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Abstract Let R be a finite commutative ring with unity, and let G = (V, E) be a simple graph. The zero-divisor
graph, denoted by �(R) is a simple graph with vertex set as R, and two vertices x, y ∈ R are adjacent in �(R)

if and only if xy = 0. In [5], the authors have studied the Laplacian eigenvalues of the graph �(Zn) and for
distinct proper divisors d1, d2, · · · , dk of n, they defined the sets as, Adi = {x ∈ Zn : (x, n) = di }, where (x, n)

denotes the greatest common divisor of x and n. In this paper, we show that the sets Adi , 1 ≤ i ≤ k are actually
orbits of the group action: Aut (�(R))× R −→ R, where Aut (�(R)) denotes the automorphism group of �(R).
Our main objective is to determine new classes of threshold graphs, since these graphs play an important role
in several applied areas. For a reduced ring R, we prove that �(R) is a connected threshold graph if and only if
R ∼= Fq or R ∼= F2 × Fq . We provide classes of threshold graphs realized by some classes of local rings. Finally,
we characterize all finite commutative rings with unity of which zero-divisor graphs are not threshold.
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Mathematics Subject Classification 13A70 · 05C25 · 05C50

1 Introduction

The zero-divisor graph of a commutative ring R with unity was introduced by Beck [3]. The graph �(R) is
defined to be the graph with vertex set as R, and two distinct vertices x, y ∈ R are adjacent in �(R) if and
only if xy = 0 in R. The notion of zero-divisor graphs was further studied by Anderson and Livingston in [1],
who restricted vertices of the graph �(R) to non-zero zero-divisors of the ring R. The main objective of the
investigation of associating a graph to R is to study the interplay of graph theoretic properties of �(R) and ring
theoretic properties of R. This interplay between different properties of R and �(R) was thoroughly investigated
in [4,11–14]. For basic definitions from graph theory, we refer to [10], and for ring theory we refer to [8].

A vertex in a graph G is called dominating if it is adjacent to every other vertex of G. A graph G is called a
threshold graph if it is obtained by the following procedure.

Start with K1, a single vertex, and use any of the following steps, in any order, an arbitrary number of times.

(i) Add an isolated vertex.
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(ii ) Add a dominating vertex, that is, add a new vertex and make it adjacent to each existing vertex. The family
of threshold graphs represent an important class of simple graphs.

The concept of threshold graphs was first established by the authors Chvátal and Hammer in [6] and Henderson
and Zalcstein in [7]. There are many different generalizations of threshold graphs. These graphs can be viewed
as special cases of some wider classes of graphs like cographs, split graphs and interval graphs.

By the definition of Beck’s zero-divisor graph �(R), it appears that the vertex 0 in �(R) is adjacent to every
other vertex of �(R). Therefore, �(R) is a simple connected graph, that is, �(R) is without parallel edges and
self loops. The distance between any two vertices in �(R) is at least 1, which is the minimum eccentricity of
�(R) and at most 2, which is the maximum eccentricity of �(R).

A graph G = (V, E) is said to be complete if every pair of distinct vertices of G are adjacent in G. Recall
that a clique of G is a complete subgraph of G. A subset S of a vertex set of G is said to be an independent set if
no two members of S are adjacent in G. A graph G is said to be bipartite if V can be partitioned into non-empty
subsets V1 and V2 such that each edge of G has one end in V1 and other in V2. A bipartite graph is said to be
complete if every element of V1 is adjacent to every element of V2. A complete bipartite is called a star graph if
either |V1| = 1 or |V2| = 1. If R ∼= Fq , where Fq is a finite field, then it is easy verify that �(R) is a star graph

An element r ∈ R is said to be nilpotent if rn = 0, for some n ∈ Z>0. A ring R is called reduced if it has
no non-zero nilpotent element and it is called local if R has a unique maximal ideal.

