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1 Introduction

A numerical semigroup T' is a subset of the set of nonnegative integers N, closed under addition, contains zero
and generates Z as a group. We refer to [13] for basic facts on numerical semigroups. In the paper [9], the
authors introduced the notion of concatenation of two arithmetic sequences to define a new family of numerical
semigroups. This definition was largely inspired by the family of numerical semigroups in embedding dimension
4, defined by Bresinsky in [3]. The authors proved in an earlier work [8] that all the Betti numbers of the
Bresinsky curves are unbounded. The whole motivation comes from the old question, whether every family of
affine curves, in a fixed embedding dimension, has an upper bound on the minimal number of equations defining
them ideal theoretically. The question was answered in negative for affine curves parametrised by monomials in
[3], and for algebroid space curves in [11], [9]. First example was probably given by F.S. Macaulay; we refer
to [1] for a detailed discussion on Macaylay’s examples. However, all the examples found in the literature are
in embedding dimension 4 or lower. We did not find any example in embedding dimension 5 or higher, other
than those, which can be created by the obvious method of gluing the numerical semigroup N with the family of
numerical semigroups in embedding dimension 4 having unbounded first and the last Betti number (type). These
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examples are far from being generic and it is this lack of information in embedding dimension 5 and higher that
led us to define the notion of concatenation of two numerical semigroups. We defined a concatenated family in
arbitrary embedding dimension in [9] and conjectured that this family of numerical semigroups, in an arbitrary
embedding dimension, defines affine monomial curves with arbitrarily large first Betti number (or the minimal
number of generators for the defining ideal). We have noticed that the last Betti number (or the Cohen-Macaulay
type) also has unboundedness. In this article we show that, in embedding dimensions 4 and 5, our conjecture
holds good. In light of our recent observations, we have modified the conjecture, which we call the Unbounded
Concatenation Conjecture.

2 Numerical semigroups and concatenation

Let us quickly discuss some basic facts on numerical semigroups and concatenation. Let I' be a numerical
semigroup. It is true that (see [13]) the set N \ I" is finite and that the semigroup I" has a unique minimal system
of generators ngp < nj < --- < n,. The greatest integer not belonging to I' is called the Frobenius number of
", denoted by F'(I"). The integers ng and e + 1 are known as the multiplicity and the embedding dimension of
the semigroup I, usually denoted by m (I") and e(I") respectively. The Apéry set of I" with respect to a non-zero
a € T is defined to be the set Ap(I',a) = {s € I' | s —a ¢ I'}. Let K be an infinite field, given integers
ng < np < --- < ne; the map v : Klxo, ..., x.] —> K[¢] defined as v(x;) = ", 0 < i < e, defines a
parametrization for an affine monomial curve; the ideal ker(v) = p is called the defining ideal of the monomial
curve defined by the parametrization v(x;) = ", 0 < i < e. The defining ideal p is a graded ideal with respect
to the weighted graduation deg(x;) = n;, 0 < i < e and therefore any two minimal generating sets of p have the
same cardinality. Similarly, by an abuse of notation, one can define a semigroup homomorphism v : N°*! — N
as v((ao,...,a.)) = apnog + ainy + - - - + aen,. Let o denote the kernel of congruence of the map v. It is
known that o is finitely generated. The minimal number of generators of the ideal p, i.e., cardinality of a minimal
generating set of p is the same as the minimal cardinality of a system of generators of o.

Let I" be a numerical semigroup, we say that x € Z is a pseudo-Frobenius number if x ¢ ' and x +s € I’
forall s € I\ {0}. We denote by PF(T") the set of pseudo-Frobenius numbers of I". The cardinality of PF(I") is
denoted by #(I") and we call it the Cohen-Macaulay type or simply the type of I'. Let a, b € Z. We define <r as
a <r bif b —a e I'. This order relation defines a poset structure on Z. It can be proved (see Proposition 8 in
[2]) that

PF(I') = {w —a | w € Maximals<.Ap(I", a)}.

Let e > 4. Let us consider the string of positive integers in arithmetic progression: a < a +d < a + 2d <
.<a+mn—ld<b<b+d<...<b+ (m—1)d, wherem,n € N,m +n = e and gcd(a, d) = 1. Note
thata <a+d <a+2d <...<a+m—1)dandb <b+d < ... < b+ (m — 1)d are both arithmetic
sequences with the same common difference d. We further assume that this sequence minimally generates the
numerical semigroupI' = (@, a+d,a+2d,...,a+n—1)d,b,b+d, ...,b+(m—1)d). Then, I is called the
numerical semigroup generated by concatenation of two arithmetic sequences with the same common difference
d.

Lete > 4,n > 5andg > 0. We have defined in [9] the numerical semigroup &, . 4), generated by the integers
{mo, ..., me_1}, wherem; :=n*>+(e—2)n+q+i,for0 <i <e—3andme_> :=n*+(e—Dn+q+(e—3),
Me_1 = n%+ (e — Dn + q + (e — 2). This is formed by concatenation of two arithmetic sequences with
common difference 1. Let Q,.¢,4) C k[x0, ..., x.—1] be the defining ideal of &, ¢ 4). We have called S, ¢ ¢)
an unbounded concatenation and have conjectured the following:

Conjecture 3.3 [9].

1) 1n(Qeee—a)) =n+2.
(i) Givene > 4 andn > 5, the set {t(Qn,e,q)) | ¢ = 0} is unbounded above.

