisfies (gx, gy)—1 = (x, y)_ for
all x, y € C?". Then it follows that the determinant of g is 1; see [1]. Thus g € Sp(2m, C), and hence Ox = Oy
which proves the injectivity of the map Ws,2m,c)-
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Now we will prove that Wsp2,, ) is surjective. Let d € P_1(2m) be a partition of 2m. Let X € N, 50y (C)
and {X, H, Y} C sly,,(C) be a sl-triple such that ¥, (c)(X) = d; see Theorem 3.1. Our strategy is to obtain
a P € GL,,,(C) such that P~ X P € sp(2m, C).

We next construct a nondegenerate symplectic form (-, -) ey On V. = C2™ such that {X, H,Y} C

sp(V, (-, Jpew)- Let d = [did‘, ...,dﬁ‘“]. Using Proposition 2.7(2), V has a C-basis of the form {lej.l |
0<l<d-1,1<j <ty,d € Ng}. In the next few steps, we want to define an alternating bilinear form on
(-, Jnew: VxV — C.Ford e Ng,1 < j <tjandforO <l,r <d—1 wedeﬁneb_l(le;l, X’v?) € Cby
b_1(X'v 1.X) =0 ifl+r#n—1,n€Eq,
b (X 9 X)) =0 if6e0q,
b_1(X'v Q,X’vf»ﬂ):o ifl+r#6—1,jisodd, 6 € Oq
b (X, X)) =0 ifl4+r#6—1,jisodd,0 € Oq,

and
by (X', X7 = (=1)! when 1 < j < py, 5 € Eq. (3.2)
1(Xl 9 , x0-1+ H_H) = (1)) whenjisodd, 6 € Oq, 1 < j <19,
b_i(x'v JH,XQ ) = (=D!*! whenjis odd, 6 € Oq, 1 < j <1y (33)

Using the above relations, it now follows that

b_1(X'v X" = —=b_i (X ] Xl ) forneEa,0<lr<n-1, (3.4)
b_l(xlvf,, X% = —b_1(X’v§//, le?/) for0 € 0q,0<l,r<6—1,j<j,j"<j+1. (3.5)
Recall that, foralld € Ng,1 < j < td,the(C-Spanof{v?, Xv;i, R Xd’]v;’}isanirreducibleSpan(c{X, H,Y}-

submodule of C2"; see Lemma 2.6 (2).For1 < j <t,,neEq, we set
V= SpanC{le;? |10<l<n—1}.

For 6 € Oq, and an odd integer j, 1 < j < ty, we set

V) = Spanc(X'v}, X, [0 <1 <6 —1}.
As {X! v;’ | 0 <1 <n-—1}isaC-basis for V}7 the equalities in (3.4) allow us to define a symplectic form (-, -),;
on an such that
(le7, X0, = b_1(Xl 1X") forO<lr<n-—1 (3.6)

Similarly as {le?, le§+1 | 0 <[l <6 — 1} is a C-basis for Vje the equalities in (3.5) allow us to define an
alternating form (-, -)g; on VJQ such that

(XN, X0 = by (XN, X)) for0<lr<6—1,j</j,j"<j+1. (3.7)

From the definition it is clear that for all d € Ng, (-, -) dj
(x, Xy)aj = 0 forall x, y € V{. Recall that

¥ = ( P viye( @ V). (3.8)

j odd,1<j<15.0€0q 1<j<ty.nekq

is nondegenerate on V]fi and moreover, (Xx, y)q; +

Let (-, -),ew be the new symplectic form on V = C?" such that its restriction to V¢ agrees with (-, -), j» and
so that (3.8) is an orthogonal direct sum with respect to (-, ) pew- Then (-, -),ew 1S non-degenerate on V x V.
It follows from the definition of (-, ) ey that (Xx, y)pew + (X, Xy)new = O for all x, y € V. Recall that in
Proposition 2.7 (1) we have that Yxlv;’ = (Xl—lvj)Z(d —Dfor0 <l <d-1,1<j<tgdE€ Nd,
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ande;’ =0forl <j <1y, deNd.As{xlv;?|0515d—1,1gjgtd,deNd}isabasisof

c?m, using the above relations,(3.2), (3.3), (3.6) and (3.7), we conclude that (Hx, y)new + (X, HY)new = 0 and
(YX, Y)new + (x, Y¥)new = Oforall x, y € V. Thus {X, H, Y} Csp(V, (-, )new)-

Since both the forms (-, )., and (-, -)_; are nondegenerate and symplectic on C>", thereisa P € GL3,,(C)
such that

