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Abstract Let a, b > 1 be two given unequal integers. In this paper, we examine, under some assumptions on
the residue of @ modulo an odd prime factor p of b, the Diophantine equation of the title with positive integer
unknowns n, m and x. For example, we show that it has no solution when p = +3 (mod 8),a = p—1 (mod 2p)
and b =3 (mod 4). We also give a necessary and sufficient condition for the existence of solutions with n = m,
when p = 43 (mod 8),a = —1 (mod p) and when p = 17, a*> = —1 (mod 17).
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1 Introduction

The study of the Diophantine equation of the title has been initiated in 2000 by SZALAY [11], who showed that
the equation

(@ —1)(b" = 1) = x2, (1.1)

where a, b > 1 are two unequal integers, has no solution in positive integers n and x for (a, b) = (2, 3), it has
the only solution (n,x) = (1, 2) for (a, b) = (2,5), and that for (a, b) = (2, 2") with £ > 2 it has the only
solution k = 2, n = 3, x = 21. In the same year, HAJDU and SZALAY [3] noted that for (a, b) = (2, 6) there
is no positive solution to equation (1.1), and for (a, b) of the form (a, a®) with k > 1 and kn > 2 the solutions
are (a,n, k,x) = (2,3,2,21), (3,1,5,22), (7, 1, 4, 120). Shortly afterwards, in 2002, LUCA and WALSH [8§]
extended the work of the previous authors and proved that the more general equation (a¥ — 1)(bF — 1) = x",
with n > 1, admits finitely many solutions in positive integers (k, n, x). COHN [2], for his part, proved that when
4 divides n, there is no solution to equation (1.1) except for (a, b) = (13, 239) with n = 4, and conjectured that
equation (1.1) has no solution when n > 4. Moreover, he showed that the case n = 2 occurs in equation (1.1) if
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614 Z. Ameur et al.

andonly ifa = T;(c), b = Ts(c) and x = (> = DHU,_1(c)Ug—1 (c), for some positive integers c, r and s, where
Tk and Uy are the kth Chebyshev polynomials of the first and the second kind respectively, which can be defined
by To(X) =1, T1(X) = X, Up(X) = 1, U1(X) = 2X and for k > 0,

Tie2(X) = 2X T 1 (X) — Ti(X) and Up42(X) = 2XUp41(X) — Up(X). (1.2)

Since that, several authors were interested in equation (1.1) for different values of a and b according to their
residue classes modulo 2, 3, 4 or 5. We can cite LE [6], LAN and SZALAY [5], TANG [12], NOUBISSIE et al. [10]
and NOUBISSIE and TOGBE [9]. In summary, they have proved respectively, that equation (1.1) has no solution in
positive integers n and x if one of the following conditions holds

=2and b =0 (mod 3),

2 (mod 6) and b = 0 (mod 3),

=0 (mod 2) and b = 15 (mod 20),

a =0 (mod 2),bis aprime and b =3 (mod 8),
a=0 (mod 2)and b =3 (mod 12).

a
a
a

In turn, ISHII [4], by the use of the solutions of the Pell’s equation, has given a necessary and sufficient condition
for the existence of positive solutions to equation (1.1) in the case a =5 (mod 6) and b = 0 (mod 3).
Recall that if 4 is a non-square positive integer and u + v+/d is the fundamental solution of the Pell equation

X2 —dy? =1, (1.3)

then the kth solution (xg, yx), with xx > 0 and y; > 0, is given by

k
X+ yvd = (u + v«/ﬁ) . (k= 0). (1.4)
From this, one can verify that (x;)x>0 and (yx)k>0 satisfy the Pell-recurrence

X2 — 2uxpr1r +xe =0 and  ygyo — 2uyer1 + ye =0, (1.5)

with the initial conditions (xg, x1) = (1, u) and (yo, y1) = (0, v). With this, in 2016, ISHIT [4] proved the
following.

Theorem A Suppose that a = 5 (mod 6) and b = 0 (mod 3). Then the equation (1.1) has positive integer
solution (n, x) if and only if (a, b) = (x,, xg) with non-square d = 2 (mod 3) satisfying x; =0 (mod 3),r =2
(mod 4) and s is odd. In this case a solution is (n, x) = (2, dy,ys).