We proved that 1 (Q(,4,0)) = 2(n+1) in Theorem 3.5 in [9]. This settles part (i) of the conjecture for the special
case of e = 4 and justifies the naming unbounded concatenation.

In this paper, we calculate the pseudo-Frobenius set for the case e = 4, ¢ = 0 and we prove that cardinality
of the pseudo-Frobenius set or the Cohen-Macaulay type of the numerical semigroup ring is also unbounded.
We then prove part (i) of the above conjecture for e = 5 and also compute the pseudo-Frobenius set to prove the
unboundedness of the pseudo-Frobenius set or the Cohen-Macaulay type for e = 5. The Cohen-Macaulay type
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is also the last Betti number for numerical semigroup rings. This indeed gives us the desired class of monomial
curves in embedding dimension 5 which has unboundedness of the first and the last Betti numbers. In light of
these results we now revise the above conjecture and state the modified conjecture as follows:

Unbounded concatenation conjecture

(1) /'L(Q(n,e,e—4)) >n+2;
(ii) the Cohen-Macaulay type of R/Q, ¢ .—4) is unbounded above;
(iii) givene > 4 and n > 5, the set {(t(Qn,e,9)) | ¢ = 0} is unbounded above.

The calculation of Apéry sets for the numerical semigroups under consideration is unavoidable for under-
standing the pseudo-Frobenius set and a minimal generating set of binomials of the defining ideal. We have
presented these in Theorems 3.2, 4.1, 5.2. There are important works in the direction of computing Apéry sets
and minimal generating sets for numerical semigroups, for example [6], [7] and [12]. We have done a direct
calculation here because for our choice of numerical semigroups, other techniques do not seem to reduce the
proofs of the aforesaid theorems significantly.

3 Apéry set and the Pseudo-Frobenius set of S, 4)

This section is devoted to the study of &, ¢ ¢), fore = 4 and g = ¢ — 4 = 0. We will be writing &, ) instead
of &y,¢,0), for simplicity of notation. Lete > 4,a > 2,n = a(e —3) + (e — 1) and S, (,0) = (mo, ..., Me_1),
where
mj=n’>+(—n+(—4+j), 0<j<e—3,

Me—n =n>+ (e — Dn+ (2e — 7),

Me—1 =n*+ (e — Dn + (2¢ — 6).
Theorem 3.1 Lete, a, n and &, ) be defined as above. Then &, ) is minimally generated by {my, ..., me_1}.
Proof See Lemma 3.1 in [9]. O
Note that &, 4y = (mo, ..., m3), where mo = n242n,my =n*+2n+1,mr = n>+3n+1, msz = n?+3n+2.

Theorem 3.2 The Apéry set of &4, with respect to mo = n?+2n, is Ap(S.4y, mp) = A1UAUA3UA4U
As U {0}, where

Ar={rmi |1 <r <n};

Ay ={rmy |1 <r <n}

Az={rm3 |1 <r <n-—1};

Ag={rmi+sm3 |1 <r<n—1,1<s<n-r}

As={rmy+sm3 |1 <r<n—1,1<s<n-—r}.
Proof Case 1. We show that A; C Ap(&(,.4), mp). We proceed by induction on r. For r = 1, m;
Ap(S .4y, mp), because my is an element of a minimal generating set of &, 4). Suppose r > 1, we
have rm| = r(modmy), so there exists s, € Ap(&(,,4), mo) such that rmy = kmgo + s,, k > 0. Let

§p = c1ym1 + cormy + c3,m3, then obviously 0 < ¢y, < r. If ¢ = r, then ¢2r = ¢3, = 0 and we are
done. If 0 < ¢y, < r, then

m

(r —c1p)my = kmg + corma + c3,ms3.

If ¢y, # 0, then by induction, (r — c1,)m| € Ap(Sn,4), mo), therefore k = 0 and rm| = 5, € Ap(Sy.4y, mo).
We assume ¢y, = 0, which implies s, = c,m2 + ¢3,m3. Hence

rmy = kmo + cormp + c3rm3, k>0,
= (r —cor —c3)my = kmg + corn + c3,(n + 1).

As the right hand side of the above equation is positive, we have ¢y, + ¢3, < r < n. We have

(r —cor — c3p — k)mg + (r — c2r — ¢3,) = (c2r + C3,)n + €37
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If (r — ¢y — ¢3 — k) = 0, then from the above equation (r — ¢z — ¢3,) = (¢2r + ¢3,)n + 3, Which gives a
contradictionasr < n. Therefore (r —c2, —c3, —k) > 1,implying that (r —co, —c3, —k)mo+(r —car—c3,) > my,
and hence (cp, + ¢3,)n + ¢3, > m1. However, (¢, + ¢37)n 4¢3, <rn+c3p < n?+nandm; =n?+2n+1.
This gives a contradiction.

Case 2. We want to show that Ay C Ap(S,.4y, mo). We have my € Ap(S(y 4y, mo). Let r > 1, there exists
sr € Ap(S 4y, mo) such that rmy = s,(mod mo). Therefore rmy = kmg+ci,m1 + c3,m3, for some k > 0 (we
may assume by induction that the coefficient of m», say ¢y, is zero). Therefore rmy = kmo+ci,m1+c3(ma+1),
hence (r — c3,)my = kmo + c1,m1 + c3,. Since the R.H.S. is positive, we have c3, < r. Again

r(my +n) =kmo +cyymy +c3(my +n+1)
= (r—cip—c3y)m =kmog+c3y(n+1)—rn, 1<r <n.