(x,¥)—1 = (Px, Py)pew forallx,yeV. 3.9)

Clearly {P~'XP, P~'HP, P~'YP} C sp(2m, C) is an sl,-triple. Hence Wsp(,¢)(Op-1x p) = d. This com-
pletes the proof. O

3.3 Nilpotent orbits in so(n, C)
For € = 1, the map as in (2.13) is of the form:

Wsow.c): N(SO(n, ©)) — Pi(n), Ox — [d,", ..., d"]. (3.10)

We next formulate a standard result which says that the above map “almost" parametrizes the set N (SO(n, C)).
Recall that the set Py even(72) is defined in § 2.1.

Theorem 3.3 (cf. [5, Theorems 5.1.2, 5.1.4]) The map Vso,c) as in (3.10) satisfies the property that

2 forall d € Py.even(n)

—1 —
#\IISO(”,(C) (d) = 1 Pi(n) \ Py even(n).

Proof First we will show that the map Wso(,,c) is surjective. Let d € Pj(n) be a partition. Let X € Ny, ().
and {X, H, Y} C sl,(C) be a sl-triple such that ¥4, (c)(X) = d; see Theorem 3.1. Our strategy is to obtain a
P € GL,(C) such that P~ X P € so(n, C).

Step 1. As done in the previous section, we next construct a nondegenerate symmetric form (-, -),oy ON

V = C" such that {X, H, Y} C s0(V, (-, “)pew)- Letd := [did‘, e d;ds]. Using Proposition 2.7(2), C" has a
C-basis of the form {X’v;? |0<l<d—1,1<j<ty,deNg).
Ford € Ng,1 < j <tgand0 <l,r <d — 1 we define by (X'v{, X"v9) € C by

by (X X)) =0 ifl4+r#6—1,0€0q;
b+1(le'?,X’v;7)=0 ifneEq;
b+1(le;7,X’v77 y=0 ifl+r#n—1,jodd, neEq;

Jj+1
b+1(le;.’+1, X'V =0 ifl+r#n—1,jodd, neEq,
and
by (X, X0 = (1)) 1</ <1, 0 €0, (3.11)
by (X', X7 ) = (1)) whenjisodd, n € Bq, 1 < j <1y,
b+1(xlu;?+1, X"—l—lvj) = (=)' when jisodd, n € Eq, 1 < j <1, (3.12)
Using the above relations, it now follows that
by (X9, X700 =b (X7, X)) forf e 0g.0 <1, r <61, (3.13)
bH(lej,, X"0) =bi(X 0], le7,) forneBq,0<l,r<n—1,j<j,j"<j+1. (3.14)
Recall that, foralld € Ng,1 < j < td,theC-Spanof{vj?, Xu;?, Xd*]v?}isanirreducibleSpan(c{X, H,Y}-

submodule of C”; see Lemma 2.6 (2). For 1 < j < te; 0 € Oq, we set

VY = Spanc(X"vf [0 <1 <6 —1}.
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For n € Eq, and an odd integer j, 1 < j <t,, we set

. [ [
V= Spanc (X'}, X'v], [0 <1 <n—1}.

As {X! vf | 0 <[ <6 — 1} is a C-basis for VJ.Q the equalities in (3.13) allow us to define a symmetric form
(-, *)g; On V]‘? such that

(x’vg, X"v)gj = by (XM, X)) for0<lr<6—1. (3.15)

Similarly as {ley, le7+1 | 0 <1 < n—1}isa C-basis for V;’ the equalities in (3.14) allow us to define a

symmetric form (-, -),; on Vj" such that
<X’v;.’,, X0y = b+1(X[v;.7,, X"y forO<lir<n—1,j<j,j"<j+1 (3.16)

From the definition it is clear that for all d € Ng, (-, )4 j is nondegenerate on V;j and moreover, (Xx, y)q; +
(x, Xy)aj =O0forall x,y € Vj‘.i. Recall that

" = ( b viye( @ V). (3.17)

