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Abstract In this paper, we consider the Riemann problem and wave interactions for a 2 x 2 non-strictly hyperbolic
system of conservation laws with non-convex flux. Riemann problem can not be solved always in the usual class
of elementary waves and the solution develops §-waves. We construct the exact solution to the Riemann problem
for the governing system and discuss all possible cases of wave interactions involving 5-wave.
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1 Introduction

In this paper, we consider the Riemann problem and wave interactions for the following system of partial
differential equations (PDEs) with a non-convex flux

i 3 (u

id(y)=0 ()

B4 2wl =0. 2)
Here x and r denote the independent space and time variable, respectively and u, v are two unknown dependent

variables. The classical Lax [7] and Gilmm [5] theory for conservation laws is not applicable here. The system
is non-strictly hyperbolic with repeated eigenvalue u*. More general systems of the form

St (fw) =0, @)
P+ L (f'ww) =0, “)

was studied by many authors [4,6,8,11] in the context of convex flux function. If the initial data is bounded
then u is also bounded but v is a measure due to concentration of mass as particle meets and they stick together.
In fact, the term f/(u)v does not make sense in the usual sense of distribution. When f (1) is convex, LeFloch
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578 Minhajul, T. R. Sekhar

[8] used Lax [7] theory to get an explicit formula for the initial value problem for (3)-(4). He used Volpert [17]
theory to make sense of the product uv and the product is understood as measure.

Danilov and Shelkovich [4] and Panov and Shelkovich [11] considered the general system (3)-(4) and derived
Rankine-Hugoniot conditions for delta wave type solutions. Let (u, v) be a distribution which is smooth except
along a curve x = s(¢) in some neighbourhood of a point (s(#), 7o) and having the form (see, [4])

M(X, t) = ul(-xa t) + H(x - s(t))(ur(xv t) - M](x, t))v (5)
v(x, 1) = v(x, 1) + H(x —s@) (v (x, 1) — v (x, 1)) + e(t)Sx=s(t)» (6)
where H denotes the Heaviside function and e(¢) is function of ¢. Then (u, v) is a solution to (3)-(4) in that

neighborhood if and only if (u, v) is a classical solution in the neighborhood of (s(#), #y) except along x = s(t)
and along the curve, (u, v) satisfies the Rankine-Hugoniot conditions [11] given by

Z_s _ [f(u)]7 o
t [u]

de )

7 = [(f"(wv)] - [v] T 8)

where [u] = u(s(t +0),1) —u(st —0), 7).

In this paper, our main objective is to study the Riemann problem without any smallness assumptions on the
data and discuss all possible cases of wave interactions for (1)-(2). Lax [7] theory for scalar convex conservation
laws can not be applied to obtain u. In fact, we can not draw the characteristics backward in time to meet the initial
line and hence solving Riemann problem becomes much more difficult [1] than the convex case. For convex
case, the characteristics impinge on either side of the shock. However, for non-convex flux there may exists a
different type of shock, namely, type II shock in which the characteristics impinge on the curve of discontinuity
from one side only (see, [1]). We follow some of the analysis done in [4, 11] for our current study.

Wave interactions is a subject of great interest both from the mathematical and physical point of view as not
only because of their own significance in practical applications but also it constitutes the general mathematical
theory of the quasilinear hyperbolic system of PDEs. In last few decades, many researchers have been attracted
towards the study of the solutions of the Riemann problem and wave interactions for hyperbolic system of
conservation laws due to its wide practical applications [2,3,9,10,13,16]. Nowadays, it is fully recognized that
the Riemann problem and wave interactions becomes very fundamental problem in the context of hyperbolic
system of conservation laws. For an exhausted analysis on the Riemann solution and wave interactions in the
context of convex flux one can refer [12,14,15] and the references cited therein.

For non-convex flux function this study is not discussed earlier in the literature. Hence, it is much more
interesting and challenging to study this system for Riemann solution and wave interactions involving §-wave
as the Riemann problem can not be solved in classical sense and second component consists of §-measure. In
order to solve the system (1)-(2), first we solve (1) for u(x, t) and then we solve (2) to obtain v(x, ¢). However,
it is not an easy task to obtain v(x, r) for a given discontinuous u(x, t). It is easy to check that if we can solve
the Riemann problem in classical sense, then the Rankine-Hugoniot condition for (2) becomes

(ur — up)((uy + 2ur)vr + (uy + 2u)vy) =0, C))

where u;, v; and u,, v, are the values on left and right hand side of the discontinuity. Clearly, (9) is not true in
general and we introduce §-wave type solution for v(x, 7).

Let V(u) = f'(u) = u* and S(w, z) = %:me w # z. Clearly, V denotes the wave speed and S denotes
the slope of the chord joining the points (w, z) and (f(w), f(z)) with V/(u) > 0 foru > 0, V'(u) < O for
u < 0and V’(0) = 0. To solve the Riemann problem for (1), we use the analysis of Ballou [1]. In this study we
use some definitions introduced by Ballou [1].

