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Abstract In this paper, we study the notion of isoclinism on Lie-central extensions of Leibniz n-algebras. We
provide several equivalent conditions under which Lie-central extensions of Leibniz n-algebras are Lie-isoclinic.
Also, we show that each Lie-isoclinic class of Lie-central extensions of Leibniz n-algebras contains a Lie-stem
extension. Finally, we study the concept of Schur Lie-multiplier on Leibniz n-algebras using their Lie-central
extensions, and analyze some connection with the concepts of Lie-isoclinism and Lie-stem cover.
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1 Introduction

The concept of Leibniz algebras was first introduced under the name D-algebras by Blokh [6] in 1960 s, and
started receiving a lot of attention when Loday [14] realized that lifting the Chevalley-Eilenberg boundary map
to the tensor algebra of a Lie algebra yields a new chain complex. In 2002, Casas et al. [8] generalized Leibniz
algebras to n-ary algebras, and called them Leibniz n-algebras. The concept of isoclinism arose in 1939 from the
work of Hall [12] in his classification of p-groups, and has been studied in various algebraic structures including
groups [1], Lie algebras [22], Lie superalgebras [16,18] and Filippov algebras [10,11]. Relying on the study [7,9]
of central extensions of Leibniz algebras with respect to its Birkhoff subcategory of Lie algebras, Biyogmam
and Casas studied the notion of Lie-isoclinism [2,3], which is isoclinism of Leibniz algebras relative to the so

called Liezation functor (−)Lie : Leib → Lie which assigns the Lie algebra gLie = g

〈[x, x] | x ∈ g〉 to a given

Leibniz algebra g. Essentially, two Leibniz algebras g1 and g2 are Lie-isoclinic, if the Lie-central extensions Eg1

and Eg2 are isoclinic, where

Egi : 0 → ZLie(gi ) → gi
pr→ gi

ZLie(gi )
→ 0,
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and ZLie(gi ) = {x ∈ gi | [x, g] + [g, x] = 0, for all g ∈ gi } is the Lie-center. Recently, this approach was used
to study the notion of Lie-isoclinism on Leibniz n-algebras [21]. The purpose of this paper is extending this
study on arbitrary Lie-central extensions of Leibniz n-algebras.

The remaining of the paper is organized as follows: In section 2, we recall some preliminary notions from
[21], and define the notion of Lie-isoclinism between arbitrary Lie-central extensions of Leibniz n-algebras. In
Sect. 3, we define the notion of Lie-isoclinic homomorphism of Lie-central extensions of Leibniz n-algebras,
and provide some conditions in which a homomorphism of Leibniz n-algebras induces Lie-isoclinic Leibniz
n-algebras. Also, we study some properties of Lie-isoclinism of Lie-stem extensions of Leibniz n-algebras. In
particular, we prove that every Lie-central extension of a Leibniz n-algebra is Lie-isoclinic to some Lie-stem
extension. In Sect. 4, we define the notion of Schur Lie-multiplier on Leibniz n-algebras and analyze some
connections with Lie-isoclinism and Lie-stem covers. In particular, we prove that any finite dimensional Leibniz
n-algebra has at least one Lie-stem cover, and all Lie-stem covers of a Leibniz n-algebra with finite dimensional
Schur Lie-multiplier are Lie-isoclinic.

2 Preliminaries

Throughout this paper, n is a fixed positive integer and all Leibniz n-algebras are considered over a fixed field K

of characteristic zero.
Recall that a Leibniz algebra [13,14] is a vector space g equipped with a bilinear map [−,−] : g × g → g,

usually called the Leibniz bracket of g, satisfying the Leibniz identity:

[x, [y, z]] = [[x, y], z] − [[x, z], y], x, y, z ∈ g.

A Leibniz n-algebra [8] is a vector space g together with an n-linear map [−, . . . ,−] : g × · · · × g −→ g,
satisfying the following identity:

[[x1, . . . , xn], y2, . . . , yn] =
n∑

i=1

[x1, . . . , xi−1, [xi , y2, . . . , yn], xi+1, . . . , xn],

for all xi , y j ∈ g, 1 ≤ i ≤ n and 2 ≤ j ≤ n. A subspace h of a Leibniz n-algebra g is called a subalgebra, if
[x1, . . . , xn] ∈ h, for any xi ∈ h. Also, a subalgebra I of g is said to be an ideal, if the brackets [I, g, . . . , g],
[g,I, g, . . . , g], . . ., [g, . . . , g,I] are all contained in I.