This research article is organised as follows. In Section 2, we present some preliminary information related
to the zero-divisor graph �(Zn). For R ∼= Zpα , we show that the sets Adi = {x ∈ Zn : (x, n) = di } defined in
[5] are actually orbits of the group action Aut (�(R)) × R −→ R. In Section 3, we show that for a reduced ring
R, �(R) is a connected threshold graph if and only if R ∼= Fq or R ∼= F2 × Fq . We discuss classes of threshold
graphs realized by some classes of local rings and finally we characterize all finite commutative rings of which
zero-divisor graphs are not threshold.

2 Preliminaries

It is always interesting to determine new classes of threshold graphs, since a threshold graph G with n vertices
can be represented by a binary code of the type b = (b1b2 · · · bn) = 0s1 1t1 0s2 1t2 · · · 0sk 1tk , where si and ti are
positive integers for all 1 ≤ i ≤ k. In the binary code b, bi = 0 if a vertex vi is added as an isolated vertex in G
and bi = 1 if vi is added as a dominating vertex in G. These codes realized by some class of graphs (threshold
graphs) are known as the creation sequences of these graphs.

We partition the vertex set V of G as V1, V2, · · · , Vk . The equivalent form of an equitable partition matrix
M = (ai j ) of G is defined as,

ai j =

⎧
⎪⎨

⎪⎩

|Vi | − 1 if i = j and Vi induces a complete subgraph in G,

|Vj | if there exists vi ∈ Vi and v j ∈ Vj such that vi is adjacent to v j ,

0 otherwise.

(1)

The following example illustrates the equitable partition matrix of a threshold graph.
Let G be a threshold graph of order 10 represented by a binary code b = (0000111001) = 0413021 as shown

in the Figure 1. Then the equitable partition matrix of G is,

M =
⎛

⎜
⎝

0 3 0 1
4 2 0 1
0 0 0 1
4 3 2 0

⎞

⎟
⎠

The multiplicities of eigenvalues 0 and −1 are 4 and 2, which can be verified from [2]. The remaining
eigenvalues of G can be computed from the equitable partition matrix defined in (1). In fact, the remaining
eigenvalues of G are roots of the characteristic polynomial x4 − 2x3 − 21x2 − 12x + 24.

Thus constructing some new classes of threshold graphs provides us a way of developing some new binary
codes from graphs and a theory which involves spectral analysis related to graphs.

Recall that the graph obtained from the union of two graphs G1 and G2 by adding new edges from each
vertex of G1 to every vertex of G2 is called join of G1 and G2, denoted by G1 ∨ G2. The generalised join graph
which is also called generalised composition graph in [15] is defined as follows.
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Fig. 1 Threshold graph (0000111001)

Definition 1 Let G be a graph with vertex set V (G) = {v1, v2, · · · , vk}, and let G1, G2, · · · , Gk be k pair-
wise disjoint graphs. The G−generalized join graph G∨ = [G1, G2, · · · , Gk] of G1, G2, · · · , Gk is the graph
obtained by replacing each vertex vi of G with the graph Gi and two vertices Gi and G j are adjacent in G∨ if
and only if every vertex vi of Gi is adjacent to every vertex v j of G j in G.

Let Aut (G) denotes the automorphism group of a graph G, consider the group action Aut (G)acting on V (G)

by some permutation of Aut (G), that is, Aut (G) × V (G) → V (G) is given as, σ(v) = u, where σ ∈ Aut (G)

and v, u ∈ V (G) are any two vertices of G.
The graph �(Zn) is simple and its vertices are all elements of the ring Zn and two distinct vertices are adjacent

in �(Zn) if and only if there product is zero in Zn . The canonical decomposition of n is pn1
1 pn2

2 · · · pnr
r and total

number of divisors of n is
r∏

i=1
(ni + 1).

The authors in [5] defined ϒn as a simple graph whose vertices are the proper divisors of n, and two distinct
vertices di and d j are adjacent in ϒn if and only if di d j is a multiple of n. Thus, V (ϒn) = {d1, d2, · · · , dr } and
E(ϒn) = {(di , d j ) : di d j ≡ 0(mod n)}.