Inspired by this result, NOUBISSIE and TOGBE [9] proved the following theorem.

Theorem B Suppose that a = 4 (mod 5) and b = 0 (mod 5). Then equation (1.1) has a positive integer
solution (n, x) if and only if (a, b) = (x, x5) with non-square d = 1 (mod 5) satisfying x; = 0 (mod 5),
r =2 (mod 4) and s is odd. In this case, the solution is (n, x) = (2, dy,ys).

WALSH [14] treated another variant of equation (1.1). He showed that the equation
@ — D" —1) = x2, (1.6)

where a, b > 1 are two unequal integers, has no solution in positive integers n, m and x whena = 2 and b = 3.
This result has been improved by TANG [12] as follows.

Theorem C [fa =2 (mod 6), b =3 (mod 12), then the Diophantine equation (1.6) has no solution in positive
integers n, m and x.

In the present work, by combining some congruence properties of the solutions of Pell equation, and exploit-
ing results on certain Diophantine equations due to COHN [2] and BENNETT [1], we obtain some new results
concerning equation (1.6). We give in Theorems 2 and 3 a larger collection of positive integers a, b for which
equation (1.1) has no solution in positive integers (r, x). In Theorem 1, we improve Theorems A and B by giving
a necessary and sufficient condition for the existence of solutions to equation (1.1) whena = —1 (mod p) and
p = +£3 (mod 8) is a prime factor of b. In Theorem 4, we extend Theorem C fora = p—1 (mod 2p) andb =3
(mod 4), where p = £3 (mod 8) is a prime factor of b. Finally, we investigate in Theorem 5 equation (1.1)
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when a®> = —1 (mod p) and p = 1 (mod 8) is a prime factor of b. Precisely, we show that, in this case, 7 is

necessarily even and conclude in Theorem 6, that if p = 17 then n = 2 is the unique solution.

This paper is organized as follows. The main results are stated in the next section and their proofs are given
in Sect.5. In Sect. 3, we establish some useful congruence properties of the solutions of Pell equation, and in
Sect.4 we present some auxiliary lemmas, which will be useful for the proofs of our main results.

The following notations will be used throughout this paper. We denote by IF,, the finite field of g elements,

IFZ the multiplicative group of non-zero elements of I, E an algebraic closure of F; and by v, (¢) the 2-adic

valuation of the integer ¢, that is, the exponent of the largest power of 2 dividing ¢. If p is an odd prime, (%)

denotes the Legendre symbol of @ modulo p. It should be useful to recall that (%) = lifand only if p = +1
(mod 8).

2 Main results

Theorem 1 Let p = 43 (mod 8) be a prime number. Equation (1.1) has a solution in positive integers (n, x)
with b = 0 (mod p) and a = —1 (mod p) if and only if there exist positive integers i, j and ¢ such that
a =Ty 2(pc) and b = Trj_1(pc). In this case the unique solution in positive integers is n = 2.

According to the recurrence relations (1.5) and (1.2), since (x1,x2) = (T1(u), To(v)) and (y1, y2) =
(wUp(u), vU1(u)), we deduce the following known relations between Chebyshev polynomials and the kth solu-
tion sequence of the Pell equation

xp =Tr() and yp = y1Ug—1(w), k>1. (2.1)

Conversely, for any integer ¢ > 1, let (xx, yx) be the kth solution in positive integers to the Pell equation
X2 — (¢ — 1) Y? = L. Since (c, 1) is its fundamental solution, from (2.1) we have

Ti(c) = xx and Ug—1(c) = yk. (2.2)
In other words, for any integer ¢ > 1,
T2 (c) — (> = DUE 1(c) = 1. (2.3)
Applying Theorem 1 when p € {3, 5}, gives immediately Theorems A and B.

Theorem 2 [f there exist a prime factor p of b and an integer t such that p = £3 (mod 8), | <t <2p — 1
anda =tp —1 (mod 2p2) then equation (1.1) has no solution in positive integers (n, x).

Remark 1 Note that Theorem 2 remains true if instead of @ = rp — 1 (mod 2p?) with 1 < ¢ < 2p — 1, it is
assumed that a = p — 1 (mod 2p). Indeed, if p is an odd prime and « is an integer satisfying the congruence
a=p—1 (mod 2p),thena = p — 1 + 2 pk for some integer k. Let r be the remainder in the division of k by
pand t = 2r + 1. Then it is not difficult to show that | <7 <2p —landa =tp — 1 (mod 2p?).