Let g be a Leibniz n-algebra. Following [21], we define the bracket [−, . . . ,−]Lie : q × · · · × q → q as

[x1, . . . , xn]Lie =
∑

σ∈Sn

[xσ(1), . . . , xσ(n)],

where Sn is the symmetric group of degree n. In fact

[x1, . . . , xn]Lie = [(x1 + · · · + xn), . . . , (x1 + · · · + xn)]
−

∑

1≤i j ≤n

[xi1 , . . . , xi j , . . . , xi j , . . . , xin ],

(see also [20]). Moreover, the Lie-center and the Lie-commutator of a Leibniz n-algebra g are defined as ZLie(g) =
{x ∈ g| [x, g, . . . , g]Lie = 0} and gn

Lie = 〈[x1, . . . , xn]Lie| xi ∈ g〉, which are ideals of g (see [21, Remark 2.1]).

Moreover, an extension of Leibniz n-algebras 0 → n
⊆→ g

π→ q → 0 is called Lie-central, if n ⊆ ZLie(g) or
equivalently [n, g, . . . , g]Lie = 0.

Definition 2.1 Let Gi : 0 → ni → gi
πi→ qi → 0 (i = 1, 2) be two Lie-central extensions of Leibniz n-

algebras. Then G1 and G2 are said to be Lie-isoclinic, and denoted by G1 ∼ G2, if there exist isomorphisms
η : q1 −→ q2 and ξ : gn

1Lie −→ gn
2Lie such that the following diagram is commutative:

q1 × · · · × q1
δ1

ηn

gn
1Lie

ξ

q2 × · · · × q2
δ2

gn
2Lie
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On Lie-isoclinic extensions of Leibniz n-algebras 605

in which the map δi is defined by δi (qi1, . . . , qin) = [gi1, . . . , gin]Lie, where qi j ∈ qi , gi j ∈ gi , πi (gi j ) = qi j ,
1 ≤ j ≤ n and i = 1, 2. The pair of isomorphisms (η, ξ) is called a Lie-isoclinism between the Lie-central
extensions G1 and G2.

One can easily check that the Lie-isoclinism between Lie-central extensions of Leibniz n-algebras is an equiv-
alence relation. Also if n = 2, then the above definition coincides with the notion of Lie-isoclinism of Leibniz
algebras given in [2].

Remark 2.2 For a Leibniz n-algebra g, if we consider the Lie-central extension

Eg : 0 → ZLie(g) → g
pr→ g

ZLie(g)
→ 0,

then we get the notion of Lie-isoclinism of Leibniz n-algebras discussed in [21]. Hence two Lie-central extensions
Eg1 and Eg2 are Lie-isoclinic if and only if Leibniz n-algebras g1 and g2 are Lie-isoclinic.

The following is a consequence of Definition 2.1.

Corollary 2.3 Let Gi : 0 → ni → gi
πi→ qi → 0 (i = 1, 2) be two Lie-central extensions of Leibniz n-algebras.

If G1 ∼ G2 via (η, ξ), then

(i) η(π1(x)) = π2(ξ(x)), for every x ∈ gn
1Lie.

(i i) ξ([x, g1, . . . , gn−1]Lie) = [ξ(x), h1, . . . , hn−1]Lie, for every x ∈ gn
1Lie, gi ∈ g1 and hi ∈ g2 such that

η(π1(gi )) = π2(hi ), for all 1 ≤ i ≤ n − 1.
(i i i) ξ(n1 ∩ gn

1Lie) = n2 ∩ gn
2Lie.

Proof (i) Let x = [a1, . . . , an]Lie such that ai ∈ g1. Then

η(π1(x)) = η(π1([a1, . . . , an]Lie))

= [η(π1(a1)), . . . , η(π1(an))]Lie

= [π2(b1), . . . , π2(bn)]Lie

= π2([b1, . . . , bn]Lie),

for some bi ∈ g2, as π2 is onto. Now, the commutativity of the Lie-isoclinism diagram implies that
π2([b1, . . . , bn]Lie) = π2(ξ([a1, . . . , an]Lie)), which completes the proof.