If k = 0, then rmy = s, and we are done. We assume k > 0. As the R.H.S. is positive, we get c1 + ¢3, < r.
Now

r(mo+n+1) =kmo+ci,(mo + 1) + c3,(mo +n + 2)
= (r—k—ciy—c)mo+r(n+1)=cy +c3(n+2).

Ifr—k—ci—c3 =0,thenr(n+1) = (¢, +c3)+es,(n+1D) <r+F—1Dm+1) =r(n+ 1)+ —n—1),
1 <r < n, which gives a contradiction. If » — k — ¢y, — ¢3, # 0, then,

(r—k—ciy—c3)mo+rn+1) =2mo+rn+1)
= clr+C3r(n+2)zm0+r(n+l)2n2+3n+1.

However, ¢y, + ¢3, < r < n, therefore ¢i, + c3,(n +2) < n? + 2n — 1. Which gives a contradiction.
Case 3. We wish to show that A3 C Ap(&,. 4y, mo). We note that for r > 1, (r + 1)mz — mg ¢ S, 4) implies
that rm3 —mg ¢ S, 4). Therefore it is enough to show that (n — 1)m3 — mg ¢ S, 4). Suppose

(n—1D(mo+n+2)—mg=como + cymy + como + czms
= como +ci1(mo+ 1) +ca(mo +n+1) + c3(mo +n +2).

Therefore,
[(n—=2) = (co+cr+ca+e)lmo+ (> +n—2)=ci+cn+1)+cn+2).
The R.H.S. of the above equation is positive, we must have (co + ¢ + ¢3 + c4) < n — 2. We have
[(n—=2)—(co+ci+cr+e3)lmo=(c1 +c2+2c3+2)+n(ca+cz3—n—1)

andmg =n(n+2).If[((n—2)—(co+c1+cr+c¢3)] = 0,thenwehaven(cy+c3—n—1) = —(c1+cp+2¢3+2),a
contradiction, therefore [(n —2) — (co+c1+c2+c¢3)] ZOandn | (c;+ca+2c3+2). Letcy +c2+2c3+2 = nk,
forsome k> 0.Ifk > 2,thency + ¢y +2¢c3+2 > 2n. On the otherhand, ¢ci + ¢y +¢c3 <n—2andc3 <n-—2
imply c¢1 +c¢2 +2c3+2 <2n—2 < 2n, acontradiction. Therefore k = 0, 1. If k = 1, then the R.H.S. is
n(cy +c3 —n) < 0, a contradiction. If k = 0 then ¢| 4 ¢ 4+ 2¢3 + 2 = 0, which again gives us a contradiction.

Case 4. We will show that A4 C Ap(S,.4), mo). We fixr, 1 <r <n — 1. We need to show that rm + (n —
3

rymz —mg ¢ S, 4). Suppose rmy + (n —r)mz —mgy = Zcim,-. After simplifying we get,
i=0

[n—(co+c1+ca+c3)lmog=(c1 +c2+2c3+7r)+n(ca+c3+7r).

3
The R.H.S. is positive, therefore Z ¢ci<n—1landn| (c; +c2 +2c3+r). Letc) + ¢y + 2¢3 + r = nk, for
i=0
somek > 0.Nowci+cr+c3<n—1,r <n—1,c3 <n—1implies c; +c2 + 2¢c3 +r < 3n, hence k < 2.
Asr > 0, we have k # 0.
Supposek = 1,thenci+c2+2c3+r = nandthe R.H.S.isn(cy+c3+r+1). Therefore,n+2 | (co+c3+r+1).
Let (cp +c3+r+1)=m+2)¢, where >0(asr+1>0).Wehavec) +c3 <n—1landr <n—1,so

@ Springer



Unboundedness of the first and the last... 653

(c2+c3+r+1) <2(n+2).Hence £ = 1, which givesusco +c3+r=n+1landci +c2+2c3+r=n.It
follows that ¢; + ¢3 + 1 = 0, which is absurd.

Suppose k = 2, thenc1+c2+2c3+r = 2nand the R H.S.isn(c2 +c3+r+2). Thus,n+2 | (c2+c3+r+2).
By similar arguments, we get ¢ 4 ¢3 + r = n. Therefore c; + ¢3 = n, which contradicts ¢y +¢c3 <n — 1.
Case 5. We will show that As C Ap(S, 4y, mo). We fixr, 1 <r <n — 1. We need to show that rm, + (n —

3
rymz —mg ¢ S, 4). Suppose rmy + (n —r)mz —mgy = Zcim,-. After simplifying we get,
i=0
3
[n— () c)lmo = (c1 +ca+2c3 +7) + (c2 + e3)n.
i=0
3
As the R.H.S. is positive, we have (Z ¢i) < n — 1. Again we have, ¢ + ¢2 + 2¢3 +r = kn, with k > 0. Now
i=0

cit+ceo+cz<n—1,c3<n—1landr <n— 1, implying that ¢; + ¢ + 2¢3 + r < 3n. Therefore k = 1, 2.
If k =1,thency + ¢y 4+ 2c3 +r = nand the RH.S. isn(co + ¢34+ 1). Now, n + 2 | (c2 +¢3 + 1). Let
(ca+c3+ 1) = (n+2)¢, where £ # 0, This gives a contradiction due to the fact that ¢, +c¢3 <n — 1.
If k =2, then ¢; + ¢2 + 2¢3 +r = 2n and the RH.S. is n(cy + ¢c3 +2). Nown + 2 | (¢a + ¢3 + 2). Let
(c2+c3+2) = (n+2)¢, where £ # 0. This also leads to a contradiction due to the factthatc, +¢3 <n— 1.0

Theorem 3.3 The pseudo-Frobenius set of the numerical semigroup &, 4 is PF(&, 4)) = P1UP>U P3, where

Py ={(n—Dmo + n};
Pr={n—Dmy+n+k(n+1)|1<k=<@-1}
Ps={n—1)mo+n+m—0Dmn+1)+t|1=<t=<n}

Hence the Cohen-Macaulay type of the numerical semigroup S, 4y is 2n.

