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Abstract Let a, b > 1 be two given unequal integers. In this paper, we examine, under some assumptions on
the residue of a modulo an odd prime factor p of b, the Diophantine equation of the title with positive integer
unknowns n, m and x . For example, we show that it has no solution when p ≡ ±3 (mod 8), a ≡ p−1 (mod 2p)

and b ≡ 3 (mod 4). We also give a necessary and sufficient condition for the existence of solutions with n = m,
when p ≡ ±3 (mod 8), a ≡ −1 (mod p) and when p = 17, a2 ≡ −1 (mod 17).
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1 Introduction

The study of the Diophantine equation of the title has been initiated in 2000 by Szalay [11], who showed that
the equation

(
an − 1

) (
bn − 1

) = x2, (1.1)

where a, b > 1 are two unequal integers, has no solution in positive integers n and x for (a, b) = (2, 3), it has
the only solution (n, x) = (1, 2) for (a, b) = (2, 5), and that for (a, b) = (2, 2k) with k ≥ 2 it has the only
solution k = 2, n = 3, x = 21. In the same year, Hajdu and Szalay [3] noted that for (a, b) = (2, 6) there
is no positive solution to equation (1.1), and for (a, b) of the form (a, ak) with k > 1 and kn > 2 the solutions
are (a, n, k, x) = (2, 3, 2, 21), (3, 1, 5, 22), (7, 1, 4, 120). Shortly afterwards, in 2002, Luca and Walsh [8]
extended the work of the previous authors and proved that the more general equation (ak − 1)(bk − 1) = xn ,
with n > 1, admits finitely many solutions in positive integers (k, n, x). Cohn [2], for his part, proved that when
4 divides n, there is no solution to equation (1.1) except for (a, b) = (13, 239) with n = 4, and conjectured that
equation (1.1) has no solution when n > 4. Moreover, he showed that the case n = 2 occurs in equation (1.1) if
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614 Z. Ameur et al.

and only if a = Tr (c), b = Ts(c) and x = (c2 − 1)Ur−1(c)Us−1(c), for some positive integers c, r and s, where
Tk and Uk are the kth Chebyshev polynomials of the first and the second kind respectively, which can be defined
by T0(X) = 1, T1(X) = X , U0(X) = 1, U1(X) = 2X and for k ≥ 0,

Tk+2(X) = 2XTk+1(X) − Tk(X) and Uk+2(X) = 2XUk+1(X) − Uk(X). (1.2)

Since that, several authors were interested in equation (1.1) for different values of a and b according to their
residue classes modulo 2, 3, 4 or 5. We can cite Le [6], Lan and Szalay [5], Tang [12], Noubissie et al. [10]
and Noubissie and Togbé [9]. In summary, they have proved respectively, that equation (1.1) has no solution in
positive integers n and x if one of the following conditions holds

• a = 2 and b ≡ 0 (mod 3),
• a ≡ 2 (mod 6) and b ≡ 0 (mod 3),
• a ≡ 0 (mod 2) and b ≡ 15 (mod 20),
• a ≡ 0 (mod 2), b is a prime and b ≡ 3 (mod 8),
• a ≡ 0 (mod 2) and b ≡ 3 (mod 12).

In turn, Ishii [4], by the use of the solutions of the Pell’s equation, has given a necessary and sufficient condition
for the existence of positive solutions to equation (1.1) in the case a ≡ 5 (mod 6) and b ≡ 0 (mod 3).

Recall that if d is a non-square positive integer and u +v
√

d is the fundamental solution of the Pell equation

X2 − dY 2 = 1, (1.3)

then the kth solution (xk, yk), with xk ≥ 0 and yk ≥ 0, is given by

xk + yk
√

d =
(

u + v
√

d
)k

, (k ≥ 0). (1.4)

From this, one can verify that (xk)k≥0 and (yk)k≥0 satisfy the Pell-recurrence

xk+2 − 2uxk+1 + xk = 0 and yk+2 − 2uyk+1 + yk = 0, (1.5)

with the initial conditions (x0, x1) = (1, u) and (y0, y1) = (0, v). With this, in 2016, Ishii [4] proved the
following.

Theorem A Suppose that a ≡ 5 (mod 6) and b ≡ 0 (mod 3). Then the equation (1.1) has positive integer
solution (n, x) if and only if (a, b) = (xr , xs) with non-square d ≡ 2 (mod 3) satisfying x1 ≡ 0 (mod 3), r ≡ 2
(mod 4) and s is odd. In this case a solution is (n, x) = (2, dyr ys).

Inspired by this result, Noubissie and Togbé [9] proved the following theorem.

Theorem B Suppose that a ≡ 4 (mod 5) and b ≡ 0 (mod 5). Then equation (1.1) has a positive integer
solution (n, x) if and only if (a, b) = (xr , xs) with non-square d ≡ ±1 (mod 5) satisfying x1 ≡ 0 (mod 5),
r ≡ 2 (mod 4) and s is odd. In this case, the solution is (n, x) = (2, dyr ys).

