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Abstract In last ten years, many mathematicians ([4,8—-16]) studied and investigated for the Korobov polyno-
mials. In this work, we consider the poly-Korobov polynomials, the poly-Korobov-type Changhee polynomials
and the degenerate Korobov polynomials. We give some explicit relations between Korobov polynomials and
Bernoulli, Euler polynomials. We consider the degenerate Korobov polynomials and give recurrence relation
for these polynomials. Also, we give some identities between the Korobov polynomials and the second kind
Whitney numbers.
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1 Introduction

As usual, throughout this paper, N denotes the set natural numbers, Ny denotes the set of nonnegative integers
numbers, Z denotes the set of integer numbers, R denotes the set of real numbers and C denotes the set of
complex numbers.

We begin by introducing the following definition and notations (see as [1-19]). It is well known the Bernoulli
polynomials B,(la)(x) of order « € Ny and the Euler polynomials S,E“) (x) of order @ € Ny are defined by the
following generating functions, respectively:
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Forx =0, B,(La)(O) = B,(,a) and 5,2(1)(0) = 5,5‘)[) are called the Bernoulli numbers B,(la) of order « and the Euler

(@) :
numbers &, ~ of order «, respectively.
Generating function for the Stirling numbers of the second kind are given by

= S0, k)% 3)

where k is nonnegative integer. From (3), we have S (n,n) = 1, $2(0,k) = 0if k > 0 and S» (n,0) = 0 if
n>0and S (n,k) =0ifk > n ([1-10]).
The polylogarithm function Lix(z) in ([1-4,8]) is defined as

. 2\
Liv@ =) . keZk>1. )

n=1
This function is convergent for |z| < 1, when k = 1
Lii(z) = —log(l — z2). ©)
Kim et al. [3] defined the poly-Bernoulli polynomials as

Liy (1 — t
i (t e ZB(k) (x)_ (6)

n=0

For k = 1, we have B\ (x) = B, (x).
Hamahata in [5] defined the poly-Euler polynomials as

2L (1 — ’
S

where x = 0, Eﬁ,k) 0) = Ef,k) are called the poly-Euler numbers.
From (7), fork =1, E,(ql)(x) =E,(x).
The first kind Korobov polynomials K, (x | A) is defined in ([4,8-13,16]) as

o
t N "
v nZKn(xmm, ®)
where L # 0, A # land A € N.

Forx =0, K,,(0 | ) = K,,(A) are called the Korobov numbers of the first kind.

D. S. Kim et al. in [8] introduced and investigated some properties of the Korobov polynomials of third
kind K, 3(x | ) and the Korobov polynomials of the fourth kind K, 4(x | A). D. S. Kim et al. in [10] defined
the Changhee polynomials and the Korobov-type-Changhee polynomials and the Changhee polynomials of the
second kind, respectively;
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when x =0, Ch,(0) = Chy,, Ch,(0 | ) = Ch,,(A) and 6’7;,, ) = 6‘71" are called the Changhee numbers, the
Korobov-type-Changhee numbers and the Changhee numbers of the second kind.

){imlChn(x | A) = Chy(x) and }irrbChn(x | A) = (X))

where

On=x(x=Dx=2)---x=(n—-1) = ZSl(n, D' 12)

=0

and Sy (n, [) is the Stirling numbers of the first kind.
The generating function of the Stirling numbers of the first kind in ([7, 10, 16]) is given by

1 ad n
o (og (1+ 1) = 2}:{ S\ (n. k)%. (13)

Let us considered the following degenerate exponential functions

n

o
t
e (1) = (1 + p)/* = X(:) O
n=

n

o
t
ep )= +un' =3 Dy — (14)
n=0
where u # 0, u € R and lim e,(f) (t) = e,
n—>0

From (14), we note that the degenerate Stirling numbers of the second kind ([5,7,10,16]) is defined by the
generating function to be

1 1 k & n
e - 1 = = ((1 4 unVn - 1) =3 S (n.K) ”? (15)
! ! - !

2 Explicit relations for the Korobov polynomials and related polynomials

In this section, we give some relations for the Korobov polynomials and the Korobov-type-Changhee polynomials.
Also, we prove the relation between the Bernoulli polynomials and the Korobov polynomials.

Theorem 1 The following relations hold:

Ep(x) =) Chy(x) Sy (m, n) (16)
n=0
and
Ey(1=x) =) Chy(x) S (m.n). (17)
m=0

Proof By replacing ¢ by e™! — 1in (9), using (3). We get

o0 —t _ 1 n 2
3 Cha(o) (=1 _ et
n! et +1
n=0
00 00 M 00 (—I)n
D Cha() Y S mm) — =y By () ——.
n=0 m=n n=0
From here, we get (16). The proof of (17) is similar to (16 ). O
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Theorem 2 There is the following relation between the Bernoulli polynomials and the Korobov polynomials:

m—1
<Bm <x11> —B, (%C)))\m =m Y Ku(x | 2) S2(m —1,n).
n=0

Proof By replacing t by e/ — 1in (8), we get
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For o = 1, by (1) and (3), we write as