Proof Let PJ/. = P; +mg, 1 < j < 3, therefore

P{ = {nm};

Py =t{kmi+(n—kms, 1 <k<n—1}

Py ={kmy+(n—kym3,0 <k <n—1}.
We want to show the following two conditions:

(i) For each x € Ap(&(,.4), mo) \ (Pl, U P2/ U P3/), there exists y € (Pl/ U P2/ U P3,), suchthaty —x € &, 4).
(i) y1.y2 € (P,UP,UPY) = y1 — y2 & G ).

Proof of (i). Letx =rm,wherel <r <n—1.Takey =nmjandy —x = (n —r)m; € &, 4). Letx = rma,
where ]| <r <n—1.Takey =rmy+ (n —r)ms € (Pl/ U Pz/ U P3/) and y —x = (n —rym3z € G, 4.

Let x € A3 C Ap(G(nA),mo)\(Pl, U P2, U P3/). Take y = mj + (n — 1)m3. This gives us y — x =
mi+m—1—-rym3eG&uqg,forl <r<n-—1.

Let x € Ap(G(uay,mo) \ (PyUP,UP)andx = rmy +sm3, | <r <n—-2,1<s<n—r—1
Take y = rmy + (n — r)m3, which givesus y —x = (n —r — s)m3. Given that | <s <n — 1 —r, we have
n—r—s)>1.

Let x € Ap(Gy4), mo) \ (P, U P, UPy)and x = rmy +sm3, 1 <r <n—2,1<s <n—r— 1. Take
y =rmy + (n — r)m3, which givesus y —x = (n —r — s)my. Given that | < s <n — 1 — r, it follows that
nm—r—s)>1.

Proof of (ii). It is easy to check that for every yi, y» € P}, 1<j=<3,yi—y»¢&6u4.

Let yy =nm; and y, € Pz/, then,

y2 —y1 =kmi+ (n — kymsz — nm;
=k —-—nmm +m—-k@m +n+1)
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=n*+n—kn+1).

Since 1 < k < n — 1, therefore y, — y; = n?4+n— k(n 4+ 1) < myo, and hence y; — y2 ¢ &, 4).
Let yy =nm; and y, € P3/, then,
y2 = y1 = kmy + (n — kymz — nm;
=k —-—nm +kn+mn—-ky(mi+n+1)
=n’>+n—k.
Since 0 < k < n — 1, therefore y, — y; = n? +n —k < myg, and hence Vi = € Sa.
Let y; =€ Pz/ and y; € P3/, then,
y2 — y1 = kamy + (n — ka)ymz — kymy — (n — ky)m3
= (ko — kp)my + kan + (ki — kz)m3
=kn—+ (ki —k)(n+1)
=ki(n+1).
Since 1 < k1 < n — 1, therefore y» — y; = kj(n 4+ 1) < myg, and hence y; — y2 ¢ S(,.4). |
Example 3.4 Forn = 5,854y = (35, 36, 41, 42). The Apéry set Ap(&s5,4), mg) = AjUAUA3UA4UA5U{0},
where
A1 = (36,72, 108, 144, 180};
Ar = {41, 82, 123, 164, 205};
Az = {42, 84, 126, 168};
A4 = {78, 114, 120, 150, 156, 162, 186, 192, 198, 204},
As = {83, 124, 125, 165, 166, 167, 206, 207, 208, 209}.

The pseudo-Frobenius set of G5 4y is PF (&5 4)) = P1UP,UP3, where Py = {145}, P, = {151, 157, 163, 169},
Py = {170, 171, 172, 173, 174}.

4 Apéry set and the Pseudo-Frobenius set of &, s

We now consider the numerical semigroup &, 5.0y, written as &, 5) for simplifying the notation. We first describe
the Apéry set of &, 5y and use that to write the pseudo-Frobenius set. We prove that the Cohen-Macaulay type,
which is the cardinality of the pseudo-Frobenius set is unbounded.

Letusrecall thatfore > 4,a > 2,n = a(e—3)-+(e—1), the numerical semigroup S, ¢.0y = (mo, ..., Me_1)
is minimally generated by my, ..., m._1, where

mj=n+(—2n+Ee—4+j), 0<j<e-3
Mo =n>~+ (e — Dn+ (2e —7),
Me_| = n® + (e — Dn+ (2e — 6).
We note that S, 5y = (mo, ..., ms), Wwhere mo = 2 4+3n+1,m =n>+3n+2,m =n*+3n+3,
m3 =n>+4n + 3, mq = n*> +4n + 4. Let Q,.5) C Klx, . .., x4] be the defining ideal of &, 5. Note that

n = 2a + 4, if e = 5, which makes n even. It might be an interesting problem to look for a similar family of
integers my, . .., m4, where n is chosen to be an odd integer.