Walsh [14] treated another variant of equation (1.1). He showed that the equation

(an − 1)(bm − 1) = x2, (1.6)

where a, b > 1 are two unequal integers, has no solution in positive integers n, m and x when a = 2 and b = 3.
This result has been improved by Tang [12] as follows.

Theorem C If a ≡ 2 (mod 6), b ≡ 3 (mod 12), then the Diophantine equation (1.6) has no solution in positive
integers n, m and x.

In the present work, by combining some congruence properties of the solutions of Pell equation, and exploit-
ing results on certain Diophantine equations due to Cohn [2] and Bennett [1], we obtain some new results
concerning equation (1.6). We give in Theorems 2 and 3 a larger collection of positive integers a, b for which
equation (1.1) has no solution in positive integers (n, x). In Theorem 1, we improve Theorems A and B by giving
a necessary and sufficient condition for the existence of solutions to equation (1.1) when a ≡ −1 (mod p) and
p ≡ ±3 (mod 8) is a prime factor of b. In Theorem 4, we extend Theorem C for a ≡ p−1 (mod 2p) and b ≡ 3
(mod 4), where p ≡ ±3 (mod 8) is a prime factor of b. Finally, we investigate in Theorem 5 equation (1.1)
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when a2 ≡ −1 (mod p) and p ≡ 1 (mod 8) is a prime factor of b. Precisely, we show that, in this case, n is
necessarily even and conclude in Theorem 6, that if p = 17 then n = 2 is the unique solution.

This paper is organized as follows. The main results are stated in the next section and their proofs are given
in Sect. 5. In Sect. 3, we establish some useful congruence properties of the solutions of Pell equation, and in
Sect. 4 we present some auxiliary lemmas, which will be useful for the proofs of our main results.

The following notations will be used throughout this paper. We denote by Fq the finite field of q elements,
F

∗
q the multiplicative group of non-zero elements of Fq , Fq an algebraic closure of Fq and by ν2(t) the 2-adic

valuation of the integer t , that is, the exponent of the largest power of 2 dividing t . If p is an odd prime,
(

a
p

)

denotes the Legendre symbol of a modulo p. It should be useful to recall that
(

2
p

)
= 1 if and only if p ≡ ±1

(mod 8).

2 Main results

Theorem 1 Let p ≡ ±3 (mod 8) be a prime number. Equation (1.1) has a solution in positive integers (n, x)

with b ≡ 0 (mod p) and a ≡ −1 (mod p) if and only if there exist positive integers i, j and c such that
a = T4i−2(pc) and b = T2 j−1(pc). In this case the unique solution in positive integers is n = 2.

According to the recurrence relations (1.5) and (1.2), since (x1, x2) = (T1(u), T2(u)) and (y1, y2) =
(vU0(u), vU1(u)), we deduce the following known relations between Chebyshev polynomials and the kth solu-
tion sequence of the Pell equation

xk = Tk(u) and yk = y1Uk−1(u), k ≥ 1. (2.1)

Conversely, for any integer c > 1, let (xk, yk) be the kth solution in positive integers to the Pell equation
X2 − (

c2 − 1
)

Y 2 = 1. Since (c, 1) is its fundamental solution, from (2.1) we have

Tk(c) = xk and Uk−1(c) = yk . (2.2)

In other words, for any integer c > 1,

T 2
k (c) − (c2 − 1)U 2

k−1(c) = 1. (2.3)

Applying Theorem 1 when p ∈ {3, 5}, gives immediately Theorems A and B.

Theorem 2 If there exist a prime factor p of b and an integer t such that p ≡ ±3 (mod 8), 1 ≤ t ≤ 2p − 1
and a ≡ tp − 1 (mod 2p2) then equation (1.1) has no solution in positive integers (n, x).

Remark 1 Note that Theorem 2 remains true if instead of a ≡ tp − 1 (mod 2p2) with 1 ≤ t ≤ 2p − 1, it is
assumed that a ≡ p − 1 (mod 2p). Indeed, if p is an odd prime and a is an integer satisfying the congruence
a ≡ p − 1 (mod 2p), then a = p − 1 + 2pk for some integer k. Let r be the remainder in the division of k by
p and t = 2r + 1. Then it is not difficult to show that 1 ≤ t ≤ 2p − 1 and a ≡ tp − 1 (mod 2p2).

In virtue of the previous remark, Theorem 2 gives in the particular case p ∈ {3, 5}, the following two assertions,
due respectively to Lan and Szalay [5] and Noubissie and Togbé [9].

Corollary 1 Suppose that one of the following conditions is satisfied

(1) a ≡ 2 (mod 6) and b ≡ 0 (mod 3),
(2) a ≡ 4 (mod 10) and b ≡ 0 (mod 5).

Then equation (1.1) has no solution in positive integers (n, x).

Theorem 3 Suppose that a ≡ 0 (mod 2), b ≡ 3 (mod 4) and b possesses a prime factor p ≡ ±3 (mod 8).
Then equation (1.1) has no solution in positive integers (n, x).

In the case p ∈ {3, 5}, Theorem 3 gives the following three assertions due respectively to Tang [12,
Theorem 1], Noubissie et al. [10, Theorem 2] and Noubissie and Togbé [9, Theorem 1.1].

