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Abstract In this article, we find the subalgebra of the orthogonal Lie algebra corresponding to the DSER
elementary orthogonal group on a quadratic space with a hyperbolic summand.
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1 Introduction

The study of Lie groups and their representations have a wide variety of applications in mathematics, as well as
in physics, chemistry and engineering. Lie groups were introduced as a tool for solving differential equations.
By definition, a Lie group is a group with the structure of a smooth manifold in which the group operation and
taking inverse are smooth maps. A Lie group is an algebraic object because it is a group and a geometric object
because of its manifold structure. Thus the study of Lie groups involves both algebra and geometry.

Generally, working with a Lie group is difficult because of the nonlinearity of the group operation. The theory
of Lie algebras was introduced to overcome this. Lie algebras can be considered as a linearization of the Lie
group. Given a Lie group, we can construct the corresponding Lie algebra by taking the underlying vector space
as the tangent space of the Lie group at the identity element. This linearization simplifies the study of Lie groups
to a greater extent.

In [12], A. Roy defined a set of transformations as a generalization of the classical Eichler-Siegel-Dickson
transformations over fields to arbitrary commutative rings. These elementary orthogonal transformations are
defined on quadratic spaces with a hyperbolic summand over a commutative ring with unity in which 2 is
invertible. These are called Dickson-Siegel-Eichler-Roy (DSER) elementary orthogonal transformations. L.E.
Dickson defined these types of transformations over finite fields in 1958 in his book [5]. Over arbitrary fields,
these transformations were studied by C.L. Siegel in [14]. In [6], M. Eichler studied these transformations as
part of the study of the orthogonal group of a quadratic space over a field. Later, it was generalized to the ring
of integers by C.T.C. Wall (see [15]).
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Over the field of real numbers R and the field of complex numbers C, the orthogonal group has the structure
of a Lie group. Thus the DSER elementary orthogonal group has a Lie group structure by considering it as
a subgroup of the orthogonal Lie group. In this paper, we compute the Lie algebra of the DSER elementary
orthogonal group over R or C as a Lie subalgebra of the orthogonal Lie algebra.

2 Preliminaries
2.1 DSER elementary orthogonal group

Let R be a commutative ring in which 2 is invertible. A quadratic R-module (M, ¢) is an R-module M together
with a quadratic form g on M. Let B, be the symmetric bilinear form on M corresponding to ¢. The quadratic
form ¢ is said to be non-singular if the map qu M — M* given by qu (x) = By(x, —), forx € M is an
isomorphism. For a finitely generated projective R-module M and non-singular quadratic form g on M, the pair
(M, q) is called a quadratic space.

Let (M1, q1) and (M3, q2) be two quadratic R-modules. A linear map « : M| — M is called a morphism
from M to My if g2(x(x)) = g1(x) for all x € M;. An automorphism of a quadratic module is called an
orthogonal transformation and the group of all such transformations is called the orthogonal group on M and is
denoted by Og (M).

Let (Q, ¢) be a quadratic R-space, P be a finitely generated projective R-module and P* = Hompg (P, R)
be the dual module. Consider R linear maps o : Q — P and 8 : Q — P*. Then the transpose of «, denoted by
a’ is amap from P* to Q* defined as a’ (¢) = p o, for ¢ € P*. Similarly define B’. Now define o* : P* — Q
by a* = dgql oa’and B* : P — Qby p* = dgql o B' o, where ¢ is the natural isomorphism from P to P**. By
H(P), we denote the module P & P* with the quadratic form p((x, f)) = f(x), x € P, f € P*.In[12], A.
Roy defined the linear transformations E, and E; on the orthogonal sum of Q and H(P), denoted by Q L H(P),
as follows.

Ey(z) =z +a(z), forz € Q,
Ey,(x) =x forx e P

Ea(f) = —a(f) — S (/) + f for [ € P* and
Eg(z) =z+B(2), forz e Q,
E3(x) = —f*(0) + x — %ﬂﬂ*(x) forx € P,
E3(f) = f for f € P*.
These transformations are orthogonal, that is; (¢ L p)(Eq(z, x, f)) = (¢ L p)((z, x, f)) = q(z) + f(x).

Definition 1 For « € Homg(Q, P) and 8 € Hom(Q, P*), the subgroup of Og(Q_LH(P)) generated by E,
and £ E is called the DSER elementary orthogonal group and is denoted by EOg(Q, HI(P)). The elements of
this group are called DSER elementary orthogonal transformations.

