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Abstract We show that the minimal number of generators and the Cohen-Macaulay type of a family of numerical
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1 Introduction

A numerical semigroup � is a subset of the set of nonnegative integers N, closed under addition, contains zero
and generates Z as a group. We refer to [13] for basic facts on numerical semigroups. In the paper [9], the
authors introduced the notion of concatenation of two arithmetic sequences to define a new family of numerical
semigroups. This definition was largely inspired by the family of numerical semigroups in embedding dimension
4, defined by Bresinsky in [3]. The authors proved in an earlier work [8] that all the Betti numbers of the
Bresinsky curves are unbounded. The whole motivation comes from the old question, whether every family of
affine curves, in a fixed embedding dimension, has an upper bound on the minimal number of equations defining
them ideal theoretically. The question was answered in negative for affine curves parametrised by monomials in
[3], and for algebroid space curves in [11], [9]. First example was probably given by F.S. Macaulay; we refer
to [1] for a detailed discussion on Macaylay’s examples. However, all the examples found in the literature are
in embedding dimension 4 or lower. We did not find any example in embedding dimension 5 or higher, other
than those, which can be created by the obvious method of gluing the numerical semigroup N with the family of
numerical semigroups in embedding dimension 4 having unbounded first and the last Betti number (type). These
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examples are far from being generic and it is this lack of information in embedding dimension 5 and higher that
led us to define the notion of concatenation of two numerical semigroups. We defined a concatenated family in
arbitrary embedding dimension in [9] and conjectured that this family of numerical semigroups, in an arbitrary
embedding dimension, defines affine monomial curves with arbitrarily large first Betti number (or the minimal
number of generators for the defining ideal). We have noticed that the last Betti number (or the Cohen-Macaulay
type) also has unboundedness. In this article we show that, in embedding dimensions 4 and 5, our conjecture
holds good. In light of our recent observations, we have modified the conjecture, which we call the Unbounded
Concatenation Conjecture.

2 Numerical semigroups and concatenation

Let us quickly discuss some basic facts on numerical semigroups and concatenation. Let � be a numerical
semigroup. It is true that (see [13]) the set N \ � is finite and that the semigroup � has a unique minimal system
of generators n0 < n1 < · · · < ne. The greatest integer not belonging to � is called the Frobenius number of
�, denoted by F(�). The integers n0 and e + 1 are known as the multiplicity and the embedding dimension of
the semigroup �, usually denoted by m(�) and e(�) respectively. The Apéry set of � with respect to a non-zero
a ∈ � is defined to be the set Ap(�, a) = {s ∈ � | s − a /∈ �}. Let K be an infinite field, given integers
n0 < n1 < · · · < ne; the map ν : K[x0, . . . , xe] −→ K[t] defined as ν(xi ) = tni , 0 ≤ i ≤ e, defines a
parametrization for an affine monomial curve; the ideal ker(ν) = p is called the defining ideal of the monomial
curve defined by the parametrization ν(xi ) = tni , 0 ≤ i ≤ e. The defining ideal p is a graded ideal with respect
to the weighted graduation deg(xi ) = ni , 0 ≤ i ≤ e and therefore any two minimal generating sets of p have the
same cardinality. Similarly, by an abuse of notation, one can define a semigroup homomorphism ν : N

e+1 → N

as ν((a0, . . . , ae)) = a0n0 + a1n1 + · · · + aene. Let σ denote the kernel of congruence of the map ν. It is
known that σ is finitely generated. The minimal number of generators of the ideal p, i.e., cardinality of a minimal
generating set of p is the same as the minimal cardinality of a system of generators of σ .

Let � be a numerical semigroup, we say that x ∈ Z is a pseudo-Frobenius number if x /∈ � and x + s ∈ �

for all s ∈ � \ {0}. We denote by PF(�) the set of pseudo-Frobenius numbers of �. The cardinality of PF(�) is
denoted by t (�) and we call it the Cohen-Macaulay type or simply the type of �. Let a, b ∈ Z. We define ≤� as
a ≤� b if b − a ∈ �. This order relation defines a poset structure on Z. It can be proved (see Proposition 8 in
[2]) that

PF(�) = {w − a | w ∈ Maximals≤� Ap(�, a)}.
Let e ≥ 4. Let us consider the string of positive integers in arithmetic progression: a < a + d < a + 2d <

. . . < a + (n − 1)d < b < b + d < . . . < b + (m − 1)d, where m, n ∈ N, m + n = e and gcd(a, d) = 1. Note
that a < a + d < a + 2d < . . . < a + (n − 1)d and b < b + d < . . . < b + (m − 1)d are both arithmetic
sequences with the same common difference d. We further assume that this sequence minimally generates the
numerical semigroup � = 〈a, a +d, a +2d, . . . , a +(n −1)d, b, b+d, . . . , b+(m −1)d〉. Then, � is called the
numerical semigroup generated by concatenation of two arithmetic sequences with the same common difference
d.