Corollary 2 Suppose that one of the following conditions is satisfied
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(1) a ≡ 0 (mod 2) and b ≡ 15 (mod 20),
(2) a ≡ 0 (mod 2), b is a prime and b ≡ 3 (mod 8),
(3) a ≡ 0 (mod 2) and b ≡ 3 (mod 12).

Then equation (1.1) has no solution in positive integers (n, x).

The following theorem is an improvement of Theorem C and the result of Walsh [14, Theorem 1] on
equation (1.6).

Theorem 4 Suppose that b ≡ 3 (mod 4) and b has a prime factor p ≡ ±3 (mod 8) such that a ≡ p − 1
(mod 2p). Then equation (1.6) has no solution in positive integers (n, m, x).

It is worth observing that in all the previous results we have made the assumption that a ≡ −1 (mod p) or
b ≡ −1 (mod 4) with the aim of excluding the case n odd. In the next results, also in order to exclude the case n
odd, we consider the situation where a2 ≡ −1 (mod p). It should be pointed [7, Proposition 1.2, p.2] that such
a congruence is possible if and only if p ≡ 1 (mod 4), which is equivalent to p is a sum of two squares.

Suppose that p ≡ 1 (mod 4) is a prime number. Then there exist positive integers A and B with A odd such
that p = A2 + B2. Clearly A ∈ {1, . . . , p −1}. Hence A admits an inverse modulo p which we denote abusively
by 1

A . Let ι be the unique integer in {0, 1, . . . , p − 1} satisfying

ι ≡ B
A (mod p). (2.4)

Then ι2 ≡ P−A2

A2 ≡ p
A2 − 1 (mod p), which gives

ι2 ≡ −1 (mod p). (2.5)

Theorem 5 Let p = A2 + B2 ≡ 1 (mod 8) be a prime factor of b with A + B ≡ ±3 (mod 8). If a2 ≡ −1
(mod p), then equation (1.1) has no solution (n, x) with n odd.

Remark 2 It is worthwhile noting that the condition A + B ≡ ±3 (mod 8), when we assume the weaker
condition p ≡ 1 (mod 4), is not sufficient to exclude the case n odd, even if a2 ≡ −1 (mod p). Indeed, for
p = 5, a = (1 + 5k)2 + 1 and b = (2 + 5�)2 + 1, where k and � are any integers, n = 1 is obviously an odd
solution to equation (1.1).

By applying Theorem 5 in the case p = 17, we get the following.

Theorem 6 Equation (1.1) has a solution in positive integers (n, x) under the assumptions b ≡ 0 (mod 17) and
a2 ≡ −1 (mod 17) if and only if there exist positive integers r, s, c and an odd integer β such that a = Tr (c),
b = Ts(c) with c ≡ 9

(
3β + 6β

)
(mod 17), r ≡ ±β (mod 8) and s ≡ 4 (mod 8). In this case the unique

solution in positive integers is n = 2.

Example 1 Since (1062 − 1)(1022 − 1) = 3 · 5 · 7 · 101 · 103 · 107 is not a perfect square, Theorem 6 shows that
the equation (106n − 1)(102n − 1) = x2 has no solution in positive integers (n, x).

3 Congruence properties of the solutions of Pell equation

Let d be a positive non-square integer, and let (xk, yk) be the kth solution sequence of the Pell equation (1.3)

defined in relation (1.4). Using the relation xtk + ytk
√

d =
(

xk + yk
√

d
)t

, it is easy to verify that

x2k = 2x2
k − 1 (3.1)

and

ytk = yk

⌊
t−1

2

⌋

∑

j=0

(
t

2 j + 1

)
xt−2 j−1

k y2 j
k d j . (3.2)

Let p be a prime number. The divisibility index of p in (xk)k≥0 noted h(p) or simply h if p is fixed, is
defined to be the smallest positive integer h for which p | xh . If, for all k, p � xk then h(p) is set to be ∞. In
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2010, Lan and Szalay [5, Lemma 1] proved that if p ∈ {2, 3, 5} then h(p) equals 1 or ∞. They noted that this
feature is not valid longer in its form for p ≥ 7 since, for instance, the fundamental solution to X2 − 3Y 2 = 1 is
(x1, y1) = (2, 1), 7 | x2 = 7 but 7 � x1. In this section, we will investigate the possible values of h(p) and some
congruences of xk modulo a prime number p, which enable us to improve the above result of Lan and Szalay.

Let us, therefore, consider in Fp the sequence uk defined as the residue class of xk modulo p. Clearly, from
relation (1.5), (uk)k≥0 is the unique sequence in Fp satisfying the linear recurrence, for which the characteristic
polynomial is f (X) = X2 − 2u X + 1, with the initial conditions u0 = 1 and u1 is the residue class of u modulo
p. Since the constant term of f is equal to 1, let α and α−1 be the two roots of f in Fp. One can easily verify

that when p is odd, both (uk)k≥0 and
(

αk+α−k

2

)

k≥0
satisfy the same recurrence relation with the same initial

conditions, while when p = 2 the sequences (uk)k≥0 and (1 + k + ku)k≥0 satisfy also the same recurrence
relation with the same initial conditions, which means that for k ≥ 0

{
uk = αk+α−k

2 if p > 2,

uk = 1 + k + ku if p = 2.
(3.3)

Let q denotes the order of α in Fp
∗
. With this we have the following lemma.

