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Abstract Let G = Kn1,n2,··· ,nt be a complete t-partite graph on n = ∑t
i=1 ni vertices. The distance between

vertices i and j in G, denoted by di j is defined to be the length of the shortest path between i and j . The squared
distance matrix �(G) of G is the n × n matrix with (i, j)th entry equal to 0 if i = j and equal to d2

i j if i �= j .
We define the squared distance energy E�(G) of G to be the sum of the absolute values of its eigenvalues. We
determine the inertia of �(G) and compute the squared distance energy E�(G). More precisely, we prove that
if ni ≥ 2 for 1 ≤ i ≤ t , then E�(G) = 8(n − t) and if h = |{i : ni = 1}| ≥ 1, then

8(n − t) + 2(h − 1) ≤ E�(G) < 8(n − t) + 2h.

Furthermore, we show that for a fixed value of n and t , both the spectral radius of the squared distance matrix
and the squared distance energy of complete t-partite graphs on n vertices are maximal for complete split graph
Sn,t and minimal for Turán graph Tn,t .
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1 Introduction and motivation

A simple connected graph G is a metric space with respect to the metric d, where d(i, j) equals the length of the
shortest path between the vertices i and j . We set d(i, i) = 0 for every vertex i in G. The distance matrix of a graph
G on n vertices is an n ×n matrix D(G) = [di j ], where di j = d(i, j). The squared distance matrix �(G) of G is
defined to be the Hadamard product D(G)◦ D(G), and thus the squared distance matrix of G is an n × n matrix,
defined as �(G) = [d2

i j ]. Hence, �(G) is a real symmetric matrix and the eigenvalues of �(G) are real. Let
λ1(G) ≥ λ2(G) ≥ · · · ≥ λn(G) be the eigenvalues of �(G) and σ(�(G)) = {λ1(G) ≥ λ2(G) ≥ · · · ≥ λn(G)}
denote the spectrum of �(G). The spectral radius of �(G), denoted by ρ(G) is defined as ρ(G) = max

λ∈σ(�(G))
|λ|
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and by Perron-Frobenius theory, the spectral radius ρ(G) is the largest eigenvalue of �(G), i.e., ρ(G) = λ1(G).
We define the squared distance energy of �(G) as E�(G) = ∑n

i=1 |λi (G)|. Since the trace of �(G) is zero, so

E�(G) = 2
∑

λi (G)<0

|λi (G)|.

Let T be a tree with n vertices. In [12], the authors proved that the determinant of the distance matrix D(T ) of
T is given by det D(T ) = (−1)n−1(n−1)2n−2. Note that, the determinant does not depend on the structure of the
tree but the number of vertices. In [14], it was shown that the inverse of the distance matrix of tree T is given by

D(T )−1 = −1

2
L(T )+ 1

2(n − 1)
ττ t , where L(T ) is Laplacian matrix of T and τ = (2−δ1, 2−δ2, · · · , 2−δn)t ,

δi denotes the degree of the vertex i . Several extensions and generalizations of these results has been proved
(see, for example see [2,13,15,16]). In [3], authors computed the determinant of the squared distance matrix
�(T ) of a tree T with no vertex of degree 2 and later in [4], find its inverse as a rank one perturbation of a
Laplacian-like matrix. In [5], the author considered the squared distance matrix of weighted trees and under
certain conditions found its inverse as a rank one perturbation of a Laplacian-like matrix. However, the results
for distance matrix and squared distance matrix for trees are similar, but strategy adopted for the proofs are
different due to the non-linearity of the Hadamard product. For the definition of Laplacian-like matrix and other
related results see [6,22]. Moreover, in [4], authors also determined the inertia of the squared distance matrix of
a tree. These developments encourage us to study problems related to the squared distance matrix on other class
of graphs. More precisely, we consider a few problems on the squared distance matrix of complete multipartite
graphs.

Before proceeding further, we first introduce a few notations which will be used time and again throughout
this article. We write G � H to indicate that two graphs G and H are isomorphic. Let In denote the identity
matrix, Jm×n denotes the m × n matrix of all ones and if m = n, we use the notation Jm . We write 0m×n to
represent zero matrix of order m × n and simply write 0 if there is no scope of confusion with the order of the
matrix. For a symmetric matrix A, the inertia of A, denoted by In(A) is the triplet (n+(A), n0(A), n−(A)), where
n+(A), n0(A) and n−(A) denote the number of positive eigenvalues of A, the multiplicity of 0 as an eigenvalue
of A and the number of negative eigenvalues of A, respectively.

For n ≥ 2, let the i th largest component in a vector X = (x1, x2, · · · , xn) ∈ R
n be denoted by x[i]

and let X↓ = (x[1], x[2], · · · , x[n]) denote the decreasing rearrangement of x . For X = (x1, x2, · · · , xn) and
Y = (y1, y2, · · · , yn), we say that X majorizes Y , and write X � Y if

k∑

i=1

x[i] ≥
k∑

i=1

y[i] for k = 1, 2, . . . , n,

with equality for k = n. We write X 	 Y if X � Y and X↓ �= Y↓.
For t ≥ 2, let Kn1,n2,··· ,nt denote the complete multipartite graph on n = ∑t

i=1 ni vertices. The complete
graph Kt (t ≥ 2) can also be seen as complete t-partite graph Kn1,n2,··· ,nt with ni = 1 for all 1 ≤ i ≤ t . Let us
recall the definition of two special types of complete t-partite graphs on n vertices, namely complete split graph
Sn,t and Turán graph Tn,t :

1. Complete split graph Sn,t � Kn−t+1,1, 1, . . . , 1
︸ ︷︷ ︸
t−1 times

consisting of an independent set of n − t + 1 vertices and a

clique of t − 1 vertices, such that each vertex of the independent set is adjacent to each vertex of the clique.
2. Turán graph Tn,t � K
n/t�,··· ,
n/t�,�n/t
,··· ,�n/t
, the (t + 1)-clique-free graph with maximum number of

edges.

In [7], the distance energy of a graph is defined as the sum of the absolute values of the distance eigenvalues.
Subsequently, many interesting results were obtained related to distance energy (for example see [17–21] and [1,
Section 8]). In particular, the distance energy of complete t-partite graph has been studied in [18,19,21]. More
precisely, in [21], the author obtained the inertia of the distance matrix of Kn1,n2,··· ,nt and also consider the
extremization (maximization and minimization) problem for the distance energy of Kn1,n2,··· ,nt .

In this manuscript, we find the inertia of the squared distance matrix �(Kn1,n2,··· ,nt ) and using the inertia of
�(Kn1,n2,··· ,nt ), we compute the squared distance energy E�(Kn1,n2,··· ,nt ). Further, we prove the following: For
fixed value of n and t , let n = ∑t

i=1 nt . Then E�(Kn1,n2,··· ,nt ) = 8(n − t) if ni ≥ 2 for 1 ≤ i ≤ t and

8(n − t) + 2(h − 1) ≤ E�(Kn1,n2,··· ,nt ) < 8(n − t) + 2h if h = |{i : ni = 1}|.
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Furthermore, we show that if (m1, m2, · · · , mt ) 	 (n1, n2, · · · , nt ), then

E�(Km1,m2,··· ,mt ) ≥ E�(Kn1,n2,··· ,nt ) and ρ(Km1,m2,··· ,mt ) > ρ(Kn1,n2,··· ,nt ).

As a consequence, we can conclude that Sn,t and Tn,t are extremal graphs for which the squared distance energy
and as well as the spectral radius of the squared distance matrix of complete t-partite graphs on n vertices attain
its maxima and minima, respectively. Moreover, we found that in the case of the spectral radius, these extremal
graphs are unique up to isomorphism, but for the squared distance energy, the maximal graph Sn,t is unique up
to isomorphism, whereas the minimal graph Tn,t is unique up to isomorphism if and only if n ≤ 2t + 1.

For fixed value of n, t and h, let M(n, t, h) be the class of complete t-partite graphs on n vertices where the
number of partitions of size 1 is h, i.e,

M(n, t, h) =
{

Kn1,n2,··· ,nt : n =
t∑

i=1

ni and h = |{i : ni = 1}|
}

.

In our investigation, we observe that the major distinction is in the spectral properties of �(Kn1,n2,··· ,nt ) and
D(Kn1,n2,··· ,nt ) if Kn1,n2,··· ,nt in M(n, t, h). For example, unlike the case of D(Kn1,n2,··· ,nt ), if 0 is an eigenvalue
of �(Kn1,n2,··· ,nt ), then it is of multiplicity one.

This article is organized as follows. In Sect. 2, we discuss a few preliminary results useful for this article. In
Sect. 3, we compute the characteristic polynomial of �(Kn1,n2,··· ,nt ) and also find some of its related results. In
Sect. 4, we determine the inertia of �(Kn1,n2,··· ,nt ) and compute the squared distance energy E�(Kn1,n2,··· ,nt ).
Next, in Sect. 5, we consider problem related to maximization and minimization of E�(Kn1,n2,··· ,nt ) subject
to different conditions and use majorization techniques to find the extremal graphs for which E�(Kn1,n2,··· ,nt )

attains its the maximum and minimum. In this case, we also obtain the requisite conditions under which these
extremal graphs are unique upto isomorphism. Finally, in Sect. 6, using majorization techniques we show that
for fixed value of n and t , if n = ∑t

i=1 ni , then the spectral radius ρ(Kn1,n2,··· ,nt ) of the squared distance
matrix �(Kn1,n2,··· ,nt ) uniquely attains its maximum value at Sn,t and minimum value at Tn,t . We also provide
an alternative proof for the same.

2 Some preliminary results

In this section, we discuss a few preliminary results useful for our subsequent sections. We first recall some
existing results on majorization and matrix theory.

Let Bn = {(z1, z2, · · · , zn) ∈ Z
n : z1 ≥ z2 ≥ · · · ≥ zn}. For 1 ≤ j ≤ n, let En

j be the n-tuple with 1 at the

j th entry and for 1 ≤ j, k ≤ n, we use En
j,k to denote En

k − En
j . With these notations we now state the following

results.

Theorem 2.1 [11] Let X, Y ∈ Bn and X �= Y . Then Y 	 X if and only if there exists a sequence in Bn such as
Y = Y0 	 Y1 	 · · · 	 Yl = X such that for 1 ≤ i ≤ l, Yi = Yi−1 + En

ji ,ki
for some ki > ji .

Theorem 2.2 [9] Let n1, m1, · · · , nk, mk and x1, · · · , xt be real numbers. Then

(n1, n2, · · · , nk) � (m1, m2, · · · , mk) if and only if (n1, · · · , nk, x1, · · · , xt ) � (m1, · · · , mk, x1, · · · , xt ).