Definition 1 Let & < 0 be given and define £* by
£ = sup{u S &S E) > S, £) Vv € (&, u)].
Let £ > 0 be given and define &, by

£, = inf{u <E£:SW &) > S, &) Vv e (u,g)}.
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Delta wave interactions in a non-strictly... 579

One can easily see that the sets defined above are non-empty as they both contain 0. We refer [1] to the readers
to see the useful properties of £* and &,. Further, one can easily verify that u* = u, = —5 for (1). Once we
have u, we focus on solving for v from (2) by introducing §-waves and using the theory of [4] and [11].

Rest of the paper is organized as follows. In section 2, we discuss the exact solution of Riemann problem for
(1)-(2). We investigate all the possible wave interactions case by case using the solution of Riemann problem in
section 3. Finally, in section 4, we draw a brief conclusions of our study.

2 Riemann problem

We consider the system (1)-(2) with Riemann initial data

u;, ifx <O, o(x, 0) = v, ifx <0,

,0) = . .
u(x, 0) uy, ifx > 0. vy, ifx > 0.

(10)

where u;,v;, u, and v, are constants. As we know that the solution of the Riemann problem depends on flux
function and the choices of initial data. Moreover, the component v(x, ¢) consists of §-measure. Here, we solve
the Riemann problem for all possible choices of initial data case by case.

Case 1: 0 < u; < u,

In this case, f'(u;) < f'(u,) and hence the solution consists of rarefaction wave given by

u, x < ulzt,
_ X 2 2
ulx,t) = \/;, urt < x < ujt,
U, X > u%t.

In order to solve for v(x, t), we substitute « in (2) and use method of characteristics. In the rarefaction fan region
density is zero and consists of vacuum. Hence, the solution for v(x, ¢) is given by

v, x < ulzt,
v(x,t) =10, ulzt <x < ufl,

v, X > u%t

Clearly, v satisfies the classical Rankine-Hugoniot condition —s[v] + [u2v] =0, along x = ulzt and x = u%t.

Case 2:u; < u, <uf = —4 (u; < 0)

In this case u?‘ is away from u, and f'(u;) > f’(u,). Therefore, the solution consists of classical shock wave
given by

u, x =<oup,u)t,
u(x,t) =
ur, x> o(up,u)t.

where o (u;, u,) = %(“12 + uju, + u%).
Along the shock curve, v(x, t) is a measure due to concentration of mass. In order to determine v(x, t), we
have to compute e(¢) from (8) with initial data e(0) = 0. From (8), we have

de [ 5 1.1 ]ds
— =[u*v] — [v]—
dt dt

=(u?v, —ulv) — o (v, —vp)

2 2
=(u; —o)v, — (uy — o).
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580 Minhajul, T. R. Sekhar

Therefore, e(t) = ((uf —0)v, — (“12 — o)vl) t and the solution for v(x, ) is given by

v, x < ot,
v(x, 1) = §e(t)dx=ot,
vy, X > ot.

Case 3:u; < uf = =% < u, (u <0)
In this case, solution consists of type II shock as u; lies between u; and u, and the solution is given by

2

u
ur, X =i,
u2 2
u(x,t) = \/2, 1t <x <ujt,
up, x> u’t.

‘We have to obtain e(¢) as v(x, t) is a measure along the discontinuity curve due to concentration of mass. From
(8), we have

R I
=|\Uu-v vdl‘

dt
1
=(—ulv) — 3(—vz) (u,z +uuf + (u;‘)z) (1)
1 3
2 2 2
=—ujv + Zul v = _é_lul V.
Therefore, e(t) = —%ulzvlt using the initial data e(0) = 0 and the solution for v(x, #) is given by
up
vy, x < Tts
e(t)s 2,
v(x, 1) = x=gt
0, '%lt <x < u%t,
Uy, X > u%t.

Case4d:u, <u; <0

Here, f'(u;) < f'(u,) and hence the solution consists of rarefaction wave given by

uj, x < ulzt,
ux,t) =1 —./7 ulzt <x <ut,
Uy, x > ult.

Now, v(x, ) = 0 in the rarefaction fan region due to vacuum and the solution for v(x, t) is given by

v, x <ult,
v(x,t) =10, u,zt <x < u%t,

Uy, X > u%t.
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Delta wave interactions in a non-strictly... 581

Case 5:uf = —%4 < u, <u

In this case also, the solution consists of classical shock wave given by

u, x=ot,

ulx,t) =
ur, x> ot.
The solution for v(x, t) is given by
vy, X <ot,
v(x, 1) = § e(t)dx=o1,
Uy, x> ot.

where e(t) = ((u2 — o)v, — (u? — o)vy) t.