Lemma 1 Suppose p odd. Then either h(p) = ∞ or 4h(p) = q.

Proof Suppose h(p) 	= ∞. Put h = h(p). The fact p | xh gives uh = 0. Then, by relation (3.3) we obtain

αh + α−h = 0. (3.4)

Thus
(
αh

)2 = −1 which is obviously different from 1. Whence (αh)2 	= 1 and (αh)4 = 1. Consequently αh is

an element of order 4 belonging to the subgroup of Fp
∗

generated by α, which, as previously stated, is of order q.
We deduce therefore that 4 | q. It remains to show that h = q

4 . In one hand, relation (3.4) yields α4h = 1 which

implies q ≤ 4h. In the other hand, since
(
α

q
2

)2 = 1 and q is the smallest power of α which gives 1, necessarily

α
q
2 = −1. Thus u q

4
= 1

2α
−q
4

(
α

q
2 + 1

)
= 0. Hence p | x q

4
. Consequently h ≤ q

4 . 
�
Lemma 2 Suppose that h = h(p) < ∞. Then the following claims hold.

(1) xk ≡ ±1 (mod p) if and only if k ≡ 0 (mod 2h). In this case xk ≡ (−1)
k

2h (mod p).
(2) xk ≡ 0 (mod p) if and only if k ≡ h (mod 2h).
(3) If p is odd then 4h divides either (p − 1) or (p + 1).

Proof First, suppose p = 2. From (3.3) we have u2k = 1 and u2k+1 = u1. Since uh = 0 then necessarily h is
odd and so uh = u1 = 0. Hence h = 1,

x2k ≡ 1 (mod 2) and x2k+1 ≡ 0 (mod 2). (3.5)

Now let us deal with the case p odd. In this case, Lemma 1 asserts that α is of order 4h and consequently
α2h = −1.

(1) By the use of relation (3.3), it is easy to verify that the congruence xk ≡ ±1 (mod p) is equivalent to(
αk ± 1

)2 = 0. The equality αk = 1 holds if and only if k is a multiple of 4h the order of α in Fp
∗
, while

αk = −1 occurs if and only if k ≡ 2h (mod 4h).
(2) By using once again relation (3.3), xk ≡ 0 (mod p) is equivalent to α2k = −1. This later equality takes

place if and only if 2k ≡ 2 h (mod 4 h) which is clearly equivalent to k ≡ h (mod 2 h).
(3) As α and α−1 are the two roots of f (X) = X2 − 2u X + 1 in Fp. By applying the Frobenius map, we see that

the conjugate α p of α is also a root of f . Thus two cases arise according to whether α p = α or α p = α−1. In
the first case α p−1 = 1, which implies 4h | (p − 1), while in the second case α p+1 = 1 gives 4h | (p + 1).


�
Remark 3 We deduce from assertion 3 of Lemma 2 that 4h(p) divides p − 1 if p ≡ 1 (mod 4) and 4 h(p)

divides p + 1 when p ≡ −1 (mod 4).
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Now, let us examine the previous lemma when p ∈ {2, 3, 5}. Suppose that h(p) < ∞. For p = 2, whether
xk is odd or even, combining the first and the second assertions of Lemma 2 gives h(2) divides k. Thus, as k is
arbitrary, we have necessarily h(2) = 1. When p ∈ {3, 5}, from the previous remark, it is immediately seen that
h(3) = h(5) = 1. In conclusion, if p ∈ {2, 3, 5} and p divides some xk then p divides x1. We obtain therefore
the result of Lan and Szalay [5, Lemma 1 (iv)].

Lemma 3 If there exist positive integers s, r such that xs ≡ 0 (mod p), xr ≡ ±1 (mod p) and gcd(yr , ys) = 1,
then for any integer k, x2k+1 ≡ 0 (mod p) and x2k ≡ (−1)k (mod p).

Proof By Lemma 2, there exists a positive integer h such that s ≡ h (mod 2h) and r ≡ 0 (mod 2h). Thus
h | r and h | s. This fact, together with relation (3.2) implies yh divides both yr and ys . Since gcd(yr , ys) = 1
we must have yh = 1. It is well-known and one can easily see from (1.4) that (yk)k≥1 is a strictly increasing
positive integer sequence. So necessarily h = 1. To complete the proof, it suffices to apply Lemma 2 to obtain
x2k ≡ (−1)k (mod p) and x2k+1 ≡ 0 (mod p). 
�

4 Lemmas

In this section, we will state some lemmas which are used in the proofs of the main results. We first begin by
examining some consequences of the results of the previous section. According to relation (2.2), Lemma 2 can be
applied to the sequence (Tk(c))k≥0, where c > 1 is any integer. Thus, we immediately get the following lemma,
which is given without proof.

Lemma 4 Let p be a prime number and c a positive integer. Let h = h(p) be the divisibility index of p in
(Tk(c))k≥0 and suppose that h 	= ∞. Then the following statements hold.