In virtue of the previous remark, Theorem 2 gives in the particular case p € {3, 5}, the following two assertions,
due respectively to LAN and SZALAY [5] and NOUBISSIE and TOGBE [9].

Corollary 1 Suppose that one of the following conditions is satisfied

(1) a=2 (mod 6) and b =0 (mod 3),
2) a =4 (mod 10) and b =0 (mod 5).

Then equation (1.1) has no solution in positive integers (n, x).

Theorem 3 Suppose that a = 0 (mod 2), b = 3 (mod 4) and b possesses a prime factor p = £3 (mod 8).
Then equation (1.1) has no solution in positive integers (n, x).

In the case p € {3,5}, Theorem 3 gives the following three assertions due respectively to TANG [12,
Theorem 1], NOUBISSIE et al. [10, Theorem 2] and NOUBISSIE and TOGBE [9, Theorem 1.1].

Corollary 2 Suppose that one of the following conditions is satisfied

@ Springer



616 Z. Ameur et al.

(1) a=0 (mod 2) and b = 15 (mod 20),
(2) a=0 (mod 2), b is a prime and b =3 (mod 8),
(3) a=0 (mod 2) and b =3 (mod 12).

Then equation (1.1) has no solution in positive integers (n, x).

The following theorem is an improvement of Theorem C and the result of WALSH [14, Theorem 1] on
equation (1.6).

Theorem 4 Suppose that b = 3 (mod 4) and b has a prime factor p = £3 (mod 8) such thata = p — 1
(mod 2p). Then equation (1.6) has no solution in positive integers (n, m, x).

It is worth observing that in all the previous results we have made the assumption thata = —1 (mod p) or
b = —1 (mod 4) with the aim of excluding the case n odd. In the next results, also in order to exclude the case n
odd, we consider the situation where a2 = —1 (mod p). It should be pointed [7, Proposition 1.2, p.2] that such
a congruence is possible if and only if p = 1 (mod 4), which is equivalent to p is a sum of two squares.

Suppose that p = 1 (mod 4) is a prime number. Then there exist positive integers A and B with A odd such

that p = A2+ B2.Clearly A € {1, ..., p— 1}. Hence A admits an inverse modulo p which we denote abusively
by %. Let ¢ be the unique integer in {0, 1, ..., p — 1} satisfying
t=2 (mod p). (2.4)

Then 2 = 2242 = 2 | (mod p), which gives

Z=-1 (mod p). (2.5)

Theorem 5 Let p = A> + B2 = 1 (mod 8) be a prime factor of b with A + B = +3 (mod 8). If a> = —
(mod p), then equation (1.1) has no solution (n, x) with n odd.

Remark 2 It is worthwhile noting that the condition A + B = £3 (mod 8), when we assume the weaker

condition p = 1 (mod 4), is not sufficient to exclude the case n odd, even if a> = —1 (mod p). Indeed, for

p=5a=(1+ 5k)2 + land b = (2 4+ 50)% + 1, where k and ¢ are any integers, n = 1 is obviously an odd
solution to equation (1.1).

By applying Theorem 5 in the case p = 17, we get the following.

Theorem 6 Equation (1.1) has a solution in positive integers (n, x) under the assumptions b = 0 (mod 17) and
a®? = —1 (mod 17) if and only if there exist positive integers r, s, ¢ and an odd integer B such that a = T, (c),
b = Ts(c) withc = 9 (3’3 + 65) (mod 17), r = £8 (mod 8) and s = 4 (mod 8). In this case the unique
solution in positive integers is n = 2.

Example 1 Since (106% — 1)(102> —1) =3-5-7-101 - 103 - 107 is not a perfect square, Theorem 6 shows that
the equation (106" — 1)(102" — 1) = x2 has no solution in positive integers (n, x).