Case 6: u, < uj < u; (u; > 0)
Clearly, the solution consists of type II shock for this choice of initial data and u(x, t) is given by

uZ
1
ur, x =< 4t7

2
ule,0) =y — /5 Lt <x <ult,

~|=

U, X > uft.

From (8), we have

de [2] []ds
— =[uv] — [v]—
dt dt

1
:(—ulzvl) — §(—vl) (ulz + uzu}k + (u7)2)

1 3
2 2 2
= —Uujv + -Uu;v = ——ujvj.
l 2t il
Therefore, e(t) = —%ulzvlt using the initial data e(0) = 0. In this case, v(x, t) = 0 in the rarefaction fan region
and along the type II shock v(x, ¢) is a measure given by
uj
vy, x < Tt’
e(t)s .,
v(x,t) = x=At1
uf 2
0, -1 <x <ut,
Vr, X > uft.

Therefore, we obtain the explicit solution of the Reimann problem and we can summarize the results obtained
in this section by following theorem

Theorem 1 The Riemann problem for the system (1)-(2) with initial data (10) has a solution in which u is a
weak solution and v is measure valued solution. Moreover, the solution for all possible choice of initial data can
be expressed explicitly.
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582 Minhajul, T. R. Sekhar

3 Wave interactions

In order to determine all possible cases of wave interactions for the system (1), we consider the following initial
data with three piecewise constant states

u;, ifx < xp, v, ifx < xp,
u(x,0) = uy, ifx; <x <xy, v(x,0=1v,, ifx <x<x, (12)
u,, ifx > xo, v, ifx > xo.

Here, solution is the result of interaction of waves with initial discontinuity at (x1, 0) and at (x2, 0) with x» > x|
that we get by piecing together these two solutions. Here we choose the initial data with u; < 0 throughout this
paper. The case ©; > 0 can be discussed analogously as the flux is symmetric. Now, we consider the all possible
cases of wave interactions case by case.

Case L: u; < uy, < u, §u7=_%

Depending on the choice of the initial data u,, and u, there are four possibilities

@ upy <u, <0
In this case, both the solution of the Riemann problems at x; and x consists of shock waves and the solution
for sufficiently small time is given by

u, x <xy+ou,uyt,
u(x, 1) = Y, x1+o@p,uu)t <x <xa+ 0y, urt,

Up, x> x2+ 0y, u)t.

with the shock speeds o (u;, u,) and o (4, u,) given by

R 2 1 2
our, um) = 3(”[ +upum +uy,) 0 (U, up) = g(um + umur +uy).

Here, v(x, 1) consists of measure along the shock line due to concentration of mass and the solution for
sufficiently small time is given by

vy, X <xip+ou,upt,

el(t)8x=x1+a(u1»um)f’
v, 1) = o, X1+ o (up, um)t < x < x2 4o (up, up)t,

62(t)8x=x2+a(um,u,)t,
Ur, X > x2 + 0 (U, ur)t,

where e1(7) and e (¢), obtained from (8) with initial data e1 (0) = e2(0) = 0, are given by
e1(t) = ((udy = o Gur, u)vm = uf = 0w wm)yor ) 1, (13)
e2(t) = (@} = 0 G u )y = (43, = 0 Uy, ) v ) 1. (14)

Comparing these shock speeds we have,

_ _ Lyt
o, um) — o (Up, uy) = 3(u1 u;) + 3 (w; — uy). (15)

It is clear from (15) that o (u;, u;,) — o (up, u,) > 0 and the shocks will interact after a finite time, say,
t = t1. The point of interaction, say, (y1, #1) is given by

X2 — X]

yi=x1+ou,uyt, h = .
o(up, up) — o (Up, uy)
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Delta wave interactions in a non-strictly... 583

(21,0) (2,0) T

Fig. 1 Interaction of two shocks

Hence, we have a new Riemann problem at (yp, #;) with initial data u; and u, where u; < u, < 0 (see,
Fig. 1). So, the solution after the interaction is given by

u, x <yr+ou,u)t—1),

u(x, 1) = (16)
up, x>yr+ou,u)t—r1).
vy, x <y +ou,u)t—1),

v(x, ) = e(t)8x=y1+r7(u1,u,~)(t711)a 17)
vy, x>y +ou,u)t—t).

where o (17, 1) = §(u? + uju, + u?) and we obtain e(t) = ((u? — o)v, — (u? — o)v;) t from (11).

(b) up <0,u, <uj
Here, u; < uy, < ur < —% = 2u; < u; +u, < % which implies that u; + u, < 0. Therefore,
%(ul + u)(u; — u;) + % (u; — u,) > 0 and hence interaction will take place after a finite time and the
solution after the interaction is given by (16)-(17).

©) um <0<u} <u,
In this case, the solution of the Riemann problems at x; and x; are, respectively, classical shock and type II
shock. The solution for sufficiently small time is given by

uj, X < xy+ou,uy)t,
2
. 1) U, x1+o(u, up)t <x <x2+u7’”t,
u(x,t) =
ur(x,t), %t <X —Xx) < u%t,

U, X >x2+u3t.