2.1.1 DSER elementary orthogonal transformations in free case

Let R be a commutative ring with 1 in which 2 is invertible. Let P and Q be free R-modules of rank m and n
respectively. Then P and P* are isomorphic to R™ and Q is isomorphic to R”. In this case, we denote the DSER
elementary orthogonal group EOg(Q, H(P)) by EOg(g, ™).

Now we consider the matrices corresponding to the DSER elementary orthogonal transformations for a fixed
basis for Q and P. The matrix version of the DSER elementary orthogonal transformations were introduced by
A.A. Ambily and R.A. Rao in [1].

We denote the matrix corresponding to the linear map « by « and that of 8 by . Since P and Q are free modules
of rank m and n respectively, @ = (a;;) and B = (b;;) are m x n matrices. Denote the matrix corresponding
to the nondegenerate quadratic form g by ¢ = (¢;;) and let <p‘1 = (d;;). Also the matrix corresponding to the

quadratic form p on H(P) = H(R™) = H(R)™ is given by 1/~fm = 1;1 1 Jm,l, where Jl = (? é) Then we
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a; sk
can write the matrix version of the DSER elementary orthogonal transformation Eq;; = I + ajj — O‘?j — %
as follows.

For a € R, let ¢;j(a) denotes the (n + 2m) x (n + 2m) matrix with (i, j)-th entry a and all other entries 0.
Also let ;; be the m x n matrix with (i, j)-th entry a;; and all other entries 0. The map oe;“j = <p‘1af ; has the
.. . ajjaf . .
matrix with the i’ column (dija;; dajaij ... dpja; j)t and all other columns 0. Then —5 is an m x n matrix
e djja}; .
with its (i, i)th entry % and all other entries 0. Therefore

n

2
Eq;; = Intom + entai—1, j(aij) — ek, n+2i(dijaij) — entai-1, n+2i(djja;; /2). (D
k=1

Similarly, the DSER elementary orthogonal transformation E,’gl_j =1+Bij— ,B;kj — ﬁijf'j can be represented

in the matrix form as follows.

n
EE,.,. = Inyom + eng2i, j(bij) — Y ek, n2i—1(dijbij) — ent2i, n+2[—l(djjb[2j/2)a 2
' k=1

where f;; is the m x n matrix with (i, j)-th entry b;; and all other entries 0.

2.2 Lie algebras

The classical notion of Lie algebras was defined over a field. It is a vector space endowed with a new operation
which is neither commutative nor associative. This notion is also there for an arbitrary commutative ring with
unity (see [13]).

Lie algebras over fields can be defined in the following way.

Definition 2 A vector space V over a field F, together with a bilinear map V x V — V, denoted by (x, y)
[x, y] is called a Lie algebra over F if the following axioms are satisfied.

1. [x,x] =0, forall xin V.
2. [x, [y, zll+ 1y, [z, x]1 + [z, [x, y]l =0, forall x, y, z € V.

For x, y € V, the operation (x, y) — [x, y] is called the bracket or commutator of x and y and the axiom (2) is
called the Jacobi identity.

The following are some well known examples of Lie algebras.

Example 1 1. Any vector space V can be given a Lie algebra structure by defining a Lie bracket by [x, y] = 0,
for all x, y € V. This is the abelian Lie algebra structure on V.

2. Let F = R, the field of real numbers. Then the vector product (x, y) — x x y defines the structure of a Lie
algebra on R3.

3. Let V be a finite dimensional vector space over F' and End V be the set of all linear transformations on V.
Define an operation [x, y] = x o y — y o x, called the bracket of x and y. With this operation, End V becomes
a Lie algebra over F and End V viewed as Lie algebra is called the general linear algebra, denoted by g/ (V).
Any subalgebra of the Lie algebra g/(V) is called a linear Lie algebra. We can fix a basis for V and identify
gl (V) with the set of all n x n matrices over F, denoted by g/, (F).

Classical Lie algebras are an important class of Lie algebras. We have Lie algebras corresponding to each classical
group. Here we are only studying the orthogonal Lie algebra.

2.3 Lie groups

We study the Lie group structure of some important subgroups of the general linear group. Let M,, (C) denote the
space of all n x n matrices with complex entries and GL, (C) be the group of all invertible matrices in M,, (C).

Definition 3 Let A,, be a sequence of complex matrices in M, (C). We say that A,, converges to a matrix A if
each entry of A,, converges to the corresponding entry of A as m — oo.