(1) Tk(c) ≡ 1 (mod p) if and only if k ≡ 0 (mod 4h).
(2) Tk(c) ≡ −1 (mod p) if and only if k ≡ 2h (mod 4h).
(3) Tk(c) ≡ 0 (mod p) if and only if k ≡ h (mod 2h).
(4) If p | c then h = 1 and for any positive integer k

T2k−1(c) ≡ 0 (mod p) and T2k(c) ≡ (−1)k (mod p). (4.1)

Lemma 5 If equation (1.6) has a solution in positive integers (n, m, x) with n = 2n′ and m = 2m′ even, then
there exist positive integers r and s such that an′ = xr , bm′ = xs and gcd(yr , ys)=1, where for each k ≥ 0,
(xk, yk) is the kth solution of some Pell equation X2 − dY 2 = 1.

Proof Suppose that equation (1.6) possesses a positive solution
(
2n′, 2m′, x

)
. Let d = gcd

(
a2n′ − 1, b2m′ − 1

)
.

Then there exist positive integers w, z such that a2n′ −1 = dw2, b2m′ −1 = dz2 and gcd (w, z) = 1. Since a > 1
and a2n′ −dw2 = 1, then d cannot be a perfect square. Consider the Pell equation X2−dY 2 = 1, and let for k ≥ 0,

(xk, yk) its kth solution defined in (1.4). Whence there exist positive integers r, s such that
(

an′
, w

)
= (xr , yr )

and
(

bm′
, z

)
= (xs, ys). The equality gcd(yr , ys) = 1 follows right-away from gcd (w, z) = 1. 
�

Now, we will establish a lemma concerning the Legendre symbol
(

1±ι
p

)
where ι is the primitive 4th root of

unity in Fp defined by (2.4). For this, we need the following congruence

2
p−1

4 ≡ ι
AB
2 (mod p), (4.2)

which has been proved by Dirichlet as a consequence of his work on biquadratic reciprocity. The proof can be
found in [7, Proposition 5.3, p.155].

Lemma 6 Let p = A2 + B2 be an odd prime and suppose that A is odd. Let ι be an integer such that ι ≡ B
A

(mod p). Then
(

1+ι
p

)
= (−1)

(A+B)2−1
8 and

(
1−ι

p

)
= (−1)

(A−B)2−1
8 .
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Proof Recall that for any integer c,
(

c
p

)
≡ c

p−1
2 (mod p). Put ε = ±1 and let us show that (−1)

(A+εB)2−1
8 ≡

(1 + ει)
p−1

2 (mod p). From relation (2.5), ι is invertible modulo p and its inverse is denoted abusively by ι−1.
Clearly

ει ≡ ιε (mod p). (4.3)

First, we directly obtain from p = A2 + B2 and −1 ≡ (ει)2 (mod p) that (−1)
(A+εB)2−1

8 ≡ (ει)
p−1

4 (ει)
ε AB

2

(mod p). From relation (4.3) we have (ει)
ε AB

2 ≡ ι
AB
2 (mod p). Then by the use of congruence (4.2) we get

(−1)
(A+εB)2−1

8 ≡ (2ει)
p−1

4 (mod p). To conclude, it suffices to note that (1 + ει)2 ≡ 2ει (mod p). 
�
We announce here two lemmas which are needed in the proof of Theorem 1. Their proofs can be found in

[2, Result 2] and [1, Proposition 8.1] respectively.

Lemma 7 There is no solution to equation (1.1) with 4 | n, except for {a, b} = {13, 239} with n = 4.

Lemma 8 The Diophantine equation 2x2 − 1 = yn has only the solutions (x, y, n) = (1, 1, n) and (x, y, n) =
(78, 23, 3) in positive integers x, y and n with n ≥ 3.

Let us mention that the equation 2x2 − 1 = y3, which corresponds to n = 3 in Lemma 8, has been solved
in 1972 by Van der Waal [13].

Now we have all the necessary tools to prove our main results.

5 Proofs of the main results

Proof of Theorem 1 Suppose that there exist positive integers i, j and c such that a = T4i−2(pc) and
b = T2 j−1(pc). First, relation (4.1) gives immediately a ≡ −1 (mod p) and b ≡ 0 (mod p). Then from
relation (2.3) it comes

(
2,

(
p2c2 − 1

)
U4i−3(pc)U2 j−2(pc)

)
is a solution to equation (1.1).

Conversely, suppose that b ≡ 0 (mod p), a ≡ −1 (mod p), and equation (1.1) possesses a solution in

positive integers (n, x). For n odd, reducing equation (1.1) modulo p gives that the Legendre symbol
(

2
p

)
equals

1, which contradicts the fact p ≡ ±3 (mod 8). Therefore, n is necessarily even. Let n = 2n′. From Lemma 5,
there exist positive integers r, s such that an′ = xr , bn′ = xs and gcd(yr , ys) = 1, where for each k ≥ 0, (xk, yk)

is the kth solution of some Pell equation

X2 − dY 2 = 1. (5.1)

Further, we deduce from b ≡ 0 (mod p) and a ≡ −1 (mod p) that xs ≡ 0 (mod p), xr ≡ ±1 (mod p).
Since gcd(yr , ys) = 1, Lemma 3 yields p | x1, s = 2 j − 1 is odd and r = 2i is even. By relation (2.1) we get
an′ = T2i (x1) and bn′ = T2 j−1(x1). Thus, from the hypothesis a ≡ −1 (mod p) and relation (4.1) it comes
(−1)n′ ≡ (−1)i (mod p). We can deduce easily that i is necessarily odd if one proves that n′ equals 1. Now, let
us show that n′ = 1. For this, we will use the same reasoning as used in [4,9,10].