Theorem 4.1 The Apéry set of G, 5) with respect to my = n?+3n+1lis Ap(S .5y, mg) = U}lzl Aj. Where
A ={0,m};

A2={rm2|1§r§%};
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Az ={rm3|1=<r <n};

Ag={rmg |1 =r <n}

A5={m1+rm2|1§r§%};
A6={m3+rm2|1§r§%};

n n
A7={rm2+2sm4|1§S§§—1,1§r§§—s};
Ag:{rmZ+(2s—1)m4|lfsfg,1§r§g+l_s};

Ag=lkms+n—k—r+1my |l <k<n-1,1<r<n-—k}j

Aloz{rmz+m3+2sm4|1§ssg—l,1§r§§—s};
n n

A“:{rmz—}—m3+(2s—1)m4|1§s§§—1,1§r§§+1—s}.

Proof Case 1. Clearly A; € Ap(G,,5), mo).
Case 2. To show A3, Az, Ay € Ap(S(,,5), mp), we proceed similarly as in the cases 1, 2 and 3 of Theorem 3.2.
Case 3. To show As € Ap(&,,s5), mo), itis enough to show that m + ’lmz —mg ¢ S, 5. Letm+ zmz —mgy =

como+cimi+cama+c3ms~+camy. Converting m;, 1 < i < 4,inthe term of m, we get the following equation:

4
n
(5= 2 como=ci+2c+ ¢ +2es+ (n+3es — (n+ 1),
i=0

4 n n 4
If Y ¢i < =, then (= — >_ ¢;)mo > my, and
i=0 2 2 i
c1t+20+m+2)c3+m+3)cs —(n+1)
<c1+2c0+ m4+2)c3+ (n2+ 3)cy

501+2cz+ZC3+3C4+n—

2
I’l2
< > + > < mg, which is a contradiction.
4 n n 4
Again, if Y ¢; > =, then (= — > ¢;)myg < —myg, and
i=0 2 2 i=0

crt+20+m+2)e3+m+3)ca—(n+1) = —m+1) > —my,

which gives a contradiction.

4
If Y ¢; = g, then ¢; + 2¢ + (n + 2)c3 + (n + 3)cq = n + 1, which gives
i=0

(cotci+cor+c3+cy)+er+m+1Des+n+2)cs =n+1—co,

hence
n
Cz+(n+1)C3+(n+2)C4=1+§—C0.

2
Proceeding in a similar way, we getncz+(n+1)cs = 1 —2co—cy,andcg = 1 — % —(n+2)co—(n+1)cy —ncy.
Since n > 8 and o, c1, c2 > 0, the above equation gives c4 < 0, which is not possible.
Similarly we can show that Ag € Ap(&,,s), mo).
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Case 4. We now show that A7 € Ap(&, 5), mp). At first, we fix 1 < s < g — 1. It is enough to prove that
n
(5 —s)my + 2smg —mo ¢ S.5).

n . .
Let (E — §s)my 4 2smy4 — mo = como + cym + comy + cam3z + camq, which gives,

4
n
(5+s—1—Zci)mo=Cl+2€2+(n+2)63+(n+3)C4—n(2s+l)—4s.
i=0
4
If +s5—1> Zc,,then( +s5—1-— Zc,)mo>mo,and

=0

cl+262+(n—|—2)63+(n—|—3)%4—n(2s+1)—4s

gcl+202+203+3C4+(n+3)(5+s—1)—n(2s+1)—4s
2

53(g+s—1)+%—g—ns—s—3

n? n?
< > +n+4+2s < 7 + 2n < mg, which is a contradiction.

4

If§+s—1<2c,,then( +s—1—2cl)mo< —my, and
i=0
c1+2cz+(n—|—2)C3+(n+3)C4—n(2s+1)—4s
—n@2s+1) —4s

>
>—n2—n+4 (substituting s = % —1)

> —mg, which is a contradiction.
4
Ifg +s—1=> ci,thenci+2c2+ (n+2)c3+ (n+3)ca = n(2s + 1) + 4s. We have (g —$)my+2smy =

i=0
’ !
cymo + c1my + cama + c3m3 + ca4my, Where cg=co+1=1 Now

n o N 3n
(5 —8S)my +2smy =n (5 +5)+ (n+ 1)(7 + 55)

2 n 3n n
=(n —1)(—+S)+(n+1)(—+5s)+(—+s)
2
(n+1)[ —|—n+4s+ns]~|—( +s)—( +s) mod (n + 1)

and
comy —1) +cymy +camy+ 1) +c3(my +n+ 1) +ca(my +n+2)
(c2 + ¢4 — ¢p) mod (n + 1),

which implies (% +5)=(c) +cq4 — c6) mod (n + 1). Substituting

n
%+m+@+%+m=5+&

we get ¢, + ¢ + 2 + 3 + c4 = (c2 + ¢4 — ¢()) mod (n + 1). Therefore, n + 1 divides 2c(, 4+ ¢1 + ¢3, which

implies 2¢(, + c1 + ¢3 = 0 (since ¢ + ¢4 — CE) > 0). Hence c{, = 0, which is a contradiction to that fact c;, > 1.
Since expressions of Ag, Ag, Ajg, A1 are similar to the expression of A7, therefore proofs follow similar steps.
O

Theorem 4.2 The set of all pseudo Frobenius numbers of the numerical semigroup &, sy is PF(&(, 5)) =
Py U Py U P3, where,

P = {%mo +(n+ D)),

PzZ{gm0+(n+1)+k(m3+(n+2))|15](5(%_1)},
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P3:{%mo—i-(n—i-l)—i-(g—1)(m3+n+2)+(n+1+l)|O§t§n+2}.