Let n = pα , where p is a prime number and α ≥ 1. If R ∼= Zpα , then orbits of the group action Aut (�(R))×
R −→ R are given as, Oα,pi = {pi b(mod pα) | b ∈ Z, (b, p) = 1}, Oα,pi is the pi -th orbit of R, where
i ∈ [0, α − 1].

For 0 ≤ i < j ≤ α − 1, pi b ≡ p j b′(mod pα), where (b, p) = 1 and (b′, p) = 1. Therefore, p( j−i)b′ ≡
b(mod p(α−i)), which is a contradiction. Thus, for i 
= j , Oα,pi ∩ Oα,p j = ∅.

Any element a ∈ Zpα can be expressed as,

a ≡ pα−1b1 + pα−2b2 + · · · + pbα−1 + bα(mod pα),

where bi ∈ [0, p−1]. If a ∈ Oα,1, then bα 
= 0. So, |Oα,1| = pα−1(p−1) = φ(pα). If a′ ∈ Oα,p, then for some

a ∈ Oα,1, a′ = pa, that is, bα 
= 0, so |Oα,p| = φ(
pα

p ). Similarly, for i ∈ [0, α − 1], we have |Oα,pi | = φ(
pα

pi )

and Oα,pα = {0}. It follows that the size of the sets Oα,pi = φ(
pα

pi ) for i ∈ [0, α]. Therefore, total number of

elements in all the sets Oα,pi =
α∑

i=0
φ(

pα

pi ) = |Zpα | = pα

Note that 1, p, · · · , pα are the representatives of orbits Oα,1,Oα,p, · · · ,Oα,pα and divisors of the order of
R. It follows that the vertices of the graph ϒn are elements of sets Oα,p, · · · ,Oα,pα−1 . Moreover, by definition
of the graph �(R), an element 0 of R is adjacent to all vertices in �(R), elements of the orbit Oα,1 are adjacent
to 0 only in �(R). Also, elements of the orbit Oα,p are adjacent to 0 and elements of the orbit Oα,pα−1 . The
elements of the orbit Oα,p2 are adjacent to 0 and elements of orbits Oα,pα−1 , Oα,pα−2 . This, for k ≥ 1, elements
of the orbit Oα,pk are adjacent to 0 and elements of orbits Oα,pα−k , Oα,pα−k+1 , · · · ,Oα,pα−1 .

Thus, the graph ϒn can be obtained as a subgraph of �(R) with vertices as elements of orbits
Oα,p, · · · ,Oα,pα−1 , and two vertices x and y are adjacent in ϒn if and only xy = 0.

There is an advantage for knowing the orbits of this group action Aut (�(R)) × R → R, since we get some
structural information about some elements of R from �(R). As a consequence, we do not consider all elements
of R to decode the symmetry of �(R). We explore this information to reveal some interesting spectral properties
of �(R).

From the structure of �(R), the subgraphs induced by elements of orbits
k−1⋃

i=0
Oα,pi , are independent parts

in �(R), whereas the subgraphs induced by elements of orbits
k−1⋃

j=0
Oα,pk+ j are cliques in �(R). Also the orbit
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Fig. 2 Generalised join graph �(Z33 )∨

Oα,pα = {0} is connected to every element of �(R). The following Lemma shows adjacency of vertices in
�(Zpα ).

Lemma 2 For i, j ∈ {0, 1, · · · , α − 1}, two vertices x ∈ Oα,pi , y ∈ Oα,p j of �(R) are adjacent in �(R) if and
only if i + j ≥ α.

Proof Since x ∈ Oα,pi and y ∈ Oα,p j , therefore, x = pi b and y = p j b′ for some integers b and b′ with
(p, b) = (p, b′) = 1. The vertices x and y are adjacent in �(R) if and only if pα divides xy. This implies x and
y are adjacent in �(R) if and only if i + j ≥ α. 
�
Lemma 3 Let �(R) be the graph realized by R ∼= Zpα . Then the induced subgraph �(Oα,pi ) of �(R) on the
vertex set Oα,pi for i ∈ {0, 1, 2, · · · , α − 1} is either the complete graph K

φ(
pα

pi )
or its complement graph

K
φ(

pα

pi )
. Furthermore, for α = 2k or 2k − 1, �(Oα,pi ) = K

φ(
pα

pi )
if and only if i ≥ k and �(Oα,pα ) = K1.

