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Abstract Let R be a unital ring. We show that under suitable assumptions every generalized Jordan n-derivation
f : R → R is of the form f (x) = λx + d(x), where λ ∈ Z(R) and d : R → R is a Jordan derivation. As an
application, we give a description of generalized Jordan n-derivations on semiprime rings and rings containing
nontrivial idempotens, such as triangular rings and matrix rings.

Keywords Generalized Jordan n-derivation · Jordan derivation · Derivation · Centralizer · Unital ring

Mathematics Subject Classification 16W25 · 16W10

1 Introduction

Throughout this note let R be an associative unital ring. The center of R will be denoted by Z (R). A ring R is
said to be n-torsion free, if whenever nx = 0, with x ∈ R, then x = 0. An additive map ϕ : R → R is called a
centralizer if ϕ (xy) = ϕ (x) y = xϕ (y) for all x, y ∈ R. A derivation of R is an additive map d : R → R which
satisfies d (xy) = d (x) y + xd (y) for all x, y ∈ R. Let x ◦ y = xy + yx denote the Jordan product of elements
x, y ∈ R. An additive map d of R is a Jordan derivation if d is a derivation for Jordan product and similarly an
additive map ϕ of R is a Jordan centralizer if it is a centralizer for Jordan product.

Set p1 (x) = x and

pn (x1, x2, ..., xn) = pn−1 (x1, x2, ..., xn−1) ◦ xn for all integers n ≥ 2.

Thus, p2 (x1, x2) = x1 ◦ x2, p3 (x1, x2, x3) = (x1 ◦ x2) ◦ x3, etc. Let n ≥ 2 be an integer. Following [9,11], we
define that an additive map f : R → R is said to be a generalized Jordan n-derivation if there exists a map
d : R → R such that

f (pn (x1, x2, ..., xn)) = pn ( f (x1), x2, ..., xn) +
n∑

i=2

pn (x1, ..., d (xi ) , ..., xn) (1)
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for all x1, x2, ..., xn ∈ R. In particular, a generalized Jordan 2-derivation is an additive map f associated with a
map d that satisfies

f (x1 ◦ x2) = f (x1) ◦ x2 + x1 ◦ d(x2) (2)

for all x1, x2 ∈ R. If f = d and (1) holds, then f is a Jordan n-derivation. Clearly, any generalized Jordan
2-derivation is a generalized Jordan n-derivation for all n ≥ 2. Therefore, any Jordan derivation d : R → R is
an example of a generalized Jordan n-derivation (set f = d in (2)). On the other hand, any Jordan centralizer
ϕ : R → R is an example of a generalized Jordan n-derivation (set f = ϕ and d = 0 in (2)). These types
of maps and their sums are standard examples of generalized Jordan n-derivations. We expect that in several
settings these maps are basically the only examples of generalized Jordan n-derivations.

The main motivation for our study primarily comes from papers [9,11]. Qi, Guo and Zhang [11] introduced
the concept of Jordan n-derivations and they proved that if R is a unital ring containing a nontrivial idempotent,
then under certain conditions every multiplicative Jordan n-derivation f on R is additive and furthermore, f is
a Jordan derivation (see [11, Theorem 2.1, Theorem 3.1]). Recently, Liang [9] introduced a generalized Jordan
n-derivation of an algebra A as a linear map f that satisfies (1), where an associated linear map d is a Jordan
n-derivation. He showed (see [9, Theorem 1]) that under certain conditions on a unital algebra A containing a
nontrivial idempotent, every generalized Jordan n-derivation f : A → A is of the form f (x) = λx + d (x),
x ∈ A, where λ ∈ Z (A) and d : A → A is a Jordan derivation. Let us emphasize that in this note we do not
require any assumption on the associated map d in (1). Therefore, this problem is more interesting and needs to
be addressed with new methods. On the other hand, (generalized) Jordan n-derivations can be seen as an analogy
of the concept of (generalized) Lie n-derivations. These maps have been studied on various rings and algebras
[1–3,5,7,10,12,13]. As a final motivation, we should also mention the paper [8], where mappings satisfying (2)
were considered on triangular algebras.

