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Abstract In this paper, we introduce the index Whittaker transform as a continuous linear map from one space
of Boehmian into another. The index Whittaker transform is further investigated for the compactly supported
distributions.
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1 Introduction

Boehmians are relatively a new class of the generalized functions. The theory of Boehmians was motivated by
the concept of Boehme’s regular operator [5]. Extending an idea of regular operators introduced by Mikusinski
[9], Boehme [5] constructed a class, commonly known as Boehmians. The concept of Boehmians as an extension
of the regular operators, Schwartz’s distributions and the other spaces of generalized functions are developed
and investigated during the past. The notion of δ-convergence and �-convergence are also introduced and their
properties have been well investigated in [9]. One may refer to [10] for detail study of Boehmians. For the
index Whittaker transform, two spaces of Boehmians are introduced in this section. During the past, several
integral transforms for various Boehmians spaces are defined and their properties are developed. With reference
to [3,6,7], let N be the set of natural numbers, and La

p = La
p(R+) consists of all those real-valued measurable

functions f with the usual La
p-norm on R+ (see [15]), such that

‖ f ‖La
p

=

⎧
⎪⎪⎨

⎪⎪⎩

[
∫ ∞

0 | f (x)|pma(x)dx

] 1
p

, 1 ≤ p < ∞, 0 ≤ a < ∞
ess. sup

x∈R+
| f (x)|, p = ∞

(1.1)

where ma(x) = x−2a−1e−x .
The set of all infinitely differentiable complex-valued functions with compact support in R+ is denoted as
D = D(R+).
Let S = {φ ∈ D : φ ≥ 0 and

∫ ∞
0 φ(x)ma(x)dx = 1}. A sequence of elements {φn} in S is called a delta

sequence if supp φn → 0 as n → ∞. A sequence of functions φ1, φ2, · · · in D = D(R+) is called a delta
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490 J. Maan, A. Prasad

sequence if

(i)
∫ ∞

0
φn(x)ma(x)dx = 1, ∀n ∈ N;

(ii) φn(x) ≥ 0, ∀n ∈ N;
(iii) s(φn) → 0 as n → ∞, where s(φ) = inf{ε > 0 : supp φ ⊆ (0, ε)}.

Let � denote the set of all delta sequence. The convolution of two functions f ∈ La
p and φ ∈ S is given as

( f ∗
a
φ)(x) =

∫ ∞

0
(T x

a f )(ξ)φ(ξ) ma(ξ)dξ

=
∫ ∞

0

∫ ∞

0
qa(x, y, ξ) f (y)φ(ξ) ma(y)dy ma(ξ)dξ, (1.2)

where the translation operator (T x
a f )(ξ) is given as [12,15]

(T x
a f )(ξ) =

∫ ∞

0
f (y)qa(x, y, ξ)ma(y)dy, a ≥ 0, x, ξ > 0, (1.3)

with

qa(x, y, ξ) = 2− 3
2 +aπ− 1

2 (xyξ)a exp

(

x + y + ξ − (xy + xξ + yξ)2

8xyξ

)

× D1−2a

(
xy + xξ + yξ

(2xyξ)
1
2

)

,

and Dμ(z) is known as parabolic cylinder function.
From [15, p. 949], we have

∫ ∞

0
ξβqa(x, y, ξ)ma(ξ)dξ = (xy)β	(β, 1 − 2a + 2β; x + y), (a, β ∈ C and x, y > 0).

In particular,

∫ ∞

0
qa(x, y, ξ)ma(ξ)dξ = 1. (1.4)

From (1.3), we can easily prove that

(T x
a f )(ξ) = (T ξ

a f )(x).

The Whittaker differential operator La,x is defined as [8,15]

La,x = x2 d2

dx2 − ((2a − 1)x + x2)
d

dx
.

The series representation of Lk
a,x is given by

Lk
a,x f (x) =

2k∑

j=1

Pk
j (x)D

j f (x), ∀ k ∈ N0,

where Pk
2k(x) = x2k , Pk

j (x) are polynomial of degree k+ j for 1 ≤ j ≤ k and of degree 2k for k+1 ≤ j ≤ 2k−1.
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Index Whittaker transform for Boehmians 491

2 Preliminaries

Lemma 2.1 If f ∈ La
p and φ ∈ S, then f ∗

a
φ ∈ La

p.

Proof Using (1.3), we have
∫ ∞

0
|(T x

a φ)(ξ)|ma(ξ)dξ ≤
∫ ∞

0
ma(ξ)dξ

∫ ∞

0
|φ(y)|qa(x, y, ξ)ma(y)dy.