(ii) Let x ∈ gn
1Lie, gi ∈ g1 and hi ∈ g2 such that η(π1(gi )) = π2(hi ), for every 1 ≤ i ≤ n − 1. By (i) we have

η(π1(x)) = π2(ξ(x)) and thus

ξ([x, g1, . . . , gn−1]Lie) = ξ
(
δ1

(
π1(x), π1(g1), . . . , π1(gn−1)

))

= δ2
(
η(π1(x)), η(π1(g1)), . . . , η(π1(gn−1)

)

= δ2
(
π2(ξ(x)), π2(h1), . . . , π2(hn−1)

)

= [ξ(x), h1, . . . , hn−1]Lie.

(iii) It easily follows from (i).

�

Example 2.4 Consider the 2-dimensional complex Leibniz 3-algebras g = span{g1, g2} with non-zero multi-
plications [g2, g2, g1] = −[g1, g2, g2] = g1, and h = span{h1, h2} with [h2, h1, h2] = −[h1, h2, h2] = h1.
Clearly, g and h are not isomorphic and ZLie(g) = g, g3

Lie = 0, ZLie(h) = h and h3
Lie = 0. Therefore, Eg ∼ Eh.

Also, let n = span{g1}, m = span{h1} and G : 0 → n → g
pr→ g/n → 0 and G ′ : 0 → m → h

pr→ h/m → 0
be Lie-central extensions. It is easy to check that G ∼ G ′.
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3 Lie-isoclinic Lie-central extensions

Throughout this section, suppose that Gi : 0 → ni → gi
πi→ qi → 0 (i = 1, 2) are two Lie-central extensions

of Leibniz n-algebras.

Proposition 3.1 If G1 ∼ G2 via (η, ξ), then g1 ∼ g2 via (η′, ξ) where η′ : g1/ZLie(g1) −→ g2/ZLie(g2) is an
isomorphism induced by η.

Proof Define the map ϕ : g1 −→ g2/ZLie(g2) by ϕ(g1) = g2 + ZLie(g2), in which π2(g2) = η(π1(g1)). One
can easily see that ϕ is a well-defined epimorphism. Now, we show that ker ϕ = ZLie(g1). First assume that
g1 ∈ ZLie(g1) andϕ(g1) = g2+ZLie(g2). We prove that g2 ∈ ZLie(g2) or equivalently [g2, y1, . . . , yn−1]Lie = 0,
for all yi ∈ g2. As ϕ is onto, there exists xi ∈ g1 such that ϕ(xi ) = yi + ZLie(g2), for every 1 ≤ i ≤ n − 1.
Therefore,

[g2, y1, . . . , yn−1]Lie = δ2
(
π2(g2), π2(y1), . . . , π2(yn−1)

)

= δ2
(
η(π1(g1)), η(π1(x1)), . . . , η(π1(xn−1))

)

= δ2
(
ηn(
π1(g1), π1(x1), . . . , π1(xn−1)

))

= ξ
(
δ1

(
π1(g1), π1(x1), . . . , π1(xn−1)

))

= ξ
([g1, x1, . . . , xn−1]Lie

)

= 0,

which shows that ZLie(g1) ⊆ ker ϕ. Conversely, if g1 ∈ ker ϕ, then g2 ∈ ZLie(g2) where π2(g2) = η(π1(g1)).
By a similar manner, one may show that [g1, x1, . . . , xn−1]Lie = 0, for all xi ∈ g1. Thus g1 ∈ ZLie(g1) and
hence ker ϕ = ZLie(g1). Therefore, let η′ : g1/ZLie(g1)−→g2/ZLie(g2) be the isomorphism induced by ϕ. Now,
it is easy to show that the following diagram is commutative:

g1

ZLie(g1)
× · · · × g1

ZLie(g1)

δ̄1

η′n

gn
1Lie

ξ

g2

ZLie(g2)
× · · · × g2

ZLie(g2)

δ̄2
gn

2Lie

where δ̄i (ḡi1, . . . , ḡin) = δi (qi1, . . . , qin) such that πi (gi j ) = qi j , for 1 ≤ j ≤ n and i = 1, 2. Hence the
Leibniz n-algebras g1 and g2 are Lie-isoclinic. 
�
Corollary 3.2 Let two Lie-central extensions G1 and G2 be Lie-isoclinic. Then n1 = ZLie(g1) if and only if
n2 = ZLie(g2).