@ Springer



504 A.A. Ambily, V.K. Pradeep

Definition 4 A matrix Lie group is a subgroup G of GL, (C) such that if A,, is any sequence of matrices in G
and A,, converges to some matrix A, then either A € G or A is not invertible. Equivalently, a matrix Lie group
is a closed subgroup of GL, (C).

Remark 1 Here the topology on GL,, (C) is the usual topology on €. Since the topology determines the smooth
structure, to check whether a group is a Lie group, we need only to check whether it is closed.

Example 2 1. By definition GL,(C) is a matrix Lie group.

2. The special linear group SL,, (C) is a matrix Lie group because the determinant map is a continuous function.

3. The symplectic group Sp, (C) and the orthogonal group O, (C) are matrix Lie groups since the equation
A"y A = v is preserved under taking limits, where v is the form matrix for symplectic or orthogonal
matrices.

2.4 Lie Group - Lie algebra correspondence

In this section, we study the method for finding the Lie algebra of a given Lie group. This is a very useful tool to
study the structure and properties of a Lie group. A Lie algebra of a Lie group reflects the local properties of the
Lie group. Since a Lie algebra has the structure of a vector space, it can be studied easily using the techniques in
linear algebra. We use the exponential and logarithm maps for going from Lie algebra to Lie group and vice-versa.

Proposition 1 [Proposition 2.1, [7]] For any n x n real or complex matrix A, the series

OOAm A2
wr=lTA+t g+
m=0

converges.

Definition S Let A be an n x n real or complex matrix. Define the matrix exponential, exp(A) by

OOAm A2
exp(A) = Sr=1+A+ 5+

m!
m=0
By Proposition 2.1 in [7], the matrix exponential is a continuous function of A.
The set of all n x n complex matrices, M, (C) is a normed space with the norm

[All= (Y Jaij DY?, for A = (a;;) € M, (C).
i,j=1

Consider A € M, (R). The function A — exp(A) is an analytic map from R into R" whose Jacobian
matrix at 0 is the identity matrix of order n2. Then by inverse function theorem we have exp(A) is a real analytic
diffeomorphism from a neighbourhood of 0 in g/, (R) to a neighbourhood of the identity matrix in GL, (R). We
call the inverse of exponential function as the logarithm function. Since GL(n, C) can be considered as a closed
subgroup of GL(2#n, R), the above argument also works for n x n complex matrices.

Lemma 1 (Lemma 2.5, [7]) The function

00
_ m+1(A=D"
log(A) = 3 (—1ym+! A=

m=1

is defined and continuous on the set of all n x n complex matrices A with ||A — I||< 1.
For all A with |A — I||< 1, exp(log(A)) = A and for all X with || X|| <log(2), |lexp(X) — 1|| <1 and
log(exp(X)) = X.

Remark 2 1If we take a unipotent matrix A (i.e., A — I is nilpotent), then the series in Lemma 1 will terminate
after finite number of terms and hence it is convergent. In this case, log(A) is defined even without the condition
lA—1]<1.

Definition 6 Let G be a matrix Lie group. The Lie algebra of G, denoted by g, is the set of all matrices X such
that exp(r X) is in G for all real numbers r.
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3 Lie algebra of DSER elementary orthogonal group

Here we take the ring R to be the ring of complex numbers C and compute the Lie algebra of the DSER elementary
orthogonal group, EOc (g, /™). The group EOc (g, A™) is a subgroup of the orthogonal Lie group.

By definition, the orthogonal group on the module Q L H(P) is the set of all (n + 2m) x (n + 2m) complex
matrices A such that A’ (¢ L ¥m)A = ¢ L . This is a matrix Lie group and is denoted by Oc(q L 2™).
The condition A’ (¢ L ¥,,)A = ¢ L 1, is equivalent to

@ L) A (@ L) = A7

The Lie algebra corresponding to the orthogonal Lie group consists of (n +2m) x (n+2m) complex matrices
X such that exp(r X) lie in the orthogonal group for all real numbers ». Equivalently,

(¢ L )~ exp(rX") (@ L ) = exp(—rX).
That means, exp(r (¢ L @m)’l X' (g 1 Jm)) = exp(—rX) for all real number r. Taking derivative with respect
to r and putting r = 0, we get (¢ L ¥,,) "' X (¢ L ¥,,)) = —X.
Thus the Lie algebra corresponding to the orthogonal Lie group is given by
(X € Mu2a(© : (0 L)™' X' (9 L ) = —X).
Hence the Lie algebra of DSER elementary orthogonal group is a subalgebra of the above Lie algebra.