Ur(x. 1) = /x‘t“. (18)

Clearly, v(x, ) is a measure along the line of discontinuity due to concentration of mass and the solution for
sufficiently small time is given by

where

. X <xi 4o, umt,

€] (t)6X=X|+U(M[7um)l

2

U x1+o(up, up)t < x <x2+%t,

VD=V nms
x=xp+ 4+t
u 2
0, F<x—Xx2 <ut,
Uy, x> xy+ u%t.
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584 Minhajul, T. R. Sekhar

where e (¢) and e>(?), obtained from (8) with initial data e; (0) = e2(0) = 0, are given by

e1(t) = (@, = 0 wr, v = @ = o i, wn)vr) 1, (19)
3
er(t) = —Zu,znvmt. (20)
Comparing the speeds of classical shock and type II shock, we have
;%1 1 2 2
o(ug, up) — il 5(4141 + duuy + uy,) > 0.

Therefore, shock of first Riemann problem overtakes the type II shock of the second Riemann problem after a
finite time ¢ = #1. The point of interaction, say, (y1, f1) can be obtained by solving

x =x1 +0o(u, upy)t,

NP ey
Consequently, the solution of (21) is given by
Bup (x2 — x1) 12(x2 — x1)

yi=x2 (22)

+ El - *
(414l2 + duguy, + uZ) ! (4”12 + duguy, + u2,)

Now, at time t = f;, we have a new Riemann problem with left hand side data &y = u; and right hand side
data o = lim wua(x, #1) = u},. Hence, these two states can be connected by a classical shock for t > 1. The
X%yl

characteristic curve for shock wave can be determined from

dx 1/, 2)
_— = = s 1 =
dl‘ 3 (ul =+ uzuy + uz .x( ]) Y1 (23)
X =x2+ u%t, where uy > u;.
From (23), we obtain
d*x Qup+ u)*(u — uz)
— = <0,
dt? 18ust
as upy = ";ﬁ > 0. Therefore, the solution u(x, t) forz > r; is given by
u, X <y + (@ —1)X@),
w(x, 1) = yua(x, 1), yi+ @ —1)X@) <x <y +uit —n),
Uy, x>y Fu(t —1).
Consequently, the solution for v(x, #) is given by
vy, x <y + (¢ —1)x(),
(. 1) = e(t)8x=y,+(t—1)¥ (1) )
0, i+ @ —t)x() <x <y +ust —1),
Uy, x>y +ul(t —1),
where e(t) is the solution of the following ODE
d_e _ 2 _ 2 _ 1 2 2 _ _ 24
yri (uy vy — ujvp) 3(ul + wpuy + uy)(vr —vp), e(t)) =0, (24)

with v, = 0 and u, = us (¥(t 4 0), 7).

(d) 0 <uy < u,
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t
x = &(t)
w
u%t) "
ot "
(w1, 1) A
Uy U Uy
(#1,0) (22,0) x

Fig. 2 Wave interactions between classical shock and type II shock

In this case, the solution of the first Riemann problem consists of shock wave while the solution of second
Riemann problem consists of rarefaction and for sufficiently small time the solution is given by

uj, X < x1+ou, un)t,

. 1) U, x1+o(up, up)t < x <xz+u,2nt,
u(x,t) =
uz(x,t), uit <x—xp) < uft,

U, X > xz—i—u%t.

where us(x, t) is given in (18). Clearly, v(x, t) is a measure along the shock line and consists of vacuum inside
the rarefaction fan and the solution for sufficiently small time is given by

vy, x < xi+o(up, unt,
el(t)6x=x1+a(u1,um)t

v(x,t) = { v, X1+ o (U, uy)t < x <x2+u%1t,
0, ufnt <X—Xx) < u%t,
vy, X > x2 + uft.

where e () is given in (19). By comparing the speeds of shock and trailing end of rarefaction wave, we have
1
0 (ur, ) =ty = 2 @tr = )@t + 2u) > 0,

asu; < uy, < —%. Therefore, shock is moving faster than the rarefaction wave and they will interact after a
finite time ¢ = #; and the point of interaction, say, (y1, f1) can be computed by solving

x =x1+0ou, upy)t,

X =x2 + u,znt,
Hence, the interaction point (yy, #1) is given by

Buz, (62 — x1) [ = 02— x)
(g — wp) (U + 2uy) ' (g — wp) (U + 2up) )

yi=x2+ (25)

Therefore, at r = t;, we have a new Riemann problem with left hand side data «; = u; and right hand side data
oy = len;l us(x, t1) = u,, and hence, these two states can be connected by a classical shock wave (see, Fig.2).
So, for t > t;, the characteristic curve for shock wave can be determined from
dx 1/, )
I = 5 (u, + uou; + uz) ,x(t) = y1
X =xy+ u%t, where uy > u;.