Let e ≥ 4, n ≥ 5 and q ≥ 0. We have defined in [9] the numerical semigroupS(n,e,q), generated by the integers
{m0, . . . , me−1}, where mi := n2 + (e−2)n +q + i , for 0 ≤ i ≤ e−3 and me−2 := n2 + (e−1)n +q + (e−3),
me−1 := n2 + (e − 1)n + q + (e − 2). This is formed by concatenation of two arithmetic sequences with
common difference 1. Let Q(n,e,q) ⊂ k[x0, . . . , xe−1] be the defining ideal of S(n,e,q). We have called S(n,e,q)

an unbounded concatenation and have conjectured the following:
Conjecture 3.3 [9].

(i) μ(Q(n,e,e−4)) ≥ n + 2.
(ii) Given e ≥ 4 and n ≥ 5, the set {μ(Q(n,e,q)) | q ≥ 0} is unbounded above.

We proved that μ(Q(n,4,0)) = 2(n +1) in Theorem 3.5 in [9]. This settles part (i) of the conjecture for the special
case of e = 4 and justifies the naming unbounded concatenation.

In this paper, we calculate the pseudo-Frobenius set for the case e = 4, q = 0 and we prove that cardinality
of the pseudo-Frobenius set or the Cohen-Macaulay type of the numerical semigroup ring is also unbounded.
We then prove part (i) of the above conjecture for e = 5 and also compute the pseudo-Frobenius set to prove the
unboundedness of the pseudo-Frobenius set or the Cohen-Macaulay type for e = 5. The Cohen-Macaulay type
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is also the last Betti number for numerical semigroup rings. This indeed gives us the desired class of monomial
curves in embedding dimension 5 which has unboundedness of the first and the last Betti numbers. In light of
these results we now revise the above conjecture and state the modified conjecture as follows:

Unbounded concatenation conjecture

(i) μ(Q(n,e,e−4)) ≥ n + 2;
(ii) the Cohen-Macaulay type of R/Q(n,e,e−4) is unbounded above;

(iii) given e ≥ 4 and n ≥ 5, the set {μ(Q(n,e,q)) | q ≥ 0} is unbounded above.

The calculation of Apéry sets for the numerical semigroups under consideration is unavoidable for under-
standing the pseudo-Frobenius set and a minimal generating set of binomials of the defining ideal. We have
presented these in Theorems 3.2, 4.1, 5.2. There are important works in the direction of computing Apéry sets
and minimal generating sets for numerical semigroups, for example [6], [7] and [12]. We have done a direct
calculation here because for our choice of numerical semigroups, other techniques do not seem to reduce the
proofs of the aforesaid theorems significantly.

3 Apéry set and the Pseudo-Frobenius set of S(n,4)

This section is devoted to the study of S(n,e,q), for e = 4 and q = e − 4 = 0. We will be writing S(n,e) instead
of S(n,e,0), for simplicity of notation. Let e ≥ 4, a ≥ 2, n = a(e − 3) + (e − 1) and S(n,e,0) = 〈m0, . . . , me−1〉,
where

m j = n2 + (e − 2)n + (e − 4 + j), 0 ≤ j ≤ e − 3,

me−2 = n2 + (e − 1)n + (2e − 7),

me−1 = n2 + (e − 1)n + (2e − 6).

Theorem 3.1 Let e, a, n and S(n,e) be defined as above. Then S(n,e) is minimally generated by {m0, . . . , me−1}.
Proof See Lemma 3.1 in [9]. 	

Note that S(n,4) = 〈m0, . . . , m3〉, where m0 = n2 +2n, m1 = n2 +2n+1, m2 = n2 +3n+1, m3 = n2 +3n+2.