For every integer t ≥ 1, let Ct = {(n1, n2, · · · , nt ) ∈ Z
t : n1 ≥ n2 ≥ · · · ≥ nt ≥ 1}. Note that (Ct ,�) is a

partially ordered set.

Theorem 2.3 [11] Let (Ct ,�) be the partially ordered set defined as above. Then for every (n1, n2, · · · , nt ) ∈ Ct
with n = n1 + · · · + nt , we have

(n − t + 1, 1, · · · , 1
︸ ︷︷ ︸

t−1

) � (n1, n2, · · · , nt ) �
(⌈n

t

⌉
, · · · ,

⌈n

t

⌉
,
⌊n

t

⌋
, · · · ,

⌊n

t

⌋)
.

The result below follows from Theorem 2.3, and hence presented as a corollary without proof.

Corollary 2.4 For t ≥ 1 and let (C′
t ,�) be a partially ordered set, where C′

t = {(n1, n2, · · · , nt ) ∈ Z
t : n1 ≥

n2 ≥ · · · ≥ nt ≥ 2}. Then for every (n1, n2, · · · , nt ) ∈ C′
t with n = ∑t

i=1 ni , we have
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(n − 2(t − 1), 2, 2, · · · , 2
︸ ︷︷ ︸

t−1

) � (n1, n2, · · · , nt ).

Now we state a well known result namely inclusion principle that gives an interlacing relation between the
eigenvalues of a real symmetric matrix and its principal minors.

Theorem 2.5 [8, Theorem 4.3.28] Let A be an n × n real symmetric matrix, let r be an integer with 1 ≤ r ≤ n,
and let B denote any r × r principal submatrix of A. Let λ1(A) ≥ λ2(A) ≥ · · · ≥ λn(A) and λ1(B) ≥ λ2(B) ≥
· · · ≥ λr (B) be the eigenvalues of A and B, respectively. For each integer i such that 1 ≤ i ≤ r , we have

λi (A) ≥ λi (B) ≥ λn−r+i (A).

The next result is a consequence of the inclusion principle and Weyl’s inequality that gives interlacing
inequalities of a rank one perturbation to a real symmetric matrix.

Lemma 2.6 [8, Corollary 4.3.9] Let A be an n×n real symmetric matrix, and B = A+ Jn, where Jn is the matrix
of all ones. Let λ1(A) ≥ λ2(A) ≥ · · · ≥ λn−1(A) ≥ λn(A) and λ1(B) ≥ λ2(B) ≥ · · · ≥ λn−1(B) ≥ λn(B) be
the eigenvalues of A and B, respectively. Then the following interlacing inequalities holds:

λ1(B) ≥ λ2(A) ≥ λ2(B) ≥ · · · ≥ λn−1(A) ≥ λn(B) ≥ λn(A).

Observe that, given a monic polynomial f with real coefficients we know that f (x) is positive for sufficiently
large value x . The lemma below is an immediate consequence of this observation.

Lemma 2.7 Let f and g be monic polynomials with real coefficients having real roots. Let λ1( f ) and λ1(g)

denote the largest real root of f and g, respectively. If f (λ1(g)) < 0, then λ1(g) < λ1( f ).

We conclude this section with a lemma that gives two inequalities. These inequalities can be obtained with
simple calculations, and hence we omit the proofs.

Lemma 2.8 Let n p, nq be real numbers. Then the following inequalities hold.

(i) If a > 0 and b > 3, then

n p

a
+ nq

b
>

n p − 1

a + 3
+ nq + 1

b − 3
if and only if (3n p + a)b(b − 3) > (3nq + b)a(a + 3).

(ii) If a > 3 and b > 0, then

n p

a
+ nq

b
>

n p − 1

a − 3
+ nq + 1

b + 3
if and only if 3[nqa(a − 3) − n pb(b + 3)] > ab(a − b − 6).

In the next section, we compute the characteristic polynomial of the squared distance matrix of the complete
t-partite graph Kn1,n2,··· ,nt and discusses some of its consequences.

3 Characteristic polynomial of �(Kn1,n2,··· ,nt )

Let �(Kn1,n2,··· ,nt ) be the squared distance matrix of the complete t-partite graph Kn1,n2,··· ,nt . Thus,
�(Kn1,n2,··· ,nt ) can be expressed in the following block form

�(Kn1,n2,··· ,nt ) =

⎡

⎢
⎢
⎢
⎣

4(Jn1 − In1) Jn1×n2 · · · Jn1×nt

Jn2×n1 4(Jn2 − In2) · · · Jn2×nt
... · · · . . .

...

Jnt ×n1 Jnt ×n2 · · · 4(Jnt − Int )

⎤

⎥
⎥
⎥
⎦

. (3.1)

We begin with a few lemmas which will be used to compute the characteristic polynomial of �(Kn1,n2,··· ,nt ).
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Lemma 3.1 Let x ∈ R and Am be an m × m matrix of the following form

Am =

⎡

⎢
⎢
⎣

p1 p1 · · · p1
p2 4(p2 − 1) − x · · · p2
... · · · . . .

...

pm pm · · · 4(pm − 1) − x

⎤

⎥
⎥
⎦ .

Then, the determinant of Am is given by

det Am = p1

∏

j �=1

(3p j − 4 − x).

Proof By subtracting the first columns from all the other columns, the resulting matrix is of the following form

⎡

⎢
⎢
⎣

p1 0 · · · 0
p2 3p2 − 4 − x · · · 0
...

...
. . .

...

pm 0 · · · 3pm − 4 − x

⎤

⎥
⎥
⎦

and hence the result follows. ��
Lemma 3.2 Let Bm be an m × m matrix of the following form

Bm =

⎡

⎢
⎢
⎣

4(n1 − 1) n1 · · · n1
n2 4(n2 − 1) · · · n2
...

...
. . .

...

nm nm · · · 4(nm − 1)

⎤

⎥
⎥
⎦ . (3.2)

Then,

det(Bm − x Im) =
m∑

i=1

⎛

⎝ni

∏

j �=i

(3n j − 4 − x)

⎞

⎠+
m∏

i=1

(3ni − 4 − x).

Proof We prove the lemma using induction on the order of the matrix. For m = 1, the result is true. Let us
assume the result is true for matrix order m − 1 of similar form. Now expanding along the first row and using
Lemma 3.1, we get

det(Bm − x Im) = 4(n1 − 1) det(Bm−1 − x Im−1) − n1

m∑

i=2

⎛

⎝ni

∏

j �=i

(3n j − 4 − x)

⎞

⎠

and hence the result follows. ��
Proposition 3.3 Let G be a complete t-partite graph Kn1,n2,··· ,nt on n = ∑t

i=1 ni vertices and �(G) be the
squared distance matrix of G. Then, the characteristics polynomial of �(G) is given by

P�(G, x) = (x + 4)n−t

⎡

⎣
t∏

i=1

(x + 4 − 3ni ) −
t∑

i=1

(

ni

∏

j �=i

(x + 4 − 3n j )

)
⎤

⎦ . (3.3)

Proof Let �̃(G) = �(G) − x In . We use elementary row and column operations to prove the result. For each
partition of the vertex set we subtract the first column from the remaining columns and then add all the rows of
each partition to the first row. Next, we move the first column of each partition to the first t-columns followed
by the same operation on the rows. Then, the resulting matrix has the following block form

[
Bt − x It 0

∗ −(x + 4)In−t

]

,
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where Bt is the matrix as defined in Eqn (3.2). Thus,

det(�(G) − x I ) = (−1)n−t (x + 4)n−t det(Bt − x It )

and from Lemma 3.2, we have

det(�(G) − x In) = (−1)n−t (x + 4)n−t

⎡

⎣
t∑

i=1

(

ni

∏

j �=i

(3n j − 4 − x)

)

+
t∏

i=1

(3ni − 4 − x)

⎤

⎦

= (−1)n−t (x + 4)n−t

⎡

⎣(−1)t−1
t∑

i=1

(

ni

∏

j �=i

(x + 4 − 3n j )

)

+ (−1)t
t∏

i=1

(x + 4 − 3ni )

⎤

⎦

= (−1)n(x + 4)n−t

⎡

⎣
t∏

i=1

(x + 4 − 3ni ) −
t∑

i=1

(

ni

∏

j �=i

(x + 4 − 3n j )

)
⎤

⎦ ,

and hence the result follows. ��

Remark 3.4 From the proof of Proposition 3.3, it is easy to see that

det(x It − Bt ) =
t∏

i=1

(x + 4 − 3ni ) −
t∑

i=1

(

ni

∏

j �=i

(x + 4 − 3n j )

)

.

Corollary 3.5 Let G be a complete t-partite graph Kn1,n2,··· ,nt on n = ∑t
i=1 ni vertices and �(G) be the

squared distance matrix of G. Then, the determinant of �(G) is given by

det �(G) = (−4)n−t

⎡

⎣
t∑

i=1

(

ni

∏

j �=i

(3n j − 4)

)

+
t∏

i=1

(3ni − 4)

⎤

⎦ .

Corollary 3.6 Let t = s + h ≥ 2 and n1, n2, · · · , nt be positive integers such that ni ≥ 2 for 1 ≤ i ≤ s
and ni = 1 for s + 1 ≤ i ≤ t = s + h. Let �(G) be the squared distance matrix of the complete t-partite
graph G = Kn1,n2,··· ,nt on n = ∑t

i=1 ni vertices. Then, the characteristic polynomial of �(G) is given by
P�(G, x) = (x + 4)n−t (x + 1)h−1 p(G, x), where

p(G, x) = (x + 1 − h)

s∏

i=1

(x + 4 − 3ni ) − (x + 1)

s∑

i=1

(

ni

∏

j �=i

(x + 4 − 3n j )

)

(3.4)

= (x + 1) det(x I − Bs) − h
s∏

i=1

(x + 4 − 3ni ),

where Bs is the matrix defined in Eqn (3.2) with parameters n1, n2, · · · , ns.