Proof The subgraph �(Oα,pi ) has φ(
pα

pi ) vertices for i ∈ [0, α]. By taking i = j in Lemma (2), we get the
result.

Observation 2.1 If �(Oα,pi ) is the induced subgraph of �(R) on vertices Oα,pi for i ∈ {0, 1, 2, · · · , α}, then
�(R)∨ = [�(Oα,1), �(Oα,p), · · · , �(Oα,pα )].
Proof Proof follows from the adjacency relations in �(R), since orbits are adjacent in �(R)∨ if and only if their
representatives are adjacent in �(R). 
�

We conclude this section with the following example which illustrates the zero-divisor graph realized by Z33

with its orbits.

Example 4 Let R = Z33 . Consider the group action Aut (�(Z33)) × Z33 → Z33 . The orbits of this action are:
O3,1 = {1, 2, 4, · · · , 25, 26}, O3,3 = {3, 6, 12, 15, 21, 24}, O3,32 = {9, 18} and O3,33 = {0}. Therefore, by
observation (2.1),

�(Z33)∨ = [�(O3,1), �(O3,3), �(O3,32), �(O3,33)],
where �(O3,1) = K 18, �(O3,3) = K 6, �(O3,32) = K2, and �(O3,33) = K1 as shown in the Figure 2.

3 Threshold graphs realized by reduced, local and mixed rings

The Artinian decomposition of R = R1 × · · ·× Rr × F1 × · · ·× Fs , where each Ri is a finite commutative local
ring with unity and Fj is a field, 1 ≤ i ≤ r and 1 ≤ j ≤ s. A ring R is said to be product of local rings if s = 0
and r ≥ 2. A ring R is said to be a mixed ring if r ≥ 1 and s ≥ 1. A ring R is said to be a reduced ring if r = 0
and s ≥ 1.
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This section is dedicated to study the realization of zero-divisor graphs as threshold graphs for reduced rings,
product of local rings and mixed rings.

An alternating 4−cycle of a graph G = (V, E) is a configuration consisting of four distinct vertices a, b, c, d
such that (a, b), (c, d) ∈ E and (a, c), (b, d) /∈ E . By considering the presence or absence of edges (a, d) and
(b, c), we see that the vertices of an alternating 4-cycle induce a path P4, a cycle C4, or a matching 2K2.

Since threshold graphs has been characterised by many ways. One of the characterizations of a threshold
graph [[9], Theorem 1.2.4] is presented in the following result.

Theorem 5 For a graph G = (V, E), the following are equivalent,

1. G is a threshold graph,
2. G does not have an alternating 4 − cycle.

Let R ∼= Fq1 × Fq2 × · · · × Fqn be a reduced ring. In the following characterization, we discuss the realization
of �(R) as a threshold graph.

Theorem 6 Let R ∼= Fq1 × Fq2 × · · · × Fqn . Then �(R) is a connected threshold graph if and only if R ∼= Fqi

or R ∼= Fqi × Fq j , where Fqi
∼= Z2 for any i, j ∈ {1, 2, · · · , n}.

Proof Let R be a ring such that R ∼= Fqi for some i ∈ {1, 2, · · · , n}. Then �(R) is a complete bipartite graph
isomorphic to K1,qi −1. This implies, �(R) is a star graph. So, �(R) is a connected threshold graph.

Let R be a ring such that R ∼= Fqi × Fq j for some i, j ∈ {1, 2, · · · , n} with Fqi
∼= Z2. Then |V (�(R))| = 2qi .

Let V (�(R)) = X
⋃

Y , where X represents the independent part of the graph whose vertices are of the form
(0, ak) and (1, ak), k ∈ {1, 2, · · · , q j − 1}. The set Y represents complete part of the graph which consists of
only two vertices (1, 0) and (0, 0).