Theorem 3.2 The Apéry set of S(n,4), with respect to m0 = n2 + 2n, is Ap(S(n,4), m0) = A1 ∪ A2 ∪ A3 ∪ A4 ∪
A5 ∪ {0}, where

A1 = {rm1 | 1 ≤ r ≤ n};
A2 = {rm2 | 1 ≤ r ≤ n};
A3 = {rm3 | 1 ≤ r ≤ n − 1};
A4 = {rm1 + sm3 | 1 ≤ r ≤ n − 1, 1 ≤ s ≤ n − r};
A5 = {rm2 + sm3 | 1 ≤ r ≤ n − 1, 1 ≤ s ≤ n − r}.

Proof Case 1. We show that A1 ⊂ Ap(S(n,4), m0). We proceed by induction on r . For r = 1, m1 ∈
Ap(S(n,4), m0), because m1 is an element of a minimal generating set of S(n,4). Suppose r > 1, we
have rm1 ≡ r(mod m0), so there exists sr ∈ Ap(S(n,4), m0) such that rm1 = km0 + sr , k ≥ 0. Let
sr = c1r m1 + c2r m2 + c3r m3, then obviously 0 ≤ c1r ≤ r . If c1r = r , then c2r = c3r = 0 and we are
done. If 0 ≤ c1r < r , then

(r − c1r )m1 = km0 + c2r m2 + c3r m3.

If c1r 
= 0, then by induction, (r − c1r )m1 ∈ Ap(S(n,4), m0), therefore k = 0 and rm1 = sr ∈ Ap(S(n,4), m0).
We assume c1r = 0, which implies sr = c2r m2 + c3r m3. Hence

rm1 = km0 + c2r m2 + c3r m3, k ≥ 0,

⇒ (r − c2r − c3r )m1 = km0 + c2r n + c3r (n + 1).

As the right hand side of the above equation is positive, we have c2r + c3r < r ≤ n. We have

(r − c2r − c3r − k)m0 + (r − c2r − c3r ) = (c2r + c3r )n + c3r .
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If (r − c2r − c3r − k) = 0, then from the above equation (r − c2r − c3r ) = (c2r + c3r )n + c3r which gives a
contradiction as r < n. Therefore (r−c2r −c3r −k) ≥ 1, implying that (r−c2r −c3r −k)m0+(r−c2r −c3r ) ≥ m1,
and hence (c2r + c3r )n + c3r ≥ m1. However, (c2r + c3r )n + c3r ≤ rn + c3r ≤ n2 + n and m1 = n2 + 2n + 1.
This gives a contradiction.
Case 2. We want to show that A2 ⊂ Ap(S(n,4), m0). We have m2 ∈ Ap(S(n,4), m0). Let r > 1, there exists
sr ∈ Ap(S(n,4), m0) such that rm2 ≡ sr (mod m0). Therefore rm2 = km0 + c1r m1 + c3r m3, for some k ≥ 0 (we
may assume by induction that the coefficient of m2, say c2r , is zero). Therefore rm2 = km0+c1r m1+c3r (m2+1),
hence (r − c3r )m2 = km0 + c1r m1 + c3r . Since the R.H.S. is positive, we have c3r < r . Again

r(m1 + n) = km0 + c1r m1 + c3r (m1 + n + 1)

⇒ (r − c1r − c3r )m1 = km0 + c3r (n + 1) − rn, 1 ≤ r ≤ n.

If k = 0, then rm2 = sr and we are done. We assume k > 0. As the R.H.S. is positive, we get c1r + c3r < r .
Now

r(m0 + n + 1) = km0 + c1r (m0 + 1) + c3r (m0 + n + 2)

⇒ (r − k − c1r − c3r )m0 + r(n + 1) = c1r + c3r (n + 2).

If r −k −c1r −c3r = 0, then r(n +1) = (c1r +c3r )+c3r (n +1) < r + (r −1)(n +1) = r(n +1)+ (r −n −1),
1 ≤ r ≤ n, which gives a contradiction. If r − k − c1r − c3r 
= 0, then,

(r − k − c1r − c3r )m0 + r(n + 1) ≥ m0 + r(n + 1)

⇒ c1r + c3r (n + 2) ≥ m0 + r(n + 1) ≥ n2 + 3n + 1.