Proof Substituting ni = 1 for s + 1 ≤ i ≤ t = s + h in Eqn. (3.3), the characteristic polynomial P�(G, x) of
�(G) reduces to
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On squared distance matrix of complete multipartite graphs 523

P�(G, x) = (x + 4)n−t

⎡

⎣
t∏

i=1

(x + 4 − 3ni ) −
t∑

i=1

(

ni

∏

j �=i

(x + 4 − 3n j )

)
⎤

⎦

= (x + 4)n−t
[

(x + 1)h
s∏

i=1

(x + 4 − 3ni ) − (x + 1)h
s∑

i=1

(

ni

∏

j �=i

(x + 4 − 3n j )

)

−h(x + 1)h−1
s∏

i=1

(x + 4 − 3ni )

]

= (x + 4)n−t (x + 1)h−1
[

(x + 1)

⎛

⎝
s∏

i=1

(x + 4 − 3ni ) −
s∑

i=1

(

ni

∏

j �=i

(x + 4 − 3n j )

)
⎞

⎠

−h
s∏

i=1

(x + 4 − 3ni )

]

(3.5)

= (x + 4)n−t (x + 1)h−1

⎡

⎣(x + 1 − h)

s∏

i=1

(x + 4 − 3ni ) − (x + 1)

s∑

i=1

(

ni

∏

j �=i

(x + 4 − 3n j )

)
⎤

⎦ .

Further, in view of Remark 3.4, Eqn. (3.5) can be written as

P�(G, x) = (x + 4)n−t (x + 1)h−1
[

(x + 1) det(x I − Bs) − h
s∏

i=1

(x + 4 − 3ni )

]

.

This completes the proof. ��

4 Inertia and energy of �(Kn1,n2,··· ,nt )

In this section, we find the inertia of the squared distance matrix of the complete multipartite graph Kn1,n2,··· ,nt

and compute the squared distance energy E�(Kn1,n2,··· ,nt ). We first consider the complete multipartite graph
Kn1,n2,··· ,nt whenever ni ≥ 2 for 1 ≤ i ≤ t .

Theorem 4.1 Let t ≥ 2 and n1, n2, · · · , nt be positive integers such that ni ≥ 2 for 1 ≤ i ≤ t . Let G be the
complete t-partite graph Kn1,n2,··· ,nt on n = ∑t

i=1 ni vertices and �(G) be the squared distance matrix of G.
Then, the inertia of �(G) is given by

In(�(G)) = (t, 0, n − t)

and the squared distance energy of Kn1,n2,··· ,nt is given by

E�(G) = 8(n − t).

Proof Let G = Kn1,n2,··· ,nt . Without loss of generality, let us assume n1 ≥ n2 ≥ · · · ≥ nt ≥ 2. Using Eqn. (3.1),
we have

�(G) + 4In = Diag
(
3Jn1 , 3Jn2 , . . . , 3Jnt

)+ Jn . (4.1)

For 1 ≤ i ≤ t , the eigenvalues of Jni are ni with multiplicity 1 and 0 with multiplicity ni − 1. Therefore, the
eigenvalues of Diag

(
3Jn1 , 3Jn2 , . . . , 3Jnt

)
are 3n1, 3n2, . . . , 3nt each with multiplicity 1 and 0 with multiplicity

n − t .
Let λ1 ≥ λ2 ≥ · · · ≥ λn be the eigenvalues of �(G) + 4In . From Eqn. (4.1), �(G) + 4In is a rank one

perturbation of Diag
(
Jn1, Jn2 , . . . , Jnt

)
. Then, by Lemma 2.6, we have

λ1 ≥ 3n1 ≥ λ2 ≥ 3n2 ≥ · · · ≥ λt ≥ 3nt ≥ λt+1 ≥ 0 ≥ λt+2 ≥ 0 ≥ · · · ≥ λn ≥ 0.

Since ni ≥ 2 for 1 ≤ i ≤ t , so λ1, λ2, · · · , λt ≥ 6. Moreover, Eqn. (4.1) yields that the rank of �(G) + 4In
is t and hence λi = 0 for t + 1 ≤ i ≤ n. Therefore, the eigenvalues of �(G) are λ1 − 4, λ2 − 4, · · · , λt − 4
each with multiplicity 1 and −4 with multiplicity n − t . This implies that λ1 − 4, λ2 − 4, · · · , λt − 4 are all
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positive eigenvalues of �(G), and the only negative eigenvalue of �(G) is −4 with multiplicity n − t . Hence,
In(�(G)) = (t, 0, n − t) and the squared distance energy of G is given by

E�(G) = 2(4(n − t)) = 8(n − t).

This completes the proof.

Corollary 4.2 Let t ≥ 2 and n1, n2, · · · , nt be positive integers such that ni ≥ 2 for 1 ≤ i ≤ t . If Bt is the
matrix defined in Eqn (3.2) with parameters n1, n2, · · · , nt , then the eigenvalues of Bt are positive.

Proof Let G = Kn1,n2,··· ,nt and n = ∑t
i=1 ni . If λ1(G) ≥ λ2(G) ≥ · · · ≥ λn(G) are the eigenvalues of �(G),

then by Theorem 4.1, −4 is an eigenvalue of �(G) with multiplicity n−t and λi (G) > 0 for 1 ≤ i ≤ t . Therefore,
in view of Proposition 3.3 and Remark 3.4, we get λi (G) for 1 ≤ i ≤ t are the roots of det(x It − Bt ) = 0 and
hence the result follows. ��

Now we prove a few lemmas useful to find the inertia of �(Kn1,n2,··· ,nt ) and E�(Kn1,n2,··· ,nt ), whenever
Kn1,n2,··· ,nt belongs to the class M(n, t, h).

Lemma 4.3 Let n1, n2, · · · , ns be positive integers such that ni ≥ 2 for 1 ≤ i ≤ s and h be a positive integer.
Let Bs be the matrix defined in Eqn (3.2) with parameters n1, n2, · · · , ns. If f (x) = (x + 1) det(x Is − Bs) −
h
∏s

i=1(x + 4 − 3ni ), then f (x) �= 0 for x ≤ −1.

Proof For x ≤ −1 and ni ≥ 2 for 1 ≤ i ≤ s, we have x+4−3ni < 0 and hence the sign of −h
∏s

i=1(x+4−3ni )

is (−1)s+1. By Corollary 4.2, the eigenvalues of Bs are positive which implies that the sign of (x+1) det(x Is −Bs)

is (−1)s+1 for x < −1 and the value of (x+1) det(x Is−Bs) is zero for x = 1. Therefore, both (x+1) det(x Is−Bs)

and −h
∏s

i=1(x + 4 − 3ni ) are of the same sign and hence f (x) �= 0 for x ≤ −1. ��
Lemma 4.4 Let t = s + h ≥ 2 and n1, n2, · · · , nt be positive integers such that ni ≥ 2 for 1 ≤ i ≤ s and
ni = 1 for s + 1 ≤ i ≤ t = s + h. Let G be the complete t-partite graph Kn1,n2,··· ,nt on n = ∑t

i=1 ni vertices
and �(G) be the squared distance matrix of G. If λ1(G) ≥ λ2(G) ≥ · · · ≥ λn(G) are the eigenvalues of �(G),
then

(i) λi (G) > 0 for 1 ≤ i ≤ s.

(ii) λs+1(G) > 0 if and only if h − 1 >

s∑

i=1

ni

3ni − 4
, λs+1(G) = 0 if and only if h − 1 =

s∑

i=1

ni

3ni − 4
and

λs+1(G) < 0 if and only if h − 1 <

s∑

i=1

ni

3ni − 4
.

Moreover, if λs+1(G) < 0, then −1 < λs+1(G) < 0.

(iii) λi (G) = −1 for s + 2 ≤ i ≤ s + h and λi (G) = −4 for s + h + 1 ≤ i ≤ n.

Proof Let H = Kn1,n2,··· ,ns be the complete s-partite graph on n−h = ∑s
i=1 ni vertices and �(H) be the squared

distance matrix of H . Then, �(H) is a principal submatrix of �(G). If λ1(H) ≥ λ2(H) ≥ · · · ≥ λn−h(H)

denote the eigenvalues of �(H), then Theorem 4.1 yields that λs(H) > 0 and hence using Theorem 2.5, we
have λs(G) ≥ λs(H) > 0. This proves part (i).

Let Bs be the matrix defined in Eqn (3.2) with parameters n1 ≥ n2 ≥ · · · ≥ ns ≥ 2. By Corollary 3.6, the
characteristic polynomial of �(G) is given by

P�(G, x) = (x + 4)n−t (x + 1)h−1 p(G, x),

where p(G, x) = (x + 1) det(x I − Bs) − h
∏s

i=1(x + 4 − 3ni ). By Lemma 4.3, we have p(G, x) �= 0 for
x ≤ −1, and hence the roots of the polynomial p(G, x) are λi (G) for 1 ≤ i ≤ s + 1. Therefore, λi (G) = −1
for s + 2 ≤ i ≤ s + h and λi (G) = −4 for s + h + 1 ≤ i ≤ n. Since by part (i), we know that λi (G) > 0 for
1 ≤ i ≤ s, so if λs+1(G) < 0, then −1 < λs+1(G) < 0.
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Now substituting ni = 1 for s + 1 ≤ i ≤ t = s + h in Corollary 3.5, the determinant of the squared distance
matrix �(G) is given by

det �(G) = (−4)n−t

⎡

⎣
t∑

i=1

(

ni

∏

j �=i

(3n j − 4)

)

+
t∏

i=1

(3ni − 4)

⎤

⎦

= (−4)n−t

⎡

⎣(−1)h
s∑

i=1

(

ni

∏

j �=i

(3n j − 4)

)

+ (−1)h−1h
s∏

i=1

(3ni − 4) + (−1)h
s∏

i=1

(3ni − 4)

⎤

⎦

= (−4)n−t (−1)h−1

⎡

⎣(h − 1)

s∏

i=1

(3ni − 4) −
s∑

i=1

(

ni

∏

j �=i

(3n j − 4)

)
⎤

⎦

= (−4)n−t (−1)h−1

[

(h − 1) −
s∑

i=1

ni

3ni − 4

]
s∏

i=1

(3ni − 4). (4.2)

Further, we also know that λi (G) = −1 for s + 2 ≤ i ≤ s + h, i.e., −1 is an eigenvalue with multiplicity
h − 1 and λi (G) = −4 for s + h + 1 ≤ i ≤ n, i.e., −4 is an eigenvalue with multiplicity n − t . Thus, using
det �(G) = ∏n

i=1 λi (G), the Eqn. (4.2) yields that

s+1∏

i=1

λi (G) =
[

(h − 1) −
s∑

i=1

ni

3ni − 4

]
s∏

i=1

(3ni − 4).