3 Congruence properties of the solutions of Pell equation

Let d be a positive non-square integer, and let (xx, yx) be the kth solution sequence of the Pell equation (1.3)

t
defined in relation (1.4). Using the relation x;; + y,k\/_ = (xk + Vi «/3) , it is easy to verify that

xop = 2x7 — 1 (3.1)
and
2]

t —2j—1 2] ;i
Vik = Yk Z <2j+1)xlt< =2 g0 (3.2)

Jj=0

Let p be a prime number. The divisibility index of p in (xx)x>0 noted h(p) or simply & if p is fixed, is
defined to be the smallest positive integer & for which p | x;. If, for all k, p 1 x; then h(p) is set to be co. In
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2010, Lan and Szalay [5, Lemma 1] proved that if p € {2, 3, 5} then h(p) equals 1 or co. They noted that this
feature is not valid longer in its form for p > 7 since, for instance, the fundamental solution to X 2_3v2=1is
(x1,¥1) = (2,1),7 | x2 =7 but 7 { x;. In this section, we will investigate the possible values of /1(p) and some
congruences of x; modulo a prime number p, which enable us to improve the above result of LAN and SZALAY.

Let us, therefore, consider in I, the sequence uy defined as the residue class of x; modulo p. Clearly, from
relation (1.5), (ux)k>0 is the unique sequence in [F, satisfying the linear recurrence, for which the characteristic
polynomial is f(X) = X? — 2uX + 1, with the initial conditions ¢ = 1 and u is the residue class of # modulo
p. Since the constant term of f is equal to 1, let @ and ! be the two roots of f in E One can easily verify
that when p is odd, both (uy)r>0 and (M)bo satisfy the same recurrence relation with the same initial

conditions, while when p = 2 the sequences (Mkjkzo and (1 + k + ku)i>o satisfy also the same recurrence
relation with the same initial conditions, which means that for k > 0

{W=M if p>2,

3.3
up =1+k+kuif p=2. (3-3)

Let g denotes the order of « in E*. With this we have the following lemma.
Lemma 1 Suppose p odd. Then either h(p) = oo or 4h(p) = q.
Proof Suppose h(p) # co. Put h = h(p). The fact p | xj gives uy = 0. Then, by relation (3.3) we obtain

o +a " =0. (3.4)

Thus (ah)2 = —1 which is obviously different from 1. Whence (a”)? # 1 and («”)* = 1. Consequently o is

an element of order 4 belonging to the subgroup of E* generated by «, which, as previously stated, is of order g.
We deduce therefore that 4 | ¢. It remains to show that 7 = %. In one hand, relation (3.4) yields o* =1 which

2
implies g < 4h. In the other hand, since (a%) = 1 and ¢ is the smallest power of & which gives 1, necessarily

a? = —1. Thus ug = %a%q (a% + 1) = 0. Hence p | Xg. Consequently 7 < %. O
Lemma 2 Suppose that h = h(p) < oo. Then the following claims hold.

(1) xx ==£1 (mod p) if and only if k =0 (mod 2h). In this case x; = (—1)% (mod p).
(2) x =0 (mod p) if and only if k = h (mod 2h).
(3) If p is odd then 4h divides either (p — 1) or (p + 1).

Proof First, suppose p = 2. From (3.3) we have uy; = 1 and upg4+1 = uj. Since u;, = 0 then necessarily % is
oddand sou;, =u; =0.Hence h =1,

Xk = 1 (mod 2) and Xk+1 = 0 (mod 2). (3.5)

Now let us deal with the case p odd. In this case, Lemma 1 asserts that « is of order 44 and consequently
2h
at = —1.

(1) By the use of relation (3.3), it is easy to verify that the congruence x; = £1 (mod p) is equivalent to

(«f £ 1)2 = 0. The equality «* = 1 holds if and only if k is a multiple of 4/ the order of « in F,", while
o* = —1 occurs if and only if k = 2k (mod 4h).

(2) By using once again relation (3.3), xy = 0 (mod p) is equivalent to o> = —1. This later equality takes
place if and only if 2k = 2/ (mod 4 k) which is clearly equivalent to k = h (mod 2 h).

(3) Asa and ™! are the two roots of f(X) = X>—2uX + 1 in E. By applying the Frobenius map, we see that
the conjugate a” of « is also a oot of f. Thus two cases arise according to whether «” = a ora” = a~!.In
the first case «?~! = 1, which implies 4k | (p — 1), while in the second case «”*! = 1 gives 4h | (p + 1).