However, c1r + c3r < r ≤ n, therefore c1r + c3r (n + 2) ≤ n2 + 2n − 1. Which gives a contradiction.
Case 3. We wish to show that A3 ⊂ Ap(S(n,4), m0). We note that for r ≥ 1, (r + 1)m3 − m0 /∈ S(n,4) implies
that rm3 − m0 /∈ S(n,4). Therefore it is enough to show that (n − 1)m3 − m0 /∈ S(n,4). Suppose

(n − 1)(m0 + n + 2) − m0 = c0m0 + c1m1 + c2m2 + c3m3

= c0m0 + c1(m0 + 1) + c2(m0 + n + 1) + c3(m0 + n + 2).

Therefore,

[(n − 2) − (c0 + c1 + c2 + c3)]m0 + (n2 + n − 2) = c1 + c2(n + 1) + c3(n + 2).

The R.H.S. of the above equation is positive, we must have (c0 + c1 + c3 + c4) ≤ n − 2. We have

[(n − 2) − (c0 + c1 + c2 + c3)]m0 = (c1 + c2 + 2c3 + 2) + n(c2 + c3 − n − 1)

and m0 = n(n+2). If [(n−2)−(c0+c1+c2+c3)] = 0, then we have n(c2+c3−n−1) = −(c1+c2+2c3+2), a
contradiction, therefore [(n−2)−(c0 +c1 +c2 +c3)] 
= 0 and n | (c1 +c2 +2c3 +2). Let c1 +c2 +2c3 +2 = nk,
for some k ≥ 0. If k ≥ 2, then c1 + c2 + 2c3 + 2 ≥ 2n. On the other hand, c1 + c2 + c3 ≤ n − 2 and c3 ≤ n − 2
imply c1 + c2 + 2c3 + 2 ≤ 2n − 2 < 2n, a contradiction. Therefore k = 0, 1. If k = 1, then the R.H.S. is
n(c2 + c3 − n) < 0, a contradiction. If k = 0 then c1 + c2 + 2c3 + 2 = 0, which again gives us a contradiction.

Case 4. We will show that A4 ⊂ Ap(S(n,4), m0). We fix r , 1 ≤ r ≤ n − 1. We need to show that rm1 + (n −
r)m3 − m0 /∈ S(n,4). Suppose rm1 + (n − r)m3 − m0 =

3∑

i=0

ci mi . After simplifying we get,

[n − (c0 + c1 + c2 + c3)]m0 = (c1 + c2 + 2c3 + r) + n(c2 + c3 + r).

The R.H.S. is positive, therefore
3∑

i=0

ci ≤ n − 1 and n | (c1 + c2 + 2c3 + r). Let c1 + c2 + 2c3 + r = nk, for

some k ≥ 0. Now c1 + c2 + c3 ≤ n − 1, r ≤ n − 1, c3 ≤ n − 1 implies c1 + c2 + 2c3 + r < 3n, hence k ≤ 2.
As r > 0, we have k 
= 0.

Suppose k = 1, then c1+c2+2c3+r = n and the R.H.S. is n(c2+c3+r+1). Therefore, n+2 | (c2+c3+r+1).
Let (c2 + c3 + r + 1) = (n + 2)�, where � > 0 (as r + 1 > 0). We have c2 + c3 ≤ n − 1 and r ≤ n − 1, so
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(c2 + c3 + r + 1) < 2(n + 2). Hence � = 1, which gives us c2 + c3 + r = n + 1 and c1 + c2 + 2c3 + r = n. It
follows that c1 + c3 + 1 = 0, which is absurd.

Suppose k = 2, then c1+c2+2c3+r = 2n and the R.H.S. is n(c2+c3+r +2). Thus, n+2 | (c2+c3+r +2).
By similar arguments, we get c2 + c3 + r = n. Therefore c1 + c3 = n, which contradicts c1 + c3 ≤ n − 1.
Case 5. We will show that A5 ⊂ Ap(S(n,4), m0). We fix r , 1 ≤ r ≤ n − 1. We need to show that rm2 + (n −
r)m3 − m0 /∈ S(n,4). Suppose rm2 + (n − r)m3 − m0 =

3∑

i=0

ci mi . After simplifying we get,

[n − (

3∑

i=0

ci )]m0 = (c1 + c2 + 2c3 + r) + (c2 + c3)n.