Since
∏s

i=1(3ni − 4) > 0 as ni ≥ 2 for 1 ≤ i ≤ s and by part (i), λi (G) > 0 for 1 ≤ i ≤ s, so

λs+1(G) > 0 if and only if h − 1 >

s∑

i=1

ni

3ni − 4
, λs+1(G) = 0 if and only if h − 1 =

s∑

i=1

ni

3ni − 4
and

λs+1(G) < 0 if and only if h − 1 <

s∑

i=1

ni

3ni − 4
. This completes the proof. ��

The following result determines the inertia and the squared distance energy whenever complete t-partite
graphs are in M(n, t, h). This result is an immediate consequence of Lemma 4.4, and hence we state the result
without proof.

Theorem 4.5 Let t = s + h ≥ 2 and n1, n2, · · · , nt be positive integers such that ni ≥ 2 for 1 ≤ i ≤ s and
ni = 1 for s + 1 ≤ i ≤ t = s + h. Let G be the complete t-partite graph Kn1,n2,··· ,nt on n = ∑t

i=1 ni vertices.
Let �(G) be the squared distance matrix of G and λ1(G) ≥ λ2(G) ≥ · · · ≥ λn(G) are the eigenvalues of �(G).
Then, the inertia of �(G) is given by

In(�(G)) =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(s + 1, 0, n − s − 1) if h − 1 >

s∑

i=1

ni

3ni − 4
,

(s, 1, n − s − 1) if h − 1 =
s∑

i=1

ni

3ni − 4
,

(s, 0, n − s) if h − 1 <

s∑

i=1

ni

3ni − 4
,

and the squared distance energy of G is given by

E�(G) =

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

8(n − t) + 2(h − 1) if h − 1 ≥
s∑

i=1

ni

3ni − 4
,

8(n − t) + 2[(h − 1) + θ ] if h − 1 <

s∑

i=1

ni

3ni − 4
,
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where 0 < θ < 1 and θ = −λs+1(G). Equivalently, the squared distance energy of G is given by

E�(G) =
{

8(n − t) + 2(h − 1) if λs+1(G) ≥ 0,

8(n − t) + 2[(h − 1) − λs+1(G)] if λs+1(G) < 0.

Corollary 4.6 Let Kn1,n2,··· ,nt be a complete t-partite graphs on n = ∑t
i=1 ni vertices. If h = |{i : ni = 1}|

and h ≥ 1, then

8(n − t) + 2(h − 1) ≤ E�(Kn1,n2,··· ,nt ) < 8(n − t) + 2h.

Corollary 4.7 Let n = ∑t
i=1 ni = ∑t

i=1 mi . Let G = Kn1,n2,··· ,nt and H = Km1,m2,··· ,mt be complete t-partite
graphs on n vertices. Let hG = |{i : ni = 1}| and hH = |{i : mi = 1}|. If hH < hG, then E�(H) < E�(G).

Proof For hG ≥ 2, using Theorem 4.5, it is easy to see that the result hold true. Next, let hG = 1. Then hH = 0
and hence mi ≥ 2 for 1 ≤ i ≤ t . By Theorem 4.1, we have E�(H) = 8(n − t).

Without loss of generality, let us assume n1 ≥ n2 ≥ · · · ≥ nt . Thus, using hG = 1, we get ni ≥ 2 for

1 ≤ i ≤ t − 1 and therefore, 0 = hG − 1 <
∑t−1

i=1
ni

3ni − 4
. By Theorem 4.5, we have E�(G) = 8(n − t) + θ ,

where 0 < θ < 1. Hence E�(H) < E�(G). ��

5 Extremal graphs for maxima and minima of E�(Kn1,n2,··· ,nt )

In this section, we prove that if (m1, m2, · · · , mt ) 	 (n1, n2, · · · , nt ), then E�(Km1,m2,··· ,mt ) ≥ E�(Kn1,n2,··· ,nt ).
Furthermore, for fixed value of n and t , we find complete t-partite graphs for which the squared distance energy
E�(Kn1,n2,··· ,nt ) attain its maxima and minima, and discuss the uniqueness of these extremal graphs. We first
prove a few lemmas useful to achieve the above goals.

Lemma 5.1 Let n p, nq ≥ 2 and n p ≥ nq + 2. If 0 ≤ x < 1, then

n p

x − 4 + 3n p
+ nq

x − 4 + 3nq
>

n p − 1

x − 4 + 3(n p − 1)
+ nq + 1

x − 4 + 3(nq + 1)
. (5.1)

Proof Observe that, if n p, nq ≥ 2 and n p ≥ nq + 2, then (x − 4 + 3n p), (x − 4 + 3nq), (x − 4 + 3(n p −
1)), (x − 4 + 3(nq + 1)) > 0 for 0 ≤ x < 1. For a fix x ∈ [0, 1), let a = x − 4 + 3n p and b = x − 4 + 3nq .
Then, in view of part (i i) of Lemma 2.8, to prove inequality Eqn. (5.1) it is enough to show that

3[nqa(a − 3) − n pb(b + 3)] − ab(a − b − 6) > 0.

Note that,

3[nqa(a − 3) − n pb(b + 3)]
= 3

[
nq(x − 4 + 3n p)(x − 4 + 3(n p − 1)) − n p(x − 4 + 3nq)(x − 4 + 3(nq + 1))

]

= 3
[
nq(x − 4)2 + 3(x − 4)(2n pnq − nq) + 9n p(n p − 1)

]

− 3
[
n p(x − 4)2 + 3(x − 4)(2n pnq + n p) + 9n pnq(nq + 1)

]

= 3
[
(nq − n p)(x − 4)2 − 3(x − 4)(n p + nq) + 9n pnq(n p − nq − 2)

]
,

and

ab(a − b − 6) =3(x − 4 + 3n p)(x − 4 + 3nq)(n p − nq − 2)

=3
[
(n p − nq − 2)(x − 4)2 + 3(x − 4)(n p + nq)(n p − nq − 2) + 9n pnq(n p − nq − 2)

]
.
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Thus,

3[nqa(a − 3) − n pb(b + 3)] − ab(a − b − 6)

= 3
[
(nq − n p)(x − 4)2 − 3(x − 4)(n p + nq)

]

− 3
[
(n p − nq − 2)(x − 4)2 + 3(x − 4)(n p + nq)(n p − nq − 2)

]

= 3
[
2(x − 4)2(nq − n p + 1) + 3(x − 4)(n p + nq)(nq − n p + 1)

]

= (x − 4)(nq − n p + 1)[2(x − 4) + 3(n p + nq)]. (5.2)

Further, for 0 ≤ x < 1, we have −4 ≤ x − 4 < −3, and using n p ≥ nq + 2, we have nq − n p + 1 ≤ −1, which
implies that

(x − 4)(nq − n p + 1) > 0. (5.3)

Next, for 0 ≤ x < 1, we have −8 ≤ 2(x − 4) < −6 and for n p, nq ≥ 2, we have 3(n p + nq) ≥ 12, which
implies that

[2(x − 4) + 3(n p + nq)] > 0. (5.4)

Using Eqns. (5.2) - (5.4), we have 3[nqa(a − 3) − n pb(b + 3)] − ab(a − b − 6) > 0. This completes the proof.
��
Assumption 5.2 Let s ≥ 2 and h ≥ 1. Let t = s + h ≥ 3 and n1, n2, · · · , nt be positive integers such that
ni ≥ 2 for 1 ≤ i ≤ s and ni = 1 for s +1 ≤ i ≤ t = s + h. Let n = ∑t

i=1 ni and n p ≥ nq +2 for 1 ≤ p, q ≤ s.
Let G = Kn1,··· ,n p,··· ,nq ,··· ,ns ,ns+1,··· ,nt and H = Kn1,··· ,n p−1,··· ,nq+1,··· ,ns ,ns+1,··· ,nt be complete t-partite graphs
on n vertices. Let λ1(G) ≥ λ2(G) ≥ · · · ≥ λn(G) and λ1(H) ≥ λ2(H) ≥ · · · ≥ λn(H) be the eigenvalues of
the squared distance matrix �(G) and �(H), respectively.

Lemma 5.3 Under the Assumption 5.2, if λs+1(G) ≥ 0, then λs+1(H) > 0 and

E�(G) = E�(H) = 8(n − t) + 2(h − 1).

Proof By part (i i) of Lemma 4.4 we know that λs+1(G) ≥ 0 only if h −1 ≥
s∑

i=1

ni

3ni − 4
. For x = 0, Lemma 5.1

gives us
n p

3n p − 4
+ nq

3nq − 4
>

n p − 1

3(n p − 1) − 4
+ nq + 1

3(nq + 1) − 4
,

and hence

h − 1 ≥
s∑

i=1

ni

3ni − 4
>

n p − 1

3(n p − 1) − 4
+ nq + 1

3(nq + 1) − 4
+

s∑

i=1
i �=p,q

ni

3ni − 4
.

Therefore, using part (i i) of Lemma 4.4, we get λs+1(H) > 0. Furthermore, by Theorem 4.5, we have E�(G) =
E�(H) = 8(n − t) + 2(h − 1). ��
Lemma 5.4 Under the Assumption 5.2, if λs+1(G) < 0, then λs+1(G) < λs+1(H) and

E�(G) > E�(H).

Proof Since λs+1(G) < 0, so by part (i i) of Lemma 4.4 we know that −1 < λs+1(G) < 0 and by Theorem 4.5,
we have

E�(G) = 8(n − t) + 2[(h − 1) − λs+1(G)].
If λs+1(H) ≥ 0, then by Theorem 4.5, we have E�(H) = 8(n − t) + 2(h − 1) and the result holds true. Next,
if λs+1(H) < 0, then by part (i i) of Lemma 4.4 we know that −1 < λs+1(H) < 0 and by Theorem 4.5, we
get E�(H) = 8(n − t) + 2[(h − 1) − λs+1(H)]. Therefore, in this case, to complete the proof we show that
−1 < λs+1(G) < λs+1(H) < 0.
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For 1 ≤ i ≤ s, let p(G, x) and p(H, x) be the monic polynomials defined in Eqn. (3.4) with parameters
n1, · · · , n p, · · · , nq , · · · , ns and n1, · · · , n p −1, · · · , nq +1, · · · , ns , respectively. Then, by Corollary 3.6, the
characteristic polynomials of �(G) and �(H) are given by

P�(G, x) = (x + 4)n−t (x + 1)h−1 p(G, x) and P�(H, x) = (x + 4)n−t (x + 1)h−1 p(H, x),

respectively. By our hypothesis λs+1(G), λs+1(H) ∈ (−1, 0) and hence by Lemma 4.4 we know that λs+1(G)

and λs+1(H) are the unique negative roots of p(G, x) and p(H, x), respectively. Let us define

f (x) = (−1)s+1 p(G,−x) and g(x) = (−1)s+1 p(H,−x). (5.5)

By construction, f (x) and g(x) are monic polynomials. Furthermore, −λs+1(G) and −λs+1(H) are the largest
roots of f (x) and g(x), respectively and both of them lie in the interval (0, 1). Therefore, in view of Lemma 2.7,
to prove −1 < λs+1(G) < λs+1(H) < 0 or equivalently 0 < −λs+1(H) < −λs+1(G) < 1, we show that
f (−λs+1(H)) < 0 and we proceed as follows.
Claim: f (−λs+1(H)) < 0.