Proof Assume that n1 = ZLie(g1) and y ∈ ZLie(g2). By Proposition 3.1, g1/ZLie(g1) ∼= g2/ZLie(g2). Since
y + ZLie(g2) ∈ g2/ZLie(g2), there exists x ∈ ZLie(g1) = n1 such that π2(y) = η(π1(x)) = η(0) = 0. Therefore
y ∈ n2 and hence n2 = ZLie(g2). The other implication is similar. 
�
Corollary 3.3 Let C be a Lie-isoclinism family of Lie-central extensions such that Eg ∈ C. Then for every
Lie-central extension G ′ : 0 → n′ → g′ → q′ → 0 in C, we have g ∼ g′ and n′ = ZLie(g

′).

The following example shows that the converse of Proposition 3.1 is not true, in general. This actually shows

that for a Leibniz n-algebra g, two Lie-central extensions G : 0 → n → g
π→ q → 0 and G ′ : 0 → n′ → g

π ′→
q′ → 0 are not necessarily Lie-isoclinic.

Example 3.4 Let g = span{g1, g2, g3, g4} be the 4-dimensional Leibniz 2-algebra with non-zero multiplications
[g1, g2] = −[g2, g1] = [g3, g3] = g4. Clearly ZLie(g) = span{g1, g2, g4} and g2

Lie = span{g4}. Now, consider

the Lie-central extension G : 0 → g2
Lie → g

pr→ g/g2
Lie → 0. Then the above corollary implies that G and

Eg are not Lie-isoclinic, since g2
Lie 
= ZLie(g). Also, consider the ideal n = span{g1, g4} and the Lie-central

extension G ′ : 0 → n → g
pr→ g/n → 0. Then G and G ′ are not Lie-isoclinic, since g/g2

Lie and g/n are clearly
non-isomorphic. Moreover, G ′ and Eg are not Lie-isoclinic, as well.
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On Lie-isoclinic extensions of Leibniz n-algebras 607

The next result shows that in the study of Lie-isoclinism of Lie-central extensions, we may restrict ourselves
to Lie-isoclinisms (η, ξ) in which η is an identity map.

Let G1 and G2 be two Lie-central extensions of Leibniz n-algebras. Then (α, β, γ ) : G1 −→ G2 is called a
homomorphism of Lie-central extensions, if the following diagram of homomorphisms is commutative:

G1 : 0 n1

α

g1
π1

β

q1

γ

0

G2 : 0 n2 g2
π2

q2 0,

i.e. α = β|n1 and γ (π1(g)) = π2(β(g)), for all g ∈ g1. A homomorphism (α, β, γ ) is said to be an isomorphism
and we write G1 ∼= G2, if α, β and γ are isomorphisms.

Now, let G1 and G2 be Lie-isoclinic via (η, ξ). Define the Leibniz n-algebra

(g2 × q1)η = {(h, q) ∈ g2 × q1| π2(h) = η(q)},
under the component addition and multiplication, i.e.

[(h1, q1), . . . , (hn, qn)]Lie = ([h1, . . . , hn]Lie, [q1, . . . , qn]Lie
)
,

where hi ∈ g2 and qi ∈ q1, 1 ≤ i ≤ n. Thus ZLie((g2 × q1)η) = {(h, q) ∈ ZLie(g2)× ZLie(q1)| π2(h) = η(q)}
and (g2 × q1)

n
ηLie = {(h, q) ∈ gn

2Lie × qn
1Lie| π2(h) = η(q)}. It is easy to see that

Gη : 0 → n2 → (g2 × q1)η
π→ q1 → 0,

where π(h, q) = q, is a Lie-central extension.

Theorem 3.5 If G1 ∼ G2 via (η, ξ), then

(i) G1 ∼ Gη via (idq1 , ξ
′), where ξ ′ is an isomorphism induced by η.

(i i) G2 ∼= Gη via (idn2 , β, η
−1), where β(h) = (h, η−1(π2(h))) for every h ∈ g2, is an isomorphism induced

by η, as well.

