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Abstract Let G = K, »,,... n, be a complete ¢-partite graph on n = Zle n; vertices. The distance between
vertices i and j in G, denoted by d;; is defined to be the length of the shortest path between i and j. The squared
distance matrix A(G) of G is the n x n matrix with (i, j)'" entry equal to 0 if i = j and equal to dizj ifi # j.
We define the squared distance energy Ea (G) of G to be the sum of the absolute values of its eigenvalues. We
determine the inertia of A(G) and compute the squared distance energy E A (G). More precisely, we prove that
ifn; >2forl <i <t,then EA(G) =8(n —t)andif h = |{i : n; = 1}| > 1, then

8m—1)+2h—1) < EA(G) <8(n—1t)+2h.

Furthermore, we show that for a fixed value of n and #, both the spectral radius of the squared distance matrix
and the squared distance energy of complete z-partite graphs on n vertices are maximal for complete split graph
Sy.+ and minimal for Turdn graph 7}, ;.
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1 Introduction and motivation

A simple connected graph G is a metric space with respect to the metric d, where d (i, j) equals the length of the
shortest path between the vertices i and j. We setd (i, i) = 0 for every vertex i in G. The distance matrix of a graph
G onn vertices is an n X n matrix D(G) = [d;;], where d;; = d(i, j). The squared distance matrix A(G) of G is
defined to be the Hadamard product D(G) o D(G), and thus the squared distance matrix of G is an n X n matrix,
defined as A(G) = [dl.zj]. Hence, A(G) is a real symmetric matrix and the eigenvalues of A(G) are real. Let
A (G) = A2(G) = - -+ = A, (G) be the eigenvalues of A(G) and o (A(G)) = {A1(G) = 22(G) = - -+ > A,(G)}

denote the spectrum of A(G). The spectral radius of A(G), denoted by p(G) is defined as p(G) = N H(li)((G)) [\
€0
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and by Perron-Frobenius theory, the spectral radius o (G) is the largest eigenvalue of A(G), i.e., p(G) = A1(G).
We define the squared distance energy of A(G) as EA(G) = i |A;(G)]. Since the trace of A(G) is zero, so

EA(G)=2 )Y |L(G)l.

2i(G)<0

Let T be a tree with n vertices. In [12], the authors proved that the determinant of the distance matrix D(T') of
T is given by det D(T) = (—1)"~!(n—1)2"~2. Note that, the determinant does not depend on the structure of the
tree but the number of vertices. In [14], it was shown that the inverse of the distance matrix of tree 7' is given by

1
-1 _
D(T)"! = —2L(T)+2(n 5

8; denotes the degree of the vertex i. Several extensions and generalizations of these results has been proved
(see, for example see [2,13,15,16]). In [3], authors computed the determinant of the squared distance matrix
A(T) of a tree T with no vertex of degree 2 and later in [4], find its inverse as a rank one perturbation of a
Laplacian-like matrix. In [5], the author considered the squared distance matrix of weighted trees and under
certain conditions found its inverse as a rank one perturbation of a Laplacian-like matrix. However, the results
for distance matrix and squared distance matrix for trees are similar, but strategy adopted for the proofs are
different due to the non-linearity of the Hadamard product. For the definition of Laplacian-like matrix and other
related results see [6,22]. Moreover, in [4], authors also determined the inertia of the squared distance matrix of
a tree. These developments encourage us to study problems related to the squared distance matrix on other class
of graphs. More precisely, we consider a few problems on the squared distance matrix of complete multipartite
graphs.

Before proceeding further, we first introduce a few notations which will be used time and again throughout
this article. We write G = H to indicate that two graphs G and H are isomorphic. Let I,, denote the identity
matrix, J,,,x, denotes the m x n matrix of all ones and if m = n, we use the notation J,,. We write 0,,, to
represent zero matrix of order m x n and simply write 0 if there is no scope of confusion with the order of the
matrix. For a symmetric matrix A, the inertia of A, denoted by In(A) is the triplet (n4+(A), ng(A), n_(A)), where
ny (A), np(A) and n_(A) denote the number of positive eigenvalues of A, the multiplicity of O as an eigenvalue
of A and the number of negative eigenvalues of A, respectively.

tt!, where L(T) is Laplacian matrix of T and 1 = (2—8(,2—82, --- ,2—6,)",

For n > 2, let the i’ largest component in a vector X = (x1,x2,---,x,) € R" be denoted by x[;
and let X| = (x[1], X[2], - - - , X[a]) denote the decreasing rearrangement of x. For X = (x1,x2, -, x,) and
Y = (1,2, -+, ¥n), we say that X majorizes Y, and write X > Y if

k k

ZX[,'] > Zy[i] fork=1,2,...,n,

i=1 i=1
with equality fork =n. We write X > Y if X > Yand X| #7Y,.

For t > 2, let K;, n,.... .n, denote the complete multipartite graph on n = Z;zl n; vertices. The complete
graph K; (¢ > 2) can also be seen as complete ¢-partite graph K, »,,... n, Withn; = 1forall 1 <i <. Letus
recall the definition of two special types of complete 7-partite graphs on n vertices, namely complete split graph
Sy.: and Turdn graph 7, ;:

1. Complete split graph S, ; = K,—;+1.1.1,...,1 consisting of an independent set of n — ¢ 4 1 vertices and a

—_——
t—1 times

clique of ¢ — 1 vertices, such that each vertex of the independent set is adjacent to each vertex of the clique.
2. Turdn graph Ty, ; = Kpuyo),- [nje1,\n/t),,n/t)» the (¢ + 1)-clique-free graph with maximum number of
edges.

In [7], the distance energy of a graph is defined as the sum of the absolute values of the distance eigenvalues.
Subsequently, many interesting results were obtained related to distance energy (for example see [17-21] and [1,
Section 8]). In particular, the distance energy of complete 7-partite graph has been studied in [18,19,21]. More
precisely, in [21], the author obtained the inertia of the distance matrix of Ky, »,,....», and also consider the
extremization (maximization and minimization) problem for the distance energy of K, u,,... .n, -

In this manuscript, we find the inertia of the squared distance matrix A(Kp; »,.... .»,) and using the inertia of
A(Ky, ny, n,)» we compute the squared distance energy Ea(Ky n,.... n,)- Further, we prove the following: For

fixed value of n and ¢, let n = 2;21 ny. Then EA(Ky ny,on,) =8 —t)ifn; > 2forl1 <i <t and

8n —1)+2(h —1) < EA(Knymyoom,) < 80 — 1) +2hifh = |{i : nj = 1}].
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Furthermore, we show that if (m, mo, --- ,m;) > (n1,n2,--- , ny), then

EA(Km1,m2,~-,m,) = EA(Knl,nz,m,n,) and ,O(Kml,mz,m,m,) > :O(Knhnz,“',nz)'

As a consequence, we can conclude that S, ; and 7, ; are extremal graphs for which the squared distance energy
and as well as the spectral radius of the squared distance matrix of complete ¢-partite graphs on n vertices attain
its maxima and minima, respectively. Moreover, we found that in the case of the spectral radius, these extremal
graphs are unique up to isomorphism, but for the squared distance energy, the maximal graph S, ; is unique up
to isomorphism, whereas the minimal graph 7, ; is unique up to isomorphism if and only if n < 2 4 1.

For fixed value of n, ¢ and h, let M(n, ¢, h) be the class of complete z-partite graphs on n vertices where the
number of partitions of size 1is A, i.e,

t
M@, t,h) = 3 Knj oy, :n:Zni andh=|{i:ni=1}|}.

i=1

In our investigation, we observe that the major distinction is in the spectral properties of A(Ky, n,,....n,) and
D(Ky, ny, n) if Ky g, .n, inM(n, t, h). For example, unlike the case of D(Ky pn,.... n,),if 0 is an eigenvalue
of A(Kp, ny,-.n,), then it is of multiplicity one.

This article is organized as follows. In Sect. 2, we discuss a few preliminary results useful for this article. In
Sect. 3, we compute the characteristic polynomial of A(Ky, ,,....n,) and also find some of its related results. In
Sect. 4, we determine the inertia of A(Kj, »,....,n,) and compute the squared distance energy Ea(Kp, no.- .n,)-
Next, in Sect.5, we consider problem related to maximization and minimization of Ea (K, n,....,n,) subject
to different conditions and use majorization techniques to find the extremal graphs for which Ea (Kp, sy, n,)
attains its the maximum and minimum. In this case, we also obtain the requisite conditions under which these
extremal graphs are unique upto isomorphism. Finally, in Sect. 6, using majorization techniques we show that
for fixed value of n and t, if n = Y i_, n;, then the spectral radius p(Kp, n,....n,) 0f the squared distance
matrix A(Ky, n,,...,n,) uniquely attains its maximum value at S,, ; and minimum value at 7, ;. We also provide
an alternative proof for the same.