O

Remark 3 We deduce from assertion 3 of Lemma 2 that 4h(p) divides p — 1 if p = 1 (mod 4) and 4 h(p)
divides p + 1 when p = —1 (mod 4).

=\
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Now, let us examine the previous lemma when p € {2, 3, 5}. Suppose that h2(p) < oo. For p = 2, whether
Xy is odd or even, combining the first and the second assertions of Lemma 2 gives /(2) divides k. Thus, as k is
arbitrary, we have necessarily #(2) = 1. When p € {3, 5}, from the previous remark, it is immediately seen that
h(3) = h(5) = 1. In conclusion, if p € {2, 3,5} and p divides some x; then p divides x;. We obtain therefore
the result of LAN and SZALAY [5, Lemma 1 (iv)].

Lemma 3 [fthere exist positive integers s, r such that x; = 0 (mod p), x, = £1 (mod p) and gcd(y,, ys) = 1,
then for any integer k, x25+1 = 0 (mod p) and xo; = (—1)* (mod p).

Proof By Lemma 2, there exists a positive integer & such that s = 2 (mod 24) and r = 0 (mod 24). Thus
h | rand h | s. This fact, together with relation (3.2) implies y;, divides both y, and y;,. Since ged(y,, ys) = 1
we must have y, = 1. It is well-known and one can easily see from (1.4) that (yx)x>1 is a strictly increasing
positive integer sequence. So necessarily 2 = 1. To complete the proof, it suffices to apply Lemma 2 to obtain
x2k = (=¥ (mod p) and X2k+1 =0 (mod p). m|

4 Lemmas

In this section, we will state some lemmas which are used in the proofs of the main results. We first begin by
examining some consequences of the results of the previous section. According to relation (2.2), Lemma 2 can be
applied to the sequence (7% (c))k>0, where ¢ > 1 is any integer. Thus, we immediately get the following lemma,
which is given without proof.

Lemmad Let p be a prime number and ¢ a positive integer. Let h = h(p) be the divisibility index of p in
(Tk (¢))k=0 and suppose that h # oo. Then the following statements hold.

(1) Tx(c) =1 (mod p) ifand only if k =0 (mod 4h).
(2) Ty(c) = —1 (mod p) if and only if k = 2h (mod 4h).
(3) Tx(c) =0 (mod p) ifand only if k = h (mod 2h).
4) If p | c then h = 1 and for any positive integer k

To—1(c) =0 (mod p) and To(c) = (=¥  (mod p). .1

Lemma 5 If equation (1.6) has a solution in positive integers (n, m, x) withn = 2n’ and m = 2m’ even, then
there exist positive integers r and s such that a’ = x,, b" = x; and gcd(yy, ys)=1, where for each k > 0,
(Xk, Yr) is the kth solution of some Pell equation X2 _4dy?=1.

Proof Suppose that equation (1.6) possesses a positive solution (Zn’, 2m’, x). Letd = gcd (aZ”/ —1,0* — 1).

Then there exist positive integers w, z such thata®” —1 = dw?, p* —1 = dz? and ged (w, z) = 1. Sincea > 1
anda? —dw? = 1, thend cannotbe a perfect square. Consider the Pell equation X>—dY? = 1,and let fork > 0,

(xk, yr) its kth solution defined in (1.4). Whence there exist positive integers r, s such that (a"/, w) = (X, Yr)

and (b’"/, z) = (xy, y5). The equality gcd(y,, ys) = 1 follows right-away from ged (w, z) = 1. ]

Now, we will establish a lemma concerning the Legendre symbol (%) where ¢ is the primitive 4th root of
unity in [, defined by (2.4). For this, we need the following congruence

p-1 AB
24 =2

(mod p), 4.2)
which has been proved by DIRICHLET as a consequence of his work on biquadratic reciprocity. The proof can be
found in [7, Proposition 5.3, p.155].

Lemma 6 Let p = A 4+ B? be an odd prime and suppose that A is odd. Let ¢ be an integer such that | = %
(A+B)’-1 (A=B)>~1

(mod p). Then (%) = ()" and (%) = (-
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. ) p—1 A+eB)2—1
Proof Recall that for any integer c, (%) =T (mod p). Put € = %1 and let us show that (—1)( 5

p—1
1+ eL)]T (mod p). From relation (2.5), ¢ is invertible modulo p and its inverse is denoted abusively by (1.