To prove �(R) is threshold, it is suffices to show that �(R) does not contain an alternating 4-cycle, that is,
the graph �(R) has no induced subgraph of four vertices isomorphic to P4, C4 or 2K2.

Let a, b, c, d be any four distinct vertices of �(R). We consider the following cases.

Case - 1. If a, b, c, d ∈ X , then they are all isolated vertices. This implies, �(R) has no alternating 4-cycle.
Therefore, the result follows.

Case - 2. If a, b, c ∈ X and d ∈ Y , then the only possibilities are as follows,

c d

a b

c d

a b

c d

a b

c d

a b

but none of them is isomorphic to P4, C4 or 2K2. Therefore, �(R) is a connected threshold graph.

Case - 3. If a, b ∈ X and c, d ∈ Y , where c = (1, 0) and d = (0, 0). By definition, the vertex (0, 0) is adjacent to
three other vertices. Consequently, no two disjoint edges exists and therefore no alternating 4−cycle is possible.
Thus, �(R) is threshold.

Conversely, suppose that �(R) is a connected threshold graph, we show that R ∼= Fqi , or R ∼= Fqi × Fq j ,
where Fqi

∼= Z2 for any i, j ∈ {1, 2, · · · , n}. We consider the following cases.

Case - 1. Suppose R ∼= Fq1 × Fq2 , 2 < q1 ≤ q2. Then, |V (�(R))| = q1q2. Since (a, b), (a, c), (c, d), (b, d) ∈
E(�(R)), where a = (1, 0), b = (0, y), c = (0, 1) and d = (x, 0), x ∈ Fq1 \ {0, 1}, y ∈ Fq2 \ {0, 1}. This
implies, �(R) has an induced subgraph of order 4 isomorphic to C4, a contradiction. Thus, R � Fq1 × Fq2 ,
2 < q1 ≤ q2.

Case - 2. Suppose R ∼= Fq1 × Fq2 × · · · × Fqn with q1 ≤ q2 ≤ · · · ≤ qn and n ≥ 3. Then, �(R) always
contains an induced subgraph of the form P4 = (1, 0, 1, 0, · · · , 0) ∼ (0, 1, 0, 0, · · · , 0) ∼ (1, 0, 0, 0, · · · , 0) ∼
(0, 1, 1, 0, · · · , 0), or 2K2 = {(1, 0, 1, 0, · · · , 0) ∼ (0, 1, 0, 1, · · · , 0), (0, 1, 1, 0, · · · , 0) ∼ (1, 0, 0, 1, · · · , 0)}
or C4 = (a, b), (a, c), (c, d), (b, d), where a = (1, 0, 0, · · · , 0), b = (0, y, 0, · · · , 0), c = (0, 1, 0, · · · , 0) and
d = (x, 0, 0, · · · , 0), x ∈ Fq1 \{0, 1}, y ∈ Fq2 \{0, 1}, a contradiction. This implies, R 
= Fq1 × Fq2 ×· · ·× Fqn ,
for q1 ≤ q2 ≤ · · · ≤ qn .

Therefore, �(R) fails to be threshold for cases 1 and 2. We conclude that either R ∼= Fqi or R ∼= Fqi × Fq j .
�
Now, we consider the case of local rings. We show that if R is a local ring, then �(R) is not always a threshold

graph. Let R ∼= Z8[x]/(x2, 2x), Z2[x]/(x3, 2x2, 2x) or Z2[x, y]/(x3, xy, y2). Then the zero-divisor graph
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Fig. 3 �
(
Z8[x]/(x2, 2x)

)

Fig. 4 �
(
Z4[x]/(x2)

)

realized by Z8[x]/(x2, 2x) is shown in the Figure 3. If we relabel the vertices of �(Z8[x]/(x2, 2x)) by elements
of rings Z2[x]/(x3, 2x2, 2x) and Z2[x, y]/(x3, xy, y2), then we obtain isomorphic copies of �(Z8[x]/(x2, 2x))

as zero-divisor graphs of Z2[x]/(x3, 2x2, 2x) or Z2[x, y]/(x3, xy, y2). It can be easily verified from the Figure
3, that �

(
Z8[x]/(x2, 2x)

)
is a threshold graph.