2 Some preliminary results

In this section, we discuss a few preliminary results useful for our subsequent sections. We first recall some
existing results on majorization and matrix theory.

Let B, ={(z1,22, - ,zn) €Z" 171 > 20 > --- > zz}. For1 < j <mn, let E;’ be the n-tuple with 1 at the
j" entry and for 1 < j, k < n, weuse E ;’ « to denote E} — E;’ With these notations we now state the following
results.

Theorem 2.1 [11]Let X,Y € B, and X # Y. Then Y = X if and only if there exists a sequence in B, such as
Y=Yy>Y>--->Y =Xsuchthatfor1 <i <1,Y; =Y;_4 ~|—E;?i kiforsomeki > Jji.

Theorem 2.2 [9] Letny,my, --- ,ng, my and xy, - -+ , x; be real numbers. Then
(nlanZa“' ank) Z (m17m27“' 7mk)ifand0nlyif(n17“' s My X1, 00 axt) Z (mla"' sy My, X1,y 07 axl)'
For every integer t > 1,1etC; = {(n1,no,--- ,n;) € Z' : ny > np > --- > n; > 1}. Note that (C;, >) is a

partially ordered set.

Theorem 2.3 [11] Let (C;, =) be the partially ordered set defined as above. Then for every (ny, na, -+ ,n;) € C;
withn = ny + --- + ny, we have
7))
9 t .

n n n

(”_t+1,1:"’sl)i(nhn%"'7”11)5(’7—],"',{——‘7L—Js"'

—— 1 t 1t
-1

The result below follows from Theorem 2.3, and hence presented as a corollary without proof.

Corollary 2.4 Fort > 1 and let (C], =) be a partially ordered set, where C; = {(ny,na, -+ ,n;) € Z' : ny >
np > --->n; > 2}. Then for every (ny,na, --- ,n;) € Ct’ withn = 25:1 ni, we have
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(n_z(t_l)yzazv"' 72)1(’11,”2"",’%)-
—

t—1

Now we state a well known result namely inclusion principle that gives an interlacing relation between the
eigenvalues of a real symmetric matrix and its principal minors.

Theorem 2.5 [8, Theorem 4.3.28] Let A be an n X n real symmetric matrix, let v be an integer with 1 <r <n,
and let B denote any r x r principal submatrix of A. Let A1 (A) > X (A) > -+ > Ay(A) and A1 (B) > A (B) >
-+ > Ay (B) be the eigenvalues of A and B, respectively. For each integer i such that 1 <i < r, we have

Ai(A) = Ai(B) = Ay—ryi(A).

The next result is a consequence of the inclusion principle and Weyl’s inequality that gives interlacing
inequalities of a rank one perturbation to a real symmetric matrix.

Lemma 2.6 [8, Corollary 4.3.9] Let A be an n x n real symmetric matrix, and B = A+ J,,, where J,, is the matrix
of all ones. Let A (A) = A2(A) = -+ = An—1(A) = Au(A) and 11 (B) = A2(B) = -+ = Ap—1(B) = An(B) be
the eigenvalues of A and B, respectively. Then the following interlacing inequalities holds:

A(B) = A2(A) = A2(B) = -+ = An—1(A) = 2n(B) = An(A).

Observe that, given a monic polynomial f with real coefficients we know that f (x) is positive for sufficiently
large value x. The lemma below is an immediate consequence of this observation.

Lemma 2.7 Let f and g be monic polynomials with real coefficients having real roots. Let A (f) and 11(g)
denote the largest real root of f and g, respectively. If f(r1(g)) <O, then A1(g) < A1(f).

We conclude this section with a lemma that gives two inequalities. These inequalities can be obtained with
simple calculations, and hence we omit the proofs.

Lemma 2.8 Let n,, n, be real numbers. Then the following inequalities hold.

(i) Ifa > 0and b > 3, then

np Iﬁ>l’lp—1 ng +1

a+b a+3+b—3

if and only if (3n, +a)b(b — 3) > (3ny + b)a(a + 3).

(ii) Ifa > 3 and b > 0, then

n_P+n_q>np—1 ng +1

a b a—3+b+3

if and only if 3[nya(a — 3) — n,b(b + 3)] > ab(a — b — 6).

In the next section, we compute the characteristic polynomial of the squared distance matrix of the complete
t-partite graph Ky, ,, ... », and discusses some of its consequences.

3 Characteristic polynomial of A(Ky, n,,... n,)

Let A(Ky n,,-.,n,) be the squared distance matrix of the complete ¢-partite graph Ky, .,,... n,. Thus,
A(Ky, ny,- n,) can be expressed in the following block form
4(Jn1 — Inl) Jnlxnz Jnlxn,
Jngxnl 4(Jn2 — Inz) coe anxn,
A(KHI,HQ,'“,";) = . .. : . (3.1)
Jn,xnl Jn,xnz T 4(Jn, - In,)

We begin with a few lemmas which will be used to compute the characteristic polynomial of A(K; ny,.. .n,)-
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On squared distance matrix of complete multipartite graphs 521

Lemma 3.1 Let x € R and A, be an m x m matrix of the following form

P1 P1 P1
p24p2—1)—x--- D2

m= - :
Pm Pm o dpm— 1) —x

Then, the determinant of A, is given by

det Ay = p1 [ [Bpj —4—x).
j#1

Proof By subtracting the first columns from all the other columns, the resulting matrix is of the following form

pl O ... O
p3pp—d—x- 0
pu 0 - 3py—d-x
and hence the result follows. O

Lemma 3.2 Let By, be an m x m matrix of the following form

4m—1) m ni

ny 4y —1)--- ny
By = . (3.2)
N Nm - d(ny, — 1)
Then,
m m
det(Bm_xIm)ZZ nil—[(sl’l/’—“-—x) +l_[(3ni —4 —Xx).
i=1 i i=1

Proof We prove the lemma using induction on the order of the matrix. For m = 1, the result is true. Let us
assume the result is true for matrix order m — 1 of similar form. Now expanding along the first row and using
Lemma 3.1, we get

m
det(By — xIy) = 4(ny — 1) det(By—1 — xIn—1) —my y_ [ ni [ [Bnj —4 =)
i=2 j#i

and hence the result follows. O

Proposition 3.3 Let G be a complete t-partite graph Ky, ,,.... n, 0N h = Z§=1 n; vertices and A(G) be the
squared distance matrix of G. Then, the characteristics polynomial of A(G) is given by

t t
PAG.x)=(x+4"" | J]r+4=3n) =) <ni [Jx+4- 3nj)> : (3.3)

i=1 i=1 i

Proof Let Z(G) = A(G) — x1I,. We use elementary row and column operations to prove the result. For each
partition of the vertex set we subtract the first column from the remaining columns and then add all the rows of
each partition to the first row. Next, we move the first column of each partition to the first #-columns followed
by the same operation on the rows. Then, the resulting matrix has the following block form

B,—xl;‘ 0
P P ey y
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where B; is the matrix as defined in Eqn (3.2). Thus,
det(A(G) —xI) = (=1D)""(x +4)" " det(B; — x1I,)

and from Lemma 3.2, we have

- ,
det(A(G) —xI,) = (=1)" "+ 4" | Y <ni []Gn;—4- x)) +[]Gn —4-x
i=1 J# i=1

1

B t t

= (=D DY <nl- [[x+4- 3nj)) + (=D [ +4=3n)
i=1 j# i=1

t t

= =D"a+ | JJa+4-3m) - (m [Te +4—3nj)) :

i=1 i=1 J#

and hence the result follows. O

Remark 3.4 From the proof of Proposition 3.3, it is easy to see that

t t

det(xI, — B;) = H(x +4—3n;) — Z (ni l_l(x +4— 3n,)).

i=1 i=1 i

Corollary 3.5 Let G be a complete t-partite graph Ky, n,.....n, OR B = Z;:l n; vertices and A(G) be the
squared distance matrix of G. Then, the determinant of A(G) is given by

t

t
det AG) = (—4)" " | Y (n,- [1Gn - 4)) +[]Gni -4

i=1 J#i i=l

Corollary 3.6 Lett = s +h > 2 and ny,na, --- , n; be positive integers such that nj > 2 for1 <i <'s
andn;i = lfors+1 <i <t =5+ h. Let A(G) be the squared distance matrix of the complete t-partite
graph G = Ky yy,...n, OR N = Z§=1 n; vertices. Then, the characteristic polynomial of A(G) is given by
PA(G,x) = (x + 49" "(x + D" p(G, x), where

p(G,x)=(x+1 —h)l_[(x +4—3n;)—(x+ 1)2 (ni l_[(x +4—3n,-)> (3.4)

i=1 i=1 i

= (x + D det(xI — By) — h l_[(x +4—3n;),

i=1

where By is the matrix defined in Eqn (3.2) with parameters ni, na, - - - , ng.

