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Abstract Various researchers extended and generalized the two main theorems of Posner [3] in multiple direc-
tions. In this paper we generalize these two main results to semirings. The main tool we use to accomplish this
generalization is by defining derivation (d?) in the ring of differences (R) of a semiring (R) corresponding to
the derivation d of R.
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1 Introduction

Throughout this paper we assume the semiring R to be nonzeroic. It is also noteworthy to see that if R is
additively cancellative then R is nonzeroic (as pointed in the proof of Lemma 3.2 in [4]). When R is nonzeroic,
R® ={a — b :a,b € R} becomes a ring under addition and multiplication defined as follows:

(a=b)+(c—d)y=(a+c)—(b+d)
(a —b)(c —d) = (ac + bd) — (ad + bc)

The embedding of R to R is due to the map r — r —0forr € R.For more details about R* and its relationships
with R and some basic results about semirings, one can refer to [2] and [4].

Recently, Madhu and Geeta [1] investigated generalized derivations on semirings. They have explored com-
mutativity in prime additively inverse semirings in which generalized derivations satisfy certain differential
identities. An extension to Posner’s second theorem is also established in the framework of generalized deriva-
tions. However, the results we present in this paper are more general to the class of additively cancellative yoked
semirings but in the frame work of derivations. When R is an additively cancellative yoked prime semiring, we
prove that (i) if the composition of two derivations is also a derivation, then at least one of them must be zero.
(i) if rad(a) = ad(a)r,Ya € R,Vr € R, (where d is the derivation in R) and if d is not a zero derivation then
R is commutative.
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2 Derivations and commutativity in semirings

At first, we extend the derivation d of R (page 36 in Golan [2]) to the derivation d® in R, ring of differences
corresponding to R. We will use this to prove the Posner’s theorems in semirings.

Definition 2.1 Let R2 be the ring of differences of the semiring R and d be a derivation in R. Then, d Ajsa
map in R® induced by d, which is defined as

d® : R® = RA
d®(@—b) =d(a) —d(b), Ya,beR.

It is immediate to observe that 2 is indeed a derivation of R®. We state this fact in the following theorem
and it can be proved through a routine check and therefore it is omitted.

Theorem 2.2 If d is derivation of a semiring R, then d® is a derivation of the ring of differences R®. That is,
foralla —b,c —d € R®

(i) d2((a—=b)+ (c—d) =d®(a —b)+d>(c —d), and
(i) d® ((a — b)(c — d)) = (d®(a — b)) (c —d) + (a — b)(d*(c — d)).

We observe the following properties about derivations in R”. The proof is straightforward and hence it is not
included.

Lemma 2.3 [f d| and d> are the derivations of R and if dlA and dzA are the corresponding derivations of R®
respectively. Then, we have

(di +d))®(a —b) = @} +dP)a—b), Ya—be R a,beR.

Lemma 2.4 Let d| and dy be the derivations of R and dlA and dzA be the corresponding derivations of R
respectively. If the iterative of derivations d\d; is also a derivation, then we have

(did2)*(a — b) =d{*dS @ —b), Ya—be R a,beR.

Remark 2.5 In general, the iterative djd> need not be a derivation of R. Hence, for the above result to be true
we need to assume that d;d> is a derivation of R.

Lemma 2.6 Let R be an additively cancellative yoked semiring and R® be its corresponding ring of differences.
If R is a prime semiring then R® is a prime ring.

Proof Let I, J be ideals of RA such that IJ = 0. We note that / N R and J N R are ideals of R. Also, since R
is yoked, by Lemma 3.2 (vii) in [4] we have

(INR*=Tand (JNR)*=1J (1)

Substituting for 7 and J from (1)in 1J = 0 gives (I N R)*(J N R)® = 0. But by Lemma 3.2 (ii) in [4], we get
(I N R)(J NR)A =0 (in R?) which implies (I N R)(J N R) = 0 (in R). Since R is prime we must have

INR=0 or JAR=0 (inR)
— (INR*=0 or JNR?=0 (in R®)
— =0 or J=0 (again using (1)) (in R®)
Thus, if 7J = 0, we have either / = 0 or J = 0 proving that R® is a prime ring. O

Lemma 2.7 Let R be a additively cancellative semiring. If dy, dy are derivations in R such that d\d> is also a
derivation in R, then