3n+6
Hence the Cohen-Macaulay type of the numerical semigroup S, s) is 7

Proof This can be proved using similar steps as in Theorem 3.3. O

Example 4.3 For n = 8, the numerical semigroup &g 5y = (89, 90, 91, 99, 100). The Apéry set of S 5y with
respect to mo = 89 is Ap(& 3 5), 89) = U}ilA,-. Where

Ay = {0,904,

A = {91, 182,273, 364},

As = {99, 198, 297, 396, 495, 594, 693, 792},

A4 = {100, 200, 300, 400, 500, 600, 700, 800}

As = {181,272, 363, 454},

Ag = {190, 281, 372, 463}

A7 = {291, 382, 473, 491, 582, 691},

As = {191, 282, 373, 464, 391, 482, 573, 591, 682, 791},

Ao = {199, 298, 299, 397, 398, 399, 496, 497, 498, 499, 595, 596, 597, 598, 599,
695, 696, 697, 698, 699, 793, 794, 795, 796, 797, 798, 799},

Aro = {390, 481, 572, 590, 681, 790},

An = {290, 381, 472, 563, 490, 581, 672, 690, 781}.

The set of all pseudo Frobenius numbers of the numerical semigroup &g sy is PF(&g5) = P U P, U P,
where,

Py = {365},
P, = {474, 583, 692},
Py = {701,702, 703, 704, 705, 706, 707, 708, 709, 710, 711}.

5 Minimal generating set of the defining ideal Q,,s)

In this section we find a minimal generating set for the defining ideal Q(, 5y and show that the minimal number
of generators of the defining ideal is unbounded above, thereby proving parts (i) and (ii) of the Unbounded
Concatenation Conjecture.

Theorem 5.1 Let A = k[xy,...,x,] be a polynomial ring, I C A the defining ideal of a monomial curve
defined by natural numbers ay, ..., a,, whose greatest common divisor is 1. Let J C I be a subideal. Then
J = I ifand only if dimg A/(J + (x;)) = a; for some i. (Note that the above conditions are also equivalent to
dimzA/(J 4 (x;)) = a; foranyi.)

Proof See [5]. |

Theorem 5.2 Lete > 4, a > 2, nand S, 5y be as defined in Section 4. A minimal generating set for the defining
ideal of & ,,5) consists of the following polynomials:

o f1 = Xx1x3 — X0X4,
o fr= x%xg — X1X4,
o g1 = X7 — Xx2,

o g2 =28 — 0¥

o & = x(t)x;"ﬂ_t — xéxf{“_t, 0<t<n+1,

o i =x1(§+1x§l_2k_1 —x12‘+2xff_2k_2, 0 < k <a,
ol = x6l+1x1 — x2x),

o ) = x61+2 — xz)@xf_l.
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Hence the cardinality of the minimal generating set for the defining ideal of &, 5y isn +a + 9.

Proof Let S = {f1, f2, 81,82, & .k, 11,1 |0 <t <n+1, 0 <k <a}, and let J denote the ideal generated
by the set S. We consider the ideal J + (xp). It is easy to see that a generating set of J + (xo) comprises of the
following polynomials:

® g = xp,
o f1 = x1x3,

o f2 = xpx3 — X1X4,

° g~1 = x%,

o 5;2 = xg+3,

o 5 =x1",

o & = —xngH_’, 1<t<n+1,
° 1 = —x§+2x£’_2k_2, 0<k<a,
ol = —X2X),

° l~2 = —x2x3x2_1

We claim that a Grobner basis of J + (xg), with respect the lexicographic monomial order induced by xo > x; >

X2 > x3 > x4 on k[xg, ..., x4], consists of the following polynomials:
® g = X0,
o fi=x1x3,
o fo=x3x3 — X1X4,
o &1 =x},
° g~2 — x;+3’
o &=,
o H=xiniT 1<r<n+1,
° 1 = x]2‘+2x£'_2k_2, 0<k<a,
° l~1 = x2Xy,
° l~2 =x2X3x4
o I = x2x32

All except f> are monomials in the generating set of ideal J + (xo), therefore we need to study only those
S-polynomials, where f; is present:

St fy = —xx3 = —h. i
S(f2, &1) = —x1x2x3 = —x2 - f1.
ged(Lt(f2), 2) = 1. 3
S(f2,60) = —x2x3x) = —x2 - &1.

e Forl <t <n,wehave S(f, &) = xzx§+l =uxj- f +x§_1X4 - fi.
o Since &,41 = x§ "', hence ged(Lt(f2), & 41) = 1.

e For0 <k <a,S(fo, ) = —xh Pousx 772 = x5 g,

o S(f,h) = —xdxsx T =x0- Do

o S(fr.h) = —x%x%x2_2 = xzx3x2_2 o —x1 - b

Therefore, the set
T={q. fi. /. 61.6.60. & . l1.h,h | 1<t <n+1,0<k <a}

forms a standard basis for the ideal J + (xo). Hence, the leading ideal LI(J + (xo)) of J + (xo), with respect to
the given monomial order is generated by the following set,

2 _a+3 _n+l n—1
G = {'x05-x1-x33x1-x47-x]7-x2 7-x4 3x2x27x2x3'x4 }U

n+l—t _k+2 n—2k-2
X2 X4

{x5x} [1<t<n+1,0<k<a}l.