Clearly
ee =15 (mod p). 4.3)
. . . 2 2 2 (A+eB)>—1 p=1 €AB
First, we directly obtain from p = A° 4+ B~ and —1 = (e¢)* (mod p) that (—1) 38 = (et) # (e1) 2
(mod p). From relation (4.3) we have (61)# = L% (mod p). Then by the use of congruence (4.2) we get

eB)2— p—1
(-1 (e = (ZEL)]T (mod p). To conclude, it suffices to note that (1 + €)? =2er (mod p). O

We announce here two lemmas which are needed in the proof of Theorem 1. Their proofs can be found in
[2, Result 2] and [1, Proposition 8.1] respectively.

Lemma 7 There is no solution to equation (1.1) with 4 | n, except for {a, b} = {13, 239} with n = 4.

Lemma 8 The Diophantine equation 2x> — 1 = y" has only the solutions (x, y,n) = (1, 1, n) and (x, y,n) =
(78, 23, 3) in positive integers x, y and n with n > 3.

Let us mention that the equation 22— 1= y3, which corresponds to n = 3 in Lemma 8, has been solved
in 1972 by VAN DER WAAL [13].
Now we have all the necessary tools to prove our main results.

5 Proofs of the main results

Proof of Theorem I Suppose that there exist positive integers i, j and ¢ such that a = Ty _>(pc) and
b = T>j_1(pc). First, relation (4.1) gives immediately @ = —1 (mod p) and b = 0 (mod p). Then from
relation (2.3) it comes (2, (p?c* — 1) Usi—3(pc)Uzj—2(pc)) is a solution to equation (1.1).

Conversely, suppose that b = 0 (mod p), a = —1 (mod p), and equation (1.1) possesses a solution in
positive integers (n, x). For n odd, reducing equation (1.1) modulo p gives that the Legendre symbol (%) equals

1, which contradicts the fact p = £3 (mod 8). Therefore, n is necessarily even. Let n = 2n’. From Lemma 5,
there exist positive integers r, s such that a" = Xy, b = xg and ged(yy, ys) = 1, where for each k > 0, (xx, yr)
is the kth solution of some Pell equation

X2 —dy?=1. (5.1)

Further, we deduce from » = 0 (mod p) and a = —1 (mod p) that x; = 0 (mod p), x, = £1 (mod p).
Since gcd(y,, ys) = 1, Lemma 3 yields p | x1, s = 2j — 1 is odd and r = 2i is even. By relation (2.1) we get
a’ = Ty (x1) and = T»j—1(x1). Thus, from the hypothesis a = —1 (mod p) and relation (4.1) it comes
(— 1)", = (—1)' (mod p). We can deduce easily that i is necessarily odd if one proves that n’ equals 1. Now, let
us show that n’ = 1. For this, we will use the same reasoning as used in [4,9,10].

Suppose for the moment n” > 3. As seen above a" = xy;, consequently, the recurrence relation (3.1) gives
a" = 2xi2 — 1. Knowing that a > 1, Lemma 8 gives a = 23, x; = 78 and n’ = 3. We deduce from the fact that
(x;, y;i) is a solution of equation (5.1) that necessarily d = 6083 =7 x 11 x 79 and y; = 1. It follows that (78, 1)
is the fundamental solution of the Pell equation X 2 _ 6083Y2 = 1. In other words x; = 78. From relation (1.5)
the sequence (xi);>( satisfies the recurrence relation x; 12 = 156xz41 — x¢. Whence its reduction modulo 156
gives xx4+2 = —x; (mod 156). Thus for any integer k > 0, xpx = (—D¥xp (mod 156) and x2x41 = (—1)kx;
(mod 156). Since s is odd and x; = 78, then there exists an integer £ such that x; = 784 156¢ = 2 x 39(1 4 2¢).
This implies immediately v>(xs) = 1. This contradicts the fact that x; = b3 is a cube.