As the R.H.S. is positive, we have (

3∑

i=0

ci ) ≤ n − 1. Again we have, c1 + c2 + 2c3 + r = kn, with k > 0. Now

c1 + c2 + c3 ≤ n − 1, c3 ≤ n − 1 and r ≤ n − 1, implying that c1 + c2 + 2c3 + r < 3n. Therefore k = 1, 2.
If k = 1, then c1 + c2 + 2c3 + r = n and the R.H.S. is n(c2 + c3 + 1). Now, n + 2 | (c2 + c3 + 1). Let

(c2 + c3 + 1) = (n + 2)�, where � 
= 0, This gives a contradiction due to the fact that c2 + c3 ≤ n − 1.
If k = 2, then c1 + c2 + 2c3 + r = 2n and the R.H.S. is n(c2 + c3 + 2). Now n + 2 | (c2 + c3 + 2). Let

(c2 + c3 + 2) = (n + 2)�, where � 
= 0. This also leads to a contradiction due to the fact that c2 + c3 ≤ n − 1. 	

Theorem 3.3 The pseudo-Frobenius set of the numerical semigroup S(n,4) is PF(S(n,4)) = P1 ∪ P2 ∪ P3, where

P1 = {(n − 1)m0 + n};
P2 = {(n − 1)m0 + n + k(n + 1) | 1 ≤ k ≤ (n − 1)};
P3 = {(n − 1)m0 + n + (n − 1)(n + 1) + t | 1 ≤ t ≤ n}.

Hence the Cohen-Macaulay type of the numerical semigroup S(n,4) is 2n.

Proof Let P
′
j = Pj + m0, 1 ≤ j ≤ 3, therefore

P
′
1 = {nm1};

P
′
2 = {km1 + (n − k)m3, 1 ≤ k ≤ n − 1};

P
′
3 = {km2 + (n − k)m3, 0 ≤ k ≤ n − 1}.

We want to show the following two conditions:

(i) For each x ∈ Ap(S(n,4), m0) \ (P
′
1 ∪ P

′
2 ∪ P

′
3), there exists y ∈ (P

′
1 ∪ P

′
2 ∪ P

′
3), such that y − x ∈ S(n,4).

(ii) y1, y2 ∈ (P
′
1 ∪ P

′
2 ∪ P

′
3) ⇒ y1 − y2 /∈ S(n,4).

Proof of (i). Let x = rm1, where 1 ≤ r ≤ n − 1. Take y = nm1 and y − x = (n − r)m1 ∈ S(n,4). Let x = rm2,
where 1 ≤ r ≤ n − 1. Take y = rm2 + (n − r)m3 ∈ (P

′
1 ∪ P

′
2 ∪ P

′
3) and y − x = (n − r)m3 ∈ S(n,4).

Let x ∈ A3 ⊂ Ap(S(n,4), m0)\(P
′
1 ∪ P

′
2 ∪ P

′
3). Take y = m1 + (n − 1)m3. This gives us y − x =

m1 + (n − 1 − r)m3 ∈ S(n,4), for 1 ≤ r ≤ n − 1.
Let x ∈ Ap(S(n,4), m0) \ (P

′
1 ∪ P

′
2 ∪ P

′
3) and x = rm1 + sm3, 1 ≤ r ≤ n − 2, 1 ≤ s ≤ n − r − 1.

Take y = rm1 + (n − r)m3, which gives us y − x = (n − r − s)m3. Given that 1 ≤ s ≤ n − 1 − r , we have
(n − r − s) ≥ 1.

Let x ∈ Ap(S(n,4), m0) \ (P
′
1 ∪ P

′
2 ∪ P

′
3) and x = rm2 + sm3, 1 ≤ r ≤ n − 2, 1 ≤ s ≤ n − r − 1. Take

y = rm2 + (n − r)m3, which gives us y − x = (n − r − s)m2. Given that 1 ≤ s ≤ n − 1 − r , it follows that
(n − r − s) ≥ 1.
Proof of (ii). It is easy to check that for every y1, y2 ∈ P

′
j , 1 ≤ j ≤ 3, y1 − y2 /∈ S(n,4).

Let y1 = nm1 and y2 ∈ P
′
2, then,

y2 − y1 = km1 + (n − k)m3 − nm1

= (k − n)m1 + (n − k)(m1 + n + 1)
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= n2 + n − k(n + 1).

Since 1 ≤ k ≤ n − 1, therefore y2 − y1 = n2 + n − k(n + 1) < m0, and hence y1 − y2 /∈ S(n,4).
Let y1 = nm1 and y2 ∈ P

′
3, then,

y2 − y1 = km2 + (n − k)m3 − nm1

= (k − n)m1 + kn + (n − k)(m1 + n + 1)

= n2 + n − k.