Proof (i) Define ξ ′ : gn
1Lie −→ (g2 × q1)

n
ηLie by

ξ ′([g1, . . . , gn]Lie) = [(h1, q1), . . . , (hn, qn)]Lie,

where qi = π1(gi ) and π2(hi ) = η(qi ), for every 1 ≤ i ≤ n. Clearly ξ ′ is a well-defined isomorphism
(since ker πi ⊆ ZLie(gi ), i = 1, 2). Then the following diagram is clearly commutative:

q1 × · · · × q1
δ1

idn
q1

gn
1Lie

ξ ′

q1 × · · · × q1
δ

(g2 × q1)
n
ηLie

where δ(q1, . . . , qn) = [(h1, q1), . . . , (hn, qn)]Lie.

(ii) Direct checking.

�

Definition 3.6 A homomorphism of Lie-central extensions of Leibniz n-algebras (α, β, γ ) : G1 −→ G2 is said
to be Lie-isoclinic, if there exists an isomorphism β ′ : gn

1Lie −→ gn
2Lie such that G1 and G2 are Lie-isoclinic via

(γ, β ′).

In fact, if the homomorphism (α, β, γ ) is Lie-isoclinic, then γ is an isomorphism. Moreover, one can easily
check that if (α, β, γ ) is an isomorphism, then it is also Lie-isoclinic with β ′ = β|gn

1Lie
.

Theorem 3.7 A homomorphism of Lie-central extensions (α, β, γ ) : G1 −→ G2 is Lie-isoclinic if and only if
γ is an isomorphism and ker β ∩ gn

1Lie = 0.
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608 H. Safa, G. R. Biyogmam

Proof First suppose that (α, β, γ ) is Lie-isoclinic. Then (γ, β ′) is a Lie-isoclinism between G1 and G2, for
some isomorphism β ′ : gn

1Lie −→ gn
2Lie. Let m ∈ ker β ∩ gn

1Lie. Then β(m) = 0 and m = [g1, . . . , gn]Lie, for
some gi ∈ g1. Using the commutativity of the corresponding diagram of the homomorphism (α, β, γ ) and also
G1 ∼ G2, we have

β ′(m) = β ′([g1, . . . , gn]Lie)

= β ′(δ1
(
π1(g1), . . . , π1(gn)

))

= δ2
(
γ (π1(g1)), . . . , γ (π1(gn))

)

= δ2
(
π2(β(g1)), . . . , π2(β(gn))

)

= [β(g1), . . . , β(gn)]Lie

= β(m) = 0,

which implies that m = 0, as β ′ is an isomorphism.
Conversely, assume that γ is an isomorphism and ker β ∩gn

1Lie = 0. We define β ′ = β|gn
1Lie

, which is one-to-
one, since ker β∩gn

1Lie = 0. We prove that β ′ is onto, as well. Let y = [h1, . . . , hn]Lie ∈ gn
2Lie, for some hi ∈ g2.

As π1 and γ are onto, hence π2(hi ) = γ (π1(gi )), for some gi ∈ g1, for every 1 ≤ i ≤ n, and since (α, β, γ ) is
a homomorphism, we have γ (π1(gi )) = π2(β(gi )), for every 1 ≤ i ≤ n. Therefore, π2(hi ) = π2(β(gi )) and so
hi − β(gi ) = bi ∈ ker π2 = n2 ⊆ ZLie(g2), for some bi ∈ n2, 1 ≤ i ≤ n. Thus

β ′([g1, g2, . . . , gn]Lie) = [β(g1), β(g2), . . . , β(gn)]Lie

= [h1 − b1, h2 − b2, . . . , hn − bn]Lie

= [h1, h2 − b2, . . . , hn − bn]Lie − [b1, h2 − b2, . . . , hn − bn]Lie

= [h1, h2 − b2, . . . , hn − bn]Lie

...

= [h1, h2, . . . , hn]Lie = y.

Hence, β ′ is an isomorphism. Now, one can easily check that G1 ∼ G2 via (γ, β ′), which completes the proof.

�
Remark 3.8 By the proof of the above theorem, if the homomorphism (α, β, γ ) is Lie-isoclinic and β ′ as in
Definition 3.6, then β ′ = β|gn

1Lie
.

Corollary 3.9 Let (α, β, γ ) : Eg −→ Eh be a Lie-isoclinic homomorphism. Then ker β ∩ gn
Lie = 0 and

Imβ + ZLie(h) = h.