The basic observation of this note is Proposition 2.1. Let R be a unital ring which is 2-torsion free and (n − 1)-
torsion free. Then any generalized Jordan n-derivation of R is a generalized Jordan 2-derivation. The main results
are Theorem 2.2 and Theorem 2.5. Theorem 2.2 characterizes generalized Jordan n-derivations on rings where
Z (R) = {λ ∈ R | [λ, [x, y]] = 0 for all x, y ∈ R} and Theorem 2.5 characterizes Jordan n-derivations on unital
rings that possess a nontrivial idempotent. In the mentioned cases, under assumptions that R is 2-torsion free
and (n − 1)-torsion free, every generalized Jordan n-derivation f : R → R has the expected form f = ϕ + d,
where ϕ : R → R is a centralizer and d : R → R is a Jordan derivation. Here, Theorem 2.5 is a significant
improvement of the result [9, Theorem 1]. It is well known that matrix rings, triangular rings and semiprime
rings are examples of rings, where all Jordan derivations are derivations. As an application of the main theorems
we will prove (see Corollaries 2.3, 2.4, 2.6) that on the aforementioned rings any generalized Jordan n-derivation
f : R → R is of the form f (x) = λx + d(x), x ∈ R, where λ ∈ Z(R) and d : R → R is a derivation.

2 Results

Let R be a unital ring. Note that ϕ : R → R is a centralizer if and only if ϕ (x) = λx where λ ∈ Z (R). In the
following we denote by [x, y] = xy − yx the Lie product of elements x, y ∈ R. Let’s start with the primary
result:

Proposition 2.1 Let R be a unital ring which is 2-torsion free and (n − 1)-torsion free. Then any generalized
Jordan n-derivation of R is a generalized Jordan 2-derivation. In particular, any Jordan n-derivation of R is a
Jordan derivation.

Proof Let f : R → R be a generalized Jordan n-derivation. If we set x1 = ... = xn = 1 into (1) we get

2n−1 f (1) = 2n−1 f (1) + (n − 1) 2n−1d (1) .

Since R is 2-torsion free and (n − 1)-torsion free, we have d (1) = 0. If we set x3 = ... = xn = 1 into (1) and
considering d (1) = 0, we get

2n−2 f (x1 ◦ x2) = 2n−2 ( f (x1) ◦ x2) + 2n−2 (x1 ◦ d (x2))

for all x1, x2 ∈ R. Since R is 2-torsion free, we see that f is a generalized Jordan 2-derivation. ��
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Theorem 2.2 Let R be a unital ring which is 2-torsion free and (n − 1)-torsion free. If Z (R) =
{λ ∈ R | [λ, [x, y]] = 0 for all x, y ∈ R} then any generalized Jordan n-derivation f : R → R is the sum
f = ϕ + d where ϕ : R → R is a centralizer and d : R → R is a Jordan derivation.

Proof According to Proposition 2.1 we can assume that f : R → R is a generalized Jordan 2-derivation. If we
firstly set x1 = x, x2 = y into (2) and then also x1 = y, x2 = x , we get

f (x ◦ y) = f (x) ◦ y + x ◦ d(y),

f (y ◦ x) = f (y) ◦ x + y ◦ d(x) (3)

for all x, y ∈ R. Since Jordan product is commutative, the above equalities imply

( f (x) − d (x)) ◦ y = x ◦ ( f (y) − d (y)) (4)

for all x, y ∈ R. Let us denote ϕ = f − d and λ = ϕ (1). If we set y = 1 into (4), we get 2ϕ (x) = λ ◦ x for all
x ∈ R. Let’s rearrange (4) into (2ϕ(x)) ◦ y = x ◦ (2ϕ(y)) and considering 2ϕ (x) = λ ◦ x , we obtain the identity
(λ ◦ x) ◦ y = x ◦ (λ ◦ y) for all x, y ∈ R. Therefore

(λ ◦ x) ◦ y − x ◦ (λ ◦ y) = [λ, [x, y]] = 0

for all x, y ∈ R. According to the assumption that Z (R) = {λ ∈ R | [λ, [R, R]] = {0}} it follows λ ∈ Z (R)

and ϕ (x) = λx for all x ∈ R. That means f (x) = λx + d (x) and if we set it into (3) we get

λ(x ◦ y) + d (x ◦ y) = (λx) ◦ y + d (x) ◦ y + x ◦ d(y)

for all x, y ∈ R. Since λ ∈ Z (R), we have λ(x ◦ y) = (λx) ◦ y and d is a Jordan derivation. Namely, since f is
an additive map and d (x) = f (x) − λx , x ∈ R, d is also an additive map. ��

We can now apply the given theorem to rings that have the property that Z (R) = {λ ∈ R | [λ, [R, R]] = {0}}.
Examples of such rings are matrix rings and semiprime rings. Let us recall that a ring R is a semiprime ring if
for any a ∈ R the condition a Ra = {0} implies a = 0.