Since 0 ≤ k ≤ n − 1, therefore y2 − y1 = n2 + n − k < m0, and hence y1 − y2 /∈ S(n,4).
Let y1 =∈ P

′
2 and y2 ∈ P

′
3, then,

y2 − y1 = k2m2 + (n − k2)m3 − k1m1 − (n − k1)m3

= (k2 − k1)m1 + k2n + (k1 − k2)m3

= k2n + (k1 − k2)(n + 1)

= k1(n + 1).

Since 1 ≤ k1 ≤ n − 1, therefore y2 − y1 = k1(n + 1) < m0, and hence y1 − y2 /∈ S(n,4). 	

Example 3.4 For n = 5, S(5,4) = 〈35, 36, 41, 42〉. The Apéry set Ap(S(5,4), m0) = A1∪A2∪A3∪A4∪A5∪{0},
where

A1 = {36, 72, 108, 144, 180};
A2 = {41, 82, 123, 164, 205};
A3 = {42, 84, 126, 168};
A4 = {78, 114, 120, 150, 156, 162, 186, 192, 198, 204};
A5 = {83, 124, 125, 165, 166, 167, 206, 207, 208, 209}.

The pseudo-Frobenius set of S(5,4) is PF(S(5,4)) = P1∪ P2∪ P3, where P1 = {145}, P2 = {151, 157, 163, 169},
P3 = {170, 171, 172, 173, 174}.

4 Apéry set and the Pseudo-Frobenius set of S(n,5)

We now consider the numerical semigroupS(n,5,0), written asS(n,5) for simplifying the notation. We first describe
the Apéry set of S(n,5) and use that to write the pseudo-Frobenius set. We prove that the Cohen-Macaulay type,
which is the cardinality of the pseudo-Frobenius set is unbounded.

Let us recall that for e ≥ 4, a ≥ 2, n = a(e−3)+(e−1), the numerical semigroup S(n,e,0) = 〈m0, . . . , me−1〉
is minimally generated by m0, . . . , me−1, where

m j = n2 + (e − 2)n + (e − 4 + j), 0 ≤ j ≤ e − 3

me−2 = n2 + (e − 1)n + (2e − 7),

me−1 = n2 + (e − 1)n + (2e − 6).

We note that S(n,5) = 〈m0, . . . , m4〉, where m0 = n2 + 3n + 1, m1 = n2 + 3n + 2, m2 = n2 + 3n + 3,
m3 = n2 + 4n + 3, m4 = n2 + 4n + 4. Let Q(n,5) ⊂ K[x0, . . . , x4] be the defining ideal of S(n,5). Note that
n = 2a + 4, if e = 5, which makes n even. It might be an interesting problem to look for a similar family of
integers m0, . . . , m4, where n is chosen to be an odd integer.

Theorem 4.1 The Apéry set of S(n,5) with respect to m0 = n2 + 3n + 1 is Ap(S(n,5), m0) = ∪11
j=1 A j . Where

A1 = {0, m1};
A2 = {rm2 | 1 ≤ r ≤ n

2
};
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A3 = {rm3 | 1 ≤ r ≤ n};
A4 = {rm4 | 1 ≤ r ≤ n}
A5 = {m1 + rm2 | 1 ≤ r ≤ n

2
};

A6 = {m3 + rm2 | 1 ≤ r ≤ n

2
};

A7 = {rm2 + 2sm4 | 1 ≤ s ≤ n

2
− 1, 1 ≤ r ≤ n

2
− s};

A8 = {rm2 + (2s − 1)m4 | 1 ≤ s ≤ n

2
, 1 ≤ r ≤ n

2
+ 1 − s};

A9 = {km3 + (n − k − r + 1)m4 | 1 ≤ k ≤ n − 1, 1 ≤ r ≤ n − k};
A10 = {rm2 + m3 + 2sm4 | 1 ≤ s ≤ n

2
− 1, 1 ≤ r ≤ n

2
− s};

A11 = {rm2 + m3 + (2s − 1)m4 | 1 ≤ s ≤ n

2
− 1, 1 ≤ r ≤ n

2
+ 1 − s}.

Proof Case 1. Clearly A1 ⊆ Ap(S(n,5), m0).
Case 2. To show A2, A3, A4 ⊆ Ap(S(n,5), m0), we proceed similarly as in the cases 1, 2 and 3 of Theorem 3.2.