Therefore, we may assume n’ < 3. The case n’ = 2 is easily dismissed. Indeed, by Lemma 7, equation
(a* — 1) (b* — 1) = x? can only be satisfied when {a, b} = {13,239}. However 13 and 239 are both prime
numbers with 13 # —1 (mod 239) and 239 # —1 (mod 13). Finally, we conclude that n” = 1. This completes
the proof. O
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Proof of Theorem 2 Suppose that equation (1.1) has a solution. The hypothesis @ = tp — 1 (mod 2p?) implies
a = —1 (mod p). Hence by Theorem 1, there exist positive integers i and ¢ such thata = T4;_>(pc). This gives,
by the use of relations (2.2) and (3.1) a = 2T221— 1 (pc) — 1. Therefore from relation (4.1) we obtain a = —1
(mod 2p?). Then by using once again the hypothesis a = rp — 1 (mod 2p?) we get tp = 0 (mod 2p?). This
is clearly equivalent to 2p | ¢, which contradicts the condition 1 <t <2p — 1. O

Proof of Theorem 3 Suppose that equation (1.1) possesses a solution in positive integers (n, x). For n odd,
reducing equation (1.1) modulo 4 provides the absurdity 2 is a quadratic residue modulo 4. We can therefore
assume that n = 2n’ is even, say n = 2n’. From Lemma 5, there exist positive integers r, s such that a" = Xy

and b" = x,. Thus the hypothesis a even implies that the divisibility index of 2 in the sequence (xj);> is finite.
Relation (3.5) assures that for each £k > 0, xo; is odd and x»41 is even. Since b is odd, then x; must be odd,
which implies that s = 2s’ is even. Hence, by relation (3.1) it comes b = 2xs2, — 1, whose reduction modulo p

yields (%) equals 1. This contradicts the fact p = +3 (mod 8). O

Proof of Theorem 4 Suppose that equation (1.6) possesses a solution in positive integers (n, m, x). For m odd,
reducing equation (1.6) modulo 4 gives the contradiction 2 is a quadratic residue modulo 4. On the other hand,

by reducing equation (1.6) modulo p, when n is odd we obtain that the Legendre symbol (%) equals 1, which

contradicts the fact that p = +3 (mod 8). Therefore, n and m are necessarily even. Let n = 2n’, m = 2m’.
Lemma 5 assures the existence of positive integers r, s such that a" = x,andb™ = x;.The hypothesisa = p—1
(mod 2p) and p odd give that a is even and consequently x, is also even, which implies that the divisibility
index of 2 in the sequence (xx)g>( is finite. Relation (3.5) assures that for each k > 0, x; is odd and xp 1 is

even. Then since b is odd, s = 25’ is even. Hence, by relation (3.1) we obtain p" = 2x32, — 1 and its reduction

modulo p provides once again the absurdity (%) = 1 with p = £3 (mod 8). O

Proof of Theorem 5 Let p = A® + B> = 1 (mod 8) be a prime number. Without lost of generality, we can
suppose that A is odd. Then necessarily A> = 1 (mod 8). Hence B> = 0 (mod 8), which is equivalent to

2
A—B=A+ B (mod 8). Combining this with the hypothesis A + B = £3 (mod 8), it follows that A=8"=1
is odd. Let ¢ be the integer defined in (2.4). A straight application of Lemma 6 yields

(%> - (%) =-L (5.2)

Moreover, since a®> = —1 (mod p), then from (2.5) a®> = * (mod p), which occurs if and only if a = £t
(mod p). Suppose now that equation (1.1) possesses a solution in positive integers (2, x) with n odd. From
relation (2.5), the reduction of equation (1.1) modulo p gives (£t+1) = x% (mod p). Thus one of the Legendre

symbols (%) or (%) is necessarily equal to 1. This contradicts (5.2). Therefore, n is even. O

Proof of Theorem 6 We begin by recalling some useful properties of Fy7. In all what follows [Fy7 is identified
with the set {0, 1, ..., 16}. Note that 3 is a primitive element of [F17. In other words, 3 is a generator of the
multiplicative group F7},. Moreover, for any odd integer f, 38 is also a primitive element, 6 = 3~! and 2 = 372