(26)
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586 Minhajul, T. R. Sekhar

up

(21,0) (22,0) x

Fig. 3 Interactions of shock and rarefaction

From (26), we can compute

2y 20
d’x _ Qu +uz)*(u; — uz) <o
dt? 18ust -

Therefore, the solution u(x, t), v(x, t) for t > t; can be obtained similarly as done in Case I(c).

Case Il u; < uy <ty <uf =—74

Depending upon the choices of initial data there are four possibilities

(a) ur < uy, < 01Inthis case, the solution of first and second Riemann problem consists of shock and rarefaction
wave, respectively, and for sufficiently small time the solution for u(x, ) is given by

up, x < x1+o(up, upt,
Um X1+ o(up,up)t <x <x2+ufnt,

2t,

ulx,t) = B 2 B
ur(x,t), ugnt <x—x3 <uj

27)

U, x > x2+u3t.

where uy(x, t) is given in (18). However, v(x, t) is a measure along the shock line and consists of vacuum
inside the rarefaction fan and the solution for sufficiently small time is given by

vy, x < xi+o(up, unmt,
el(t)8x=x1+a(u1,um)t

v(x,t) = { vy, X1+ o(up,up)t < x <x2+u311,
0, u,2nt <X—Xx3 < u%t,
vy, X > x2 + u%t.

where e (?) is given in (19). Comparing the speeds of shock with trailing end of rarefaction wave fan, we
have

1
o (up, ) — ul, = 3w = ) (s + 2up) > 0.

Therefore, these two waves interact at the point (y1, #1) as given in (25). Atz = t;, we have a new Riemann
problem as done in case 1(d) and the solution of which consists of classical shock wave (see, Fig.4). Hence, for
t > t1, the characteristic curve for shock wave can be determined from

dx 1/, )
=3 (ul —ugu; + uz) s x(11) =1
xX=x)+ u%t, where — up > ujy.

(28)
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up

(1'1,0) (ZE270) x

Fig. 4 Interactions between shock and rarefaction

From (28), one can easily compute

3 Qu—u)* (w4 ua) -

— = 0.
dt? 18ust

Hence, the characteristics of shock after the interaction the shock wave overtakes the whole rarefaction wave fan
after a finite time, say, = t». Consequently, the solution for #; < ¢ < #; is given by

u, x<y1+ @ —1n)x@),
ux,t) = —ua(x, 1), yi+ @ —t)EE) <x <y +ut—1n),
U, X >y +u%(l —11).

Consequently, the solution for v(x, #) is given by

v X <y 4 — )i,
v(x, 1) = e()x—yi +(t-1)2(1)» A 2

0, yi+@—t)x@) <x <y +u:t —n),

o x>y ul(t — 1),

where e(t) is the solution of the following ODE

de 2 2 L5 2
i (uy vy — ujvp) — §(u1 + wuy + uy)(vr —vp), e(t) =0,
with v, = 0 and u, = —uyp ()E(t + 0), t). Again, at t = t, we have a new Riemann problem with initial data u;

and u, and the solution for ¢ > t, consists of shock wave given by

(e, 1) = u, x =<y +ou,u)t—1),
' ur, x> yr+ou,u)t —n).

vy, X < y2+ou,u)t—t),
v(x, 1) = e(t)5x=y2+<r(u1,u,)(t7t2),
vy, x>y +ou,u )t —t).

where
1
o, up) = 30aF + ey +u), ew) = (0} = o urun)o; = @f = o wrup)v ) 1

(b) u}, <ur <upy

In this case, solution of both the Riemann problems consist of shock waves and the solution after the interaction
is also shock wave as done in Case I (a).
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588 Minhajul, T. R. Sekhar

(©) ur < ”;kn < Upm

In this case, the solution of first Riemann problem consists of shock wave while the solution of second Riemann
problem consists of type II shock. Comparing the speeds, we have

2
1
o (1, ) = 4t = 5 Qur i + ) + u?) > 0. (29)

Therefore, they will interact after a finite time ¢ = ¢y, the point of interaction (yi, f1) as given in (22).

dx 1(2 n 2) o
— = —(ur —uou; +u5),x =
dt 3 1 2U] 2 1 Y1

X =x+ u%t, where — up > uj.

(30)

From (30), we obtain

dx _ Qu—u)’wtur)

— = 0.
dt? 18ust

Hence, in this case also the solution after the interaction can be discussed similarly as done in Case II(a) and we
are not repeating the same.

d) 0 < ur <upy

In this case, the solution of both the Riemann problems consist of shock wave and for a sufficiently small time,
the solution for u(x, t) is given by

u, x <xi+o@u,upykt,
u(x,t) = Yum, x1+o@,un)t <x <x2+0Wn,u)t,
Ur, X >x2+0Up, ust.