On the change of order of integration and using (1.4), we have
∫ ∞

0
|(T x

a φ)(ξ)|ma(ξ)dξ ≤
∫ ∞

0
|φ(y)|ma(y)dy

∫ ∞

0
qa(x, y, ξ)ma(ξ)dξ.

Therefore,
∫ ∞

0
|(T x

a φ)(ξ)|ma(ξ)dξ ≤
∫ ∞

0
|φ(y)|ma(y)dy.

Also from (1.2), we have

|( f ∗
a
φ)(x)|

≤
(∫ ∞

0

∣
∣
∣ f (ξ)((T x

a φ)(ξ))
1
p

∣
∣
∣

p
ma(ξ)dξ

) 1
p
(∫ ∞

0

∣
∣
∣((T x

a φ)(ξ))
1
q

∣
∣
∣
q

ma(ξ)dξ

) 1
q

≤
(∫ ∞

0
| f (ξ)|p(T x

a φ)(ξ)ma(ξ)dξ

) 1
p
(∫ ∞

0
(T x

a φ)(ξ)ma(ξ)dξ

) 1
q

.

Therefore,

|( f ∗
a
φ)(x)|p ≤

∫ ∞

0
| f (ξ)|p(T x

a φ)(ξ)ma(ξ)dξ

(∫ ∞

0
(T x

a φ)(ξ)ma(ξ)dξ

) p
q

≤
∫ ∞

0
| f (ξ)|p|(T x

a φ)(ξ)|ma(ξ)dξ

(∫ ∞

0
φ(y)ma(y)dy

) p
q

.

So that
∫ ∞

0
|( f ∗

a
φ)(x)|pma(x)dx ≤

∫ ∞

0
ma(x)dx

∫ ∞

0
| f (ξ)|p|(T x

a φ)(ξ)|ma(ξ)dξ

×
(∫ ∞

0
φ(y)ma(y)dy

) p
q

.

Changing the order of integration, we have
∫ ∞

0
|( f ∗

a
φ)(x)|pma(x)dx

≤
∫ ∞

0
| f (ξ)|pma(ξ)dξ

∫ ∞

0
|(T x

a φ)(ξ)|ma(x)dx

(∫ ∞

0
φ(y)ma(y)dy

) p
q

≤
∫ ∞

0
| f (ξ)|pma(ξ)dξ

∫ ∞

0
φ(y)ma(y)dy

(∫ ∞

0
φ(y)ma(y)dy

) p
q

.

Hence
(∫ ∞

0
|( f ∗

a
φ)(x)|pma(x)dx

) 1
p

≤
(∫ ∞

0
| f (ξ)|pma(ξ)dξ

) 1
p
(∫ ∞

0
φ(y)ma(y)dy

) 1
p
(∫ ∞

0
φ(y)ma(y)dy

) 1
q

≤
(∫ ∞

0
| f (ξ)|pma(ξ)dξ

) 1
p
(∫ ∞

0
φ(y)ma(y)dy

)

.
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Therefore, by using the properties of elements of S, we have

‖( f ∗
a
φ)(x)‖La

p
≤ ‖ f (ξ)‖La

p
< ∞.

This proves that f ∗
a
φ ∈ La

p. ��
In view of Lemma 2.1, we define convolution product by the notation ∗

a
: La

p × S → La
p.

Consider the class A of pair of sequence, defined by

A = {(( fn), (φn)) : fn ∈ La
p, (φn) ∈ �}. (2.1)

An element (( fn), (φn)) ∈ A is said to be a quotient of sequence if

fm ∗
a
φn = fn ∗

a
φm, ∀m, n ∈ N. (2.2)

Whereas two quotients of sequence fn/φn and gn/ψn are said to be equivalent if

fn ∗
a
ψn = gn ∗

a
φn, ∀n ∈ N. (2.3)

The equivalence class containing the quotient of sequence fn/φn is called an La
p-Boehmian and is denoted by

[ fn/φn]. The space of all La
p-Boehmian is denoted by B = B(La

p,�).
Let f ∈ La

p and (φn) be the delta sequence. Then x = [( fn ∗
a
φn)/φn] ∈ B(La

p,�). Let u be any compactly

supported distribution and (φn) be any delta sequence. Then x = [(u ∗
a
φn)/φn] ∈ B(La

p,�).

If we consider the space of C∞−Boehmian as C∞ = C∞(R+), the set of all infinitely differentiable functions
on R+, then the equivalence class x = [ fn/φn], where fn ∈ C∞ and (φn) ∈ �, is called a C∞−Boehmian.
Whereas the space of all C∞− Boehmian is denoted by B(C∞,�).
A La

p function f is identified with La
p-Boehmian [( f ∗

a
δn)/δn], where (δn) is any delta sequence. Similarly,

a C∞− function g is identified with C∞− Boehmian [(g ∗
a
εn)/εn], where (εn) is any delta sequence. These

identifications have the desired algebraic and topological properties [9].