On the other hand, if R ∼= Z4[x]/(x2), Z2[x, y]/(x2, y2) or Z4[x, y]/(x2, y2, xy−2, 2x, 2y), then the graph
realized by these rings are isomorphic to each other. The graph realized by the ring Z4[x]/(x2)

)
is shown in the

Figure 4. The graph �
(
Z4[x]/(x2)

)
fails to be threshold, since it contains an induced subgraph isomorphic to

2K2, that is the edges (x, 3x) and (2, 2 + 2x) are disjoint in �
(
Z4[x]/(x2)

)
.

Thus from preceding examples it is hard to characterize local rings such that their zero-divisor graphs are
threshold. Below, we present some classes of local rings of which associated zero-divisor graphs are threshold.

Theorem 7 For each prime p and positive integer α, the zero-divisor graph realized by the ring Zpα [x]/(x2, px)

is a connected threshold graph.

Proof Let R ∼= Zpα [x]/(x2, px). Then orbits of the group action Aut (�(R)) × R −→ R are as follows,
Oα,pi = {pi a + bx : 0 
= a ∈ Zpα , b ∈ Zp and (a, p) = 1}, where 0 ≤ i ≤ α − 2, and

Oα,pα−1 = {pα−1a + bx 
= 0 : a ∈ Zpα , b ∈ Zp and (a, p) = 1}.
Moreover, for 0 ≤ i ≤ α − 2, |Oα,pi | = φ

( pα+1

pi

)
and |Oα,pα−1 | = φ

( pα+1

pα−1

) + p − 1 = p2 − 1. Note that

Oα,pα = {0}. The vertex set V
(
�(R)

) = ( α⋃

i=0
Oα,pi

)
. To prove the desired result, we consider the following

cases.

Case - 1. α = 2k for some k ≥ 1. Then the subgraphs associated with orbits X = ( k−1⋃

i=0
Oα,pk+i

)
represents

complete part of the graph �
(
R
)

and the subgraphs associated with orbits Y = ( k−1⋃

i=0
Oα,pi

)
represents the
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independent part of �(R) and each element of X and Y are connected to Oα,pα = {0}. Furthermore, if r ∈ Oα,pk+i

and s ∈ Oα,pi for some i , then r and s are adjacent in the graph if and only if pα divides p2i+k . This implies,

|V (
�(R)

)| =
k−1∑

i=0
|Oα,pi | +

k−2∑

i=0
|Oα,pk+i | + (|Oα,p2k−1 | + (p − 1)

) + 1 = pα+1.

To prove that �(R) is a threshold graph it suffices to show that �(R) has no induced subgraph of the form C4,
P4 or 2K2, that is, it has no alternating 4-cycle.

Let a, b, c, d be four distinct vertices of �(R).
Subcase - 1. If a = 0 and b, c, d ∈ X ∪ Y , then (b, 0), (c, 0), (d, 0) ∈ E

(
�(R)

)
. Thus no two disjoint edges are

present and therefore no alternating 4 − cycle is possible.
Subcase - 2. If all a, b, c, d ∈ X ∪ Y , that is, no one among a, b, c, d represents the vertex 0, then we have the
following cases .
Subcase - 2.1. Suppose that all four vertices a, b, c, d ∈ X . Then they are all adjacent to each other and hence
no alternating 4 − cycle is possible.
Subcase - 2.2. Suppose that all four vertices a, b, c, d ∈ Y . Then these vertices are all isolated and therefore no
alternating 4 − cycle is possible.
Subcase - 2.3. Suppose a ∈ X and b, c, d ∈ Y . Then in �(R), there may not be any edge from a to b, c, d.
Without of loss of generality, the other possibilities are either (a, d) ∈ E(�(R)) or (a, b), (a, d) ∈ E(�(R)) or
(a, b), (a, c), (a, d) ∈ E(�(R)) as follows.