Proof Let h ∈ h. By Theorem 3.7, γ is onto and hence γ (g + ZLie(g)) = h + ZLie(h), for some g ∈ g. As the
following diagram is commutative

Eg : 0 ZLie(g)

α

g

β

g/ZLie(g)

γ

0

Eh : 0 ZLie(h) h h/ZLie(h) 0,

we have γ (g + ZLie(g)) = β(g) + ZLie(h). Thus h − β(g) ∈ ZLie(h) and hence h = β(g) + h0, for some
h0 ∈ ZLie(h), which completes the proof. 
�

In the next result, we show that every homomorphism of Leibniz n-algebras, under certain conditions, induces
a Lie-isoclinic homomorphism of Lie-central extensions, which is actually the converse of the above corollary.

Proposition 3.10 Let β : g −→ h be a homomorphism of Leibniz n-algebras such that ker β ∩ gn
Lie = 0 and

Imβ + ZLie(h) = h. Then (α, β, γ ) : Eg −→ Eh is a Lie-isoclinic homomorphism, where α = β|ZLie(g) and
γ : g/ZLie(g) −→ h/ZLie(h) is given by γ (ḡ) = β(g).
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On Lie-isoclinic extensions of Leibniz n-algebras 609

Proof First, we prove that α and γ are well-defined homomorphisms or equivalently β(ZLie(g)) ⊆ ZLie(h). Let
z ∈ ZLie(g). We show that [β(z), h1, . . . , hn−1]Lie = 0, for all hi ∈ h. Since Imβ + ZLie(h) = h, we have
hi = β(gi )+ ai , for some gi ∈ g and ai ∈ ZLie(h), for all 1 ≤ i ≤ n − 1. Therefore,

[β(z), h1, . . . , hn−1]Lie = [β(z), β(g1)+ a1, . . . , β(gn−1)+ an−1]Lie

= [β(z), β(g1), . . . , β(gn−1)]Lie

= 0,

which implies that β(z) ∈ ZLie(h). It is easy to see that (α, β, γ ) : Eg −→ Eh is a homomorphism of Lie-
central extensions. By Theorem 3.7, it is enough to show that γ is an isomorphism. The condition Imβ +
ZLie(h) = h easily implies that γ is onto. Now, let x ∈ g and γ (x̄) = 0. Then β(x) ∈ ZLie(h). We show that
x ∈ ZLie(g), or [x, g1, . . . , gn−1]Lie = 0, for all gi ∈ g. As β(x) ∈ ZLie(h), we have β([x, g1, . . . , gn−1]Lie) =
[β(x), β(g1), . . . , β(gn−1)]Lie = 0. Therefore, [x, g1, . . . , gn−1]Lie ∈ ker β ∩ gn

Lie = 0, which shows that γ is
one-to-one. 
�
Corollary 3.11 Let β : g −→ h be a homomorphism of Leibniz n-algebras such that ker β ∩ gn

Lie = 0 and
Imβ + ZLie(h) = h. Then g ∼ h.

At the end of this section, we give some properties of Lie-stem extensions of Leibniz n-algebras. A Lie-central
extension G : 0 → n → g → q → 0 of Leibniz n-algebras is said to be Lie-stem, if n ⊆ ZLie(g) ∩ gn

Lie.

Lemma 3.12 A Lie-central extension G : 0 → n → g
π→ q → 0 is Lie-stem if and only if I ∩ gn

Lie 
= 0, for
every non-zero ideal I of n.

Proof First assume that G is Lie-stem and I is an ideal of n such that I∩gn
Lie = 0. Then I = I∩n ⊆ I∩gn

Lie = 0
and hence I = 0. Conversely, suppose on the contrary that n � gn

Lie. Let I be the ideal of g spanned by x , where
x ∈ n − gn

Lie. Since x ∈ ZLie(g), we get I ∩ gn
Lie = 0, which is a contradiction. 
�

The next result easily follows from Corollary 2.3 (iii).

Lemma 3.13 Let Gi : 0 → ni → gi
πi→ qi → 0 (i = 1, 2) be two Lie-isoclinic Lie-stem extensions. Then

n1 ∼= n2. In particular, g1 is finite dimensional if and only if g2 is finite dimensional and dim g1 = dim g2.

The following result shows that every Lie-isoclinism family of Lie-central extensions contains a Lie-stem
extension.