Suppose for the moment n′ ≥ 3. As seen above an′ = x2i , consequently, the recurrence relation (3.1) gives
an′ = 2x2

i − 1. Knowing that a > 1, Lemma 8 gives a = 23, xi = 78 and n′ = 3. We deduce from the fact that
(xi , yi ) is a solution of equation (5.1) that necessarily d = 6083 = 7×11×79 and yi = 1. It follows that (78, 1)

is the fundamental solution of the Pell equation X2 − 6083Y 2 = 1. In other words x1 = 78. From relation (1.5)
the sequence (xk)k≥0 satisfies the recurrence relation xk+2 = 156xk+1 − xk . Whence its reduction modulo 156
gives xk+2 ≡ −xk (mod 156). Thus for any integer k ≥ 0, x2k ≡ (−1)k x0 (mod 156) and x2k+1 ≡ (−1)k x1
(mod 156). Since s is odd and x1 = 78, then there exists an integer � such that xs = 78+156� = 2×39(1+2�).
This implies immediately ν2(xs) = 1. This contradicts the fact that xs = b3 is a cube.

Therefore, we may assume n′ < 3. The case n′ = 2 is easily dismissed. Indeed, by Lemma 7, equation(
a4 − 1

) (
b4 − 1

) = x2 can only be satisfied when {a, b} = {13, 239}. However 13 and 239 are both prime
numbers with 13 	≡ −1 (mod 239) and 239 	≡ −1 (mod 13). Finally, we conclude that n′ = 1. This completes
the proof. 
�
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Proof of Theorem 2 Suppose that equation (1.1) has a solution. The hypothesis a ≡ tp − 1 (mod 2p2) implies
a ≡ −1 (mod p). Hence by Theorem 1, there exist positive integers i and c such that a = T4i−2(pc). This gives,
by the use of relations (2.2) and (3.1) a = 2T 2

2i−1(pc) − 1. Therefore from relation (4.1) we obtain a ≡ −1
(mod 2p2). Then by using once again the hypothesis a ≡ tp − 1 (mod 2p2) we get tp ≡ 0 (mod 2p2). This
is clearly equivalent to 2p | t , which contradicts the condition 1 ≤ t ≤ 2p − 1. 
�
Proof of Theorem 3 Suppose that equation (1.1) possesses a solution in positive integers (n, x). For n odd,
reducing equation (1.1) modulo 4 provides the absurdity 2 is a quadratic residue modulo 4. We can therefore
assume that n = 2n′ is even, say n = 2n′. From Lemma 5, there exist positive integers r, s such that an′ = xr

and bn′ = xs . Thus the hypothesis a even implies that the divisibility index of 2 in the sequence (xk)k≥0 is finite.
Relation (3.5) assures that for each k ≥ 0, x2k is odd and x2k+1 is even. Since b is odd, then xs must be odd,
which implies that s = 2s′ is even. Hence, by relation (3.1) it comes bn′ = 2x2

s′ − 1, whose reduction modulo p

yields
(

2
p

)
equals 1. This contradicts the fact p ≡ ±3 (mod 8). 
�

Proof of Theorem 4 Suppose that equation (1.6) possesses a solution in positive integers (n, m, x). For m odd,
reducing equation (1.6) modulo 4 gives the contradiction 2 is a quadratic residue modulo 4. On the other hand,

by reducing equation (1.6) modulo p, when n is odd we obtain that the Legendre symbol
(

2
p

)
equals 1, which

contradicts the fact that p ≡ ±3 (mod 8). Therefore, n and m are necessarily even. Let n = 2n′, m = 2m′.
Lemma 5 assures the existence of positive integers r, s such that an′ = xr and bm′ = xs . The hypothesis a ≡ p−1
(mod 2p) and p odd give that a is even and consequently xr is also even, which implies that the divisibility
index of 2 in the sequence (xk)k≥0 is finite. Relation (3.5) assures that for each k ≥ 0, x2k is odd and x2k+1 is
even. Then since b is odd, s = 2 s′ is even. Hence, by relation (3.1) we obtain bm′ = 2x2

s′ − 1 and its reduction

modulo p provides once again the absurdity
(

2
p

)
= 1 with p ≡ ±3 (mod 8). 
�

Proof of Theorem 5 Let p = A2 + B2 ≡ 1 (mod 8) be a prime number. Without lost of generality, we can
suppose that A is odd. Then necessarily A2 ≡ 1 (mod 8). Hence B2 ≡ 0 (mod 8), which is equivalent to