E (e () @) B Bt o)

m=0

Comparing the coefficients both sides of -, we have (18).

m' ’
By using (8) and (10), we get following equalities easily
Kn(x +112) — Kp(x | 1) =nK,—1(x | 1)
and

E, (%) K=" Chy(x | 1) S2 ().

n=0

(18)

3 The poly-Korobov polynomials, the poly-Changhee polynomials and the poly-Korobov-type-Changhee

polynomials

By the modification in [10], we define the following the poly-Korobov polynomials, the poly-Changhee polyno-

mials and the poly-Korobov-type-Changhee polynomials, respectively;

o0 . —

t" Ale(l—e’)
KOG |a)— ="~ ~ / 1+,
E a (x| )n! CED 1 ( )

" 2L (1 -t
ZCh(k)(X) ltk(g—_'_z)) 1+0*

and

- " 2L (1—e") .
ZChg«)(x [N = m (1+0*.

Fork = 1, we get K\ (x [ 1) = K, (x | 1), ChSY (x) = Chy(x) and CAP (x | 1) = Chy(x | A).

Theorem 3 The following relation holds:

mK® (x| 2) =

d (ST <m+1—p>
2 (e i 2 (1)
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19)
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(22)
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Proof By (19), we write as

00 n ¥ 00 o\
Zz<§k>(x|x)’—=l“(1+” yo =)

ntote+ 1427

noo( 1)n+1"+1 n+ 1
:—ZK(x| 'Z(H)kZ( )Z(z)l’—.

Using the Cauchy product and comparing the coefficients of & o> we get (22). O

Theorem 4 There is the following relation between the poly-Korobov polynomials and the Stirling numbers of
the second kind:

mKy (x| 2
—Z(’"> Knep 6 10-C2 1= s (pum 1= ) 23)
AV (m+1—p) = g
Proof From (19) and (3),
o] n+1
@ "1 D"+ Dl (e 1)
;Kn (IR = ZK( 2(:) e TS
S 1 KPG ii( ) Konept 12 T
m X — = m—p(x _—
m=0 m=0 p=0 ! (m+1-p)
X(m+1—p)'Sz(p,m+1—p)}—,
Comparing the coefficients of ;7, we have (23). O

Corollary 1 From (22) and (23), we have
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=0 ' =
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Theorem S There is the following relation between the poly-Korobov polynomials and the Bernoulli polynomials
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Proof By replacing t by (e_’ - 1) in (19), we get
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By using the Cauchy product and comparing the coefficients of both sides, we have (24). O
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Theorem 6 The following relation holds:

n
(2) n Bm
K A) = K, .
n K21 z(m) —
Proof By (19),
o
" A 4+10)"
DK== (—t)uk (1—e™)
— nl ¢+ —1
n=0
A+ 1 Yoot y
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(k—2) times

Fork =2,
o
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ZK@)(xu)—_ZK (XM)_.Zerlmv

From here, we have (25).

Corollary 2 There is the following relation

ChP (x| =" (”)Chn_m
n

m=0

m
+1
Theorem 7 The poly-Korobov polynomials satisfies the following relation:

n

KOG |0 = % > (Z)Chff‘lm(o | 2) (K + 4 | A) + K (x | 1).

m=0

Proof By (8), (19) and (21),

o0 . —
" 2Lig(1—e ) | L ae(+0* 1 a1+
> K s = 22 1)[

n=0 B t+ Dt - Z(t—i—l))‘—l E(t-i-l))‘—l
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1=0 m=0

[\)

By using Cauchy product and comparing the coefficient of both sides, we have (26).

Theorem 8 The poly-Korobov polynomials satisfies the following relation

m=0 -0

(o () e )

where E, and B, (x) are Euler number and Bernoulli polynomials, respectively.

N —1) !
ZK,Sf)(x | 2) 82 (n,m) (=1)" = __Z< ) {Z<Q>Enqﬁ

(25)

(26)
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Proof By (19),

@ n : _ x
ZK;’O(xu)f_:“lk(l ex)(“”)
= n! t+D" -1

_ 2Lig (1 —e") A (t + ¥t A+ DF
T+ DRP 1 |20+ =1 2@¢+DF =1

By replacing 7 by (¢~' — 1) in the last equation and using (1), (2) and (3)

0 -t _ 1\ . —t(x+A) —tx

e 1 2Li (—t) [ A A
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_ Iyt et
- 2;]5’( W r+ D
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DKW 1) S m) (-
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- 2 X ()E X ()

n=0 | ¢=0 =0

A+ x X ner| t"
X <Bq—r (T) + Bq—r <X)) (—)\.) } ;

Comparing the coefficients both sides, we have (27). |

4 Degenerate Korobov polynomials

In this section, we define the degenerate Korobov-type functions and give some identities and explicit relations
for these polynomials.
We consider the degenerate function of ¢ which are given by

¢t = lim log (1 4+ ut)'/*, u # 0 and u € R.
n—0

That is ]Og(lTﬂ”) is called the degenerate function of 7 [16].
We define the degenerate Korobov polynomials as

rlog (1 + pr)'/H
(1 + log (1 + ,ut)l/")k -1
where L #0,A # 1, eN,u #0and n € R
Ai_r)noKn,u(x | A) = Kn(x | 2).