Proof Substituting n; = 1 fors + 1 <i <t = s + h in Eqn. (3.3), the characteristic polynomial Pa (G, x) of
A(G) reduces to
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On squared distance matrix of complete multipartite graphs 523

t t
PAG, ) = (x+ 4" | [Jer+4=3m) -3 (n,- [Jec+4- 3n,~))
i=1 i=1 N\ i

= (x +4)"—’[(x + 1" l_[(x +4—3n) — (x+ " Z (ni H(x +4— 3nj))

i=1 i=1 J#i
N
—h(x + D [ +4 - 3n,~):|
i=1

N

=(x4+H""(x+ 1)h1|:(x + D | [[ec+4=3n)->" <n,- [[ec+4- 3nj)>

i=1 i=1 J#i

—h l_[(x +4— 3n,-):| (3.5)

i=1
=G+ DT @rl=-n][e+4-3m) -+ D) <n,- [Jex+4- 3n,-)>
i=1 i=1 J#i

Further, in view of Remark 3.4, Eqn. (3.5) can be written as

Pa(G.x) = (x +4)""(x + D! |:(x + 1) det(x] — By) — h H(x +4— 3n,~)].

i=1

This completes the proof. o

4 Inertia and energy of A(Ky, n,,... ,n,)

In this section, we find the inertia of the squared distance matrix of the complete multipartite graph K, »,.... n,
and compute the squared distance energy Ea(Ky, n,,...,n,). We first consider the complete multipartite graph
Ky ny,..n, Whenevern; > 2forl <i <t.

Theorem 4.1 Lett > 2 and ny, na, - - - , ny be positive integers such that nj > 2 for 1 <1i < t. Let G be the
complete t-partite graph K, n,.... n, ON N = Zzt'=1 n; vertices and A(G) be the squared distance matrix of G.
Then, the inertia of A(G) is given by

In(A(G)) = (¢t,0,n — 1)

and the squared distance energy of K, n,,... .n, 1S given by
EA(G) =8(n —1).

Proof LetG = Ky, n,.... n,- Without loss of generality, let us assume n; > np > --- > n; > 2. Using Eqn. (3.1),
we have

A(G) + 41, = Diag (3Ju,,3Jnys - ... 3Jn,) + Jn. 4.1)
For 1 <i < t, the eigenvalues of J,,, are n; with multiplicity 1 and O with multiplicity n; — 1. Therefore, the
cigenvalues of Diag (3Jn,,3Jn,. ... 3Jy,) are3ny, 3na, ..., 3n, each with multiplicity 1 and O with multiplicity
n—t.

Let A1 > Ay > --- > X, be the eigenvalues of A(G) + 41,. From Eqn. (4.1), A(G) + 41, is a rank one
perturbation of Diag (J,,l, Jngsovs J,,t). Then, by Lemma 2.6, we have

MZ3np>A>3n>-- 2023024120240 >0>--- >4, >0.

Since n; > 2for 1 <i <t,s0Aq, o, -, A > 6. Moreover, Eqn. (4.1) yields that the rank of A(G) + 41,
is t and hence A; = 0 for t + 1 < i < n. Therefore, the eigenvalues of A(G) are A1 —4,Ap —4,--- A, — 4
each with multiplicity 1 and —4 with multiplicity n — ¢. This implies that .y — 4, A — 4, --- , A, — 4 are all
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positive eigenvalues of A(G), and the only negative eigenvalue of A(G) is —4 with multiplicity n — ¢. Hence,
In(A(G)) = (¢, 0, n — 1) and the squared distance energy of G is given by

EA(G) =240 —1)) =8(n —1).

This completes the proof.

Corollary 4.2 Let t > 2 and ny, na, -+ - , n; be positive integers such that n; > 2 for 1 < i < t. If B, is the
matrix defined in Eqn (3.2) with parameters ny, ny, - - - , n;, then the eigenvalues of B, are positive.

Proof Let G = Ky, py.,... .n, and n = Z§=1 n. If A1(G) = X (G) > --- > A, (G) are the eigenvalues of A(G),
then by Theorem 4.1, —4 is an eigenvalue of A (G) with multiplicity n—¢ and A;(G) > Ofor 1 < i < ¢. Therefore,
in view of Proposition 3.3 and Remark 3.4, we get 1;(G) for 1 <i <t are the roots of det(x/; — B;) = 0 and
hence the result follows. i

Now we prove a few lemmas useful to find the inertia of A(K);, n,,... n,) and EA(Ky, n,,...n,), Whenever
Ky, ny.- n, belongs to the class M(n, 1, h).

Lemma 4.3 Letny, ny, - - -, ng be positive integers such that n; > 2 for 1 <i < s and h be a positive integer.
Let Bg be the matrix defined in Eqn (3.2) with parameters ny, ny, --- ,ng. If f(x) = (x + 1) det(xIy — By) —
h Hle(x + 4 — 3n;), then f(x) # 0forx < —1.

Proof Forx < —landn; > 2for1 <i < s,wehave x+4—3n; < 0andhence the signof —#h ]_[f=1 (x+4-3n;)
is (1)1, By Corollary 4.2, the eigenvalues of By are positive which implies that the sign of (x+1) det(x Iy — By)
is (=1)"* forx < —1 and the value of (x+1) det(x Iy — By) is zero for x = 1. Therefore, both (x+1) det(x I, — By)
and —h []i_; (x +4 — 3n;) are of the same sign and hence f(x) # 0 forx < —1. O

Lemmad.4 Lett = s+ h > 2 and ny, na, - -- , n; be positive integers such that n; > 2 for 1 <i < s and
ni =1fors+1<i <t=s+4h. Let G be the complete t-partite graph Ky, n,.... n, O h = Z;:l n; vertices
and A(G) be the squared distance matrix of G. If A (G) > M (G) > - - - > A, (G) are the eigenvalues of A(G),
then

(i) 2 (G) >0forl1 <i <s.
s N
ni

(ii) }s11(G) > Oifandonlyifh — 1 > ;3’:—’_4 re+1(G) = Oifandonlyifh — 1 = ; g
N
Ae+1(G) < Oifandonlyif h — 1 < ; 3n,nl— .

Moreover, if As+1(G) < 0, then —1 <_)»S+1(G) < 0.
(iii) Ai(G) = —1fors+2<i<s+hand)i(G)=—4fors+h+1<i<n.

Proof Let H = Ky, pn,,... .n, be the complete s-partite graphonn—h = ) ;_, n; vertices and A(H ) be the squared
distance matrix of H. Then, A(H) is a principal submatrix of A(G). If A{(H) > M(H) > -+ > Ay—p(H)
denote the eigenvalues of A(H), then Theorem 4.1 yields that A;(H) > 0 and hence using Theorem 2.5, we
have A;(G) > Ag(H) > 0. This proves part (7).

Let B be the matrix defined in Eqn (3.2) with parameters ny > ny > --- > ng > 2. By Corollary 3.6, the
characteristic polynomial of A(G) is given by

PA(G,x) = (x + "' (x + D" p(G, x),

where p(G,x) = (x + 1)det(x] — By) — h[[;_,(x +4 — 3n;). By Lemma 4.3, we have p(G, x) # 0 for
x < —1, and hence the roots of the polynomial p(G, x) are A;(G) for 1 <i < s + 1. Therefore, A;(G) = —1
fors +2 <i <s+4+hand A;(G) = —4fors +h + 1 <i < n. Since by part (i), we know that A;(G) > 0 for
1 <i<s,s50if Ag41(G) <0, then —1 < A;41(G) < 0.
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Now substitutingn; = 1fors +1 <i <t = s+ h in Corollary 3.5, the determinant of the squared distance
matrix A(G) is given by

t

t
det A(G) = (4" | ) (n,' []3n; - 4)) +[[Gni -4
| i=1 j#i i=1

N

=" =D") (ni []Gn; - 4)) + (DR G =4 + D] G —4)
i=1

i=1 j#i i=1

=" =D =D ]G -4 =) <n,- N 4))

i=1 i=1 j#i
s n: s
= (=" (=D h-1) - d 3n; —4). 4.2
(=" (=" ( )§3ni—4g(’“) (4.2)
Further, we also know that 4;(G) = —1 fors +2 <i < s + h, i.e.,, —1 is an eigenvalue with multiplicity

h—1land %;(G) = —4fors+h+1<i <n,ie, —41is an eigenvalue with multiplicity n — ¢. Thus, using
det A(G) =[]/, 2 (G), the Eqn. (4.2) yields that

s+1 K} K

"
2i(G) = [(h— D= — ] (Bn; — 4).

il:! 3ni —4 i=1

i=1

Since ]_[f-zl(3ni —4) > 0asn; > 2forl < i < s and by part (i), 1;(G) > Ofor 1 < i < s, so

N N
As+1(G) > Oifandonlyifh — 1 > ;3’17—’_4 As+1(G) = Oifandonlyifh — 1 = ;3’1?’_4 and
s
As+1(G) < Oifandonlyifh — 1 < Z i . This completes the proof. O
izl 3ni —4

The following result determines the inertia and the squared distance energy whenever complete 7-partite
graphs are in M(n, t, h). This result is an immediate consequence of Lemma 4.4, and hence we state the result
without proof.