Case 3. To show A5 ⊆ Ap(S(n,5), m0), it is enough to show that m1+ n

2
m2−m0 /∈ S(n,5). Let m1+ n

2
m2−m0 =

c0m0 +c1m1+c2m2 +c3m3+c4m4. Converting mi , 1 ≤ i ≤ 4, in the term of m0, we get the following equation:

(
n

2
−

4∑

i=0

ci )m0 = c1 + 2c2 + (n + 2)c3 + (n + 3)c4 − (n + 1).

If
4∑

i=0
ci <

n

2
, then (

n

2
−

4∑
i=0

ci )m0 > m0, and

c1 + 2c2 + (n + 2)c3 + (n + 3)c4 − (n + 1)

< c1 + 2c2 + (n + 2)c3 + (n + 3)c4

≤ c1 + 2c2 + 2c3 + 3c4 + n2

2

<
n2

2
+ 3n

2
< m0, which is a contradiction.

Again, if
4∑

i=0
ci >

n

2
, then (

n

2
−

4∑
i=0

ci )m0 ≤ −m0, and

c1 + 2c2 + (n + 2)c3 + (n + 3)c4 − (n + 1) ≥ −(n + 1) > −m0,

which gives a contradiction.

If
4∑

i=0
ci = n

2
, then c1 + 2c2 + (n + 2)c3 + (n + 3)c4 = n + 1, which gives

(c0 + c1 + c2 + c3 + c4) + c2 + (n + 1)c3 + (n + 2)c4 = n + 1 − c0,

hence

c2 + (n + 1)c3 + (n + 2)c4 = 1 + n

2
− c0.

Proceeding in a similar way, we get nc3+(n+1)c4 = 1−2c0−c1, and c4 = 1− n2

2
−(n+2)c0−(n+1)c1−nc2.

Since n ≥ 8 and c0, c1, c2 ≥ 0, the above equation gives c4 < 0, which is not possible.
Similarly we can show that A6 ⊆ Ap(S(n,5), m0).
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Case 4. We now show that A7 ⊆ Ap(S(n,5), m0). At first, we fix 1 ≤ s ≤ n

2
− 1. It is enough to prove that

(
n

2
− s)m2 + 2sm4 − m0 /∈ S(n,5).

Let (
n

2
− s)m2 + 2sm4 − m0 = c0m0 + c1m1 + c2m2 + c3m3 + c4m4, which gives,

(
n

2
+ s − 1 −

4∑

i=0

ci )m0 = c1 + 2c2 + (n + 2)c3 + (n + 3)c4 − n(2s + 1) − 4s.

If
n

2
+ s − 1 >

4∑
i=0

ci , then (
n

2
+ s − 1 −

4∑
i=0

ci )m0 ≥ m0, and

c1 + 2c2 + (n + 2)c3 + (n + 3)c4 − n(2s + 1) − 4s

≤ c1 + 2c2 + 2c3 + 3c4 + (n + 3)(
n

2
+ s − 1) − n(2s + 1) − 4s

≤ 3(
n

2
+ s − 1) + n2

2
− n

2
− ns − s − 3

≤ n2

2
+ n + 2s ≤ n2

2
+ 2n < m0, which is a contradiction.

If
n

2
+ s − 1 <

4∑
i=0

ci , then (
n

2
+ s − 1 −

4∑
i=0

ci )m0 ≤ −m0, and

c1 + 2c2 + (n + 2)c3 + (n + 3)c4 − n(2s + 1) − 4s
≥ −n(2s + 1) − 4s

≥ −n2 − n + 4 (substituting s = n

2
− 1)

> −m0, which is a contradiction.

If
n

2
+ s − 1 =

4∑
i=0

ci , then c1 + 2c2 + (n + 2)c3 + (n + 3)c4 = n(2s + 1) + 4s. We have (
n

2
− s)m2 + 2 sm4 =

c
′
0m0 + c1m1 + c2m2 + c3m3 + c4m4, where c

′
0 = c0 + 1 ≥ 1. Now

(
n

2
− s)m2 + 2sm4 = n2(

n

2
+ s) + (n + 1)(

3n

2
+ 5s)

= (n2 − 1)(
n

2
+ s) + (n + 1)(

3n

2
+ 5s) + (

n

2
+ s)