A − B ≡ A + B (mod 8). Combining this with the hypothesis A + B ≡ ±3 (mod 8), it follows that (A±B)2−1
8

is odd. Let ι be the integer defined in (2.4). A straight application of Lemma 6 yields

(
1+ι

p

)
=

(
1−ι

p

)
= −1. (5.2)

Moreover, since a2 ≡ −1 (mod p), then from (2.5) a2 ≡ ι2 (mod p), which occurs if and only if a ≡ ±ι

(mod p). Suppose now that equation (1.1) possesses a solution in positive integers (n, x) with n odd. From
relation (2.5), the reduction of equation (1.1) modulo p gives (±ι+1) ≡ x2 (mod p). Thus one of the Legendre

symbols
(

1+ι
p

)
or

(
1−ι

p

)
is necessarily equal to 1. This contradicts (5.2). Therefore, n is even. 
�

Proof of Theorem 6 We begin by recalling some useful properties of F17. In all what follows F17 is identified
with the set {0, 1, . . . , 16}. Note that 3 is a primitive element of F17. In other words, 3 is a generator of the
multiplicative group F

∗
17. Moreover, for any odd integer β, 3β is also a primitive element, 6 = 3−1 and 2 = 3−2.

Suppose first that there exist positive integers r, s, c and an odd integer β such that a = Tr (c), b = Ts(c)

with r ≡ ±β (mod 8), s ≡ 4 (mod 8) and c ≡ 3β+3−β

2 (mod 17). From relation (2.3) we easily verify
that

(
2,

(
c2 − 1

)
Ur−1(c)Us−1(c)

)
is a solution to equation (1.1). To show that a2 ≡ −1 (mod 17) and b ≡ 0

(mod 17), we consider for each k ≥ 0 the equivalence class modulo 17 of Tk(c), which we denote uk . Combining
relations (2.2) and (1.5) we get that (uk)k≥0 is a linear recurrence sequence with characteristic polynomial

f (X) = X2 −2cX +1. The congruence c ≡ 3β+3−β

2 (mod 17) yields that in F17, f (X) = (X −3β)(X −3−β).

From relation (3.3) we get uk = αk+α−k

2 , where α = 3β . Since β is odd then the multiplicative order of α equals
16, which gives α8 = −1. To conclude, it is enough to show us = 0 and u2

r = −1. We have s ≡ 4 (mod 8).

Then 2s ≡ 8 (mod 16). Hence α2s = α8. Thus us = α−s α2s+1
2 = α−s α8+1

2 . The equality α8 = −1 seen

above, permits to conclude that us = 0. Let us deal with ur . We have u2
r = α2r +α−2r +2

4 . From α = 3β we obtain
α2r + α−2r = 32βr + 3−2βr . The congruence r ≡ ±β (mod 8) with β odd give 2rβ ≡ ±2 (mod 16). Thus
α2r + α−2r = 32 + 3−2 = 11. Therefore u2

r = 13
4 = −1.
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Conversely, suppose now

b ≡ 0 (mod 17), a2 ≡ −1 (mod 17) (5.3)

and equation (1.1) possesses a solution in positive integers (n, x). Applying Theorem 5 for p = 17 = 12 + 42,
n is necessarily even, say n = 2n′. Thanks to Lemma 5, there exist positive integers r, s such that

an′ = xr and bn′ = xs . (5.4)

For k ≥ 0, let uk be the equivalence class modulo 17 of xk . From (3.3), we have uk = αk+α−k

2 , where α and
α−1 are the roots of the polynomial f (X) = X2 − 2u X + 1 in an algebraic closure of F17. Let q denote the
multiplicative order of α in F17. The hypothesis b ≡ 0 (mod 17) and (5.4) imply that xs ≡ 0 (mod 17), which
assures that the divisibility index of 17 in (xk)k≥0 is finite. Thus by Lemma 1, q = 4h (17). Assertion 3 of
Lemma 2 allows to deduce that q | 16. This implies that α is a 16th root of unity in F17. It is well-known fact
that F

∗
17 is the set of all 16th roots of unity in F17. That is α ∈ F17. Since 3 is a primitive element of F17, there

exists an integer β ∈ {0, 1, . . . , 15} such that

α = 3β. (5.5)

Let us show that β is odd and r ≡ ±β (mod 8). From Lemma 7, since {a, b} = {13, 239} do not satisfy the
hypothesis (5.3), n′ is necessarily odd. Using once again hypothesis (5.3), it comes a2n′ ≡ −1 (mod 17). Then
relation (5.4) gives (ur )

2 = −1, which occurs if and only if α2r is one of the roots in F17 of X2 + 6X + 1 =
(X − 9)(X − 2). In other words, α2r ∈ {32, 3−2}. This, with (5.5) allow to deduce that 32rβ ∈ {32, 3−2}. As
mentioned in the beginning of the proof, the multiplicative order of 3 is 16. This leads to 2rβ ≡ ±2 (mod 16).
It is not difficult to verify that the last congruence holds if and only if β is odd and r ≡ ±β (mod 8).