Theorem 4.5 Lett = s + h > 2 and ny, na, - - - , n; be positive integers such that n; > 2 for 1 <i < s and
ni =1fors+1=<i <t=s+h. Let G be the complete t-partite graph Ky, n,.... n, 0NN = Z§=1 n; vertices.
Let A(G) be the squared distance matrix of G and A1 (G) > A2(G) > --- > A, (G) are the eigenvalues of A(G).
Then, the inertia of A(G) is given by

S
. ni
s+1,0,n—5—1) 1fh—l>§ ,
im 3l’li—4

N

AG) =G 1,n—s—1) ith—1=Y i

im1 3ni - 4’
N
. nj
,0,n — fh—1 E ,
(5,0,n—1s) i < 2 Er—
and the squared distance energy of G is given by
N n:

8(n—1)+2(h—1 ifth—1>) —,

(n—1)+2(h—1) i =23 -4

EA(G): K 0
. 1
8n—1)+2[(h—1)+0] ifh—1< ;m
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where 0 < 0 < 1 and 6 = —As11(G). Equivalently, the squared distance energy of G is given by

EAG) < |80 =0 +20=1) if A,11(G) > 0,
A |8 =) +2[(h = 1) = A1 (G)]if Ag+1(G) <O.

Corollary 4.6 Let K, p,.... n, be a complete t-partite graphs on n = Z§:1 n; vertices. If h = |{i : n; = 1}|
and h > 1, then

8(n —1)+2(h —1) < EA(Kyy np,eon,) < 8(n — 1) + 2h.

Corollary 4.7 Letn =Y i_n; = Y i_ymi. Let G = Ky, py,... n, and H = Ky, ... m, be complete t-partite
graphs on n vertices. Let hg = |{i :n; = 1}|and hy = |{i : m; = 1}|. If hy < hg, then EA(H) < EA(G).

Proof For hg > 2, using Theorem 4.5, it is easy to see that the result hold true. Next, let hg = 1. Then hy = 0
and hence m; > 2 for 1 <i <. By Theorem 4.1, we have Ex(H) = 8(n — t).

Without loss of generality, let us assume ny > np > --- > n;. Thus, using hg = 1, we get n; > 2 for

1 <i <t —1andtherefore,0 =hg — 1 < Zf;} 3 i 1 By Theorem 4.5, we have EA(G) = 8(n —t) + 6,
n: —

where 0 < 6 < 1. Hence EA(H) < EA(G). l |

5 Extremal graphs for maxima and minima of E (K, u,,... ,n,)

In this section, we prove thatif (m, ma, - - -, m;) > (ny,na, -+, ny), then EA (K my,m;) = EA(Knyng, o n,)-
Furthermore, for fixed value of n and ¢, we find complete 7-partite graphs for which the squared distance energy
EA(Ky s, n,) attain its maxima and minima, and discuss the uniqueness of these extremal graphs. We first
prove a few lemmas useful to achieve the above goals.

Lemma 5.1 Letn,,ng >2andn, > ng +2.1f0 < x < 1, then

np n ng ny—1 ng +1
> .
x—4+3n, x—4+3n, x—4+3n,—1) x—4+30n,+1)

(5.1)

Proof Observe that, if n,,ny, > 2 and n, > n, + 2, then (x — 4 +3n,), (x — 4 + 3ny), (x — 4+ 3(n, —
D), (x —4+3m;+1) >0for0<x < 1. Forafixx €[0,1),leta =x —4+3n,and b =x — 4+ 3n,.
Then, in view of part (ii) of Lemma 2.8, to prove inequality Eqn. (5.1) it is enough to show that

3[ngala —3) —npb(b +3)] —ab(a — b —6) > 0.

Note that,
3[nga(a —3) —npb(b +3)]
=3 [nq(x —44+3np)x —4+3mp — 1) —npx —4+3n)(x —4+3(ny + 1))]
=3[ng(r = 4 + 3 = H@npng —ng) +9m,(np = 1]
~3 [np(x — )2 4 3(x — 4)@npng + np) + I png(ng + 1)]
=3 [(nq —np)(x — 4)2 —3(x =4y +ny) +9mpng(n, —ng — 2)] ,
and

ab(a —b—6) =3(x —4+3n,)(x —4+3ny)(np, —nyg —2)
=3 [(n,, — g —2)(x — 42+ 3(x — d)(np + ny)(np —ng —2) +9png(n, —ng —2)].
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Thus,
3[ngala —3) — npb(b +3)] — ab(a — b — 6)
=3 [(nq — 1) — 42 = 3(x — 4)(n, + nq)]
~3 [(n[, — g — 2 — 4%+ 3(x — d)(np +ng)(np —ng — 2)]

=320 = 420y —np + 1)+ 30 = A1 + 1)1y =1y + 1]
= (x — 4)(ng — np + DI20x —4) + 3y + 1)) (5.2)

Further, for0 < x < 1, wehave —4 <x —4 < —3,and usingn, > n, +2, we have n, —n, +1 < —1, which
implies that

(x =4y —np+1)>0. 5.3)

Next, for 0 < x < 1, we have —8 < 2(x —4) < —6 and for n,,n, > 2, we have 3(n, + n,) > 12, which
implies that

[2(x =4) +3(np +ny)] > 0. (5.4)

Using Eqns. (5.2) - (5.4), we have 3[nga(a — 3) —n,b(b +3)] —ab(a — b — 6) > 0. This completes the proof.
O

Assumption 5.2 Lets > 2and h > 1. Lett = s + h > 3 and ny, ny, - -+ , n; be positive integers such that
n; >2forl <i <sandn; =1fors+1<i<t=s+h.Letn = Z[. | i andnp >ng+2forl < p,qg<s.
Let G = K, ... Mpres Mg Mg gy 1o oy and H = K, ... =L ng 1o mg gy ey be complete 7-partite graphs
on n vertices. Letkl(G) > AZ(G) > ... > A,(G) and Al(H) > AZ(H) > ... > A,(H) be the eigenvalues of
the squared distance matrix A(G) and A(H), respectively.

Lemma 5.3 Under the Assumption 5.2, if .s+1(G) > 0, then g1 (H) > 0 and

EA(G) = EA(H) =80 —t) +2(h — 1).

N
Proof By part (ii) of Lemma 4.4 we know that A; 1 (G) > Oonlyifh—1 > E 3 " .Forx = 0,Lemma5.1
: np —
=

gives us
np n ng - np—1 ng +1
3n,—4 3n,—4 3m,—-1)—-4 3@n,+1)—4
and hence
N N
h—1> ni o, mpml o metl + 3
3nj —4  3np,—1)—4 3n,+1)—4 — 3n; — 4

i=1
i#p.q

Therefore, using part (i7) of Lemma 4.4, we get As11 (H) > 0. Furthermore, by Theorem 4.5, we have Ex (G) =
Ea(H)=8mn—1t)+2(h—1). O
Lemma 5.4 Under the Assumption 5.2, if Ls+1(G) < O, then As41(G) < Agy1(H) and

EA(G) > EA(H).

Proof Since L;4+1(G) < 0, so by part (ii) of Lemma 4.4 we know that —1 < A;41(G) < 0 and by Theorem 4.5,
we have

Ex(G) =8(n—1) +2[(h — 1) = A11(G)].