We now show that dimy (k[xo, ..., x4]/J + (x0)) = mo and use Theorem 5.1. We claim that the monomials in
the given list give us all monomials of k[xo, ..., x4] that are not divisible by any element of G:

@ Springer



Unboundedness of the first and the last... 659

o Ay ={1,x1};
° Azz{xz,xzz,-.-,ngrz};
° Ag:{x3,x§,...,x§1;
o Ay =, x3, ... 10
As = 2 a+2y.
o As = {x1x2,x1x5,...,x1%, "}
o A = [xax3, x3x3, ..., X523}
o Ap={xpxP | 1<s<%—-11<r<%—sk

Ag= (x| 1<s <3 -1 1<r<%+1-sk
Ay =k 1<k <n—1,1<r<n—kj

A =1{dxxf [1<s<%-1,1<r=<%-s)
2s—1

o Ay = {xjx3x; [I<s<5—-11<r<3+1-s}
Let S be the set of all monomials of k[xg, ..., xs4] that are not divisible by any element of G. The kernel of
v, v(x;) = ™, 0 < i < 4, is generated by the set of binomials {x* — x" | Y u;m; = Y v;m;}, where
u = (ug,...,us) € N* and x* = ]_[?:O x?i is a monomial. If an element s € &, 5) has unique expression,

say s = Z?:o s;m;, then the corresponding monomial ]_[?:0 xis " does not belong to the support of any binomial
belonging to ker(v). We have the property that each element of the set A := U?zlAi C Ap(S(y,5), mo) has
unique expression and since the elements are in the Apéry set with respect to my, the coefficient of m in the
unique expression must be zero. The set U?zl Ai = v " | € € A} is the set of all monomials corresponding
to the elements of .4 and these elements are not divisible by x¢. Therefore U,-9=1Ai N (Kerv + (x¢)) = ¥, hence
(U?: 1AD N (J + (xp)) = ¥ and elements of U?:l.Al- will not divisible by any element of G. It is easy to observe
that the elements of A9 U .A4;; are also not divisible by any element of G, hence U;Ll A; C S. Next, we observe
that due to the presence of monomials xg, x%, xg“, x§’+1, xjf“ in G, the fact that xf €S, 0<i<41>0,
implies xf € Ule A;. Again we consider G \ {x2x3xy ~!Yand we get xfx; € S implies xfx; € U?=5 A,;. Similarly
we consider G and we get x/x/xj € S implies x/x/x} € UL oA Hence, we get S = U!L| A;.

The cardinality of the set containing all the above elements is given by the sum: 2+ (@ +2) +n+n+ (a +

n/2(n/2—-1) n/2(n/2+1)

2)+(a+2) + +

2
nn—1) n/2(n/2-1) n/2(n/2+1)
+ 2 + ; 2 +( 5 -

Using (a +2) = > we get

1).

3(a+2)+2n—g+n2+1:n2+3n+1=m0.

Therefore, by Theorem 5.1, the set S is a generating set for the defining ideal of &, 5).

To prove minimality of the generating set, we prove that no element of this generating set can be expressed
by other elements.

Let moo4 : k[x0, X1, X2, X3, X4] — k[x1, x3] be defined as,

7024 (x0) = 0, 24 (x1) = x1, w24 (x2) = 0, 24 (x3) = X3, M24(x4) = 0.

Let
t=n+1 k=a
fi=x1x3 —xoxa =cpafa+ Coig1 +cg2+ Y cubi+ Y ek + enli + cpba,
t=0 k=0

for ¢ 2, cg1, Cg2, Cery Cyis €11, €12 € klx0, X1, X2, X3, x4]. Applying w24 to both sides of the equation we get:
x1x3 = ¢g1(0, x1, 0, x3, O)xlz. By comparing the exponent of x; on both sides of the above equation, we can
conclude that the above equation does not hold good.

Let mo14 : k[x0, X1, X2, X3, X4] — k[x2, x3] be defined as,

mo14(x0) = 0, mo14(x1) = 0, w014 (X2) = X2, M014(X3) = X3, Wo14(x4) = O.
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Let
t=n+1 k=i
f2 = xox3 —x1x4 = cf1f1 + o181 + o282 + Z cerér + chknk + ol + epl,
=0 k=0

for cr1, cq1, Cg2, Cery Cyis €11, €2 € klxo, X1, X2, X3, x4]. Applying 7014 to both sides of the equation we get:
x2x3 = ¢g2(0, 0, x2, x3, 0)xé+3, fori > 2. By comparing the exponent of x, in both sides of the above equation
we can conclude that the above equation does not hold good.

Let
t=n+1 k=a
g1 =X} —xpx2 = crifi+cepafotcpgr+ Z cerér + chknk + cnly + epla,
=0 k=0

for cr1, ¢, Cg2, Cery Cpis €11, €2 € klx0, X1, X2, X3, X4]. Applying 724 to both sides of the equation we get:
x% = cy1(0, x1, x2, x3, 0)(x1x3), fora > 2. By comparing the exponent of x3 in both sides of the above equation
we can conclude that the above equation does not hold good.