c d

a b

c d

a b

c d

a b

c d

a b

Thus no one among the above graphs is isomorphic to C4, P4 or 2K2. Therefore the result follows.
Subcase - 2.4. Suppose a, b ∈ X and c, d ∈ Y , then the only possibilities are as follows.

c d

a b

c d

a b

c d

a b

c d

a b

c d

a b

c d

a b

Subcase - 2.5. Suppose a, b, c ∈ X and d ∈ Y , then the only possibilities are as follows.

c d

a b

c d

a b

c d

a b

c d

a b

Thus it follows that the graph �(R) has no alternating 4−cycle. Therefore, �(R) is a connected threshold graph.

Case - 2. α = 2k − 1 for some k ≥ 1. Then the subgraphs associated with orbits X = ( k−2⋃

i=0
Oα,pk+i

)
represents

complete part of the graph �
(
R
)

and the subgraphs associated with orbits Y = ( k−1⋃

i=0
Oα,pi

)
represents the

independent part of �(R) and each element of X and Y are connected to Oα,pα = {0}. This implies,

|V (
�(R)

)| =
k−1∑

i=0
|Oα,pi | +

k−3∑

i=0
|Oα,pk+i | + (|Oα,p2k−2 | + (p − 1)

) + 1 = pα+1.

We can prove that �
(
R
)

does not have an alternating 4-cycle by considering four distinct vertices a, b, c, d
and using the same argument as above for the case α = 2k. 
�
Theorem 8 For each prime p, zero-divisor graphs realized by rings Zp[x]/(x p), Zp[x, y]/(x3, xy, y2), and
Zp2 [x]/(px, x2 − p) are connected threshold graphs.

Proof Let R ∼= Zp[x]/(x p). Then orbits of the group action Aut (�(R)) × R −→ R are as follows,

Op,xi = {xi (a0 + a1x + · · · + ap−(1+i)x
p−(1+i)) : ai ∈ Zp, and a0 
= 0},

where 0 ≤ i ≤ p−1. For 0 ≤ i ≤ p−1, |Op,xi | = φ
( p p

pi

)
and |Op,xi | = {0}. The vertex set V

(
�(R)

) = X
⋃

Y ,

where X = (
p−1

2⋃

i=0
O

p,xi+ p+1
2

)
and Y = (

p−1
2⋃

i=0
Op,xi

)
, represents complete and independent parts of the graph �(R),
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and Op,x p = {0}. Also, two distinct vertices r ∈ Op,xi and s ∈ Op,x j for i, j ∈ {0, 1, · · · ,
p−1

2 } are adjacent
in �(R) if and only if i + j ≥ p. Therefore,

|V (
�(R)

)| =
p−1

2∑

i=0

|O
p,xi+ p+1

2
| +

p−1
2∑

i=0

|Op,xi | = p p.

Moreover, for R ∼= Zp[x, y]/(x3, xy, y2) and for each a0, a1, a2, b1 ∈ Zp, the orbits of the group action
Aut (�(R)) × R −→ R are as follows,

Op,x = {a1x + a2x2 + b1 y : a1 
= 0},
Op,y = {a2x2 + b1 y 
= 0},
Op,1 = {a0 + a1x + a2x2 + b1 y : a0 
= 0},
Op,p = {0},

where x, y, p and 1 are representatives of orbits Op,x , Op,y , Op,1 and Op,p with |Op,x | = p3 − p2, |Op,y | =
p2 − 1, |Op,1| = p4 − p3 and |Op,p| = 1. The vertex set V

(
�(R)

) = X
⋃

Y , where X = (Op,y
)

and
Y = (Op,x ∪Op,1

)
represents complete and independent parts of the graph �(R), and Op,p = {0}. Furthermore,

every vertex in Op,y is adjacent to each vertex in Op,x and the vertex 0 is adjacent to each vertex of �(R).
Therefore, |V (

�(R)
)| = p4.

