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Abstract Let n be any natural number such that 2 is a primitive root of 2n + 1. In this article, we prove
that the permutation (n!) has two orbits if and only if 2n + 1 = p2 for some odd prime p, where (n!) =
n−1∏

k=0
(1, 2, . . . , (n − k)).
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1 Introduction

C. F. Gauss [3] while investigating the periods of rationals in base 10, proved that for any prime p with 10 as a
primitive root and for any q ∈ (Z/pZ)∗, the decimal representation of q

p will recur after p−1 digits and it differs
by cyclic permutation. In 1969, Aulicino and Goldfeld [1] proposed the notation (n!) which is a permutation

defined as (n!) =
n−1∏

k=0
(1, 2, . . . , (n − k)) while investigating a problem which is equivalent to a special case of

Artin’s primitive root conjecture. They proved that the permutation (n!) is transitive if and only if 2n +1 is prime
having 2 as a primitive root.

For any odd prime p such that 2p + 1 is prime or prime power, Ramesh et al. [4] proved that 2 is a primitive
root of 2p + 1 if and only if p ≡ 1 (mod 4) which leads to the following corollary: for any odd prime p, the
permutation (p!) is transitive if and only if 2p + 1 is prime and p ≡ 1 (mod 4).

In this article, we present an extension of the above results connecting primitive root with permutations
having two orbits. The extension is carried in two directions, namely, one in generalising the condition on 2n +1
being prime to prime or prime power and second by characterising permutations with two orbits.
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Let us first recall some definitions and notations. Let a and n be positive integers such that (a, n) = 1, then
a is said to be a primitive root of n (refer art 57 and page 37 of [3]) if the order of a modulo n is φ(n). For any
permutation σ of a set A, the equivalence classes of the following equivalence relation are called orbits of σ . For
i, j ∈ A, define i ∼ j if there exists k ∈ Z such that σ k(i) = j (refer Section 9 of [2]). Now, for any natural
number n, a permutation of first n odd natural numbers is denoted by P(2n + 1) (refer [1]) which is defined as

P(2n + 1) =
n∏

k=1

(1, 3, 5, . . . , (2n + 1 − 2k)) (1)

It is easy to verify that for any natural number n, permutations (n!) and P(2n + 1) have same number of orbits.
Now, for convenience let us assume that m = 2n + 1, then

P(m) =
n∏

k=1

(1, 3, . . . , (m − 2k)) =
(

1 3 · · · m − 2
Am(1) Am(3) · · · Am(m − 2)

)

where Am( j) for j ∈ {1, 3, . . . , m − 2} denotes the image of j of the permutation P(m). Furthermore, Aulicino
and Goldfeld [1] proved that for any odd integer j such that 1 ≤ j ≤ m − 2,

Am( j) = j + m

( j + m, 2m)
. (2)

And, we denote the orbit of P(m) containing j as Om( j) which is defined as

Om( j) =
{

A0
m( j), A1

m( j), . . . , Ar−1
m ( j)

}
(3)

where A0
m( j) = Ar

m( j) = j and Ak+1
m ( j) = Am(Ak

m( j)). Now, we define the set Sm( j) (refer page 665 of [1])
which is derived from the orbit Om( j) as follows:

Sm( j) =
{

A0
m( j),

A0
m( j) + m

2
, . . . ,

A0
m( j) + m

2s1
,

A1
m( j),

A1
m( j) + m

2
, . . . ,

A1
m( j) + m

2s2
,

...
...

...

Ar−1
m ( j),

Ar−1
m ( j) + m

2
, . . . ,

Ar−1
m ( j) + m

2sr

}

, (4)

where 2sk+1 = (2m, Ak−1
m ( j)+m). Furthermore, it is to be noted that Sm(1) is a subgroup of (Z/mZ)∗ generated

by 2 and Om(1) contains all the odd elements of Sm(1) [1].
For better understanding of these notations we give a few numerical examples. For n = 5 one can observe

that, P(11) = (1, 3, 7, 9, 5) and it is easy to verify that O11(1) = {1, 3, 7, 9, 5} � S11(1) = (Z/11Z)∗. Similarly
for n = 7, P(15) = (3, 9)(7, 11, 13), O15(1) = {1} and S15(1) = {1, 8, 4, 2}. Moreover, it is to be noted that
P(15) has four orbits namely, {1}, {3, 9}, {5} and {7, 11, 13}.

In this article, we prove the following result.

Theorem 1 Let n be any natural number such that 2 is a primitive root of 2n + 1. Then (n!) has two orbits if
and only if 2n + 1 = p2 for some odd prime p.

Now, we prove the following lemmas which will be useful to prove the above theorem.

Lemma 1 Let m be odd and 1 ≤ j ≤ m − 2 be also odd. Then Sm( j) = {(2k j) (mod m) | 1 ≤ k ≤ �} where
� is the order of 2 modulo m

( j,m)
.

Proof Let Sm( j) = {a1, a2, . . . , a�′ } where |Sm( j)| = �′. Now, from the definition of Sm( j) (as in (4)), it is easy
to observe that if ai is even, then ai

2 = ai+1 and if ai is odd, then ai +m
2 = ai+1. Therefore, we get ai ≡ 2ai+1

(mod m) for 1 ≤ i < �′ and a�′
2 = a1 = j . And so it can be observed that ai = 2�′−(i−1) j (mod m).