Theorem 1 The Lie algebra of the DSER elementary orthogonal group EOc (g, h'™) is the subalgebra of the
orthogonal Lie algebra generated by matrices of the form

n n
ent2i—1,j(aij) — Y_exny2i(dijaij) and enyoi j(bij) — ) exny2i—1(dijbij),
k=1 k=1

where e;j(x) denote the matrix with (i, j)th entry x and all other entries 0, the matrix (d;;) is the matrix of the
form ¢~ and aij, bij € C.

Proof The generators of the DSER elementary orthogonal group, EOc (g, 4™), are of the following form.

n
Eo;;(aij) = Invom + ent2i-1,j(aij) — Y ek, n+2i (dkjaij) — en+2i—1.n+2i (djjaizj/Z), 3)
k=1
n
E}, (bij) = Inyom + ent2ij(bij) = 3 exnai-1(dijbij) — en+2i,n+2i—1(djjb,-2,~/2), “4)
k=1 :

where the notations are as in Section 2.1.1.

The Lie algebra corresponding to the DSER elementary orthogonal group consists of (n 4 2m) x (n 4 2m)
complex matrices X such that exp(r X) lie in EOc (g, h™) for all real numbers r. If exp(r X) € EOc(q, h'™), it
is a product of elementary generators given by Equations (3) and (4).

Suppose exp(rX) is an elementary generator of EO¢(g, #). Then it will be of the form Ea,-j (rh(r)a;;) or
EE:‘/ (rh(r)b;j), where h(r) is a polynomial function of r. This is because the series expansion of exp(r X) is of

the form I 4 rg(r), where g(r) is a polynomial function on r. In the first case, we have
n
exp(rX) = lnyom + eng2i—1,j(rh(r)aij) — Y exnt2i (rh(r)dijaij)
k=1
— ent2i-1at2i (FPh(r)?djja; /2).

Taking derivative with respect to r and putting r = 0, we get
n
X =epy2i-1,j(h(0)aij) — > ek ny2i (h(0)dyjaij).
k=1

By similar calculations we can see that if exp(r X) = EE,,- (rh(r)b;j), then

n
X = en42i,j(h(0)bij) — Y ek n2i—1(h(0)dy;bij).
=1
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Since £(0) is an element of C, for simplicity we can write /(0)a;; as alf ; and h(0)b;; as bl/. i Also by using
product formula for derivatives, we can find the element in the Lie algebra corresponding to a product of elemenary
generators.

By direct computation, we can see that these matrices satisfy the equation

@ L) X (¢ L ) = —X,

and hence they belong to the orthogonal Lie algebra.
Thus the Lie algebra of the DSER elementary orthogonal group is the subalgebra of the orthogonal Lie
algebra generated by matrices of the form

n n
en+2i—1,j(al{j) - Zek,n+2,-(dkjalfj) and €n+2i,j(b,’»j) — Zek,n+2i—l(dkjbl{j).
k= k=1

where ¢;;(x) denote the matrix with (7, j)th entry x and all other entries 0, the matrix (d;;) is the matrix of the
-1

form ¢~ and alfj, blfj e C. O

Remark 3 'We can observe that the generators of the Lie algebra of DSER elementary orthogonal group are the

logarithms of the generators of DSER elementary orthogonal group. The logarithms are defined since Eq;; (aij)

and E;ij (bij) are unipotent matrices with (Eq; (a;;) — Lisom) = (EEU (bij) — Lizom)? = 0.

Also we have

(Eg;;(aij) — Litom)? = —ent2i—1n+2i (djjaizj), and
(Ef, (i) = Tnvom)?

—en+2i,n+2i—1(djjb,~2j).
Therefore the logarithm of Eg;; (a;;) and E;U (bjj) are given by

(Ea;; (aij) — Insom)?

log(EDl,'j (al/)) = (EOl,'j (al/) - 1n+2m) - )

n
= epi2i-1,j(aij) — > ek ntai (dijaij), and similarly
k=1

n
log(EEij (bij)) = ent2i,j(bij) — Y exnt2i—1(dkjbij).
k=1
Remark 4 By [2], the DSER elementary orthogonal group EOc(g, ™) is a normal subgroup of the orthogonal
group when m > 2. In particular, it is a normal subgroup of the connected Lie group SOc(gq, ™). Also, by
Proposition 11.9 in [4], the Lie algebra of a normal subgroup of a connected Lie group G is a Lie ideal of the

Lie algebra of G. Hence the Lie algebra in Theorem 1 is a Lie ideal of the Lie algebra of the special orthogonal
group.
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