Clearly, v(x, t) is a measure along shock due to concentration of mass. Therefore, the solution for sufficiently
small time is given by

vy, x <xp+ou,upt,

el(t)8x=x1+a(u1,um)t
v(x,t) = { vy, x1+o(up, up)t < x <x2+u3nt,

62(1)8sz2+0(“)71sur)[
vy, X > X2+ u%t.

where e (f) and e, (1) are as given in (13) and (14). So, the wave interactions can be done similarly as Case I(a).

Case III: up, < u; < up < uj

Clearly, u, < u}, in this case. Therefore, the solution of the first Riemann problem consists of rarefaction wave
and solution of the second Riemann problem consists of shock wave. So, for sufficiently small #, the solution for
u(x, t) is given by

uj, X < X1 +u121,
u(x. 1) = ui(x, 1), x1+u12t§x§x1+u3nt,
’ Up, X1+ ult <x < x3 40 (U, upt,
U, X > xo + o (uy, uy)t.

where

X — X1
ui(x,t) = — —
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up

(1'1,0) (J"270) €T

Fig. 5 Interactions of rarefaction and shock

However, v(x, t) is a measure along the shock line and consists of vacuum inside the rarefaction fan and the
solution for sufficiently small time is given by

vy, X <x1+ ulzt,
0, ulzt <x—x] < u,znt,
v(x,t) = 3 vy, x1+u,%1t < x < x2 40Uy, u)t,

€] (t)5x=xz+o(um,ur)t
Uy, X > x2 + o (s, ur)t.

Now, comparing the speeds of trailing end of rarefaction wave with shock wave, we have

1
uy2n — o (Um, uy) = g(um —uy)Cupy +uy) > 0.

Hence, they will interact after a finite time, say, at (y1, #1). The point of interaction is given by

3uy, (x2 — x1) . 3(xa — x1)
(o — )y + 20)" " (g — 1)ty + 210)

Att = t1, we have a new Riemann problem with left hand side initial data @y = lim u(x, t;) = u,, and right
X—=>y1

yr=x2+

hand state oy = u, and the solution of this Riemann problem consists of classical shock wave as shown in Fig. 5.
Therefore, the characteristic curve of shock after the interaction can be found by solving
dx 1/, 2) .
-V =3 r ) ) =
7 3( | Fuiuy +uy) X(0) =y 32)
X =x +tu%, Uy < Uy.
Differentiating (32) with respect to ¢ and after a simple computation one can easily verify that
L @) <0
— = —(u, —u1)Qui +u,)” < 0.
drr " T8uyr T T

Let the head of rarefaction fan intersects with the shock curve x = X (¢) at time ¢ = f,. Therefore, at t = 15,
we have a new Riemann problem with initial data u; and u,, solution of which is given by

u, x=<yr+ou,u)t—1),

xX,1) =
“OOD =00 x> a4 ol ) — 1),

Consequently, v(x, ) is given by

v, X < yr+o(up,u)(t — 1),
v(x, 1) = e(t)(sx:a(u[,u,)(t—tz)a
vy, x>y +0ou,u )t — ).
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where

o (ur uy) = %(u? oty + ), ) = (0} = o ) = (af = o g, u ) 1

Case IV: uy < uy < up < uj

In this case, the solution of the first Riemann problems consists of rarefaction wave and solution of the second
Riemann problem consists of shock wave. Therefore, the wave interactions can be discussed similarly as done in
Case III(b) and hence, we are not repeating the same. One can note that if u, < u,, < u; < u}" then the solution
of both the Riemann problems consists of rarefaction wave and they will not interact with each other.

Case Viu, < up <ty < uj

In this case, there are three possible choices of initial data
@ u <up <uy<0

Here the solution of first Riemann problem consists of classical shock and the solution of the second Riemann
problem consists of rarefaction wave. Hence, the wave interaction can be discussed similarly as done in case
II(a).

(b) u, <u) <up

The solution of first Riemann problem consists of classical shock and the solution of the second Riemann problem
consists type II shock. Therefore, we can discuss the wave interactions similarly as done in case II(c).

©) u), <ur <upy

In this case, solution of both the Riemann problems consists of shock waves and can be discussed similarly as
in case I(a).

Case VI: u; < uf < up < u,
In this case, the solution of first Riemann problem consists of type II shock and the solution of second Riemann

problem consists of rarefaction wave. As the speed of trailing end of type II shock and head of rarefaction wave
are same, they will not interact with each other.

Case VIL u; < uy < uj < uy

Here, the solution of first Riemann problem consists of shock and the solution of second Riemann problem
consists of type II shock. Therefore, the wave interactions can be discussed similarly as in case I(c).