Finally, for R ∼= Zp2 [x]/(px, x2 − p), the orbits of the group action Aut (�(R))× R −→ R are as follows,

Op,x = {pa + bx : 0 
= b ∈ Zp, a ∈ Zp},
Op,p = {pa : 0 
= a ∈ Zp},
Op,1 = {a + bx : 0 
= a ∈ Zp2 , b ∈ Zp and (a, p) = 1}

Op,p2 = {0},

where |Op,x | = p2 − p, |Op,p| = p −1, |Op,1| = p3 − p2 and |Op,p2 | = 1. The vertex set V
(
�(R)

) = X
⋃

Y ,
where X = (Op,p

)
and Y = (Op,x ∪ Op,1

)
represents complete and independent parts of the graph �(R) and

Op,p2 = {0}. From the structure of the graph, every vertex in Op,1 is adjacent to the vertex 0 only, whereas every
vertex in Op,p is adjacent to each vertex of Op,x and to the vertex 0. Thus, |V (

�(R)
)| = p3.

By taking any four distinct vertices a, b, c and d from vertex set of each of the graphs realized by rings
(Zp[x]/(x p)), Zp[x, y]/(x3, xy, y2), Zp2 [x]/(px, x2 − p) and use the similar approach as in Theorem (7), it
can be shown that zero divisor graphs realized by above mentioned rings does not contain an alternating 4−cycle
and therefore the result follows. 
�

Corollary 9 For each prime p and positive integer α, the zero-divisor graph realized by a local ring Zpα is a
connected threshold graph.

Problem. Characterise all finite local rings such that �(R) is a threshold graph.
In the following result, we consider the Artinian decomposition of R for r ≥ 2 and s = 0, that is, we

investigate the structure of �(R) when R is a product of local rings only.

Lemma 10 If R ∼= R1 × R2 × · · · × Rr , where r ≥ 2 and each Ri , 1 ≤ i ≤ r is a finite local ring (not a field),
then �(R) is not a threshold graph.

Proof Since R is a product of at least two finite local rings, therefore �(R) always has an induced subgraph
either of the form P4 or C4 or 2K2 described as follows.
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(1, b1, 0, · · · ,0) (0, b2, 0, · · · ,0) (a1, 0, 0, · · · ,0) (a2, 1, 0, · · · ,0)

(1, 0, 0, · · · ,0) (0, 1, 0, · · · ,0)

(0, b1, 0, · · · ,0) (a1, 0, 0, · · · ,0)

(1, 0, 0, · · · ,0)

(0, 1, 0, · · · ,0)

(a1, b1, 0, · · · ,0)

(a2, b2, 0, · · · ,0)

Note that ai ∈ Z∗(R1) and bi ∈ Z∗(R2). where Z∗(R1) and Z∗(R2) denotes the set of non-zero zero-divisors
of rings R1 and R2. 
�
In the following result, we classify all finite commutative rings R such that �(R) is not a threshold graph.

Theorem 11 If R ∼= R1 × R2 × · · · × Rr × F1 × F2 × · · · × Fs, where r and s are positive integers, each Ri is
a finite commutative local ring (not a field), and each Fi is a finite field, then �(R) is not threshold.

Proof The proof follows from Theorem (6) and Lemma (10). 
�

Conclusion

In this research article, we presented some new classes of threshold graphs. As discussed above, the construction
of new classes of threshold graphs are effective in a sense that it assists to advance in coding theory and spectral
analysis. We obtained the results related to reduced and local rings. In fact, we characterized all reduced rings
of which zero-divisor graphs are realized as threshold graphs. Furthermore, we obtained classes of threshold
graphs realized by some classes of local rings and provided an example which illustrates that a zero-divisor graph
associated with some local ring is not always a threshold graph. So, it is interesting to determine all classes of
local rings of which zero-divisor graphs are always threshold. This investigation has been included in the paper
as a problem for future research work.
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