di(x)da(y) +dr(x)d1(y) =0, Vx,y€eR.
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Proof Letx,y € R. Then,
didy(xy) = di(d2(xy))
(dida(x))y + x(d1d2(y)) = di(da(x)y + xda(y))
=di(d2(x)y) + di(xda(y))
(did2(x)y + x(d1d2(y)) = (d1da(x))y + d2(x)d1(y) + di(x)d2(y) + x(d1d2(y))
since R is additively cancellative, we get
di(x)dx(y) + da(x)di(y) =0, Vx,y€R.
O
Lemma 2.8 Let R be an additively cancellative semiring and R® be its corresponding ring of differences. If
dy, dr are derivations of R and if the iterative d\d; is also a derivation of R, then dlAd2A is a derivation of R®,
where dlA and dzA are the derivations of R® corresponding to derivations dy and d> of R respectively.
Proof Let x,y € R, we need to prove
didy (x + ) = didy (x) + ddy (y) @)
dids (xy) = (dd3* () () + x (@ d3 (7)) 3)
Considerx =a —bandy =c —d fora, b, c,d € R. We now prove (2) as follows:
dids (x +y) = (did)* (@ +¢) — (b +d)) [by Lemma 2.4]
=didy(a+c) —didr(b+d)
=didx(a) + didx(c) — di1dr(D) — d1da(d)
=di(d2(a)) — di(d2(b)) + di(d2(c)) — di(da(d))
= di* (da(@) — da(b)) + df* (da(c) — da(d))
=d{df(a—b) +dfds (c —d)
= d{'d5 () +dd5 ()
Now, we prove (3).
d{ds (xy) = df*d§ ((ac + bd) — (be + ad))
= d{(day(ac + bd) — dy(bc + ad))
= df* [(da(ac) + dy(bd)) — (dy(bc) + da(ad))]
= d*[(da(a)c + ada(c)) + da(b)d + bdx(d))
— (d2(b)c + bdr(c) + da(a)d + ada(d))]
=di(d2(a)c + ada(c)) + d2(b)d + bdr(d))
—di(d2(b)c + bdy(c) + dr(a)d + adr(d))
= (did2(a))c + dr(a)di(c) + di(a)da(c) + a(dida(c))
+ (d1d2(b))d + da(b)di (d) + d1(D)d2(d) + b(dy1d2(d))
— (didz2(b))c — da(b)di(c) — di(D)d2(c) — b(dida(c))
— (didz(a))d — dr(a)dy(d) — di(a)dr(d) — a(didr(d))
= (didz2(a))c + a(di1d2(c)) + (dida2(D))d + b(d1d2(d))
— (did2(b))c — b(d1dr(c)) — (dida(a))d — a(d1dr(d))
[by applying the Lemma 2.7 repeatedly]
= (didz(a))c — (didr(a))d — (d1d2(b))c + (d1d2(D))d
+a(didz(c)) — aldid2(d)) — b(d1d2(c)) + b(d1da(d))
= (@ (da(@) = dy(0)) (e — d) + (a — b)(d{ (da(c) — dao(d)))
= (dds' (@ = D)(c = d) + (a = b)(d{ds (c — d)
= @f'df ())(y) + x(dPdf ()
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Hence, if the iterative dd> is a derivation of R, then d lAdzA is a derivation of R2. m|

Remark 2.9 When R is additively cancellative semiring (which is not a ring), we observe that the characteristic
of R® must be zero. Otherwise, if characteristic of R is n, then nx = 0 for all x € R and in particular nr = 0
for all » € R. This will imply that R is a ring and so R will coincide with R%.

Now we prove Posner’s first theorem in semirings as follows.

Theorem 2.10 Let R, dy, dy be defined as in Lemma 2.8 and let R be a prime semiring. If d\d> is a derivation
in R then at least one of d1, d is a zero derivation.

Proof First we note that R is a prime semiring implies R” is a prime ring by Lemma 2.6. Next, if d1d, is a
derivation of R, then by Lemma 2.8, dlAd2A is a derivation of R2. Finally, we notice that R2 is of characteristic
different from two since R is additively cancellative (Remark 2.9). Hence, by Theorem 1 in [3] we must have at
least one of dlA, dzA is a zero derivation. Thus at least one of dy, d> is a zero derivation since the restriction of

d2toRisd. 0

Lemma 2.11 Let R be an additively cancellative yoked semiring. Let a, b € R and d be a derivation in R such
that ad(a) = d(a)a, Va € R, then

(i) bd(r) +rd(b) =d(b)r +d(r)b, forsomer € R
(ii) ad(b) + bd(a) = d(a)b + d(b)a, Va,b € R

Proof Since R is yoked, we must have either a = b + r or b = a + r for some r € R. We shall consider the
former [see Remark 2.12 for the latter case].

(i) In the assumption ad(a) = d(a)a, substitute a = b + r and we get

b+r)db+r)=db+r)b+r)
bd(b) + bd(r) + rd(b) + rd(r) = d(b)b + d(b)r + d(r)b + d(r)r

Since R is additively cancellative and since ad(a) = d(a)a, Ya € R, we must have
bd(r) +rd(b) =d(b)r +d(r)b, for some r € R.
(i) Puta = b + r in the LHS of (ii) and we get

ad(b) +bd(a) = (b +r)d(b) +bd(b +r)
= bd(b) + rd(b) + bd(b) + bd(r)
= bd(b) + bd(b) + bd(r) + rd(b)
=d(b)b +d(b)b+db)r +d(r)b
[using the hypothesis and result (i)]
=db+r)b+d®b)(b+r)
=d(a)b+d(b)a

O

Remark 2.12 Note that the results in the above Lemma would still hold if we have b = a +r by replacing a with
b and the given condition would be bd(b) = d(b)b for any b € R. So, we shall use the former case throughout
the remainder of the paper.