Corollary 3.14 Every Lie-central extension of Leibniz n-algebras is Lie-isoclinic to a Lie-stem extension.

Proof Let G : 0 → n → g
π→ q → 0 be a Lie-central extension of Leibniz n-algebras. Clearly, I =

{I| I is an ideal o f g such that I ⊆ n and I ∩ gn
Lie = 0} is a non-empty set, since 0 ∈ I. It is also partially

ordered by inclusion. By Zorn’s lemma, suppose that m is the maximal element of I. Now, consider the Lie-

central extension G : 0 → n/m → g/m
π̄→ q → 0, where π̄(ḡ) = π(g). Clearly, G ∼ G via (idq, ξ), in which

ξ : ( g

m

)n
Lie −→ gn

Lie given by ξ([ḡ1, . . . , ḡn]Lie) = [g1, . . . , gn]Lie, (note that m ⊆ ZLie(g)). Now, we prove

that G is Lie-stem. Suppose that
I

m
∩ ( g

m

)n
Lie = m, for some ideal I of g such that m ⊆ I ⊆ n. If x ∈ I ∩ gn

Lie,

then x +m ∈ I

m
∩ ( g

m

)n
Lie = m. Therefore, x ∈ m and hence x ∈ m∩ gn

Lie = 0. Thus I∩ gn
Lie = 0 and so I ∈ I.

Then the maximality of m implies that I = m. Now, Lemma 3.12 completes the proof. 
�
In [15, Corollary 3.5], it is proved that two finite dimensional isoclinic stem extensions of Lie algebras are

isomorphic. But this is not true for Leibniz n-algebras (see [17]).

4 The Schur Lie-multiplier of Leibniz n-algebras

In this section, we give some results on the Schur Lie-multiplier of Leibniz n-algebras, using their Lie-central
extensions.
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Let q be a Leibniz n-algebra with a free presentation 0 → r → f → q → 0. The Schur Lie-multiplier of q
is defined as

MLie(q) = r ∩ fn
Lie

[r,n−1 f]Lie
,

where [r,n−1 f]Lie = [r, f, . . . , f]Lie. Clearly, the Schur Lie-multiplier is independent of the chosen free pre-
sentation of q. Also if n = 2, then this definition coincides with the notion of the Schur Lie-multiplier of a
Leibniz algebra given in [7]. Note that three other notions of the Schur multiplier, namely the c-nilpotent Schur
Lie-multiplier of a Leibniz algebra, the Schur Lie-multiplier of a pair of Leibniz algebras and also the Schur
multiplier of a pair of Leibniz algebras are already discussed in [4,5,19], respectively.

Proposition 4.1 Let 0 → r → f
ρ→ q → 0 be a free presentation of a Leibniz n-algebra q. Also, let n be an

ideal of q and s an ideal of f such that n ∼= s/r. Then the following sequences are exact:

(i) 0 → r ∩ [s,n−1 f]Lie

[r,n−1 f]Lie
→ MLie(q) → MLie(

q

n
) → n ∩ qn

Lie

[n,n−1 q]Lie
→ 0,

(i i) MLie(q) → MLie(
q

n
) → n ∩ qn

Lie

[n,n−1 q]Lie
→ n

[n,n−1 q]Lie
→ q

qn
Lie

→ q

n + qn
Lie

→ 0.

Proof (i) By a similar manner to the proof of [4, Proposition 4.1], we have the free presentation 0 → s → f
π◦ρ→

q/n → 0 of the Leibniz algebra q/n, where π is the canonical projection, and also the following diagram of
free presentations:

0 0

r

0 s f

ρ
π◦ρ

0 n q
π q

n
0

0 0 0

Define

ψ : MLie(q) = r ∩ fn
Lie

[r,n−1 f]Lie
−→ s ∩ fn

Lie

[s,n−1 f]Lie
= MLie(

q

n
)

by ψ(r + [r,n−1 f]Lie) = r + [s,n−1 f]Lie. Clearly, kerψ = r ∩ [s,n−1 f]Lie

[r,n−1 f]Lie
and Coker(ψ) = n ∩ qn

Lie

[n,n−1 q]Lie
.