Observe that, using ni ≥ 2 for 1 ≤ i ≤ s and n p ≥ nq + 2, we have x + 4 − 3ni < 0 for 1 ≤ i ≤ s,
x + 4 − 3(n p − 1) < 0 and x + 4 − 3(nq + 1) < 0 for −1 < x < 0 (i.e., x + 4 − 3(n p − 1), x + 4 − 3(nq + 1)

and x + 4 − 3ni for 1 ≤ i ≤ s are non-zero, whenever −1 < x < 0). Therefore, for x ∈ (−1, 0), the monic
polynomials p(G, x) and p(H, x) as defined in Eqn. (3.4) can be written as

p(G, x) = (x + 4 − 3n p)(x + 4 − 3nq)

s∏

i=1
i �=p,q

(x + 4 − 3ni )

×
[

(x + 1 − h) − (x + 1)

(
n p

x + 4 − 3n p
+ nq

x + 4 − 3nq

)

− (x + 1)

s∑

i=1
i �=p,q

ni

x + 4 − 3ni

]

and

p(H, x) = (x + 4 − 3(n p − 1))(x + 4 − 3(nq + 1))

s∏

i=1
i �=p,q

(x + 4 − 3ni )

×
[

(x + 1 − h) − (x + 1)

(
n p − 1

x + 4 − 3(n p − 1)
+ nq + 1

x + 4 − 3(nq + 1)

)

− (x + 1)

s∑

i=1
i �=p,q

ni

x + 4 − 3ni

]

.

Then, for x ∈ (0, 1), the monic polynomials f (x) and g(x) defined in Eqn. (5.5), can be written as

f (x) = (x − 4 + 3n p)(x − 4 + 3nq)

s∏

i=1
i �=p,q

(x − 4 + 3ni )

×
[

(x − 1 + h) + (x − 1)

(
n p

x − 4 + 3n p
+ nq

x − 4 + 3nq

)

+ (x − 1)

s∑

i=1
i �=p,q

ni

x − 4 + 3ni

]

and

g(x) = (x − 4 + 3(n p − 1))(x − 4 + 3(nq + 1))

s∏

i=1
i �=p,q

(x − 4 + 3ni )

×
[

(x − 1 + h) + (x − 1)

(
n p − 1

x − 4 + 3(n p − 1)
+ nq + 1

x − 4 + 3(nq + 1)

)

+ (x − 1)

s∑

i=1
i �=p,q

ni

x − 4 + 3ni

]

.
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Let us denote

ϕ f (x) = (x − 1 + h) + (x − 1)

(
n p

x − 4 + 3n p
+ nq

x − 4 + 3nq

)

+ (x − 1)

s∑

i=1
i �=p,q

ni

x − 4 + 3ni
,

ϕg(x) = (x − 1 + h) + (x − 1)

(
n p − 1

x − 4 + 3(n p − 1)
+ nq + 1

x − 4 + 3(nq + 1)

)

+ (x − 1)

s∑

i=1
i �=p,q

ni

x − 4 + 3ni
.

Thus, for x ∈ (0, 1), we have
⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

f (x) =
[

(x − 4 + 3n p)(x − 4 + 3nq)

s∏

i=1
i �=p,q

(x − 4 + 3ni )

]

ϕ f (x),

g(x) =
[

(x − 4 + 3(n p − 1))(x − 4 + 3(nq + 1))

s∏

i=1
i �=p,q

(x − 4 + 3ni )

]

ϕg(x).

(5.6)

Using ni ≥ 2 for 1 ≤ i ≤ s and n p ≥ nq + 2, we have

x − 4 + 3(n p − 1) > 0, x − 4 + 3(nq + 1) > 0, x − 4 + 3ni > 0 for 1 ≤ i ≤ s and x ∈ (0, 1). (5.7)

Therefore, in view of Eqns. (5.6) and (5.7), we get f (x) = 0 if and only if ϕ f (x) = 0 and g(x) = 0 if and only
if ϕg(x) = 0 for x ∈ (0, 1). Further, for x ∈ (0, 1), we have (x − 1) < 0 and Lemma 5.1 yields that

(x − 1)

(
n p

x − 4 + 3n p
+ nq

x − 4 + 3nq

)

< (x − 1)

(
n p − 1

x − 4 + 3(n p − 1)
+ nq + 1

x − 4 + 3(nq + 1)

)

,

and hence for all x ∈ (0, 1), we have

[

(x − 1 + h) + (x − 1)

(
n p

x − 4 + 3n p
+ nq

x − 4 + 3nq

)

+ (x − 1)

s∑

i=1
i �=p,q

ni

x − 4 + 3ni

]

<

[

(x − 1 + h) + (x − 1)

(
n p − 1

x − 4 + 3(n p − 1)
+ nq + 1

x − 4 + 3(nq + 1)

)

+ (x − 1)

s∑

i=1
i �=p,q

ni

x − 4 + 3ni

]

.

That is, ϕ f (x) < ϕg(x) for all x ∈ (0, 1). In particular, 0 < −λs+1(H) < 1 and g(−λs+1(H)) = 0, which
implies that ϕ f (−λs+1(H)) < ϕg(−λs+1(H)) = 0. Furthermore, by Eqn. (5.7) we know that x − 4 + 3ni >

0 for 1 ≤ i ≤ s and x ∈ (0, 1), and hence using Eqn. (5.6), we get f (−λs+1(H)) < 0. This completes the
proof. ��

Now we state the following result (without proof) which is obtained by combining the conclusions of Lem-
mas 5.3 and 5.4.

Lemma 5.5 Let s ≥ 2 and h ≥ 1. Let n1, n2, · · · , ns be positive integers such that ni ≥ 2 for 1 ≤ i ≤ s. If
n p ≥ nq + 2 for 1 ≤ p, q ≤ s, then

E�(Kn1,··· ,n p,··· ,nq ,··· ,ns ,1, 1, . . . , 1
︸ ︷︷ ︸

h times

) ≥ E�(Kn1,··· ,n p−1,··· ,nq+1,··· ,ns ,1, 1, . . . , 1
︸ ︷︷ ︸

h times

).

Theorem 5.6 Let t = s + h with s ≥ 2 and h ≥ 1. Let n1, n2, · · · , nt and m1, m2, · · · , mt be positive integers.
Then the following results hold.

(i) Let ni ≥ 2 and mi ≥ 2 for 1 ≤ i ≤ s. If (m1, m2, · · · , ms, 1, 1, . . . , 1
︸ ︷︷ ︸

h times

) 	 (n1, n2, · · · , ns, 1, 1, . . . , 1
︸ ︷︷ ︸

h times

), then

E�(Km1,m2,··· ,ms ,1, 1, . . . , 1
︸ ︷︷ ︸

h times

) ≥ E�(Kn1,n2,··· ,ns ,1, 1, . . . , 1
︸ ︷︷ ︸

h times

).
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(ii) If (m1, m2, · · · , mt ) 	 (n1, n2, · · · , nt ), then E�(Km1,m2,··· ,mt ) ≥ E�(Kn1,n2,··· ,nt ).

Proof Let t = s + h and s < t . Without loss of generality, let us assume n1 ≥ n2 ≥ · · · ≥ ns ≥ 2 and
m1 ≥ m2 ≥ · · · ≥ ms ≥ 2. Let (m1, m2, · · · , ms, 1, 1, . . . , 1

︸ ︷︷ ︸

h times

) 	 (n1, n2, · · · , ns, 1, 1, . . . , 1
︸ ︷︷ ︸

h times

). Thus, if we denote

Y = (m1, m2, · · · , ms) and X = (n1, n2, · · · , ns), then by Theorem 2.2, we have X 	 Y.

Recall that, Bn = {(z1, · · · , zn) ∈ Z
n : z1 ≥ z2 ≥ · · · ≥ zn}. For Z = (z1, · · · , zs) ∈ Bs , we denote

Z̃ = (z1, · · · , zs, 1, 1, . . . , 1
︸ ︷︷ ︸

h times

) ∈ Bs+h . Since X, Y ∈ Bs and X 	 Y , so by Theorem 2.1, there exists a sequence in

Bs such as Y = Y0 	 Y1 	 · · · 	 Yl = X such that Yi = Yi−1 + Es
ji ,ki

for some ki > ji , 1 ≤ i ≤ l. Therefore,
using Theorem 2.2, we have

(m1, m2, · · · , ms, 1, 1, . . . , 1
︸ ︷︷ ︸

h times

) = Ỹ = Ỹ0 	 Ỹ1 	 · · · 	 Ỹl = X̃ = (n1, n2, · · · , ns, 1, 1, . . . , 1
︸ ︷︷ ︸

h times

), (5.8)

where Ỹi = Ỹi−1 + Es+h
ji ,ki

for some ki > ji ; 1 ≤ i ≤ l. Therefore, applying Lemma 5.5 inductively on Eqn. (5.8)
yields that E�(Km1,m2,··· ,ms ,1, 1, . . . , 1

︸ ︷︷ ︸
h times

) ≥ E�(Kn1,n2,··· ,ns ,1, 1, . . . , 1
︸ ︷︷ ︸

h times

). This proves part (i).

Next, let (m1, m2, · · · , mt ) 	 (n1, n2, · · · , nt ). Let G = Km1,m2,··· ,mt and H = Kn1,n2,··· ,nt . Let us denote
hG = |{i : mi = 1}| and hH = |{i : ni = 1}|. Then (m1, m2, · · · , mt ) 	 (n1, n2, · · · , nt ) implies that either
hG = hH or hG > hH . Thus, if hG = hH , then by part (i), we have E�(G) ≥ E�(H) and if hG > hH , then
by Corollary 4.7, we have E�(G) > E�(H). This completes the proof. ��
Lemma 5.7 Let s ≥ 2 and h ≥ 1. Let ni ≥ 2 for 1 ≤ i ≤ s be positive integers and n = h +∑s

i=1 ni . Let H =
Kn1,··· ,n p,··· ,nq ,··· ,ns ,1, 1, . . . , 1

︸ ︷︷ ︸
h times

and H∗ = Kn1,··· ,n p+1,··· ,nq−1,··· ,ns ,1, 1, . . . , 1
︸ ︷︷ ︸

h times

. Let λ1(H) ≥ λ2(H) ≥ . . . ≥ λn(H)

and λ1(H∗) ≥ λ2(H∗) ≥ . . . ≥ λn(H∗) be the eigenvalues of the squared distance matrix �(H) and �(H∗),
respectively. If λs+1(H) ≤ 0, then −1 < λs+1(H∗) < λs+1(H) ≤ 0.