If A;+1(H) > 0, then by Theorem 4.5, we have Ex(H) = 8(n — t) + 2(h — 1) and the result holds true. Next,
if Ag4+1(H) < 0, then by part (i7) of Lemma 4.4 we know that —1 < A;41(H) < 0 and by Theorem 4.5, we
get EA(H) = 8(n —t) + 2[(h — 1) — Ag+1(H)]. Therefore, in this case, to complete the proof we show that
—1 < X41(G) < As1(H) < 0.
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For 1 <i < s,let p(G, x) and p(H, x) be the monic polynomials defined in Eqn. (3.4) with parameters
Ny, -+ Ap,--+ ,Ng,---,ngandny,--- ,np—1,--- , ng+1,---, ng, respectively. Then, by Corollary 3.6, the
characteristic polynomials of A(G) and A(H) are given by

PA(G,x) = (x +4)""(x + )" ' p(G, x) and PA(H,x) = (x + 4" (x + 1)1 p(H, x),

respectively. By our hypothesis A;11(G), As4+1(H) € (—1, 0) and hence by Lemma 4.4 we know that A4 1(G)
and As41(H) are the unique negative roots of p(G, x) and p(H, x), respectively. Let us define

Fx) = (=D p(G, —x) and g(x) = (=) p(H, —x). (5.5)

By construction, f(x) and g(x) are monic polynomials. Furthermore, —A;41(G) and —XA;1(H) are the largest
roots of f(x) and g(x), respectively and both of them lie in the interval (0, 1). Therefore, in view of Lemma 2.7,
to prove —1 < As11(G) < As+1(H) < 0 or equivalently 0 < —As11(H) < —A341(G) < 1, we show that
f(—2As41(H)) < 0 and we proceed as follows.

Claim: f(—Xs+1(H)) <O0.

Observe that, using n; > 2for1 <i <sandn, > ng +2,wehave x +4 —3n; < Oforl <i <3,
x+4-3mnp—1)<0andx+4—-3(n,;+1) <0for—1 <x <0@Ge,x+4—-3n,—1),x+4-3n,+1)
and x +4 — 3n; for 1 < i < s are non-zero, whenever —1 < x < 0). Therefore, for x € (—1, 0), the monic
polynomials p(G, x) and p(H, x) as defined in Eqn. (3.4) can be written as

P(G,x) = (x +4—3np)(x +4 —3n,) ]_[ (x +4—3n;)

i=1

i#p.q
S
n n ni
1—h)— (x+1 . : —GHD ) e |
X[(x+ ) — (x + )<x+4—3np+x+4—3nq) (x + )Z}:x+4_3nl}an
i#p.q
N
p(H,x) = (x+4-=3(n, —1))(x+4-3ng +1)) l_[ (X +4—3ni)
i;:pl,q
n, — 1 ng + 1 > ni
1—h)— (x+1 L 5 -+l porrsel |
<[w+i-m (”)<x+4_3<np—1>+x+4—3<nq+1>) (H);H“—%}

i#p.q

Then, for x € (0, 1), the monic polynomials f(x) and g(x) defined in Eqn. (5.5), can be written as

fO) = —443n,)(x —4+3ny) [] @—4+3n)

i=1

i#p.q
N
n n i
“1+h -1 £ ; —1 el L
><|:(x +h)+ & )(x_4+3np+x—4+3nq>+(x );x—4+3nz}an
i#p.q
N
g0 = (x — 4430y — D)(x —4+30ng + 1) [ (x =4+ 3m)
t;:Pl‘i
n,—1 ng+1 S i
B | . - DX a |
><|:(x +h)+(x )<x_4+3(np—1)+X—4+3(nq+1))+(x )Z;x—4+3nz}
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Let us denote

— (r _ _ np g P
pr) ==l 46 ])<x—4+3np+x—4+3nq)+(x 1);x—4+3n,~’
i#p.q
o _ np—1 ng +1
(0= (= T4+m+ ])<x—4+3(n,,—1)+x—4+3(nq+1))+(x DZ T
wﬁpq
Thus, for x € (0, 1), we have
fx) = |:(x —4+3np)(x —4+3ny) 1_[ (x —4+3n,~)]<pf(x),
i=1
i#p.q s (5.6)
gx) = [(x —44+3(np, —1)(x —4+ 30, +1)) H (x —4+3ni)]<0g(x).

i#p.q

Usingn; > 2forl <i <sandn, > n,; + 2, we have
x—443(n,—-1)>0,x—-4+3n;+1) >0,x—4+3n; >0forl <i <sandx € (0, 1). 5.7

Therefore, in view of Eqns. (5.6) and (5.7), we get f(x) = 0 if and only if ¢ r(x) = 0 and g(x) = 0 if and only
if pg(x) = 0 for x € (0, 1). Further, for x € (0, 1), we have (x — 1) < 0 and Lemma 5.1 yields that

np ng np—1 ng +1
x—=1 + <@x-=1 + ;
x—4+3n, x—4+43n, x—44+3n,—1) x—4+3n,+1)

and hence for all x € (0, 1), we have

_ _ np g _
[(x L)+ 1)(x—4+3n,,+x—4+3nq>+(x 1)2 —4+3n,:|

l#pq

B _ np—1 ng +1
<|:(x L+ +& 1)(x—4+3(n,,—1)+)c—4+3(nq >+(x )ZX—4+3”1]

i=1
i#p.q

That is, ¢ (x) < @g(x) for all x € (0, 1). In particular, 0 < —Asy1(H) < 1 and g(—As41(H)) = 0, which
implies that ¢ (—Ag11(H)) < @g(—Asy1(H)) = 0. Furthermore, by Eqn. (5.7) we know that x — 4 + 3n; >
Oforl <i < sandx € (0, 1), and hence using Eqn. (5.6), we get f(—Xis+1(H)) < 0. This completes the
proof. O

Now we state the following result (without proof) which is obtained by combining the conclusions of Lem-
mas 5.3 and 5.4.

Lemma 5.5 Lets > 2and h > 1. Let ny, na, - - - , ng be positive integers such that n; > 2 for 1 <i < s. If
np>ng+2forl <p,q=<s,then

EA(Knl,m,n,,,-'-,nq,-u,nx,l, 1,...,1) = EA(Knl,m,n,,fl,n-,anrl,m,ns,], 1,..., ])-

—_— —_—
h times h times

Theorem 5.6 Lett =s+hwiths >2andh > 1. Letny, na, --- ,n; and my, mo, - - - , m; be positive integers.

Then the following results hold.

(i) Letn; >2andm; > 2 for1 <i <s.If(my,my, -+ ,mg, 1,1,..., 1) > (ny,np, -+ ,ng, 1.1,..., 1), then
S A

htimes htimes

EA(Kml,mz,m,ms,l, 1,..., 1) = EA(Knl,nz,~»-,nS,1, 1,..., l)-

—_—— —_——
h times h times
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(ii) If(ml, my, .-+ ,m;) > (ny,no, -, ng), then EA(Kml,mz,---,m,) = EA(Knl,nz,m,n,)-

Proof Lett = s + h and s < t. Without loss of generality, let us assume ny > np, > --- > ng > 2 and
mip > mp > --- > mg > 2. Let (my,mp,--- ,mg, 1.1,..., 1) = (ny,no,---,ng,1.1,....1). Thus, if we denote
N A
h times htimes
Y = (@my,mp,--- ,mg) and X = (n1, ny, --- , ng), then by Theorem 2.2, we have X > Y.
_ Recall that, B, = {(z1,---,20) € Z" : 21 2 22 2 -+ = zp}. For Z = (21,--- ,z5) € Bs, we denote
Z=(z1,"",2Zs, L 1..., 1) € Bsyp. Since X, Y € B; and X > Y, so by Theorem 2.1, there exists a sequence in
N
h times

BssuchasY =Yy > Yy > --->Y, = XsuchthatY; =Y;_| + Ej'i,k,- for some k; > j;, 1 <i <. Therefore,
using Theorem 2.2, we have

(m13m27"'ymS71117"'11):)7=?0>)’71>"'>')’7[:)~(=(n17n2""’nS71513-"’1)’ (58)
— —
h times h times

where 17, = f/}_] + E;,+Ig for some k; > j;; 1 <i <. Therefore, applying Lemma 5.5 inductively on Eqn. (5.8)
yields that EA(Kyy ma, o mgt1,....1) = EA(Kyy ny, - ng.1,1,...,1). This proves part (i).