Lemma 2.2 Let fn → f in La
p and δ ∈ S. Then fn ∗

a
δ → f ∗

a
δ in La

p.

Proof In view of the proof Lemma 2.2, we have

‖( fn − f ) ∗
a
δ‖La

p
≤ ‖ fn − f ‖La

p
,

and this proves the lemma. ��
Lemma 2.3 Let fn → f in La

p and (δn) ∈ �. Then fn ∗
a
δn → f in La

p.

Proof We have

( fn ∗
a
δn)(x)− f (x) =

∫ ∞

0
(T x

a fn)(ξ)δn(ξ) ma(ξ)dξ − f (x)
∫ ∞

0
δn(ξ) ma(ξ)dξ

=
∫ ∞

0

(
(T x

a fn)(ξ)− f (x)
)
δn(ξ) ma(ξ)dξ.

Hence

‖ fn ∗
a
δn − f ‖p

La
p

=
∫ ∞

0
|( fn ∗

a
δn − f )(x)|pma(x)dx

=
∫ ∞

0

∣
∣
∣
∣

∫ ∞

0

(
(T x

a fn)(ξ)− f (x)
)
δn(ξ) ma(ξ)dξ

∣
∣
∣
∣

p

ma(x)dx

≤
∫ ∞

0

∫ ∞

0

∣
∣(T x

a fn)(ξ)− f (x)
∣
∣p
δn(ξ) ma(x)dx ma(ξ)dξ.
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Index Whittaker transform for Boehmians 493

The last inequality is obtained by using the properties of elements of S, Fubini’s theorem and properties of δn .
Hence

‖ fn ∗
a
δn − f ‖p

La
p

≤
∫ ∞

0
‖( fn)x − f ‖p

La
p
δn(ξ)ma(ξ)dξ.

Now

‖( fn)x − f ‖La
p

≤ ‖( fn)x − fx‖La
p
+ ‖ fx − f ‖La

p
≤ ‖ fn − f ‖La

p
+ ‖ fx − f ‖La

p
,

in which ‖ fn − f ‖La
p

→ 0 as n → ∞ and ‖ fx − f ‖La
p

→ 0 as x → 0, since it sufficies to take x inside the
support of δn , n → ∞ implies x → 0 and hence

‖ fn ∗
a
δn − f ‖La

p
→ 0 as → 0.

This completes the proof of Lemma. ��
Lemma 2.4 The limit of a δ−convergent sequence of La

p−Boehmians is unique.

Proof Using Lemmas 2.1 and 2.2 shows that the limit of a δ−convergent sequence of La
p−Boehmians is unique.

��
Lemma 2.5 Let fn → f as n → ∞ in C∞ and φ ∈ D. Then fn ∗

a
φ → f ∗

a
φ as n → ∞ in C∞.

Proof Let x vary over a compact set K . Now

|(( fn − f ) ∗
a
φ)(x)| =

∣
∣
∣
∣

∫ ∞

0
T x

a ( fn − f )(ξ)φ(ξ)ma(ξ)dξ

∣
∣
∣
∣

≤
∫ ∞

0
|T x

a ( fn − f )(ξ)|ma(ξ)dξ.

Since x vary over a compact set K and ξ vary over a compact support of φ and the translation of variables x and
ξ over the compact set in R+ wherein fn → f uniformly. Hence above integral tends to zero. Thus

fn ∗
a
φ → f ∗

a
φ,

on any compact set. Since

Lk
a,x (( fn ∗

a
φ)− ( f ∗

a
φ)) = (Lk

a,x fn ∗
a
φ)− (Lk

a,x f ∗
a
φ),

a repetition of the above argument with fn and f replace by Lk
a,x fn and Lk

a,x f respectively shows that

Lk
a,x ( fn ∗

a
φ) → Lk

a,x ( f ∗
a
φ),

uniformly on compact sets. This proves that fn ∗
a
φ → f ∗

a
φ as n → ∞ in C∞. ��

Lemma 2.6 Let fn → f as n → ∞ in C∞ and (δn) ∈ �. Then fn ∗
a
δn → f as n → ∞ in C∞.

Proof Using the property (i) of the class �, we can write that

( fn ∗
a
δn)(x)− f (x) =

∫ ∞

0
(T x

a f )n(ξ)δn(ξ) ma(ξ)dξ − f (x)
∫ ∞

0
δn(ξ) ma(ξ)dξ

=
∫ ∞

0

(
(T x

a f )n(ξ)− f (x)
)
δn(ξ) ma(ξ)dξ.