Now let us show that s ≡ 4 (mod 8). As β is odd, we can conclude from (5.5) that α is a primitive element
of F17. Therefore, the multiplicative order q of α in F17 is equal to 16. A straight application of Lemma 1 gives
h(17) = 4. Consequently, Lemma 2 with b ≡ 0 (mod 17) yield s ≡ 4 (mod 8).

Let us now prove that n = 2. As s is even, say s = 2s′. Relations (3.1) and (5.4) give bn′ = x2s′ = 2x2
s′ − 1.

Suppose n′ ≥ 3. Knowing that b > 1, Lemma 8 gives b = 23, which contradicts the hypothesis 17 | b. Finally,
since we have already proved that n′ is odd, necessarily n′ = 1. Consequently n = 2 and from relation (5.4),
a = xr and b = xs . By relation (2.1) we get a = Tr (x1), b = Ts(x1). The requested congruence x1 ≡ 9

(
3β + 6β

)

(mod 17) may be easily checked by observing that in F17, u1 = 3β+3−β

2 = 9
(
3β + 6β

)
. This completes the

proof of the theorem. 
�

Acknowledgements The authors are sincerely thankful to the anonymous referee for the careful reading of the paper and the expert
suggestions which improved the quality and the presentation of the paper, and to the editor, for his valuable editorial work. This
work was supported by the grant of the DGRSDT, Algeria.

References

1. Bennett, M. A. and Skinner, C. M. (2004). Ternary Diophantine equations via Galois representations and modular forms. Can.
J. Math., 56(1), 23–54. https://doi.org/10.4153/CJM-2004-002-2

2. Cohn, J. H. E. (2002). The Diophantine equation (an − 1)(bn − 1) = x2. Period. Math. Hung., 44(2), 169–175. https://doi.org/
10.1023/a:1019688312555

3. Hajdu, L. and Szalay, L. (2000). On the Diophantine equations (2n − 1)(6n − 1) = x2 and (an − 1)(akn − 1) = x2. Period.
Math. Hung., 40(2), 141–145. https://doi.org/10.1023/A:1010335509489

4. Ishii, K. (2016). On the expontential Diophantine equation (an − 1)(bn − 1) = x2. Publ. Math. Debrecen, 89(1-2), 253–256.
https://doi.org/10.5486/PMD.2016.7578

5. Lan, L. and Szalay, L. (2010). On the exponential diophantine equation (an − 1)(bn − 1) = x2. Publ. Math. Debrecen, 77(3-4),
465–470. https://doi.org/10.5486/PMD.2010.4697

6. Le, M. (2009). A note on the exponential Diophantine equation (2n −1)(bn −1) = x2. Publ. Math. Debrecen, 74(3-4), 401–403.
https://doi.org/10.5486/PMD.2009.4457

7. Lemmermeyer, F. (2000). Reciprocity laws. From Euler to Eisenstein. Berlin: Springer.
8. Luca, F. and Walsh, P. G. (2002). The product of like-indexed terms in binary recurrences. J. Number Theory, 96(1), 152–173.

https://doi.org/10.1006/jnth.2002.2794
9. Noubissie, A. and Togbé, A. (2019). A note on the exponential Diophantine equation (an − 1)(bn − 1) = x2. Ann. Math.

Inform., 50, 159–165. https://doi.org/10.33039/ami.2019.11.002

123



622 Z. Ameur et al.

10. Noubissie, A., Togbé, A., and Zhang, Z. (2020). On the exponential Diophantine equation (an − 1)(bn − 1) = x2. Bull. Belg.
Math. Soc. - Simon Stevin, 27(2), 161–166. https://doi.org/10.36045/bbms/1594346413

11. Szalay, L. (2000). On the diophantine equation (2n − 1)(3n − 1) = x2. Publ. Math. Debrecen, 57(1-2), 1–9. https://doi.org/10.
5486/PMD.2000.2069

12. Tang, M. (2011). A note on the exponential Diophantine equation (am −1)(bn −1) = x2. J. Math. Res. Expo., 31(6), 1064–1066.
https://doi.org/10.3770/j.issn:1000-341X.2011.06.014

13. Van der Waall, R. W. (1972). On the Diophantine equations x2 + x + 1 = 3v2, x3 − 1 = 2y2, x3 + 1 = 2y2. Simon Stevin, 46,
39–51.

14. Walsh, P. G. (2000). On Diophantine equations of the form (xn − 1)(ym − 1) = z2. Tatra Mt. Math. Publ., 20, 87–89.

Springer Nature or its licensor (e.g. a society or other partner) holds exclusive rights to this article under a publishing agreement
with the author(s) or other rightsholder(s); author self-archiving of the accepted manuscript version of this article is solely governed
by the terms of such publishing agreement and applicable law.

123



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 600
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.01667
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 600
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 2.03333
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 2250
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (sRGB IEC61966-2.1)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<


    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200036002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200036002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /ESP <>
    /ETI <>
    /FRA <>



    /HUN <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 6.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200036002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 6.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>


    /SKY <>

    /SUO <>
    /SVE <>
    /TUR <>

    /DEU <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


		2024-04-24T14:29:40+0530
	Preflight Ticket Signature