Case VIIL: u; < uj < uy < up

One can easily verify that ), < u,. Therefore, the solution of first Riemann problem consists of type II shock and
the solution of second Riemann problem consists of classical shock. So, the wave interaction is almost similar
to case III.
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Case IX: u; < uy < uj <up

For this choice of initial data, there are following two possibilities
@) u), <ur <up

Clearly, the solution of first Riemann problem consists of type II shock and the solution of second Riemann
problem consists of classical shock. So, the wave interaction is almost similar to case III.
(b) ur < u) <upm
In this case, the solution of both the Riemann problems consists of type II shock and for a sufficiently small time
the solution is given by
M2
u, x < x1+ ot
2
—ui(x,1), '%’t <X—Xx] < u;t,
2

iy 2
—uy(x,t), S <x—x2 <ugt,

Uy, X >x2+u%t,

where u (x, t) and u>(x, t) are given in (31) and (18), respectively. However, v(x, ¢) is a measure along the line
of type II shock and consists of vacuum in the fan type region. Hence, the solution for sufficiently small time is
given by

u2
vy, x < x1+ ot
e1(1)é 2
X:xl-‘rTlt
0, %t<x—x1 <u£1t,
_ 2
v(x, 1) = Um s x1+u51t<x <x2+uT'"t,

er(t)d 2

( ) x:x2+uTmt
0 Mrzn 2

, <X —x2 <ul,
vy, x> x2+ u%t.

where e (1) = —%ulzvlt and ey (t) = —gufn vut. It can be easily seen that the trailing end of type II shock of first

Riemann problem moves faster than the type II shock of second Riemann problem. Therefore, they will interact
after a finite time, say, ¢ = #1. Therefore, the point of interaction (yi, #1) is given by

A —x A 4(x2 — x1)

1 - ’ ] -
Y 3 3u2,
Hence, at ¢ = 1, we have a new Riemann problem with left hand side initial data oy = — lim wu(x, t;) = up,
X—>Yy1
and right hand side data «p = — lim wu(x, #;) = u},. Since, an = af, the solution of the Riemann problem
xX—y]

consists of type II shock and the characteristic curves of the shock can be determined by solving

E_ =" k) (33)
—_— = (—U = —, X =
dt 1 2 1 V1
Solving (33), we obtain
1
v t
X(1) = x1 + (y1 —x1) (Z) . (34)
Differentiating (34) twice with respect to ¢ and after a simple computation one can easily verify that
d*x 3 (yi—x1)
=——— <0.

dr? ~ 16 (t7t1)%
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U

(71,0) (22,0) x

Fig. 6 Interactions of rarefaction and type II shock

Therefore, the solution for ¢ > #; is given by (see, Fig. 6)

u2
uy, x < y1+ 4t
2
—ui(x, 1), yi+ @ —H)E <x < y+ - 1)E@),
2
wi*(x, 1),y — )X <x <xp4 G0 —1n),

2
—ur(x, 1), X2+ G — 1) < x <X+ up(t —n),
U, X >x2+u%(t—t1).

ulx,t) =

It can be seen that the 6-measure disappear from the solution of v(x, #) due to vacuum after the interaction.
Consequently, the solution for v(x, #) is given by

Ltz
v, X < yi+ (=),
(x.1) = uf 2
VD=0, yi+ -t <x <xa+u(t—1n),

v, X > X2+ uf(t —1).

One can easily verify that the head of rarefaction fan meets the shock curve x = x(¢) at time (x7, #,) given by
4
Y2 = X1 +u12t2, I = M
tfu}
Again, we have a new Riemann problem at + = #, with initial data on the left and right hand sides are given
by o1 = u; and ap = xli)rrylz —uT(x, h) = u;“ Therefore, the solution of this new Riemann problem consists of
shock wave and the characteristics can be determined from
dx

== (0 — @) + @D?) . ¥ =y,

It can be easily proved that ‘ZT;“ < 0 and hence there is no further interactions and the solution for # > 1, is given
by
ur, x <y (t —0)X(),
2

—u1*(x, 1), 4 —0)X(1) <x < yr 4 (1 — 1),

2
—ua(x,1), Y24 L —1h) <x <xp4ul(t —1),
U, X >xz+u%(t—t2).

u(x,t) =

Consequently, the solution for v(x, #) is given by

v, X <y (t —n)x(@),
v, 1) =140, 4t —0)X{t) <x <x2+uit—n),
v, X >x2—|—u%(t—t2).

@ Springer



Delta wave interactions in a non-strictly... 593

Case X:uy < up < ujf <uy

There are two possible cases for this choice of initial data.

@) um < ur <uj,
Here, the solution of first Riemann problem consists of rarefaction wave while the solution for second
Riemann problem consists of classical shock. Therefore, the wave interactions can be discussed similarly as
done in Case III.