Let x vary over a compact set K . Then

|(( fn ∗
a
δn)− f )(x)|

=
∣
∣
∣
∣

∫ ∞

0

(
(T x

a f )n(ξ)− f (x)
)
δn(ξ) ma(ξ)dξ

∣
∣
∣
∣

≤
∫ ∞

0

(∣
∣(T x

a f )n(ξ)− (T x
a f )(ξ)

∣
∣ + ∣

∣(T x
a f )n(ξ)− f (x)

∣
∣
)
δn(ξ) ma(ξ)dξ.
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494 J. Maan, A. Prasad

We assume that supp δn ⊆ (0, εn) ⊂ [0, 1] both translation in x with ξ and x vary in K +[0, 1] which is again a
compact set. Since fn → f as n → ∞ in C∞ and f is uniformly continuous on any compact set we observe that
the above integral tends to zero as n → ∞, similar arguments are valid for Lk

a,x ( fn ∗
a
δn). Hence fn ∗

a
δn → f

as n → ∞ in C∞. ��
As above using Lemmas 2.5 and 2.6, we can prove that the limit of a δ-convergent sequence of C∞−Boehmian
is unique.

Lemma 2.7 Let fn is a sequence of La
p−functions converging to f in La

p and δ ∈ S. Then fn ∗
a
δ → f ∗

a
δ as

n → ∞ in C∞.

Proof Now fn ∗
a
δ, f ∗

a
δ are in C∞. Let x vary over a compact set K . Using Hölder’s inequality, we get

|(( fn − f ) ∗
a
δ)(x)| =

∣
∣
∣
∣

∫ ∞

0
T x

a ( fn − f )(ξ)δ(ξ)ma(ξ)dξ

∣
∣
∣
∣

≤
∫ ∞

0
|T x

a ( fn − f )(ξ)||δ(ξ)|ma(ξ)dξ

≤ ‖ fn − f ‖La
p
‖δ‖La

q
.

Thus

sup
x∈K

|(( fn − f ) ∗
a
δ)(x)| ≤ ‖ fn − f ‖La

p
‖δ‖La

q
,

which tends to 0 as n → ∞. Similarly we can prove that

sup
x∈K

|Lk
a,x (( fn − f ) ∗

a
δ)(x)| ≤ ‖ fn − f ‖La

p
‖Lk

a,xδ‖La
q
,

which tends to 0 as n → ∞. This proves that fn ∗
a
δ → f ∗

a
δ as n → ∞ in C∞. ��

3 Index Whittaker transform for Boehmians

The integral transform of index type called Whittaker transform defined by

F(τ ) =
∫ ∞

0
Wμ,iτ (x) f (x)x−2dx, τ > 0,

where μ < 1
2 , i is the imaginary unit and Wμ,iτ is the Whittaker function was introduced in [17]. As the variable

of integration in definition is involved in the second index of the Whittaker functions, we shall call this transform
the index transform [18]. As a particular case of an integral transform having the Meijer-G function in the kernel
this transform first appeared in [17] and its L p theory was well read and studied in [16]. Indeed, if we set
μ = 0, we see that the index transform with the Whittaker function in turn generalizes the Kontorovich-Lebedev
transform [13]. Several definitions of the index Whittaker transform present in the literature [1,2,4,14–16].

The index Whittaker transform of a function f ∈ La
2(R+) is defined as [15]

F(τ ) = (	a f )(τ ) =
∫ ∞

0
xa+iτ	(a + iτ, 1 + 2iτ ; x) f (x)ma(x)dx, τ ∈ R+, (3.1)

where the kernel xa+iτ	(a + iτ, 1 + 2iτ ; x) admits integral representation as [8,12]

xa+iτ	(a + iτ, 1 + 2iτ ; x) = xa+ 1
2

2

∫ ∞

1
e− x

2 (t−1)
(

t − 1

t + 1

) a
2 − 1

4

P
1
2 −a

− 1
2 +iτ

(t)dt

= 1

�(a + iτ)

∫ ∞

0
e−ssa+iτ−1

(

1 + s

x

)−a+iτ

ds. (3.2)

where P
1
2 −a

− 1
2 +iτ

(t) is the associated Legendre function of first kind [11, 14.12.4].
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Index Whittaker transform for Boehmians 495

The Parseval’s relations for index Whittaker transform is defined as [12]
∫ ∞

0
f (x)g(x) ma(x)dx =

∫ ∞

0
(	a f )(τ )(	ag)(τ ) ρa(τ )dτ. (3.3)

Moreover, from [8,12], we have

|xa+iτ	(a + iτ, 1 + 2iτ ; x)| ≤ xa	(a, 1; x). (3.4)

Asymptotic behaviour near infinity and the origin are as follows

xa	(a, 1; x) ∼ 1 as x → ∞
xa	(a, 1; x) ∼ O

(

xae
x
2 log

(
1

x

))

as x → 0.