Suppose first that there exist positive integers 7, s, ¢ and an odd integer 8 such that a = T, (¢), b = T(c)
with 7 = £ (mod 8), s = 4 (mod 8) and ¢ = M (mod 17). From relation (2.3) we easily verify
that (2, (c* — 1) Ur—1(c)Us—1(c)) is a solution to equation (1.1). To show that a*> = —1 (mod 17) and b = 0
(mod 17), we consider for each k > 0 the equivalence class modulo 17 of Ty (c), which we denote u;. Combining
relations (2.2) and (1.5) we get that (ux)r>0 is a linear recurrence sequence with characteristic polynomial
f(X) = X2 —2¢X + 1. The congruence ¢ = 353 (mod 17) yields that in Fy7, f(X) = (X —3F)(X —37F).
From relation (3.3) we get uy = “k+2°‘7k , where o = 3#_ Since f is odd then the multiplicative order of « equals
16, which gives a8 = —1. To conclude, it is enough to show u; = 0 and u% = —1. We have s = 4 (mod 8).
Then 25 = 8 (mod 16). Hence o* = 8. Thus u; = a~* "‘252“ =a* "‘8;“1. The equality a® = —1 seen

. . 2r —2r .
above, permits to conclude that u; = 0. Let us deal with u,. We have uf = %ﬂ. From « = 3# we obtain

o + o= = 32" 4 372P" The congruence r = +8 (mod 8) with 8 odd give 2rf = +2 (mod 16). Thus
o + a2 =324 372 = 1. Therefore uf = 14—3 = —1.
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Conversely, suppose now
b=0 (mod17), a>=—1 (mod 17) (5.3)

and equation (1.1) possesses a solution in positive integers (1, x). Applying Theorem 5 for p = 17 = 12 + 42,
n is necessarily even, say n = 2n’. Thanks to Lemma 5, there exist positive integers r, s such that

!/
n
a

=x, and " =x,. (5.4)
For k > 0, let u; be the equivalence class modulo 17 of x;. From (3.3), we have u; = “k“;“_k, where « and
o~ ! are the roots of the polynomial f(X) = X 2 _2uX +1inan algebraic closure of Fj7. Let ¢ denote the
multiplicative order of « in [F'17. The hypothesis » = 0 (mod 17) and (5.4) imply that x; = 0 (mod 17), which
assures that the divisibility index of 17 in (xg)> is finite. Thus by Lemma 1, ¢ = 4h (17). Assertion 3 of
Lemma 2 allows to deduce that g | 16. This implies that « is a 16th root of unity in Fy7. It is well-known fact
that IF}; is the set of all 16th roots of unity in [Fy7. That is « € Fy7. Since 3 is a primitive element of 7, there
exists an integer 8 € {0, 1, ..., 15} such that

o =3P, (5.5)

Let us show that 8 is odd and r = 8 (mod 8). From Lemma 7, since {a, b} = {13,239} do not satisfy the
hypothesis (5.3), n’ is necessarily odd. Using once again hypothesis (5.3), it comes a = —1 (mod 17). Then
relation (5.4) gives (u,)2 = —1, which occurs if and only if a?" is one of the roots in Fy7 of X2 +6X + 1 =
(X — 9)(X — 2). In other words, «?" € {32, 372}. This, with (5.5) allow to deduce that 3%# € {32,372}. As
mentioned in the beginning of the proof, the multiplicative order of 3 is 16. This leads to 2 = £2 (mod 16).
It is not difficult to verify that the last congruence holds if and only if 8 is odd and r = +8 (mod 8).

Now let us show that s =4 (mod 8). As B is odd, we can conclude from (5.5) that « is a primitive element
of F17. Therefore, the multiplicative order ¢ of « in 17 is equal to 16. A straight application of Lemma 1 gives
h(17) = 4. Consequently, Lemma 2 with b = 0 (mod 17) yield s =4 (mod 8).

Let us now prove that n = 2. As s is even, say s = 2s’. Relations (3.1) and (5.4) give = Xog/ = 2xs2, — 1.
Suppose n’ > 3. Knowing that b > 1, Lemma 8 gives b = 23, which contradicts the hypothesis 17 | b. Finally,
since we have already proved that n’ is odd, necessarily n’ = 1. Consequently n = 2 and from relation (5.4),
a = xr and b = x;. Byrelation (2.1) we geta = T, (x1),b = T;(x1). Therequested congruence x; = 9 (3/S + 6’3)

(mod 17) may be easily checked by observing that in 7, u; = M =9 (3’3 + 6ﬁ). This completes the
proof of the theorem. O
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