Proof For λs+1(H) ≤ 0, using part (i i) of Lemma 4.4, we have

s∑

i=1

ni

3ni − 4
≥ h − 1. (5.9)

For x = 0 and suitable choices in Eqn. (5.1), we have the following inequality

n p + 1

3(n p + 1) − 4
+ nq − 1

3(nq − 1) − 4
>

n p

3n p − 4
+ nq

3nq − 4
,

and hence by Eqn. (5.9), we have

n p + 1

3(n p + 1) − 4
+ nq − 1

3(nq − 1) − 4
+

s∑

i=1
i �=p,q

ni

3ni − 4
>

s∑

i=1

ni

3ni − 4
≥ h − 1.

Therefore, by part (i i) of Lemma 4.4, we have −1 < λs+1(H∗) < 0. Further, using Lemma 5.4, we have
−1 < λs+1(H∗) < λs+1(H) ≤ 0 and E�(H∗) > E�(H). ��
Lemma 5.8 Let s ≥ 2 and h ≥ 1. Let ni ≥ 2, mi ≥ 2 for 1 ≤ i ≤ s be a positive integers and
(m1, m2, · · · , ms) 	 (n1, n2, · · · , ns). Let G = Km1,m2,··· ,ms ,1, 1, . . . , 1

︸ ︷︷ ︸
h times

and H = Kn1,n2,··· ,ns ,1, 1, . . . , 1
︸ ︷︷ ︸

h times

be com-

plete t-partite graphs on n = h + ∑s
i=1 mi = h + ∑s

i=1 ni vertices. Let λ1(G) ≥ λ2(G) ≥ · · · ≥ λn(G)

and λ1(H) ≥ λ2(H) ≥ . . . ≥ λn(H) be the eigenvalues of the squared distance matrix �(G) and �(H),
respectively. If λs+1(H) ≤ 0, then −1 < λs+1(G) < λs+1(H) ≤ 0 and E�(G) > E�(H).

Proof Without loss of generality, let us assume that n1 ≥ n2 ≥ · · · ≥ ns ≥ 2 and m1 ≥ m2 ≥ · · · ≥ ms ≥ 2. Let
Y = (m1, m2, · · · , ms) and X = (n1, n2, · · · , ns). Then X, Y ∈ Bs and X 	 Y . By Theorem 2.1, there exists a
sequence in Bs such as Y = Y0 	 Y1 	 · · · 	 Yl = X such that Yi = Yi−1 + Es

ji ,ki
for some ki > ji , 1 ≤ i ≤ l.

Thus, using Lemma 5.7 inductively on the above sequence yields the result. ��
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For fixed values of n, t and h, we define two graphs in M(n, t, h) which are similar to complete split graph
and Turán graph as follows:

1. Sn,t,h � Kn−2(t−1)+h, 2, 2, . . . , 2
︸ ︷︷ ︸

t−h−1 times

,1, 1, . . . , 1
︸ ︷︷ ︸

h times

.

2. Tn,t,h � K
n−h/t−h�,··· ,
n−h/t−h�,�n−h/t−h
,··· ,�n−h/t−h
,1, 1, . . . , 1
︸ ︷︷ ︸

h times

Theorem 5.9 Let s ≥ 2 and h ≥ 1. Let t = s + h and ni ≥ 2 for 1 ≤ i ≤ s be positive integers. Let
Kn1,n2,··· ,ns ,1, 1, . . . , 1

︸ ︷︷ ︸
h times

be a complete t-partite graph on n = h +∑s
i=1 ni vertices. Then

E�(Tn,t,h) ≤ E�(Kn1,n2,··· ,ns ,1, 1, . . . , 1
︸ ︷︷ ︸

h times

) ≤ E�(Sn,t,h).

Moreover, in this case if λs+1(Tn,t,h) ≤ 0, then the maximal graph Sn,t,h and the minimal graph Tn,t,h are unique
upto isomorphism.

Proof By Theorems 2.2 and 2.3 and Corollary 2.4, we have

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

(n − 2(t − 1) + h, 2, 2, . . . , 2
︸ ︷︷ ︸
t−h−1 times

, 1, 1, . . . , 1
︸ ︷︷ ︸

h times

) � (n1, n2, · · · , ns, 1, 1, . . . , 1
︸ ︷︷ ︸

h times

) and

(n1, n2, · · · , ns, 1, 1, . . . , 1
︸ ︷︷ ︸

h times

) �
(⌈

n−h
t−h

⌉
, · · · ,

⌈
n−h
t−h

⌉
,
⌊

n−h
t−h

⌋
, · · · ,

⌊
n−h
t−h

⌋
, 1, 1, . . . , 1
︸ ︷︷ ︸

h times

)
.

(5.10)

In view of Eqn. (5.10), using part (i) of Theorem 5.6, we have

E�(Tn,t,h) ≤ E�(Kn1,n2,··· ,ns ,1, 1, . . . , 1
︸ ︷︷ ︸

h times

) ≤ E�(Sn,t,h).

Further, under the assumption λs+1(Tn,t,h) ≤ 0, the uniqueness of extremal graphs Tn,t,h and Sn,t,h follows from
Lemma 5.8. ��
Remark 5.10 For fixed values of n, t and h, recall that M(n, t, h) is the class of complete t-partite graphs on n
vertices which has exactly h number of partitions of order 1, i.e,

M(n, t, h) =
{

Kn1,n2,··· ,nt : n =
t∑

i=1

ni and h = |{i : ni = 1}|
}

=
⎧
⎨

⎩
Kn1,n2,··· ,ns ,1, 1, . . . , 1

︸ ︷︷ ︸
h times

: t = s + h, ni ≥ 2 for 1 ≤ i ≤ s and n = h +
s∑

i=1

ni

⎫
⎬

⎭
.

Thus, every complete t-partite graphs in M(n, t, h) is uniquely identified (upto isomorphism) with an s-tuple
(n1, n2, · · · , ns) of positive integers such that t = s + h, n − h = ∑s

i=1 ni and n1 ≥ n2 ≥ · · · ≥ ns ≥ 2.

Let G be a complete t-partite graphs in M(n, t, h) is uniquely identified with (n1, n2, · · · , ns). Let �(G) be
the squared distance matrix of G and λ1(G) ≥ λ2(G) ≥ · · · ≥ λn(G) be the eigenvalues of �(G). Then, by part

(i i) of Lemma 4.4, we have λs+1(G) > 0 if and only if h −1 >
∑s

i=1
ni

3ni − 4
, λs+1(G) = 0 if and only if h −

1 = ∑s
i=1

ni

3ni − 4
and λs+1(G) < 0 if and only if h − 1 <

∑s
i=1

ni

3ni − 4
.

From the proof of Theorems 5.6 and 5.9, we can conclude the following: For fixed values of n, t and h,
there exists a sequence of complete t-partite graphs {Gi : i = 0, 1, . . . , l with G0 = Sn,t,h and Gl = Tn,t,h} in
M(n, t, h) such that

E�(Sn,t,h) = E�(G0) ≥ E�(G1) ≥ E�(G2) ≥ · · · ≥ E�(Gl) = E�(Tn,t,h).
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Furthermore, by Remark 5.10 and Theorem 2.1, each Gi is uniquely determine by s-tuple Yi and Yi = Yi−1+Es
ji ,ki

for some ki > ji , 1 ≤ i ≤ l such that

(n−2(t −1)+h, 2, 2, . . . , 2
︸ ︷︷ ︸
t−h−1 times

) = Y0 	 Y1 	 · · · 	 Yl =
(⌈n − h

t − h

⌉

, · · · ,

⌈
n − h

t − h

⌉

,

⌊
n − h

t − h

⌋

, · · · ,

⌊
n − h

t − h

⌋)
.

Using the above notations, we provide a few examples that show in general the maximal and the minimal value
of the squared distance energy of graphs in M(n, t, h) is not uniquely attained by Sn,t,h and Tn,t,h , respectively.

Example 5.11 Let n = 31, t = 15 and h = 7. In this case s = 8 and by Remark 5.10, every complete 15-partite
graphs in M(31, 15, 7) is uniquely identified with 8-tuple. Then S31,15,7 is identified with (10, 2, 2, 2, 2, 2, 2, 2)

and T31,15,7 is identified with (3, 3, 3, 3, 3, 3, 3, 3). Let us consider the chain

(10, 2, 2, 2, 2, 2, 2, 2) 	 (9, 3, 2, 2, 2, 2, 2, 2) 	 (8, 4, 2, 2, 2, 2, 2, 2) 	 (7, 4, 3, 2, 2, 2, 2, 2)

	 (6, 4, 4, 2, 2, 2, 2, 2) 	 (5, 4, 4, 3, 2, 2, 2, 2) 	 (4, 4, 4, 4, 2, 2, 2, 2) 	 (4, 4, 4, 3, 3, 2, 2, 2)

	 (4, 4, 3, 3, 3, 3, 2, 2) 	 (4, 3, 3, 3, 3, 3, 3, 2) 	 (3, 3, 3, 3, 3, 3, 3, 3).

The corresponding sequence of complete 15-partite graphs in M(31, 15, 7) is given by

{Gi : i = 0, 1, . . . , 10 with G0 = S31,15,7 and G10 = T31,15,7}.
In this case λs+1 = λ9, and by Remark 5.10, we have λ9(Gi ) < 0 for i = 0, 1, . . . , 5, λ9(G6) = 0 and λ9(Gi ) > 0
for i = 7, 8, 9, 10. Thus, Theorem 4.5 yields that E�(T31,15,7) = E�(Gi ) = 8(n − t) + 2(h − 1) = 140 for
i = 7, 8, 9, 10 and hence the minimal value of the squared distance energy is not uniquely attained by T31,15,7.
Furthermore, since λ9(S31,15,7) = λ9(G0) < 0, so by Lemma 5.4, the maximal value of the squared distance
energy is uniquely attained by S31,15,7.