(b) uy > u) > upy
In this case, the solution of first Riemann problem consists of rarefaction wave and the solution of second
Riemann problem consists of type II shock. Therefore, for sufficiently small time, the solution for u(x, ) is
given by

u, x < xp 4 ult,
ui(x,t), u[2t <X —X] <u,2nt,
2
ux,t) = 3 iy, x1+u,%1t<x<xz+uT’”t,
2
uy(x, 1), %t <X—2Xx) < uft,
U, X > x2 + u%t.

where u1(x, t) and us(x, t) are given in (31) and (18), respectively. However, v(x, t) is a measure along the line
of type II shock and consists of vacuum in the fan type region. Hence, the solution for sufficiently small time is
given by

vy, x <x1+ ulzt,
0, ulzt <x—x1 < u,at,
2 u>
Um s x1+umt<x<x2+ft,
vRD =008
x=xp+-t
u2 2
0, <X —Xx2 <ujt,
Uy, X > x2 + uft.

where e (t) is given in (20). Clearly, the speed of the trailing end of rarefaction wave front is greater than the
type II shock speed and they will interact after a finite time at (yj, ¢1), which can be determine by solving

X =x1 + ufnt,

W2 (35)
= 2y,
X =x3 + 1
Solving (35), we obtain the point of interaction
4(x — x1)
2
= t, HH =——m—-
Y1 = X1+ u,,h 1 3

At t = t1, we have a new Riemann problem with left hand side initial data &1 = lim u;(x, t;) = u,, and right
X—>Yy1
hand side data oy = lim wup(x, t1) = uj},. Since, a = «f, the solution of the Riemann problem consists of type
x>y

II shock and the characteristics curve of the shock can be determined by solving

Z—f = @}’ = MI% X(t) =y (36)
Solving (36), we obtain
1
X(1) =x1+ (y1 —x1) <%> : (37)
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Fig. 7 Interactions of rarefaction and type II shock

Differentiating (37) twice with respect to ¢ and after a simple computation one can easily verify that

% 3 (yi—x1)

a2~ 16 (t7t1)% <0

Therefore, the solution for # > ¢; is given by (see, Fig.7)

uj, x <y 4@ —1)uj,

wi(x, ), oy —muj <x < yi+ @ —m)x),
ulx, 1) = Jui*(x,t), y1+@¢—t)x@) <x <xp+ %(r — 1),

ux(x,t), x2+%(t—t1) <x<x2+uf(t—t1),

Uy, X >x2+u%(t—t1).

Consequently, the solution for v(x, t) is given by
v, x <y —)u,

vx, 1) =10, yi+@—t)uf <x <xa+ul(t—1n),
v, X > X+ u%(t —1).

One can easily verify that the head of rarefaction fan meets the shock curve x = x(¢) at time (x3, f2) given by

4
2 (1 —x1)3
V2 =X +ujh, tHh=-—7p—o

4 3
fyu;
Again, we have a new Riemann problem at ¢t = #, with initial data on the left and right hand sides are given by
a1 = uj and op = lim u;‘(x, h) = u}" Therefore, the solution of this new Riemann problem consists of shock
X—>y2

wave and the characteristics can be determined from

dx "
== (o w ) + @)?) Fe) =
It can be easily proved that ZZTf < 0 and hence there is no further interactions and the solution for ¢ > #; is given
by
2
u(x. 1) = wi*(x, 1), y24(t —0)X(t) < x < y2+ P — 1),
) - 2
ur(x, 1), YA+ —h) <x <xp4ul(t —1n),
Uy, X >x2+u%(t—t2).
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Consequently, the solution for v(x, t) is given by

v, X <yt —n)x@),
v(x, 1) =10, w4+ —n)I) <x <xp+ul(t — 1),
v, X >x2+uf(t—t2).

Case XI: uy < u; < ujf < up

In this case, the solution of the first Riemann problem consists of type II shock. Depending on the position of
u,, there are two possibilities. If u};, < u, then the solution of second Riemann problem consists of classical
shock wave and the interactions can be discussed similarly as done in case III. In case of u}, > u,, the solution of
second Riemann problem also consists of type II shock and hence the interactions case can be discussed similarly
as done in case IX (b).

Hence we obtain a solution at any time ¢ > 0 for any arbitrary choice of initial data of the form (12) and
summarize these results in the following theorem:

Theorem 2 The wave interaction problem for the system (1)-(2) with arbitrary initial data of the form (12) has
a solution for all time t > 0.

4 Conclusions

We studied the Riemann problem and wave interactions for a system of conservation laws which is non-strictly
hyperbolic and consists of non-convex flux. The Riemann problem is much more complicated than the convex
case and the solution of the Riemann problem develop §-waves. In this case, the characteristics can not be drawn
backward in time to meet the initial line which is not the case for the system with convex flux. Hence, the method
of characteristics can not be used directly to solve the system (1)-(2). Interactions of waves is more involved
than the convex case and need analysis of several cases. We found a new phenomenon that the delta waves may
disappear (see, Case X(b)) after the interaction which is not true in case of convex flux.
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