————

h times h times
Next, let (my, ma, -+ ,m;) > (ny,n2,--- ,n;). Let G = Kyyy iy, oo om, and H = Ky, 5 ... 5, . Let us denote
hg =|{i :m; =1} and hy = |{i : n; = 1}|. Then (my, ma, --- ,m;) > (ny,n2,--- ,n;) implies that either
hg = hy or hg > hy. Thus, if hg = hpy, then by part (i), we have EA(G) > EA(H) and if hg > hp, then
by Corollary 4.7, we have EA(G) > Ea(H). This completes the proof. O
Lemma 5.7 Lets >2and h > 1. Letn; > 2 for 1 <i < s be positive integers andn = h + Zle ni. Let H =
Kn],-»-,np,m,nq,m,ns,l, 1,....1 and H* = Knl,m,np+1,-~-,nq—l,m,ns,l,1,..., 1. Let Mi(H) > A (H) > ... > Ay (H)
h times h times

and M (H*) > M (H™) > ... > A, (H™) be the eigenvalues of the squared distance matrix A(H) and A(H*),
respectively. If hg+1(H) <0, then —1 < Agp1(H*) < A1 (H) < 0.
Proof For Asy1(H) < 0, using part (ii) of Lemma 4.4, we have

N

n;
>h—1. 5.9
;31’1,‘—4_ (5:9)

For x = 0 and suitable choices in Eqn. (5.1), we have the following inequality

np+1 n ng —1 - np N ng
3np+1)—4 3ng—1)—-4 3n,—4 3nq—4’

and hence by Eqn. (5.9), we have

N

np+1 ng—1 = n ni
>h—1
3(n,,+1)—4+3(nq—1)—4+§ 3nl~—4>23n,~—4_

i=1

i#p.q

Therefore, by part (ii) of Lemma 4.4, we have —1 < Ag11(H*) < 0. Further, using Lemma 5.4, we have

—1 < Ay 1 (H*) < Aoy 1(H) < 0and Ex(H*) > Ex(H). o
Lemmas5.8 Let s > 2 and h > 1. Let n; > 2, m; > 2 for 1 < i < s be a positive integers and
(my,mp, -+ ,mg) > (ny,ng, -+, ng). Let G = Ky my,ooo mg1,1,....1 and H = Kyy ny .o ng1.1,...,1 be com-

h times h times
plete t-partite graphs onn = h + Y i_ym; = h + Y ;_, n; vertices. Let A\ (G) > A(G) > -+ > 1, (G)
and M(H) > M(H) > ... > M, (H) be the cigenvalues of the squared distance matrix A(G) and A(H),
respectively. If Lg+1(H) <0, then —1 < As41(G) < As41(H) < 0and EA(G) > EA(H).

Proof Without loss of generality, let us assume thatn| > ny > --- > ng > 2andm; > my > --- > mg > 2. Let
Y =(@my,mp,--- ,mg)and X = (ny,ny,--- ,ns). Then X, Y € By and X > Y. By Theorem 2.1, there exists a
sequence in By suchasY =Yy > Y| = --- > Y, = XsuchthatY; = Y;_ +E§i»ki forsomek; > j;, 1 <i <I.
Thus, using Lemma 5.7 inductively on the above sequence yields the result.
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For fixed values of n, ¢t and &, we define two graphs in M (n, ¢, h) which are similar to complete split graph
and Turan graph as follows:

Lo Suon = Kn2g—1)+h, 22,2 1,1,...,1-
—_—— — —
t—h—1times htimes

2. Tuon = Kin—njt—l, In—h/t—h1,n—h/t—h), \n—h/i—h],1,1,...,1
ol

h times

Theorem 5.9 Lets > 2and h > 1. Lett = s + h and n; > 2 for 1 < i < s be positive integers. Let

Knina, g1 1,... 1 be a complete t-partite graph on n = h + Zle n; vertices. Then
oo
h times

EA(Tn,t,h) =< EA(Km,nz,w,nx,l.1,.4.,1) =< EA(Sn,t,h)'

—_———
h times

Moreover; in this case if As1(Ty.¢,n) < 0, then the maximal graph S, ;  and the minimal graph T, ; , are unique
upto isomorphism.

Proof By Theorems 2.2 and 2.3 and Corollary 2.4, we have

=20 -1 4+h22,....2,1,1,....1) = (n,na, - ,ng, 1, 1,..., 1) and
———
t—h—1 times h times h times
(5.10)
(n]an27".7nS’1’17"'71)z([?:Z—I""7{%—‘5\‘%J7"'7\‘};:hJ71517""1)'
h times h times

In view of Eqn. (5.10), using part (i) of Theorem 5.6, we have

EA(Tn,t,h) =< EA(Km,nz,'--,ns,l,I,...,l) =< EA(Sn,t,h)'

—_———
h times

Further, under the assumption As41 (7, ;1) < 0, the uniqueness of extremal graphs 7}, ; », and Sy, ; , follows from
Lemma 5.8. |

Remark 5.10 For fixed values of n, ¢ and h, recall that M(n, t, h) is the class of complete ¢-partite graphs on n
vertices which has exactly 7 number of partitions of order 1, i.e,

t
M, t.h) ={ Knjnyoom, = n=Y _njandh =|{i :n; = 1}|
i=1

N
=1Kunpong11,..1 tt=8s4+h, ng>2forl <i <sandn=~h+ E n;
—— .
h times i=l

Thus, every complete ¢-partite graphs in M(n, ¢, k) is uniquely identified (upto isomorphism) with an s-tuple
(n1,ny, -+, ng) of positive integers such thatt = s +h,n —h = Z‘f:l njandny >ny > --- >ng > 2.

Let G be a complete z-partite graphs in M (n, t, h) is uniquely identified with (n1, na, - - - , ng). Let A(G) be
the squared distance matrix of G and 11 (G) > A2(G) > --- > X,(G) be the eigenvalues of A(G). Then, by part

(ii) of Lemma 4.4, we have A;41(G) > Oifand only if h — 1 > Zf:l 3’1—14, As+1(G) = 01if and only if h —
n; —
1=, 3n,~—l—4 and As41(G) < Oifandonlyifh — 1 < >0_, Tl—éf
From the proof of Theorems 5.6 and 5.9, we can conclude the following: For fixed values of n, ¢t and £,
there exists a sequence of complete ¢-partite graphs {G; : i =0, 1, ...,/ with Go = S, ;. and G; = T, ; } in
M(n, t, h) such that

EA(Snin) = EA(Go) = EA(G1) = EA(G2) = --- = EA(G)) = EA(Ty1.0)-
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Furthermore, by Remark 5.10 and Theorem 2.1, each G; is uniquely determine by s-tuple ¥; and ¥; = Y; 1 +E ji ki
for some k; > j;, 1 <i <[ such that

(n=20—1)+h,2,2,...,2) =Yy > Y| > >Y_<”—h n—hl |n—nh n_h)
v AN I R e O T e P

t—h—1 times

Using the above notations, we provide a few examples that show in general the maximal and the minimal value
of the squared distance energy of graphs in M (n, ¢, i) is not uniquely attained by S, ; » and T, ; 5, respectively.

Example 5.11 Letn = 31,¢t = 15and h = 7. In this case s = 8 and by Remark 5.10, every complete 15-partite
graphs in M (31, 15, 7) is uniquely identified with 8-tuple. Then S35 7 is identified with (10, 2, 2, 2, 2, 2, 2, 2)
and 731,15,7 is identified with (3, 3, 3, 3, 3, 3, 3, 3). Let us consider the chain

10,2,2,2,2,2,2,2) > (9,3,2,2,2,2,2,2) > (8,4,2,2,2,2,2,2) > (7,4,3,2,2,2,2,2)
>(6,4,4,2,2,2,2,2) > (5,4,4,3,2,2,2,2) > (4,4,4,4,2,2,2,2) > (4,4,4,3,3,2,2,2)
> (4,4,3,3,3,3,2,2) > (4,3,3,3,3,3,3,2) > (3,3,3,3,3,3,3,3).

The corresponding sequence of complete 15-partite graphs in M (31, 15, 7) is given by
{G;:i=0,1,...,10 with Gy = S31,15,7 and G19 = T31,15.7}-

Inthiscase Ay+1 = Ag,and by Remark 5.10, wehave A9(G;) < Ofori =0, 1,...,5,A9(Gg) = 0and 19(G;) > 0
fori =7,8,9, 10. Thus, Theorem 4.5 yields that EA(731,15,7) = EA(G;) = 8(n —t) +2(h — 1) = 140 for
i =17,8,9, 10 and hence the minimal value of the squared distance energy is not uniquely attained by 731 15,7.
Furthermore, since A9(S31,15.7) = A9(Go) < 0, so by Lemma 5.4, the maximal value of the squared distance
energy is uniquely attained by S31,15.7.