The inversion formula of index Whittaker transform is given by

(	−1
a F)(x) =

∫ ∞

0
xa+iτ	(a + iτ, 1 + 2iτ ; x)F(τ )ρa(τ )dτ, x ∈ R+, (3.5)

where ρa(τ ) = π−2τ sinh(2πτ)|�(a + iτ)|2.
The Whittaker convolution operator of order a of the suitable functions f and g is induced by the Whittaker
translation operator [12,15] as:

( f ∗
a

g)(x) =
∫ ∞

0
(T x

a f )(ξ)g(ξ) ma(ξ)dξ

=
∫ ∞

0

∫ ∞

0
qa(x, y, ξ) f (y)g(ξ) ma(y)dy ma(ξ)dξ. (3.6)

The index Whittaker transform of translation and convolution operators are as follows [15]

(	a(T y
a f ))(τ ) = ya+iτ	(a + iτ, 1 + 2iτ ; y)(	a f )(τ ) (3.7)

(	a( f ∗
a

g))(τ ) = (	a f )(τ )(	ag)(τ ). (3.8)

K = C∞(R+) is the linear space of all complex-valued smooth function on R+ or may be called the test function
space of all complex-valued smooth functions on R+.
The index Whittaker transform of a generalized function f (x) ∈ K

′
(the dual of the space K ) defined by [8] as

F(τ ) = (	a f )(τ ) = 〈 f (x), xa+iτ	(a + iτ, 1 + 2iτ ; x)〉ma(x), τ > 0. (3.9)

Lemma 3.1 If f ∈ La
p and δ ∈ S. Then 	a( f ∗

a
δ) = 	a f ∗

a
δ in La

p.

Proof From Lemma 2.1, ( f ∗
a
δ) ∈ La

p. Also

	a( f ∗
a
δ) =

∫ ∞

0
xa+iτ	(a + iτ, 1 + 2iτ ; x)( f ∗

a
δ)(x)ma(x)dx

=
∫ ∞

0

∫ ∞

0
xa+iτ	(a + iτ, 1 + 2iτ ; x)(T x

a f )(ξ)δ(ξ) ma(x)dx ma(ξ)dξ.

By using Fubini’s theorem, we get 	a( f ∗
a
δ) = 	a f ∗

a
δ. ��

Definition 3.2 The La
p−Boehmian, [ fn/φn] is said to be index Whittaker transformable if there exists a

C∞−Boehmian y and a representative [gn/ψn] for y, with gn = 	a fn (n = 1, 2, 3, ...).
The set of all index Whittaker transformable Boehmians is denoted by BW (La

p,�). According to the properties
of δ−sequence,

x =
[

fn

φn

]

=
⎡

⎣
fn ∗

a
φn

φn ∗
a
φn

⎤

⎦ ∈ B(La
p,�).

Thus,

BW (L
a
p,�) = B(La

p,�).
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496 J. Maan, A. Prasad

Lemma 3.3 If fn/φn is a quotient of the space BW (La
p,�). Then	a fn/φn is a quotient of the space B(C∞,�).

Proof Since fn/φn is a quotient, we have fn ∗
a
φm = fm ∗

a
φn, ∀m, n ∈ N.Considering index Whittaker transform

(3.1) and applying Lemma 2.1, we get

	a( fn ∗
a
φm) = 	a( fm ∗

a
φn) in La

p, ∀m, n ∈ N.

i.e.

	a fn ∗
a
φm = 	a fm ∗

a
φn, ∀m, n ∈ N.

This proves that 	a fn/φn is a quotient of B(C∞,�). ��
Proposition 3.4 Let x = [ fn/φn] be an index Whittaker transformable La

p−Boehmian. The index Whittaker
transform of x is a C∞− Boehmian y, defined by

y = 	a(x) =
[
	a fn

φn

]

. (3.10)

The above conviction is well defined. In order to justify, we consider x = [ fn/φn] and y = [gn/ψn] be in
	a(x) = [	a fn/φn] and 	a(y) = [	agn/ψn].
x = y �⇒ fn/φn and gn/ψn are equivalent quotients, which implies

( fn ∗
a
ψn) = (gn ∗

a
φn), ∀n ∈ N,

i.e.

	a( fn ∗
a
ψn) = 	a(gn ∗

a
φn), ∀n ∈ N,

i.e.