Corollary 2.3 Let R be a unital ring which is 2-torsion free and (n − 1)-torsion free. Then any generalized
Jordan n-derivation f of a matrix ring R = Mm (R), m ≥ 2, is the sum f = ϕ + d where ϕ : R → R is a
centralizer and d : R → R is a derivation.

Proof Let
{
ei j |i, j = 1, 2, ..., m

}
be the system of matrix units of R and let I denote the identity matrix. Let a

matrix a = ∑m
i, j=1 ai j ei j satisfy a [x, y] = [x, y] a for all x, y ∈ R. Let us prove that a ∈ Z (R). For all i �= j

it holds
[
eii , ei j

] = ei j and hence aei j = ei j a, which can be written in the form

m∑

k=1

aki ek j =
m∑

l=1

a jleil .

This means that aki = 0 for all k �= i , a jl = 0 for all l �= j and aii = a j j . Set λ = a11. Consequently a = λI ,
where λ ∈ R. Let’s prove that λ ∈ Z (R). For this purpose we take any r ∈ R and considering [re11, e12] = re12
we get

0 = [a, re12] = [λI ,re12] = (λr − rλ) e12.

Therefore, λr = rλ for all r ∈ R and λ ∈ Z (R). That’s why a = λI ∈ Z (R). We proved that Z (R) =
{a ∈ R | [a, [R,R]] = {0}}. From classical results of Jacobson and Rickart [6, Theorems 7 and 22] it follows
that every Jordan derivation of R is a derivation. Hence, the desired result follows from Theorem 2.2. ��
Corollary 2.4 Let R be a unital semiprime ring which is 2-torsion free and (n − 1)-torsion free. Then any
generalized Jordan n-derivation f : R → R is the sum f = ϕ + d where ϕ : R → R is a centralizer and
d : R → R is a derivation.
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Proof Let λ ∈ R and suppose that [λ, [x, y]] = 0 for all x, y ∈ R. Let us prove that then λ ∈ Z (R). In what
follows, we will use the known identities [x, yz] = y [x, z] + [x, y] z and [xy, z] = x [y, z] + [x, z] y for all
x, y, z ∈ R. If we replace x by xλ in the identity [λ, [x, y]] = 0, we get

0 = [λ, [xλ, y]] = [λ, x [λ, y]] + [λ, [x, y] λ]

= x [λ, [λ, y]] + [λ, x] [λ, y] + [x, y] [λ, λ] + [λ, [x, y]] λ

= [λ, x] [λ, y]

for all x, y ∈ R. Further, in the identity [λ, x] [λ, y] = 0 we insert yx instead of y. We get

0 = [λ, x] [λ, yx] = [λ, x] y [λ, x] + [λ, x] [λ, y] x

= [λ, x] y [λ, x]

for all x, y ∈ R. This means [λ, x] R [λ, x] = {0} for all x ∈ R. Because R is a semiprime ring, consequently
[λ, R] = {0} and so λ ∈ Z (R). Since any Jordan derivation on a 2-torsion free semiprime ring is a derivation
(see [4, Theorem 1]), the desired outcome follows directly from Theorem 2.2. ��

Let us assume that R has a nontrivial idempotent e = e2, and write e⊥ = 1 − e. Then R can be represented
as

R = eRe + eRe⊥ + e⊥ Re + e⊥ Re⊥, (5)

where eRe and e⊥ Re⊥ are subrings with unit elements e and e⊥, respectively, eRe⊥ is an (eRe, e⊥ Re⊥)-
bimodule and e⊥ Re is an (e⊥ Re⊥, eRe)-bimodule. Furthermore, assume that R satisfies

{
exe · eRe⊥ = {0} = e⊥ Re · exe implies exe = 0

eRe⊥ · e⊥xe⊥ = {0} = e⊥xe⊥ · e⊥ Re implies e⊥xe⊥ = 0
, (6)

for all x ∈ R. There are many important unital rings having nontrivial idempotents that satisfy the conditions
(6), such as triangular rings (e⊥ Re = {0}), matrix rings, unital prime rings containing nontrivial idempotents.