Example 5.12 Let n = 30,t = 15 and i = 7. In this case s = 8 and by Remark 5.10, S3¢, 15,7 is identi-
fied with (9, 2,2,2,2,2,2,2) and T30 15,7 is identified with (3, 3, 3, 3, 3, 3, 3, 2). Let us consider the chain
(9,2,2,2,2,2,2,2) > (8,3,2,2,2,2,2,2) > (7,4,2,2,2,2,2,2) > (6,4,3,2,2,2,2,2)
>(5,4,4,2,2,2,2,2) > (4,4,4,3,2,2,2,2) > (4,4,3,3,3,2,2,2) > (4,3,3,3,3,3,2,2)

> (3,3, 3,3,3,3, 3, 2). The corresponding sequence of complete 15-partite graphs in M (30, 15, 7) is given by

{Gi:i=0,1,...,8with Go = S30,15,7 and Gg = T30,15.7}

In this case As41 = Ag, and by Remark 5.10, we have 19(G;) < O fori = 0, 1,...,5, and A9(G;) > O for
i = 6,7, 8. Thus, Theorem 4.5 yields that Ea(730,15,7) = Ea(G;) = 132 and hence the minimal value of the
squared distance energy is not uniquely attained by 730, 15,7. Furthermore, since A9(S30,15,7) = A9(Go) < 0, so
by Lemma 5.4, the maximal value of the squared distance energy is uniquely attained by S30,15.7.

Example 5.13 Letn = 17,¢t = 10 and h = 6. In this case s = 4 and by Remark 5.10, S17,10.6 is identified with
(5,2,2,2). Since Ag1+1(S17.10,6) = A5(S17,10,6) > 0, so by Lemma 5.3, we have EA(S17,10,6) = Ea(G) for
every G in M(17, 10, 6). Therefore, neither the maximal nor the minimal value of the squared distance energy
for graphs in M (17, 10, 6) are not uniquely attained by S17,10.6 and 717,10,6, respectively.

We conclude this section with the following result that finds the extremal graphs for maxima and minima of
EA(Kyy ns,- 0, ). We first prove a lemma useful for determining the uniqueness of these extremal graphs.

Lemma 5.14 Let t, n be positive integers and t > 2 such thatt +2 < n < 2t. Let T,y = K, mo, - .m,
and h = [{i : m; = 1}|. Let G = Ky, n,,...n, be a complete t-partite graph on n = Z;Zl n; vertices and
hg = [{i : n;i = 1}|. If G is not isomorphic to T, ;, then h < hg.

Proof Let Ty = Kpymy,o.m, Withmy > my > -+ > my and n = Z;Zlmi, then m; = LEJ = 1. Let
h=|{i:mj=1}ands =n —t. Thenm; =2forl <i <sandm; =1fors+1<i §t=s+th.

Let G = Ky ny,oo n, Withny > np > .- >n;. Lethg = |{i : n; = 1}| and s¢ =t — hg. Then n; > 2 for
1 <i<sgandn; =1forsg +1 <i <t =sg+ hg. Therefore,n = h +2s = hg + »_;°, n; and hence
h+2(s—sg)=hg + Zfil(n,- — 2). Further, using t = s +h = sg + hg, we have s — sg = hg — h. Thus,
h+2hg —h)=hg + Zfi] (n; — 2), which implies that hg — h = Z;i] (n; —2).

If G is not isomorphic to 7}, ;, then ny > 2 for some 1 < k < s¢. Therefore, hg —h = Zfil(n,- -2)>0
and hence the result follows. ]
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Theorem 5.15 Let t, n be positive integers and t > 2. Let Ky, n,.... n, be a complete t-partite graph on n =
th-: | ni vertices. Then,
EA(Tn,t) =< EA(Knl,ng,---,n,) =< EA(Sn,t)~

Moreover; in this case, the maximal graph S, ; is unique upto isomorphism, while the minimal graph T, ; is
unique upto isomorphism if and only if n <2t + 1.

Proof By Theorem 2.3, we have (n — ¢t + 1, 1, -+~ , 1) = (1, -+ ,ng) = ([2], -~ [2]. | 2]+~ [2]). and
1—1

hence using part (i7) of Theorem 5.6 yields that Ea(T;,,/) < EA(Kn .y, .n,) < Ea(Sy,1). Now we proceed to

prove the uniqueness of the extremal graphs S, ; and 7}, ;.

Let G = Ky, n,.....n, be a complete z-partite graph on n vertices and hg = |{i : n; = 1}|. If G is not
isomorphic to S, ;, then hg < t — 1. Therefore, Corollary 4.7 yields that EA(G) < Ea(Sy,;) and hence the
squared distance energy is attained maximum uniquely by S, ; upto isomorphism. Next, to prove the minimization
part we consider the cases n > 2¢ + 1 and n < 2t + 1, separately.

Case 1: Let n > 2t + 1. Then L;J > 2. Therefore, by Theorem 4.1, we have EA (7, ;) = 8(n — t) and hence

Corollary 4.7 yields that EA(T,,,;) < EA(G), where G = K, p,.... o, Withn = Zﬁ:] n;. Further, in this case,

. n
let Tyy = Kmymo,o.m, Withmy > mpy > -+ > m; and n = Zlemi. Then, m| = mp = IV?-‘ > 2 and

n
m; = {;J >2.If H =Ky +1.my—1,. ,m,»thenmy +1,my —1,--- ,m; > 2 and hence by Theorem 4.1, we
have EA(H) = 8(n — t). Therefore, in this case, there exists atleast two non isomorphic graphs for which the
minimum attained.
Case2:Letn <2t +1.Thent <n <2t + 1.
Lett < n < 2t. For n = t, the class of complete ¢-partite graphs on n vertices consisting of a single

element K; and for n = t 4 1, the class of complete 7-partite graphs on n vertices consisting of a single element
K>7.1.1,....1 upto isomorphism. Thus, the result is vacuously true forn =¢tandn =t + 1. Fort +2 <n < 2t,if
Tui = Kiymy, oo m, Withmy > mp > -+- > m; and n = Z;:l m;, then m; = L;J =1.Leth={i:m; =1}
ands =n —t. Then,m; > 2forl <i <sandm; =1fors+1<i <t=s5s+hIfG = Ky ny... n, 18
a complete ¢-partite graphs on n vertices with ig = |{i : n; = 1}| and G is not isomorphic to 7} ;, then by
Lemma 5.14, we have i < hg and using Corollary 4.7, we get EA(T,;) < EA(G). Hence, the result is hold
true forr +2 < n < 2t.

Next,if n = 2¢,then T, ; = K23,... 2. If G = K, »5,... ., 1s @ complete ¢-partite graph on n vertices with
hg =|{i :n; =1} and G # T, ,, then hg > 1 and hence using Corollary 4.7, we get EA(T,, ;) < EA(G).

Finally,ifn =2t 4+ 1,then T, ; = K322.... 2. If G = Ky n,,... n, s a complete ¢-partite graph on n vertices
with hg = |{i : n; = 1}| and G is not isomorphic to 7, ;, then hg > 1, and hence using Corollary 4.7, we get
EA(Ty.1) < EA(G). This completes the proof. |

6 Spectral radius of A(Kj, u,,... ,n,)

In this section, we will show that (my,mo,---,m;) > (ny,n2,---,n;) implies that (K, my,-m,) >
P (K| ny.- .n,)» and as consequence prove that p (K, n,,... n,) Withn = Z§:1 n; is uniquely attains its maximum
value at S, ; and minimum value at 7;, ;. We begin with a few lemmas that will be useful to prove the main results
of the section.

Lemma 6.1 Lett > 2 and ny, na, - - - , n; be positive integers such that ny > ny > --- > n;. Then

p(Knl,n2,~-~,n,) > 4(n; —1).

Proof Since A(Kp, ,,) is a principal submatrix of A(Ky, s,.....n,), S0 using Theorem 2.5, we have
P(Knyny.n,) = p(Kn,.no). By Eqn. (3.3), the characteristic equation of A(Kj, ,) is given by

2 2
a2 TTa+4=3n) =) [ mi[[ac+4=3np ] | =0,

i=1 i=l1 J#i
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and hence
P(Knyny) = 2(n1 +n2) +Va4n1 —na)? +niny — 4
> 2(ny +n2) + V4 —np)? —
=4(n; — 1),
and the result follows. O

Lemma 6.2 Let G and H be connected graphs. Let PA(G, x) and Pa(H, x) be the characteristic polynomials
of A(G) and A(H), respectively. Then the following results hold.

(i) If x > p(G), then PA(G, x) > O.
(ii) If PA(H,x) > PA(G, x) for x > p(G), then p(H) < p(G).