The following commutative diagram completes the proof.

r ∩ [s,n−1 f]Lie r ∩ fn
Lie

r ∩ fn
Lie

r ∩ [s,n−1 f]Lie

[s,n−1 f]Lie s ∩ fn
Lie

s ∩ fn
Lie

[s,n−1 f]Lie

[n,n−1 q]Lie
∼= [s,n−1 f]Lie

r ∩ [s,n−1 f]Lie
n ∩ qn

Lie

n ∩ qn
Lie

[n,n−1 q]Lie
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(ii) Using (i) and a direct checking.

�

A Lie-stem extension 0 → n
⊆→ g

π→ q → 0 of Leibniz n-algebras is said to be a Lie-stem cover of q, if
n ∼= MLie(q). In such a situation, g is called a Lie-cover of q.

In what follows, we show that all Lie-stem covers of a Leibniz n-algebra with finite dimensional Schur
Lie-multiplier are Lie-isoclinic.

Lemma 4.2 Let 0 → r → f
ρ→ q → 0 be a free presentation of a Leibniz n-algebra q, and 0 → n → g

θ→
p → 0 be a Lie-central extension of a Leibniz n-algebra p. Then for each homomorphism α : q → p, there exists

a homomorphism β : f

[r,n−1 f]Lie
→ g such that the following diagram is commutative:

0
r

[r,n−1 f]Lie

β|

f

[r,n−1 f]Lie

ρ̄

β

q

α

0

0 n g
θ

p 0,

where ρ̄ is the natural epimorphism induced by ρ.

Proof We use an argument similar to the proof of [7, Lemma 4.1]. Using the projective property of the free
Leibniz n-algebra f, there exists ϕ : f → g such that θ ◦ ϕ = α ◦ ρ. Thus θ ◦ ϕ(r) = α ◦ ρ(r) = 0 and hence

ϕ(r) ⊆ n. Therefore, ϕ induces β : f

[r,n−1 f]Lie
→ g such that β(

r

[r,n−1 f]Lie
) ⊆ n. 
�

Theorem 4.3 Let q be a Leibniz n-algebra whose Schur Lie-multiplier is finite dimensional and q ∼= f/r, where
f is a free Leibniz n-algebra. Then the extension 0 → n → g → q → 0 is a Lie-stem cover if and only if there
exists an ideal t of f such that

(i) g ∼= f/t and n ∼= r/t.

(i i)
r

[r,n−1 f]Lie

∼= MLie(q)⊕ t

[r,n−1 f]Lie
.

Proof The proof is essentially the same as in [7, Theorem 4.2]. 
�
Corollary 4.4 Any finite dimensional Leibniz n-algebra has at least one Lie-cover.

Proof Let 0 → r → f → q → 0 be a free presentation of a Leibniz n-algebra q, and
t

[r,n−1 f]Lie
be a complement

of MLie(q) in
r

[r,n−1 f]Lie
, for some ideal t of f. The above theorem implies that f/t is a Lie-cover of q. 
�

Corollary 4.5 All Lie-stem covers of a Leibniz n-algebra with finite dimensional Schur Lie-multiplier are Lie-
isoclinic.

Proof Let 0 → r → f
ρ→ q → 0 be a free presentation of a Leibniz n-algebra q, and G2 : 0 → n → g → q → 0

be a Lie-stem cover. Clearly, G1 : 0 → r

[r,n−1 f]Lie
→ f

[r,n−1 f]Lie

ρ̄→ q → 0 is a Lie-central extension. Now,

by (the proof of) Theorem 4.3, there exists an epimorphism β : f

[r,n−1 f]Lie
→ g, and an ideal t of f such that

r

[r,n−1 f]Lie

∼= MLie(q)⊕ ker β and ker β = t

[r,n−1 f]Lie
. Now since t ⊆ r, we have

ker β ∩ ( f

[r,n−1 f]Lie

)n
Lie = t

[r,n−1 f]Lie
∩ fn

Lie

[r,n−1 f]Lie
= 0,

and hence by Theorem 3.7, the homomorphism (β|, β, idq) : G1 −→ G2 is Lie-isoclinic, which completes the
proof. 
�
Corollary 4.6 Let q be a Leibniz n-algebra with finite dimensional Schur Lie-multiplier, and g be a Lie-cover

of q. Then g ∼ f

[r,n−1 f]Lie
, where f is a free Leibniz n-algebra such that q ∼= f/r.
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