Example 5.12 Let n = 30, t = 15 and h = 7. In this case s = 8 and by Remark 5.10, S30,15,7 is identi-
fied with (9, 2, 2, 2, 2, 2, 2, 2) and T30,15,7 is identified with (3, 3, 3, 3, 3, 3, 3, 2). Let us consider the chain
(9, 2, 2, 2, 2, 2, 2, 2) 	 (8, 3, 2, 2, 2, 2, 2, 2) 	 (7, 4, 2, 2, 2, 2, 2, 2) 	 (6, 4, 3, 2, 2, 2, 2, 2)

	 (5, 4, 4, 2, 2, 2, 2, 2) 	 (4, 4, 4, 3, 2, 2, 2, 2) 	 (4, 4, 3, 3, 3, 2, 2, 2) 	 (4, 3, 3, 3, 3, 3, 2, 2)

	 (3, 3, 3, 3, 3, 3, 3, 2). The corresponding sequence of complete 15-partite graphs in M(30, 15, 7) is given by

{Gi : i = 0, 1, . . . , 8 with G0 = S30,15,7 and G8 = T30,15,7}.
In this case λs+1 = λ9, and by Remark 5.10, we have λ9(Gi ) < 0 for i = 0, 1, . . . , 5, and λ9(Gi ) > 0 for
i = 6, 7, 8. Thus, Theorem 4.5 yields that E�(T30,15,7) = E�(Gi ) = 132 and hence the minimal value of the
squared distance energy is not uniquely attained by T30,15,7. Furthermore, since λ9(S30,15,7) = λ9(G0) < 0, so
by Lemma 5.4, the maximal value of the squared distance energy is uniquely attained by S30,15,7.

Example 5.13 Let n = 17, t = 10 and h = 6. In this case s = 4 and by Remark 5.10, S17,10,6 is identified with
(5, 2, 2, 2). Since λs+1(S17,10,6) = λ5(S17,10,6) > 0, so by Lemma 5.3, we have E�(S17,10,6) = E�(G) for
every G in M(17, 10, 6). Therefore, neither the maximal nor the minimal value of the squared distance energy
for graphs in M(17, 10, 6) are not uniquely attained by S17,10,6 and T17,10,6, respectively.

We conclude this section with the following result that finds the extremal graphs for maxima and minima of
E�(Kn1,n2,··· ,nt ). We first prove a lemma useful for determining the uniqueness of these extremal graphs.

Lemma 5.14 Let t, n be positive integers and t ≥ 2 such that t + 2 ≤ n < 2t. Let Tn,t � Km1,m2,··· ,mt

and h = |{i : mi = 1}|. Let G = Kn1,n2,··· ,nt be a complete t-partite graph on n = ∑t
i=1 ni vertices and

hG = |{i : ni = 1}|. If G is not isomorphic to Tn,t , then h < hG .

Proof Let Tn,t � Km1,m2,··· ,mt with m1 ≥ m2 ≥ · · · ≥ mt and n = ∑t
i=1 mi , then mt =

⌊n

t

⌋
= 1. Let

h = |{i : mi = 1}| and s = n − t . Then mi = 2 for 1 ≤ i ≤ s and mi = 1 for s + 1 ≤ i ≤ t = s + h.
Let G = Kn1,n2,··· ,nt with n1 ≥ n2 ≥ · · · ≥ nt . Let hG = |{i : ni = 1}| and sG = t − hG . Then ni ≥ 2 for

1 ≤ i ≤ sG and ni = 1 for sG + 1 ≤ i ≤ t = sG + hG . Therefore, n = h + 2 s = hG + ∑sG
i=1 ni and hence

h + 2(s − sG) = hG +∑sG
i=1(ni − 2). Further, using t = s + h = sG + hG , we have s − sG = hG − h. Thus,

h + 2(hG − h) = hG +∑sG
i=1(ni − 2), which implies that hG − h = ∑sG

i=1(ni − 2).

If G is not isomorphic to Tn,t , then nk > 2 for some 1 ≤ k ≤ sG . Therefore, hG − h = ∑sG
i=1(ni − 2) > 0

and hence the result follows. ��

123



On squared distance matrix of complete multipartite graphs 533

Theorem 5.15 Let t, n be positive integers and t ≥ 2. Let Kn1,n2,··· ,nt be a complete t-partite graph on n =
∑t

i=1 ni vertices. Then,
E�(Tn,t ) ≤ E�(Kn1,n2,··· ,nt ) ≤ E�(Sn,t ).

Moreover, in this case, the maximal graph Sn,t is unique upto isomorphism, while the minimal graph Tn,t is
unique upto isomorphism if and only if n ≤ 2t + 1.

Proof By Theorem 2.3, we have (n − t + 1, 1, · · · , 1
︸ ︷︷ ︸

t−1

) � (n1, · · · , nt ) � (
⌈ n

t

⌉
, · · · ,

⌈ n
t

⌉
,
⌊ n

t

⌋
, · · · ,

⌊ n
t

⌋
), and

hence using part (i i) of Theorem 5.6 yields that E�(Tn,t ) ≤ E�(Kn1,n2,··· ,nt ) ≤ E�(Sn,t ). Now we proceed to
prove the uniqueness of the extremal graphs Sn,t and Tn,t .

Let G = Kn1,n2,··· ,nt be a complete t-partite graph on n vertices and hG = |{i : ni = 1}|. If G is not
isomorphic to Sn,t , then hG < t − 1. Therefore, Corollary 4.7 yields that E�(G) < E�(Sn,t ) and hence the
squared distance energy is attained maximum uniquely by Sn,t upto isomorphism. Next, to prove the minimization
part we consider the cases n > 2t + 1 and n ≤ 2t + 1, separately.

Case 1: Let n > 2t + 1. Then
⌊n

t

⌋
≥ 2. Therefore, by Theorem 4.1, we have E�(Tn,t ) = 8(n − t) and hence

Corollary 4.7 yields that E�(Tn,t ) ≤ E�(G), where G = Kn1,n2,··· ,nt with n = ∑t
i=1 ni . Further, in this case,

let Tn,t = Km1,m2,··· ,mt with m1 ≥ m2 ≥ · · · ≥ mt and n = ∑t
i=1 mi . Then, m1 = m2 =

⌈n

t

⌉
> 2 and

mt =
⌊n

t

⌋
≥ 2. If H = Km1+1,m2−1,··· ,mt , then m1 + 1, m2 − 1, · · · , mt ≥ 2 and hence by Theorem 4.1, we

have E�(H) = 8(n − t). Therefore, in this case, there exists atleast two non isomorphic graphs for which the
minimum attained.
Case 2: Let n ≤ 2t + 1. Then t ≤ n ≤ 2t + 1.

Let t ≤ n < 2t . For n = t , the class of complete t-partite graphs on n vertices consisting of a single
element Kt and for n = t + 1, the class of complete t-partite graphs on n vertices consisting of a single element
K2,1,1,...,1 upto isomorphism. Thus, the result is vacuously true for n = t and n = t + 1. For t + 2 ≤ n < 2t , if

Tn,t � Km1,m2,··· ,mt with m1 ≥ m2 ≥ · · · ≥ mt and n = ∑t
i=1 mi , then mt =

⌊n

t

⌋
= 1. Let h = {i : mi = 1}

and s = n − t . Then, mi ≥ 2 for 1 ≤ i ≤ s and mi = 1 for s + 1 ≤ i ≤ t = s + h. If G = Kn1,n2,··· ,nt is
a complete t-partite graphs on n vertices with hG = |{i : ni = 1}| and G is not isomorphic to Tn,t , then by
Lemma 5.14, we have h < hG and using Corollary 4.7, we get E�(Tn,t ) < E�(G). Hence, the result is hold
true for t + 2 ≤ n < 2t .

Next, if n = 2t , then Tn,t = K2,2,··· ,2. If G = Kn1,n2,··· ,nt is a complete t-partite graph on n vertices with
hG = |{i : ni = 1}| and G �= Tn,t , then hG ≥ 1 and hence using Corollary 4.7, we get E�(Tn,t ) < E�(G).

Finally, if n = 2t + 1, then Tn,t � K3,2,2,··· ,2. If G = Kn1,n2,··· ,nt is a complete t-partite graph on n vertices
with hG = |{i : ni = 1}| and G is not isomorphic to Tn,t , then hG ≥ 1, and hence using Corollary 4.7, we get
E�(Tn,t ) < E�(G). This completes the proof. ��

6 Spectral radius of �(Kn1,n2,··· ,nt )

In this section, we will show that (m1, m2, · · · , mt ) 	 (n1, n2, · · · , nt ) implies that ρ(Km1,m2,··· ,mt ) >

ρ(Kn1,n2,··· ,nt ), and as consequence prove that ρ(Kn1,n2,··· ,nt ) with n = ∑t
i=1 ni is uniquely attains its maximum

value at Sn,t and minimum value at Tn,t . We begin with a few lemmas that will be useful to prove the main results
of the section.

Lemma 6.1 Let t ≥ 2 and n1, n2, · · · , nt be positive integers such that n1 ≥ n2 ≥ · · · ≥ nt . Then

ρ(Kn1,n2,··· ,nt ) > 4(n1 − 1).

Proof Since �(Kn1,n2) is a principal submatrix of �(Kn1,n2,··· ,nt ), so using Theorem 2.5, we have
ρ(Kn1,n2,··· ,nt ) ≥ ρ(Kn1,n2). By Eqn. (3.3), the characteristic equation of �(Kn1,n2) is given by

(x + 4)n1+n2−2

⎡

⎣
2∏

i=1

(x + 4 − 3ni ) −
2∑

i=1

⎛

⎝ni

∏

j �=i

(x + 4 − 3n j )

⎞

⎠

⎤

⎦ = 0,
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and hence

ρ(Kn1,n2) = 2(n1 + n2) +
√

4(n1 − n2)2 + n1n2 − 4

> 2(n1 + n2) +
√

4(n1 − n2)2 − 4

= 4(n1 − 1),

and the result follows. ��
Lemma 6.2 Let G and H be connected graphs. Let P�(G, x) and P�(H, x) be the characteristic polynomials
of �(G) and �(H), respectively. Then the following results hold.

(i) If x ≥ ρ(G), then P�(G, x) > 0.

(ii) If P�(H, x) > P�(G, x) for x ≥ ρ(G), then ρ(H) < ρ(G).

Proof Let P(G, y) < 0 for some y ≥ ρ(G). Since P�(G, x) is a monic polynomial, there exists sufficiently
large z such that P�(G, z) > 0. Then, using Intermediate value theorem P�(G, x) have a root w in the interval
(y, z). This implies that w > ρ(G), which leads to a contradiction. This proves part (i).