00 m y N
D Kuulr [2) = (1+10g (1 + un)!/m) (28)
n=0 :

Theorem 9 The following equations hold:

n

Kopx [2) =) (’;) Kn1,(0 | 1) () ' S10, k) (29)
=0
and
Knux+y2)=>) (’Z ) Ko—t,ux 10 0 175 810 K). (30)
=0
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Proof Using (13) and (28), we get
D Knulx |)»)t— ZK”’M(OM)—Z( ) —kM
n=0 !

where (1 +u)* =3 2, (x); 'f—v/

[ee) l
=3 mu(0|)‘)_z(x)ku ZSI(I k)u—
m=0 k=0 =0

Using Cauchy product and comparing the coefficient, we have (29).
The proof of (30) is similar to (29). m|

Theorem 10 The following relation holds:

n+l
Y w1 Sk 4 1)
k=0

= g (’Z) K1, 1 2) Y g = D811 K) = Koy (x| ). 31

k=0

Proof From (28) and (13), we write as

D Knulw [ 1) ((1 +log (140 - 1)
n=0 ’

A x
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“w
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=x2(:)(z O D 4+ 1) Sy (n, k+ 1)) — (33)

On the other hand, L. H. S. of (32)
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o0 non
ZZi <I>Kn1,,u(x [ 2)
=0

n=0 =
. K+l "
x 30w S k)~ Ky [ 1) (34)
k=0
From (33) and (34), comparing the coefficients of ;—n!, we have (31). O

Theorem 11 The following relation holds:

Ko+ 412 = Ky | 1) =2 w7 7 Hk+ 1) 81k + 1), (35)
k=0

Proof Using (28)

0 n

t
(K@ + A1 2) = Ky u(x | 1) —
n=0 .

1 1/1)*
log (1 + un)l/k (1 +log (1 + ) /“)

_ (log (1 4 pr))k
k!

)\‘ o0
=log(1+ut) Y (X)
K k=0
(log (1 + pt)**!

_ —(k+1)
=AY (g p kD=7

k=0

=AY T D Y Stk DS

k=0 n=k+1
00 0 P
_ —k—1 r
> (Z(x)ku (k+1) Sl(n,k—i—l))n!.
n=k+1 \k=0
Comparing the coefficients of %, we get (35). O

5 Some explicit relations between the r-Whitney numbers of the second kind and the Korobov-type
polynomials

In this section, we give explicit relations between the r-Whitney numbers of the second kind and the Korobov-type
polynomials.

The r-Whitney numbers of the first and second kinds are defined the following generating functions, respec-
tively

00 k
t" 1 /In(1 t r
> (0. k) = = — Im@+mON 4 4 ey w (36)
n! k! m
n=k
and
o0 k
tn 1 mt __ 1
Zer(ns k) — = — (e ) e’ 37
’ n! k! m
n=k
([2,6,7,15]).
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Theorem 12 The following relation holds:

; <Z)K(0!)l(x | A)ZWA ) S ) = {(1)?;2 ;Z . (38)

Proof By using (8) and (37), we write as

@ " At )“ .
ZK (xl) _(—(l+t))‘—1 (140", a €Ny

n=0
1

al 1 (W)“ o—xIn(l+40)

1
! In(1 n
Ay e Wa—x (n, o) S0

oo n n (Ol) tn B ta
~ (; <Z>Knl(x [ 2) Z Wi, —x (n,a) S (l,n)) m = ;

n=ua :

Comparing the coefficient of ;—n!, we have (38). O

Theorem 13 There is the following relation between the Korobov-type-Changhee polynomials and the r-Whitney
numbers of the second kind:

- It
ChY (|3 = Z( ! ) 2o Whor (0 1>ZSI (m,m). o
=0

=0
Proof By (10) and (37),

o ) @) " 2 Y (i
o _ x1n
ZChn (x| )‘)E - <1 +ekln(l+t)> e

n=0
l o
_ In(1+41)
- (1 + eAln(l+t) 1 ) ex

2 n(141 (=)
- <1 + &) o In(1+0)
2
l

_ i <—“>El (e““(”” - 1) (140
= [ )2« ] 1
o o0
o\ IAL
=Z<1) ZWM(nDZSl(mn)—

=0 n=lI
o n l m
AVS
=> (z)zaw“(" J)ZS](m n)) .
m=0 \I/=0 n=0
From the last equalities, we have (39). |

6 Conclusion

In this work, we give some identities, recurrence relation for the Korobov polynomials and Korobov-type-
Changhee polynomials. We consider the poly-Korobov polynomials, the poly-Korobov-type-Changhee polyno-
mials and the Changhee polynomials of the second kinds. We give explicit relations between these polynomials.
We consider the degenerate Korobov polynomials and give some relations the Korobov polynomials and the
r-Whitney numbers of the second kind.
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