Now, suppose 2k1 j ≡ 2k2 j (mod m) for any k1 �= k2 which implies that 2k1 ≡ 2k2 (mod m
( j,m)

) which
further implies that k1 ≡ k2 (mod �) where � is the order of 2 modulo m

( j,m)
.

Therefore, we get �′ = �, i.e., Sm( j) = {(2k j) (mod m) | 1 ≤ k ≤ �}. 	
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Here, it is to be noted that Aulicino and Goldfeld [1] proved a special case of the above lemma when j = 1.

Lemma 2 Let n be any natural number. If (n!) has two orbits, then 2n + 1 = p or p2 where p is some odd
prime.

Proof Suppose there exists n ∈ N such that (n!) has two orbits, 2n + 1 �= p and 2n + 1 �= p2 for any odd prime
p. Then we have the following two mutually exclusive cases for 2n + 1 namely, 2n + 1 = p� where � ≥ 3 and
2n + 1 = p1 p2k where p1, p2 are distinct odd primes, k is some odd natural number. In either case, we will
show that P(2n + 1) has more than two orbits which will be a contradiction to the fact that (n!) has two orbits.

Case 1. 2n + 1 = p1 p2k where p1, p2 are distinct odd primes and k is some odd natural number.
Now, we will show that P(2n +1) has at least three orbits comprising, O2n+1(1), O2n+1(p1) and O2n+1(p2).

From (4), it follows that O2n+1(1) contains all the odd elements of (Z/(2n + 1)Z)∗ which are generated by 2.
Now, since p1 | 2n + 1 and p2 | 2n + 1, it follows that p1, p2 /∈ O2n+1(1). To finish the proof, we shall prove
that p2 /∈ O2n+1(p1) by showing that p2 /∈ S2n+1(p1) = {2i p1 (mod 2n + 1) | 1 ≤ i ≤ ordp2k(2)} (refer
Lemma 1).

Now, suppose p2 ∈ S2n+1(p1), then there exists 1 ≤ i ≤ ordp2k(2) such that

2i p1 ≡ p2 (mod 2n + 1) ⇐⇒ p1(2
i − p2kx) = p2 for some x ∈ Z,

which is a contradiction to p1 and p2 being distinct primes. Therefore, p2 /∈ S2n+1(p1) which implies that
p2 /∈ O2n+1(p1). Thus P(2n + 1) has at least three orbits namely, O2n+1(1), O2n+1(p1) and O2n+1(p2). Hence
the lemma in this case.

Case 2. 2n + 1 = p� for some odd prime p and � ≥ 3.
Like the Case 1, we will show that P(2n + 1) has at least three orbits comprising, O2n+1(1), O2n+1(p) and

O2n+1(p2). Now, since p2 | 2n + 1, it follows that p, p2 /∈ O2n+1(1). To finish the proof, we shall prove that
p2 /∈ O2n+1(p) by showing that p2 /∈ S2n+1(p) = {2i p (mod 2n + 1) | 1 ≤ i ≤ ordp�−1(2)} (refer Lemma 1).

Now, suppose p2 ∈ S2n+1(p), then there exists 1 ≤ i ≤ ordp�−1(2) such that

2i p ≡ p2 (mod 2n + 1) ⇐⇒ 2i = p(p�−2x + 1) for some x ∈ Z,

which is a contradiction. Therefore, p2 /∈ S2n+1(p) which implies that p2 /∈ O2n+1(p). Thus P(2n + 1) has at
least three orbits namely, O2n+1(1), O2n+1(p) and O2n+1(p2) which is a contradiction to our assumption that
(n!) has two orbits. Hence the lemma in this case. 	


2 Proof of Theorem 1

Let n ∈ N such that 2 is a primitive root of 2n + 1. First let us assume that (n!) has two orbits and prove that
2n + 1 = p2 for some odd prime p.

Since (n!) has two orbits, from the theorem of Aulicino and Goldfeld [1], it follows that 2n +1 is not a prime
or 2 is not a primitive root of 2n + 1. Furthermore, since we assume that 2 is a primitive root of 2n + 1, it follows
that 2n + 1 is not a prime. Therefore from Lemma 2, we get 2n + 1 = p2 for some odd prime p and hence the
claim.

Conversely, if 2n + 1 = p2 for some odd prime p, then we shall prove that (n!) has two orbits by showing
that O2n+1(1) and O2n+1(p) are the two orbits of P(2n + 1).

Now, it is to be noted that 2 is a primitive root of p since 2 is a primitive root of 2n + 1 = p2. Therefore,
from Lemma 1, it follows that S2n+1(1) = {2k (mod 2n + 1) | 1 ≤ k ≤ p(p − 1)} and S2n+1(p) = {(2k p)

(mod 2n+1) | 1 ≤ k ≤ p−1} since the order of 2 modulo 2n+1 is p(p−1) and the order of 2 modulo p is p−1.
Now, it is easy to see that S2n+1(1)∩ S2n+1(p) = ∅ since p | 2n +1. This implies that |S2n+1(1)|+|S2n+1(p)| =
p(p − 1) + p − 1 = p2 − 1 = 2n and therefore S2n+1(1) ∪ S2n+1(p) = {1, 2, . . . , 2n}.

Now, if 1 ≤ j < 2n + 1 is odd, then either j ∈ O2n+1(1) or j ∈ O2n+1(p) since O2n+1(1) ⊂ S2n+1(1) and
O2n+1(p) ⊂ S2n+1(p). Therefore, O2n+1(1) and O2n+1(p) are the two orbits of P(2n + 1) and hence (n!) has
two orbits.
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