Next, if ρ(H) ≥ ρ(G), then by part (i) we have P�(G, ρ(H)) > 0, but P�(H, ρ(H)) = 0, which is a
contradiction to the hypothesis P�(H, x) > P�(G, x) for x ≥ ρ(G) and the result follows. ��
Lemma 6.3 Let t ≥ 2 and n1, n2, · · · , nt be positive integers such that n p ≥ nq + 2 for 1 ≤ p, q ≤ t . Then

ρ(Kn1,··· ,n p,··· ,nq ,··· ,nt ) > ρ(Kn1,··· ,n p−1,··· ,nq+1,··· ,nt ).

Proof Without loss of generality, let us assume n1 ≥ n2 ≥ · · · ≥ nt . Let G = Kn1,··· ,n p,··· ,nq ,··· ,nt and H =
Kn1,··· ,n p−1,··· ,nq+1,··· ,nt . By Lemma 6.1, we have ρ(G) > 4(n1 −1). If x ≥ ρ(G), then using ρ(G) > 4(n1 −1),
we have

x + 4 − 3ni > 4(n1 − 1) + 4 − 3ns = 3(n1 − ni ) + n1 + 4 > n1 > 0 for 1 ≤ i ≤ t. (6.1)

Using n p ≥ nq + 2, we get (x + 4 − 3(n p − 1))(x + 4 − 3(nq + 1)) − (x + 4 − 3n p)(x + 4 − 3nq) =
9(n p − (nq + 1)) > 0. Thus, using Eqn. (6.1) for x ≥ ρ(G), we have

(x + 4 − 3(n p − 1))(x + 4 − 3(nq + 1)) > (x + 4 − 3n p)(x + 4 − 3nq) > 0. (6.2)

Therefore, for x ≥ ρ(G), we have (x + 4 − 3(n p − 1)), (x + 4 − 3(n j − 1)) and (x + 4 − 3ni ) for 1 ≤ i ≤ t
are non-zero and hence the characteristic polynomials P�(G, x) and P�(H, x) can be written as

P�(G, x) = (x + 4)n−t (x + 4 − 3n p)(x + 4 − 3nq)

×
⎛

⎜
⎝1 − ni

x + 4 − 3n p
− n j

x + 4 − 3nq
−

t∑

i=1
i �=p,q

ns

x + 4 − 3ni

⎞

⎟
⎠

t∏

i=1
i �=p,q

(x + 4 − 3ni ) and

P�(H, x) = (x + 4)n−t (x + 4 − 3(n p − 1))(x + 4 − 3(nq + 1))

×
⎛

⎜
⎝1 − ni − 1

x + 4 − 3(n p − 1)
− n j + 1

x + 4 − 3(nq + 1)
−

t∑

i=1
i �=p,q

ns

x + 4 − 3ni

⎞

⎟
⎠

t∏

i=1
i �=p,q

(x + 4 − 3ni ),

respectively. Further, n p ≥ nq+2 yields 3(n p−1) ≥ 3(nq+1) and hence (x+4−3(nq +1)) ≥ (x+4−3(n p−1)).

Similarly, using n p ≥ nq + 2, we get (x + 4 − 3nq) > (x + 4 − 3n p). By Eqns. (6.1) and (6.2), for x ≥ ρ(G)

we know that (x + 4 − 3(nq + 1)), (x + 4 − 3(n p − 1)), (x + 4 − 3nq), (x + 4 − 3n p) > 0 and hence for
x ≥ ρ(G), we have

(x + 4 − 3nq)(x + 4 − 3(nq + 1)) > (x + 4 − 3n p)(x + 4 − 3(n p − 1)). (6.3)

For a = (x + 4 − 3n p) and b = (x + 4 − 3nq), we have 3 m + a = 3n + b = x + 4. Thus, in view of Eqn (6.3),
substituting a = (x + 4 − 3n p) and b = (x + 4 − 3nq) in part (i) of Lemma 2.8, we have

n p

x + 4 − 3n p
+ nq

x + 4 − 3nq
>

n p − 1

x + 4 − 3(n p − 1)
+ nq + 1

x + 4 − 3(n j + 1)
for x ≥ ρ(G). (6.4)
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Let

h(x) = 1 − n p

x + 4 − 3n p
− nq

x + 4 − 3nq
−

t∑

i=1
i �=p,q

ni

x + 4 − 3ni
.

We claim that h(x) ≥ 0 for x ≥ ρ(G). Suppose on the contrary, we have h(y) < 0 for some y ≥ ρ(G). Then,
Eqn. (6.1) yields that P�(G, y) < 0, which is a contradiction to part (i) of Lemma 6.2. Thus, for x ≥ ρ(G),
Eqn. (6.4) yields that

1 − n p − 1

x + 4 − 3(n p − 1)
− nq + 1

x + 4 − 3(nq + 1)
−

t∑

i=1
i �=p,q

ni

x + 4 − 3ni

≥ 1 − n p

x + 4 − 3n p
− nq

x + 4 − 3nq
−

t∑

i=1
i �=p,q

ni

x + 4 − 3ni
= h(x) ≥ 0.

Therefore, using Eqns (6.1) and (6.2), we have P�(H, x) > P�(G, x) for all x ≥ ρ(G) and hence by part (i i)
of Lemma 6.2, the desired result follows. ��

Now we are ready to prove the main result of the section that gives Sn,t and Tn,t are the extremal graphs
for which the spectral radius of the squared distance matrix of Kn1,n2,··· ,nt with n = ∑t

i=1 ni vertices uniquely
attains its maxima and minima, respectively.

Theorem 6.4 For t ≥ 2, let n1, n2, · · · , nt and m1, m2, · · · , mt be positive integers. Then the following results
hold.

(i) If (m1, m2, · · · , mt ) 	 (n1, n2, · · · , nt ), then ρ(Km1,m2,··· ,mt ) > ρ(Kn1,n2,··· ,nt ).

(ii) If n = ∑t
i=1 ni , then ρ(Tn,t ) ≤ ρ(Kn1,n2,··· ,nt ) ≤ ρ(Sn,t ). Moreover, the maximal graph Sn,t and the

minimal graph Tn,t are unique upto isomorphism.

Proof Without loss of generality, let us assume n1 ≥ n2 ≥ · · · ≥ nt and m1 ≥ m2 ≥ · · · ≥ mt . Let
Y = (m1, m2, · · · , mt ) and X = (n1, n2, · · · , nt ). Then X, Y ∈ Bt and X 	 Y . By Theorem 2.1, there exists a
sequence in Bt such as Y = Y0 	 Y1 	 · · · 	 Yl = X such that Yi = Yi−1 + Et

ji ,ki
for some ki > ji , 1 ≤ i ≤ l.

Inductively applying Lemma 6.3 yields that ρ(Km1,m2,··· ,mt ) > ρ(Kn1,n2,··· ,nt ). This proves part (i).
Next, let n = ∑t

i=1 ni . By Theorem 2.3, we have

(n − t + 1, 1, · · · , 1
︸ ︷︷ ︸

t−1

) � (n1, · · · , nt ) �
(⌈n

t

⌉
, · · · ,

⌈n

t

⌉
,
⌊n

t

⌋
, · · · ,

⌊n

t

⌋)
,

and hence using part (i) yields that ρ(Tn,t ) ≤ ρ(Kn1,n2,··· ,nt ) ≤ ρ(Sn,t ). Since the inequality in part (i) is strict,
the spectral radius ρ(Kn1,n2,··· ,nt ) is maximum if Kn1,n2,··· ,nt � Sn,t and is minimum if Kn1,n2,··· ,nt � Tn,t . ��

Next, we show that the part (i i) of the above theorem directly follows from Lemma 6.3 and hence provide
an alternative proof for the same.

Theorem 6.5 Let t ≥ 2 and n1, n2, · · · , nt be positive integers and n = ∑t
i=1 ni . Then the following hold.

(i) The spectral radius of �(Kn1,n2,··· ,nt ) is maximal if Kn1,n2,··· ,nt � Sn,t .

(ii) The spectral radius of �(Kn1,n2,··· ,nt ) is minimal if Kn1,n2,··· ,nt � Tn,t .

Proof Let Km1,m2,··· ,mt be a complete t-partite graph with n = ∑t
i=1 mi such that

ρ(Km1,m2,··· ,mt ) = max
n=n1+···+nt

ρ(Kn1,n2,··· ,nt ).

If there exist 1 ≤ p, q ≤ t such that m p ≥ mq ≥ 2, then (m p + 1) − (mq − 1) ≥ 2 and by Lemma 6.3, we have

ρ(Km1,··· ,m p,··· ,mq ,··· ,mt ) < ρ(Km1,··· ,m p+1,··· ,mq−1,··· ,mt ),

which is a contradiction to the choice of Km1,m2,··· ,mt . Thus, all the m1, m2, · · · , mt are equal to 1, except for
one which is equal to n − t + 1 and hence Km1,m2,··· ,mt � Sn,t . This proves part (i).
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Next, let Km1,m2,··· ,mt be a complete t-partite graph with n = ∑t
i=1 mi such that

ρ(Km1,m2,··· ,mt ) = min
n=n1+···+nt

ρ(Kn1,n2,··· ,nt ).

Then, |m p − mq | ≤ 1 for all p �= q, otherwise there exist 1 ≤ p, q ≤ t such that m p − mq ≥ 2 and hence by
Lemma 6.3, we have

ρ(Km1,··· ,m p,··· ,mq ,··· ,mt ) > ρ(Km1,··· ,m p−1,··· ,mq+1,··· ,mt ),

which is a contradiction to the choice of Km1,m2,··· ,mt . Thus, the condition |m p − mq | ≤ 1 for all p �= q implies

that for all 1 ≤ i ≤ t we have mi equal to
⌈n

t

⌉
or
⌊n

t

⌋
and hence Km1,m2,··· ,mt � Tn,t . This completes the proof.

��

7 Conclusion

In this article, we have studied the squared distance matrix of complete multipartite graphs. We define the squared
distance energy to be the sum of the modulus of the eigenvalues of the squared distance matrix. We determine the
inertia of �(Kn1,n2,··· ,nt ) and using the result on inertia we compute the squared distance energy of Kn1,n2,··· ,nt .
Furthermore, using majorization techniques we prove that for a fixed value of n and t , both the spectral radius
of the squared distance matrix and the squared distance energy of complete t-partite graphs on n vertices are
maximal for complete split graph Sn,t and minimal for Turán graph Tn,t . We also discuss the uniqueness of these
extremal graphs.
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