Let
t=n+1 k=a
Q@ =x57 —xiPxs =crifitepfFeag + Z cerdr + chknk +cnly + cnla,
=0 k=0

for ¢ 2, g1, Cer, Cpie, €15 ci2 € k[x0, X1, X2, X3, x4]. Applying mo14 to both sides of the equation we get: x“+3

¢r2(0,0, x2, x3, 0)(x2x3), where a > 2. By comparing the exponent of x3 in both sides of the above equatlon
we can conclude that the above equation does not hold good.
Let 71 : k[xo, x1, X2, X3, x4] — k[x2, x3, x4] be defined as,

701 (x0) = 0, o1 (x1) = 0, o1 (x2) = X2, o1 (X3) = X3, 7Wo1 (X4) = X4.

Let
k=a
2— 1—
& = xx} T =Xt T = cpi i+ epafr t cugn + caga + Y ek + ennli + epla.
k=0
Applying 7o to both sides of the equation we get:
—x3XZ'+1 "= c£2(0,0, x2, x3, x4) (x2x3) + €2(0, 0, x2, x3, 364))6&”r3
k=a
k42 n—2k—2
=Y (0,0, x2, x3, xa)x5 xR — €10, 0, 32, x3, x4) 302
k=0

—12(0, 0, x2, x3, x4)(x2x3x2’_1), O<r=<n+1

From the above equations, we observe that every term in the R.H.S contains x7, but the L.H.S does not have x»,
therefore the above equation does not hold good.
Let 24 : k[x0, X1, X2, X3, X4] — k[xg, x3] be defined as,

m124(x0) = X0, m124(x1) = 0, w124(x2) = 0, w124 (x3) = x3, T124(x4) = 0.

Let
t=n+1
Nk = ngrlxg’ 2k=1 _ /2<+2x272k72 =cr1fi+crafrtcgigr +cg8+ Z ceré +enly +epb.
=0
Applying w124 to both sides of the equation we get:
X2 = e (x0, 0,0, x3, 0)x8 203 + ¢i2(x0, 0,0, x3, 002, 0 <k <a.

Since0 <k <a,a>2andk + 1 < a+2,n =4+ 2a, the above equation does not hold good.
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Let mo13 : k[x0, X1, X2, X3, X4] — k[x2, x4] be defined as,

mo13(x0) = 0, mo13(x1) = 0, mo13(x2) = x2, m013(x3) = 0, MO13(X4) = X4.

Let
t=n+1 t=n+1
I = XS’HM —xoxy =cr1fi+cpafo+cgigr + g8+ Z Cok Mk + Z cer§r + cnby.
=0 1=0

Applying g3 to both sides of the equation we get:

k=a
—x2x) = ¢42(0,0, x2, 0, )C4))c“+3 chk(o 0, x2, 0, )C4))Ck+2 n=2k=2

k=0

Since a > 2, each term of the R.H.S of the above equation contains x%, whereas the L.H.S containing only x;.
Hence the above equation does not hold good.
Let 7234 : k[x0, X1, X2, X3, X4] — k[xg, x1] be defined as,

7234 (X0) = X0, m234(X1) = X1, m234(x2) = 0, m234(x3) = 0, w234(x4) = 0.

Let

k=a t=n+1
I = xg+2 - X2X3xff_l =crifi+crafr+cgi81 + 282 + chknk + Z cerdr +enly.

k=0 t=0

Applying w234 to both sides of the equation we get:

t=n+1
x6’+2 = cq1(x0, X1, 0,0, O)x12 + Z cer(x0, x1, 0,0, O)x(’)xi’+2 "+ ¢1(x0, x1, 0,0, 0)x"+1
t=0

Since each term of the R.H.S of the equation contains x1, but the L.H.S does not contain x, we see an absurd
situation. Therefore the above equation does not hold good. O

Example 5.3 A minimal generating set for the defining ideal of &g 5)(discussed in Example 4.3) consists of the
following polynomials:

[ = xgxl — xzxff,

o f1 = Xx1x3 — X0X4,

o f2 = Xxx3 — X1X4,

o g1 =x{ —Xxpx2,

o g = xg —xém,

° £ = x{)xllo_’ — xéxz_’, 0<t<9,

o o=l D k6% g <o,
[ ]

[ ]

b = xéo — xzxycz.
The set G is the following:

2 .5 .9 8 7
= {x0, X1X3, X1X4, X7, X3, X1, X2X4, X2X3X4} U

(eha) L 5T 1< <9,0 <k < 2).

The list all those monomials which are not divided by any element of G are the following:

{1,x1}2 3 4
{x27x23x25-x2}

{x3, x§,x§,x§,x§,x§,x§,xg}
{X4,Xf,xz,x4‘f,xé?,x4,x4, 8
{x1x2, X1X3, X1x3, x1x5}
{x2x3, X3x3, X3x3, X33}

Y
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¢ {x2x4, xzxf, xzxi’, xzxff, xzxi, xzxg, xzxZ}
{x§x4, x%xf, x%xi, x%xi, x%xi}
{x§x4, xgxf, x%xi}
{x3x4)
[ ]
{x3x4, x3xf, xgxi, x3xi, xgxf, xpcf, x3xZ}
(x3x4, X3x3, x3x3, x3x§, x3x3, x32x2}
{x§x4, xgxf, x%xi, xgxi, x%’xi}
(x3xq, x§x3, x3x3, x3x)
{x3x4, ¥3x7, x3x3)
{xg’x4, xg’xi}
{x] x4}
[ ]

{xpx3x4, x2x3x§, xzxyci', )C2X3xi, xzxyci, x2X3x2}
(X3x34, X3X3X7, X3X3X], X3X3X], X3X3X3 )
(X334, X3X3X7, X3x3%] }

{x3x3x4}

The cardinality of union of these monomial sets is 89.
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