Proof Let P(G,y) < 0 for some y > p(G). Since PA(G, x) is a monic polynomial, there exists sufficiently
large z such that P (G, z) > 0. Then, using Intermediate value theorem P (G, x) have a root w in the interval
(y, z). This implies that w > p(G), which leads to a contradiction. This proves part (i).

Next, if p(H) > p(G), then by part (i) we have Po(G, p(H)) > 0, but PA(H, p(H)) = 0, which is a
contradiction to the hypothesis Pa(H, x) > Pa(G, x) for x > p(G) and the result follows. |

Lemma 6.3 Lett > 2 andny,na, - - , ny be positive integers such thatn, > ny +2 for 1 < p,q <t. Then

p(Knl,m Mg e ,n,) > p(Knl,--~ ap—Le g1, ,n,)-

Proof Without loss of generality, let us assume ny > ny > --- > n;. Let G = K, ... T g My and H =
Ky np—1, ng+1,- n,- By Lemma 6.1, we have p(G) > 4(n —1).If x > p(G), thenusmg ,o(G) >4(n;—1),
we have

x+4-3n; >4m —1)+4—-3n;=3(n1 —n;)+n;1+4>n;>0forl <i <t. 6.1)

Usingn, > ng +2, weget (x +4—-3n, —1)x+4-3ng+1)) - (x+4—-3n,)x+4-3ny) =
9(ny — (ng + 1)) > 0. Thus, using Eqn. (6.1) for x > p(G), we have

(x+4—30n,— 1) +4—3m,+1) > (x+4—3n,)(x +4—3n,) > 0. (6.2)

Therefore, for x > p(G), we have (x +4 —3(n, — 1)), (x +4 —3(n; — 1)) and (x +4 —3n;) for 1 <i <t
are non-zero and hence the characteristic polynomials Pa (G, x) and Pa(H, x) can be written as

PA(G,x) = (x+4)”_’(x+4—3np)(x+4—3nq)
t
i nj ng
- — — _ 4 — 3n;) and
x+4-3n, x+4-3n, ;x+4—3n,~ ll:ll(x+ ;) an

i#p.q i#p.q

PA(H,x) = (x+4)" " (x +4 =3, — 1)) (x +4 -3, + 1))

ni—1 nj+1
1— - L 4= 3ny),
x Xx+4-30m,—1) x+4-3n,+1) ;x+4—3ni g(x+ i)
i#p.q i#p.q

respectively. Further,n, > n,+2yields3(n,—1) > 3(ny+1) and hence (x+4—3(n,+1)) > (x+4-3(n,—1)).
Similarly, using n,, > n, + 2, we get (x +4 — 3ny) > (x +4 — 3n,). By Eqgns. (6.1) and (6.2), for x > p(G)
we know that (x +4 — 3(ny + 1)), (x +4 —3(n, — 1)), (x +4 — 3ny), (x +4 — 3n,) > 0 and hence for
x > p(G), we have

(x+4-=3n)x+4-30ng+1)>x+4-3n,)(x+4—-3(n, —1)). (6.3)

Fora = (x +4 —3np,)and b = (x +4 —3n,), we have 3m +a = 3n + b = x + 4. Thus, in view of Eqn (6.3),
substitutinga = (x +4 —3n,) and b = (x +4 — 3n,) in part (i) of Lemma 2.8, we have

np n ng np—1 ng +1
>
x+4—-3n, x+4-3n, x+4-3n,—-1 x+4-3n;+1)

for x > p(G).
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Let
t

n n n;
h(x)=1-— P — 1 — _
*x) x+4-3n, x+4-3n, ;x+4—3ni

i#p.q

We claim that 4(x) > 0 for x > p(G). Suppose on the contrary, we have h(y) < 0 for some y > p(G). Then,
Eqn. (6.1) yields that PA (G, y) < 0, which is a contradiction to part (i) of Lemma 6.2. Thus, for x > p(G),
Eqn. (6.4) yields that
1 np—1 B ng +1 B Xt: n;
x+4-3np,—1 x+4-3n,+1) ~ x+4-3n;
i#p.q

t
n n n;
>1-— P — d — —— =h > 0.
- x+4-3n, x+4-3n, §x+4—3n,~ ) =
i#p.q

Therefore, using Eqns (6.1) and (6.2), we have PA(H, x) > PaA(G, x) for all x > p(G) and hence by part (ii)
of Lemma 6.2, the desired result follows. O

Now we are ready to prove the main result of the section that gives S, ; and T, ; are the extremal graphs
for which the spectral radius of the squared distance matrix of K, n,.....n, Withn = Z§=1 n; vertices uniquely
attains its maxima and minima, respectively.

Theorem 6.4 Fort > 2, letny,ny, -+ ,n; andmy, ma, --- , m; be positive integers. Then the following results
hold.

(i) If (my,ma, -+ ,my) > (n1,n2, -, ng), then p(Kpuy ma, o m;) > P(Knyng, i)
(ii) If n = Z§=1 ni, then p(Ty,1) < p(Kuj ny,on,) < p(Sn,1). Moreover, the maximal graph S, ; and the
minimal graph T, ; are unique upto isomorphism.

Proof Without loss of generality, let us assume ny > np > --- > n, and my > mp > --- > m;. Let
Y=@mi,mp,---,my)and X = (ny,na, -+ ,ny). Then X, Y € B, and X > Y. By Theorem 2.1, there exists a
sequence in By suchasY =Yy > Y| > --- > Y, = X suchthat¥; = Y;_ +E;i ki forsome k; > j;, 1 <i <I.
Inductively applying Lemma 6.3 yields that p (K, ms,.. .m;) > £(Knj.ny,- .n,)- This proves part (7).
Next, let n = Zle n;. By Theorem 2.3, we have
L 15D
AT LT L71)

and hence using part (i) yields that p(7,,;) < p(Kn; ny,--.n,) < p(Sy,s). Since the inequality in part (i) is strict,
the spectral radius p(Ky, n,.....n,) is maximum if K| ;... o, = Sy,; and is minimum if Ky, y1y..c p, = Ty ;. O

(n—r+1,1,-~-,1)z(n1,-~-,n,)z(m,---
~——— t
t—1

Next, we show that the part (ii) of the above theorem directly follows from Lemma 6.3 and hence provide
an alternative proof for the same.

Theorem 6.5 Lett > 2 andny, na, - - - , n; be positive integers and n = Z§:1 n;. Then the following hold.

(i) The spectral radius of A(Kp, n,,-.. .n,) is maximal if Ky ny,...n, = Snt-
(ii) The spectral radius of A(Ky, ny,... n,) is minimal if Ky, py . on, = Tyt

Proof Let Ky, m,,....m, be a complete ¢-partite graph with n = th':l m; such that

)O(Km],mz,w,m,) = nzn?lﬁ)-(-—i-n, )O(Knl,nz,n-,n,)«

If there exist 1 < p,q <t suchthatm, > m, > 2, then (m, + 1) — (my — 1) > 2 and by Lemma 6.3, we have
p(Kml,m,mp,---,mq,m,mt) < p(Kml,---,mp+l,-~»,mq—l,~»-,m,)»

which is a contradiction to the choice of Ky, m,.... m,. Thus, all the my, my, --- , m; are equal to 1, except for
one which is equal ton — ¢ + 1 and hence Ky, my,....m, = Su,;. This proves part (i).
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Next, let Ky, .m,,..-,m, be a complete ¢-partite graph with n = Zf: | m; such that

P Kmymy o my) = min P (K ng, o)
n=n-+--+n;

Then, |m, —my| < 1forall p # g, otherwise there exist 1 < p, g <t such that m, —m, > 2 and hence by
Lemma 6.3, we have

)O(Kml,--- e Mg ,m,) > p(Kml,--- mp—1 e mg 41, ,m,)»

which is a contradiction to the choice of K, jn,,...
n n
that forall 1 <i <t we have m; equal to ’V?-I or L?J and hence K| my,... . m, = Ty,;. This completes the proof.

O

m, - Thus, the condition |m, —m,| < 1 for all p # g implies

)

7 Conclusion

In this article, we have studied the squared distance matrix of complete multipartite graphs. We define the squared
distance energy to be the sum of the modulus of the eigenvalues of the squared distance matrix. We determine the
inertia of A(Ky, n,,....n,) and using the result on inertia we compute the squared distance energy of Ky, 4, ... »,
Furthermore, using majorization techniques we prove that for a fixed value of n and #, both the spectral radius
of the squared distance matrix and the squared distance energy of complete 7-partite graphs on n vertices are
maximal for complete split graph S, ; and minimal for Turadn graph 7,, ;. We also discuss the uniqueness of these
extremal graphs.
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