(	a fn ∗
a
ψn) = (	agn ∗

a
φn), ∀n ∈ N.

This implies that 	a fn/φn and 	agn/ψn are equivalent quotients in B(C∞,�).
Therefore 	a(x) = 	a(y) in B(C∞,�).

Theorem 3.5 Let f ∈ La
p and 	a f , its index Whittaker transform, is again in La

p. If x = [ fn ∗
a
δn/δn] and

y = [	a fn ∗
a
δn/δn], then x ∈ BW (La

p,�) such that 	a(x) = y ∈ B(C∞,�). Thus, the index Whittaker

transform of y representing 	a f ∈ La
p ⊆ B(C∞,�) coincides with the the index Whittaker transform of x,

representing f ∈ La
p ⊆ B(La

p,�).

Proof A function f ∈ La
p can be identified with the Boehmian x = [ fn ∗

a
δn/δn], (δn) ∈ � is any delta sequence.

Since f ∈ La
p, so by Lemma 2.1 f ∗

a
δn ∈ La

p. Hence, indeed 	a( f ∗
a
δn) exist, and it is equal to (	a f ∗

a
δn) by

Lemma 2.1. Also (	a f ∗
a
δn) ∈ C∞, by the Proposition 3.4. This shows that x = [ f ∗

a
δn/δn] ∈ BW (La

p,�).

The index Whittaker transform of x is given by

	a(x) =
[
	a( f ∗

a
δn)

δn

]

=
[
	a f ∗

a
δn

δn

]

= y.

This completes the proof. ��
The lemmas follow which will be useful in obtaining the formulae for the distributions with compact support.

Lemma 3.6 If f ∈ K
′
, φ ∈ C∞, and δ ∈ D. Then

( f ∗
a
δ)(φ) = (( f ∗

a
δ)(φ))(0), ∀x ∈ R+.
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Proof For f ∈ K
′

and φ ∈ D, we appeal to the definition

( f ∗
a
δ)(φ) =

∫ ∞

0
( f ∗

a
δ)(x)(φ)(x)ma(x)dx . (3.11)

The right-hand side of the Equation (3.11) is extended for φ ∈ C∞ and f ∈ K
′
, and the equality in it holds true

for φ ∈ C∞ and f ∈ K
′
. But

(( f ∗
a
δ)(φ))(0) =

∫ ∞

0
( f ∗

a
δ)(x)(φ)(x)ma(x)dx,

by definition of the convolution of distributions. This completes the proof of the lemma. ��
Lemma 3.7 For f ∈ K

′
and δ ∈ D

(	a f ∗
a
δ)(x) = ( f ∗

a
	aδ)(x), ∀x ∈ R+

and hence, (	a f ∗
a
δ) = ( f ∗

a
	aδ) in the sense of the distribution.

Proof Using Fubini’s theorem, Lemmas 2.1 and 3.1, and the distributional index Whittaker transform (3.9), the
proof of the lemma follows. ��
Theorem 3.8 For f ∈ K

′
and δ ∈ D

	a( f ∗
a
δ)(x) = (	a f ∗

a
δ)(x), ∀x ∈ R+.

Proof By virtue of the distribution [see Lemma 3.1],	a( f ∗
a
δ) = (	a f ∗

a
δ). Considering ( f ∗

a
δ) as a distribution

with compact support, and by the definition of the index Whittaker transform for compactly supported distribution
for φ ∈ D, we have

	a( f ∗
a
δ)(φ) = ( f ∗

a
δ)(	aφ) = (( f ∗

a
δ)(	aφ))(0), [by Lemma 3.6]

= ( f ∗
a
	a(δ ∗

a
φ))(0) (3.12)

(	a f ∗
a
δ)(φ) = ((	a f ∗

a
δ) ∗

a
φ) = (( f ∗

a
	aδ) ∗

a
φ)(0),

which is due to Lemmas 3.6 and 3.7.
Further,

(	a f ∗
a
δ)(φ) = ( f ∗

a
(	aδ ∗

a
φ))(0) = ( f ∗

a
	a(δ ∗

a
φ))(0), [by Lemma 3.1]

i.e.

	a( f ∗
a
δ)(φ) = ( f ∗

a
	a(δ ∗

a
φ))(0). (3.13)

Indeed, by virtue of Equations (3.12) and (3.13), 	a( f ∗
a
δ) = (	a f ∗

a
δ) in the sense of distributions. This

completes the proof. ��
Theorem 3.9 Let f ∈ K

′
and 	a f is the index Whittaker transform. If x =

[
fn ∗

a
δn/δn

]
and y =

[
	a fn ∗

a
δn/δn

]
, then x ∈ BW (La

p,�) such that 	a(x) = y ∈ B(C∞,�). Thus, the index Whittaker transform

of y representing 	a f , coincides with the index Whittaker transform of x, representing f .
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Proof The function f ∈ K
′
can be identified with the Boehmian x =

[
fn ∗

a
δn/δn

]
in B(La

p,�), where (δn) ∈ �
is any delta sequence.
Further, f ∈ K

′
and (δn) ∈ �, this implies that f ∗

a
δn ∈ D ⊆ La

p.