Lemma 2.13 Let R be an additively cancellative prime semiring and d be its derivation such thatad(a) = d(a)a,
Ya € R. Ifwe also assume R is yoked, then xd® (x) —d® (x)x = 0,Vx € R” where R® is the ring of differences
of R and d® is the derivation in R® corresponding to the derivation d in R. Also, we must then have either R is
commutative or d is zero.
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Proof Letx =a —b ¢ R2, where a,b € R. Then we have

xd®(x) = (a — b)(d"*(a — b))
= (a —b) (d(a) — d(b))
= ad(a) — bd(a) — ad(b) + bd(b)
= d(a)a — bd(a) — ad(b) + d(b)b
=d(a)a —d(a)b —d(b)a + d(b)b [by Lemma 2.11(i)]
= (d(a) —d(b))(a — b)
= (d®(@—b))(a—D)
=d®(x)x

Also, note that using Lemma 2.6 we get R2 is a prime ring and thus applying Lemma 3 in [3], we either have R®
is commutative or d2 is zero derivation. If d2 is a zero derivation, then d is a zero derivation since the restriction
of d® to R is justd. If R2 is commutative, then R must be commutative because R is embedded into R2. O

We conclude the paper with Posner’s second theorem in Semirings.

Theorem 2.14 Let R be a prime semiring such that it is additively cancellative and yoked. Let R® be its
corresponding ring of differences. Let d be a derivation of R and d® its corresponding derivation in R®. If
rad(a) = ad(a)r,Ya € R,Vr € R, then xd®(x) — d® (x)x is in centre of R®,V¥x € R®. Also, if d is not zero

then R is commutative.

Proof Letx =a —b € R®,a, b € R. We need to prove
y(xd®(x) — d® (x)x) = (xd® (x) —d®(x)x)y, Vy € R™.
Lety=c—d ¢ R2,¢,d € R. Then, LHS of (4) becomes

y(xd®(x) = d®(x)x) = (c — d)[(a — b)d*(a — b) — d*(a — b)(a — b)]
= (c —d)[(a — b)(d(a) — d (b)) — (d(a) — d(b))(a — )]
= (¢ — d)[(ad(a) — ad(b) — bd(a) + bd (b))
— (d(@)a — d(a)b — d(b)a + d(b)b]
= cad(a) — cad(b) — cbd(a) + cbd(b) — cd(a)a + cd(a)b
+ cd(b)a — cd(b)b — dad(a) + dad(b) + dbd(a)
— dbd(b) + dd(a)a — dd(a)b — dd(b)a + dd(b)b

Now, we simplify the RHS of (4) as follows.

(xd®(x) = d®(0)x)y = [(a = b)(d®(a = b)) — (d*(a = b))(a = b)](c — d)

=[(@a — b)(d(a) — d(b)) — (d(a) — d(b))(a — b)](c — d)

= [ad(a) — ad(b) — bd(a) + bd(b) — d(a)a + d(a)b
+d(b)a — d(b)b](c — d)

=ad(a)c — ad(b)c — bd(a)c + bd(b)c — d(a)ac + d(a)bc
+d(b)ac — d(b)bc — ad(a)d + ad(b)d + bd(a)d
— bd(b)d + d(a)ad — d(a)bd — d(b)ad + d(b)bd

= cad(a) — ad(b)c — bd(a)c + cbd(b) — cd(a)a + d(a)bc
+d(b)ac — cd(b)b — dad(a) + ad(b)d + bd(a)d
— dbd(b) + dd(a)a — d(a)bd — d(b)ad + dd(b)b

where the last step is due to the assumption rad(a) = ad(a)r,Va € R,Vr € R.

“)

&)

(6)
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From equations (5) and (6), we must prove the following

—cad(b) — cbd(a) + cd(a)b —ad(b)c — bd(a)c + d(a)bc
+cd(b)a + dad(b) + dbd(a) = +d(b)ac + ad(b)d + bd(a)d
—dd(a)b — dd(b)a —d(a)bd — d(b)ad

That is to prove:

cd(a)b + cd(b)a + dad(b) cad(b) 4 cbd(a) + d(a)bc
+dbd(a) 4+ ad(b)c + bd(a)c = +d(b)ac + ad(b)d + bd(a)d
+d(a)bd + d(b)ad +dd(a)b 4 dd(b)a @)

Note that,

LHS of (7) = c(d(a)b + d(b)a) + d(ad (D) + bd(a))

+ (ad(b) + bd(a))c + (d(a)b + d(b)a)d

= c(ad(b) + bd(a)) + d(d(a)b + d(b)a)
+ (d(a)b+d(b)a)c + (ad(b) + bd(a))d

[using Lemma 2.11(ii) repeatedly]

= cad(b) + cbd(a) + dd(a)b + dd(b)a
+d(a)bc 4+ d(b)ac + ad(b)d + bd(a)d

= RHS of (7)

Thus, we have proved (4).

Now, we note that R is a prime ring (since R is prime semiring, Lemma 2.6) and xd® (x) — d” (x)x is in centre
of R2, and d2 is not zero (since d is non zero), from Theorem 2 in [3], we must have R” is commutative. Since
R is embeded in R2, we must have R to be commutative as well. O
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