Theorem 2.5 Let R be a unital ring with a nontrivial idempotent e satisfying (6). If R is 2-torsion free and
(n − 1)-torsion free, then any generalized Jordan n-derivation f : R → R is the sum f = ϕ + d where
ϕ : R → R is a centralizer and d : R → R is a Jordan derivation.

Proof Again, according to Proposition 2.1 we can assume that f : R → R is a generalized Jordan 2-derivation:

f (x ◦ y) = f (x) ◦ y + x ◦ d(y) (7)

for all x, y ∈ R. Let us denote ϕ = f −d and λ = ϕ(1). From the proof of Theorem 2.2 we see that 2ϕ (x) = λ◦x
for all x ∈ R and [λ, [x, y]] = 0 for all x, y ∈ R. Our goal is to prove that λ ∈ Z (R).

We notice, since [e, eRe⊥] = eRe⊥ and [e⊥ Re, e] = e⊥ Re, it holds [λ,eRe⊥] = {0} and [λ,e⊥ Re] = {0}.
If we insert x = y = e into (7) we get

2 f (e) = f (e)e + e f (e) + ed(e) + d (e) e,

which can be rearranged into

f (e)e⊥ + e⊥ f (e) = ed(e) + d (e) e.

If the given equality is multiplied from the left by e and from the right by e⊥ and vice versa, it follows

e f (e)e⊥ = ed(e)e⊥ and e⊥ f (e)e = e⊥d (e) e. (8)

Since 2ϕ (x) = λ ◦ x for all x ∈ R, we also have 2ϕ (e) = λe + eλ. This means eλe⊥ = 2eϕ (e) e⊥ and
e⊥λe = 2e⊥ϕ (e) e. Since ϕ = f − d and considering (8), we get

eλe⊥ = 2eϕ (e) e⊥ = 2(e f (e)e⊥ − ed(e)e⊥) = 0,

e⊥λe = 2e⊥ϕ (e) e = 2(e⊥ f (e)e − e⊥d(e)e) = 0
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and hence λ = eλe + e⊥λe⊥. For arbitrary elements x = exe ∈ eRe and y = eye⊥ ∈ eRe⊥ as well as
z = e⊥ze ∈ e⊥ Re we can write

0 = [λ,xy] = x [λ,y] + [λ,x] y = [λ,x] y,

0 = [λ,zx] = z [λ,x] + [λ,z] x = z [λ,x] .

Therefore, [λ,x] · eRe⊥ = {0} = e⊥ Re · [λ,x] for all x = exe ∈ eRe. According to (6) this means that
[λ, eRe] = {0}. In a similar way, it can also be proved that [λ,e⊥ Re⊥] = {0}. Therefore, [λ, R] = {0} and so
λ ∈ Z (R).

Since λ ∈ Z (R), we get ϕ (x) = λx for all x ∈ R and hence ϕ is a centralizer. If we proceed similarly as in
the conclusion of the proof of Theorem 2.2, we also prove that d is a Jordan derivation. This is how we got to
the desired result. ��

The last theorem can be directly applied to triangular rings, which are not unital semiprime rings, and for
which it is not possible to apply Corollary 2.4. Let us briefly recall that a triangular ring R is a unital ring
containing a nontrivial idempotent e ∈ R such that e⊥ Re = {0} and eRe⊥ is a unital

(
eRe, e⊥ Re⊥)

-bimodule
which is faithful as a left eRe-module as well as a right e⊥ Re⊥-module. Let us mention that any upper triangular
matrix ring Tm (R), m ≥ 2, over a unital ring R is a triangular ring. Because every Jordan derivation of a triangular
ring is a derivation, as proven by Zhang and Yu [14], we can write:

Corollary 2.6 Let R be a triangular ring that is 2-torsion free and (n − 1)-torsion free. Then any generalized
Jordan n-derivation f : R → R is the sum f = ϕ + d where ϕ : R → R is a centralizer and d : R → R is a
derivation

Let us mention at the end that the paper [8, Example 2] provides an example of a unital algebra A and a
generalized Jordan 2-derivation f : A → A, which cannot be written in the form f = ϕ + d, where ϕ is a
Jordan centralizer and d is a Jordan derivation. The given algebra, of course, has no nontrivial idempotents and
Z (A) �= {a ∈ A | [a, [A, A]] = {0}}. The mentioned example justifies the reasonableness of the assumptions in
Theorem 2.2 and Theorem 2.5.
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