Using Theorem 3.8,

	a( f ∗
a
δn) = (	a f ∗

a
δn) ∈ C∞.

Therefore

x =
[

f ∗
a
δn

δn

]

∈ BW (L
a
p,�)

and its index Whittaker transform is given by

	a(x) =
[
	a( f ∗

a
δn)

δn

]

=
[
	a f ∗

a
δn

δn

]

= y.

Hence, the theorem is proved. ��
Theorem 3.10 If x, y ∈ BW (La

p,�). Then x + y ∈ BW (La
p,�) and 	a(x + y) = 	a(x)+	a(y).

Theorem 3.11 Let x ∈ BW (La
p,�) and α ∈ R (constant). Then, αx ∈ BW (La

p,�) and 	a(αx) = α	a(x).

Theorem 3.12 Let x ∈ BW (La
p,�) and δ ∈ S. Then x ∗

a
δ ∈ BW (La

p,�) and 	a(x ∗
a
δ) = 	a(x) ∗

a
δ.

Theorems 3.10, 3.11 and 3.12 are the operational properties of the index Whittaker transform. The proofs of
theorems are analogous to [6, pp. 30-32], and thus, details are avoided.

Lemma 3.13 If fn, f ∈ La
p and fn → f in La

p as n → ∞. Then fn and f considered as elements of B(C∞,�)
satisfy fn

δ−→ f in B(C∞,�).

Proof Since the convergence of B(La
p,�) to B(C∞,�) is proved in Lemma 2.7, and for linear map L from one

space of Boehmian B1 into that of another B2 is continuous if xn
δ−→ x in B1 �⇒ Lxn

δ−→ Lx in B2, therefore,
the lemma is admittable. ��
Theorem 3.14 Let (xn) be a sequence of Boehmians in BW (La

p,�), δ−converging to x in BW (La
p,�). Then,

	a(xn) is a sequence of Boehmians in B(C∞,�), where δ− converging to	a(x) in B(C∞,�). In other words,
index Whittaker transform for Boehmians is a continuous linear map from BW (La

p,�) to B(C∞,�).

Proof Since xn
δ−→ x in BW (La

p,�), there exist (δk) ∈ � such that xn ∗
a
δk , x ∗

a
δk are in La

p, and

xn ∗
a
δk → x ∗

a
δk in La

p, as n → ∞, ∀k ∈ N.

T here f ore 	a(xn ∗
a
δk) → 	a(x ∗

a
δk) in La

p, as n → ∞, ∀k ∈ N.

Since index Whittaker transform transform is continuous from La
p to La

p, we consider fn = 	a(xn ∗
a
δk),

f = 	a(x ∗
a
δk) as C∞−Boehmians. From Lemma 3.13, fn

δ−→ f in B(C∞,�). As Boehmians,

	a(xn ∗
a
δk) = 	a(xn) ∗

a
δk, [by Theorem 3.11].

Hence, 	a(xn) ∗
a
δk

δ−→ 	a(x) ∗
a
δk in B(C∞,�). Therefore, (φk) ∈ � such that

	a(xn) ∗
a
δk → (	a(x) ∗

a
δk) ∗

a
φk, as n → ∞ in C∞.

Therefore

	a(xn) ∗
a
ψk → 	a(x) ∗

a
ψk, as n → ∞ in C∞
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where, ψk = δk ∗
a
φk , which is in �. Hence,

	a(xn)
δ−→ 	a(x), as n → ∞ in B(C∞,�).

Hence, the theorem is proved. ��
Theorem 3.15 Let y ∈ B(C∞,�). Then there exists x ∈ BW (La

p,�) such that 	a(x) = y if and only if y is
represented by a quotient gn/ψn such that La

p ∩ C∞.

Proof Let x = [ fn/φn] ∈ BW (La
p,�). Further,

y = 	a(x) =
[
	a fn

φn

]

∈ B(C∞,�), [Proposition 3.4].

Since, fn ∈ La
p, 	a fn ∈ La

p and 	a fn ∈ C∞.
Thus it is admittable that

y = 	a(x) =
[
	a fn

φn

]

.