Jjodd,1<j=<n,,nekq 1<j<t9,0€0q

Let (-, -} ew be the new symmetric form on V = C” such that its restriction to V¢ agrees with (-, “)aj> and
so that (3.17) is an orthogonal direct sum with respect to (-, -),ew-. Then (-, -),ew 1S non-degenerate on V x V.
Clearly, (Xx, Y)new + (x, Xy)new = O for all x, y € V. Recall that in Proposition 2.7 (1) we have that Yle;? =
(Xl—luj)z(d—l)foro <l<d-1,1<j<t5dce Nd,ande;? = 0forl < j <tg, de Ng.As
{led |0 <l <d-1,1<j <ty,d € Ng}is a basis of C", using the above relations,(3.11), (3.12), (3.15)
and (3.16), we conclude that (Hx, y)new + (X, HY)new = 0 and (Yx, y)new + (X, Y¥)new = O forall x, y € V.
Thus {X, H, Y} Cso(V, (-, *)pew)-

Since both the forms (-, -)pew and (-, -); are symmetric and non-degenerate, there is a P € GL,(C) such
that

(x,y)1 = (Px, Py)new forallx,ye C".
Now {P~!XP, P"'HP, P~'Y P} C so(n, C) is a slp-triple. Hence Wso(n.c)(Op-1xp) = d.

Step 2: In this step, we will compute the cardinality of fibers of the map in (3.10). First we will prove that
if Ws0(n,0)(Ox) = Wsom,c)(On) = d for some X, N € Nio(n,c). then there exists g € O(n, C) such that
X =gNg~ L.

Let{xlvj |0<l<d-1,1<j<t1t5d eNd}and{N’w;’ |0<l<d-1,1<j <t5,d e Ng}

be two C-bases of V = C", as in Proposition 2.9. Thus, after reordering the ordered sets (vf, el vffj) and
(w‘f, R wg) for all d € Ng, if necessary, we may assume that
(v?, X971v§)1 = (w?, N(’*lw?)l forall 0 € Oq, 1 < j < tg;
_ _ ) (3.18)
(U;-], xn lv;.]_H)l = (w?,N'7 111);.’+1)1 foralln e Eq, 1 < j <t,.
Let g € GL,(C) be a change of basis matrix. i.e.,
g(X'vf) =N'wf forall0 <l <d—1,1<j <ty deNa. (3.19)

Then gX(lef) = Ng(le;?), which in turn implies gX = Ng. Using (3.18) and (3.19) we observe that
(gleﬁ, gXe_l_lv?h = (leﬁ, Xg_l_lvf)l for0 e Oq, 1 <j <1tp;
(gle;.], gX”fl*lv;?_H)l = (le;.', X”7171v7+1)1 fornekq, 1 <j<t,.
As {le;? |0<l<d-—1,1<j<ty,de Ng}isaC-basis of C", it is now clear from the relations among the
basis elements in Proposition 2.9(3) that g € O(n, C).
Foraset S, #S denotes the cardinality of the set S. Using Lemma 2.11, it follows that the number of connected
components of Zo(,,c)(X, H,Y) and Zo(,,c)(X) are same. Similarly, the number of connected components

of Zsowm,0)(X, H,Y) and Zso(,,c)(X) are same. Thus using Lemma 2.11 and Theorem 2.12, the following
observations hold.

@ Springer



On the parametrization of... 479

(1) Ifd € Py.even(n), then Zo,c) (X, H, Y) = Zso(u,c)(X, H, Y). Thusin this case #(Zo(,c) (X)/ Zs0(,c) (X))

= 1.
(2) In all other cases #(ZO(n,(C) (X, H, Y)/ZSO(n,C) (X, H, Y)) = 2. Thus #(ZO(n,(C) (X)/ZSO(n,(C) (X)) =2.
As #0O(n, C)/SO(n, C) = 2, in view of Lemma 3.4, the proof is completed. O

For a group G, and o € G, let O(G, a) := {gag™' | ¢ € G}. Let H C G be a normal subgroup. Then for
any x € H, O(G,x) C H and hO(G, x)h~' = O(G, x) forallh € H.

Lemma 3.4 ( [7, Lemma 2.3.7]) Let H C G be a normal subgroup with finite index. Let S := {O(H,y) | y €
O(G, x)} where x € H. Then

#(G/H)
#(Z6(x)/Zn(x))
Example 3.5 There are four nilpotent orbits in the Lie algebra sp(4, C) corresponding to the partition
[4], [22], [2, 12], [1*]. The partitions [3, 1], [22], [1*] correspond to nilpotent orbits in the Lie algebra so(4, C).
Since [22] € Pyeven(d) is a very even partition of 4, it corresponds to two nilpotent orbits in so(4, C). Thus

there are four nilpotent orbits in so(4, C). For the Lie algebra so(5, C), there are four nilpotent orbits which
corresponds to the partition [5], [3, 121, 22, 1] and [1°] of 5. O

#(S) =
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