Thus, 	a fn ∈ La
p ∩ C∞.

Conversely, if y = [gn/ψn] ∈ B(C∞,�) such that gn ∈ La
p ∩ C∞ and fn = 	agn , then x = [ fn/φn], and

gn ∈ La
p implies that fn ∈ La

p.
Further,

fi ∗
a
ψ j = f j ∗

a
ψi , ∀i, j ∈ N.

and

gi ∗
a
ψ j = g j ∗

a
ψi , ∀i, j ∈ N.

Indeed, it proves that

x =
[

fn

ψn

]

∈ B(La
p,�), and fn = 	agn ∈ C∞.

Therefore,

x =
[

fn

ψn

]

∈ BW (L
a
p,�), and 	a(x) = y.

This completes the proof of the theorem. This shows that the image of the index Whittaker transformable
Boehmians, indeed, is defined for the index Whittaker transform. ��

Acknowledgements The authors are very thankful to the reviewer for his/her valuable and constructive comments and suggestions.

References

1. AL-Musallam F. A., A Whittaker transform over a half line, Integral Transforms Spec. Funct., 12(3)(2001), 201–212.
2. AL-Musallam F. and Tuan V. K., A finite and an infinite Whittaker integral transform, Comput. Math. Appl., 46(12)(2003),

1847-1859.
3. Banerji P.K, Loonker D. and Kalla S.L., Kontorovich-Lebedev transform for Boehmians, Integral Transforms Spec. Funct.,

20(12)(2009), 905-913.
4. Becker P. A., On the integration of products of Whittaker functions with respect to the second index, J. Math. Phys., 45(2)(2004),

761–773.
5. Boehme T.K., The support of Mikusinski operators, Trans. Amer. Math. Soc., 176(1973), 319-334.
6. Karunakaran V. and Kalpakam N.V., Hilbert transform for Boehmians, Integral Transforms Spec. Funct., 9(1)(2000), 19-36.
7. Loonker D., Banerji P.K and Debnath L., On the Hankel transform for Boehmians, Integral Transforms Spec. Funct., 21(7)(2010),

479-486.

123



500 J. Maan, A. Prasad

8. Maan J. and Prasad A., Abelian theorems in the framework of the distributional index Whittaker transform, Math. Commun.,
27(1)(2022), 1-9.

9. Mikusinski P., Convergence of Boehmains, Japan. J. Math., 9(1)(1983), 159-179.
10. Nemzer D., The Boehmians as an F-space, Doctoral Thesis, University of California, Santa Barbara, 1984.
11. Olver F. W. J., Lozier D. W., Boisvert R. F. and Clark C. W., NIST handbook of mathematical functions, Cambridge university

press, 2010.
12. Prasad A., Maan J. and Verma S. K., Wavelet transforms associated with the index Whittaker transform, Math. Methods Appl.

Sci., 43(13)(2021), 10734–10752.
13. Prasad A. and Mandal U. K., Composition of pseudo-differential operators associated with Kontorovich-Lebedev transform,

Integral Transforms Spec. Funct., 27(11)(2016), 878-892.
14. Sousa R., Guerra M. and Yakubovich S., Lévy processes with respect to the index Whittaker convolution, Trans. Amer. Math.

Soc., 374(2021), 2383-2419.
15. Sousa R. , Guerra M. and Yakubovich S., On the product formula and convolution associated with the index Whittaker transform,

J. Math. Anal. Appl. , 475(1)(2019), 939-965.
16. Srivastava H. M., Vasilév YU. V. and Yakubovich S. B., A class of index transforms with Whittaker’s function as the kernel,

Quart. J. Math. Oxford, 49(2)(1998), 375–394.
17. Wimp J., A class of integral transforms, Proc. Edinb. Math. Soc., 14(2)(1964), 33-40.
18. Yakubovich S.B., Index transforms, World Scientific Publishing Company, Singapore, 1996.

Springer Nature or its licensor (e.g. a society or other partner) holds exclusive rights to this article under a publishing agreement
with the author(s) or other rightsholder(s); author self-archiving of the accepted manuscript version of this article is solely governed
by the terms of such publishing agreement and applicable law.

123



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 600
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.01667
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 600
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 2.03333
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 2250
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (sRGB IEC61966-2.1)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<


    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200036002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200036002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /ESP <>
    /ETI <>
    /FRA <>



    /HUN <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 6.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200036002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 6.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>


    /SKY <>

    /SUO <>
    /SVE <>
    /TUR <>

    /DEU <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


		2024-04-24T14:21:38+0530
	Preflight Ticket Signature