= (n + 1)[n2

2
+ n + 4s + ns] + (

n

2
+ s) ≡ (

n

2
+ s) mod (n + 1)

and
c′

0(m1 − 1) + c1m1 + c2(m1 + 1) + c3(m1 + n + 1) + c4(m1 + n + 2)

(c2 + c4 − c′
0) mod (n + 1),

which implies (
n

2
+ s) ≡ (c2 + c4 − c′

0) mod (n + 1). Substituting

c′
0 + c1 + c2 + c3 + c4 = n

2
+ s,

we get c′
0 + c1 + c2 + c3 + c4 ≡ (c2 + c4 − c′

0) mod (n + 1). Therefore, n + 1 divides 2c′
0 + c1 + c3, which

implies 2c′
0 + c1 + c3 = 0 (since c2 + c4 − c

′
0 > 0). Hence c′

0 = 0, which is a contradiction to that fact c′
0 ≥ 1.

Since expressions of A8, A9, A10, A11 are similar to the expression of A7, therefore proofs follow similar steps.
	


Theorem 4.2 The set of all pseudo Frobenius numbers of the numerical semigroup S(n,5) is PF(S(n,5)) =
P1 ∪ P2 ∪ P3, where,

P1 = {n

2
m0 + (n + 1)},

P2 = {n

2
m0 + (n + 1) + k(m3 + (n + 2)) | 1 ≤ k ≤ (

n

2
− 1)},
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P3 = {n

2
m0 + (n + 1) + (

n

2
− 1)(m3 + n + 2) + (n + 1 + t) | 0 ≤ t ≤ n + 2}.

Hence the Cohen-Macaulay type of the numerical semigroup S(n,5) is
3n + 6

2
.

Proof This can be proved using similar steps as in Theorem 3.3. 	

Example 4.3 For n = 8, the numerical semigroup S(8,5) = 〈89, 90, 91, 99, 100〉. The Apéry set of S(8,5) with
respect to m0 = 89 is Ap(S(8,5), 89) = ∪11

i=1 Ai . Where

A1 = {0, 90},
A2 = {91, 182, 273, 364},
A3 = {99, 198, 297, 396, 495, 594, 693, 792},
A4 = {100, 200, 300, 400, 500, 600, 700, 800}
A5 = {181, 272, 363, 454},
A6 = {190, 281, 372, 463}
A7 = {291, 382, 473, 491, 582, 691},
A8 = {191, 282, 373, 464, 391, 482, 573, 591, 682, 791},
A9 = {199, 298, 299, 397, 398, 399, 496, 497, 498, 499, 595, 596, 597, 598, 599,

695, 696, 697, 698, 699, 793, 794, 795, 796, 797, 798, 799},
A10 = {390, 481, 572, 590, 681, 790},
A11 = {290, 381, 472, 563, 490, 581, 672, 690, 781}.

The set of all pseudo Frobenius numbers of the numerical semigroup S(8,5) is PF(S(8,5)) = P1 ∪ P2 ∪ P3,
where,

P1 = {365},
P2 = {474, 583, 692},
P3 = {701, 702, 703, 704, 705, 706, 707, 708, 709, 710, 711}.

5 Minimal generating set of the defining ideal Q(n,5)

In this section we find a minimal generating set for the defining ideal Q(n,5) and show that the minimal number
of generators of the defining ideal is unbounded above, thereby proving parts (i) and (ii) of the Unbounded
Concatenation Conjecture.

Theorem 5.1 Let A = k[x1, . . . , xn] be a polynomial ring, I ⊂ A the defining ideal of a monomial curve
defined by natural numbers a1, . . . , an, whose greatest common divisor is 1. Let J ⊂ I be a subideal. Then
J = I if and only if dimk A/〈J + (xi )〉 = ai for some i. (Note that the above conditions are also equivalent to
dimk A/〈J + (xi )〉 = ai for any i .)

Proof See [5]. 	

Theorem 5.2 Let e ≥ 4, a ≥ 2, n and S(n,5) be as defined in Section 4. A minimal generating set for the defining
ideal of S(n,5) consists of the following polynomials:

• f1 = x1x3 − x0x4,
• f2 = x2x3 − x1x4,
• g1 = x2

1 − x0x2,
• g2 = xa+3

2 − xa+2
0 x3,

• ξt = xt
0xn+2−t

1 − xt
3xn+1−t

4 , 0 ≤ t ≤ n + 1,
• ηk = xk+1

0 xn−2k−1
3 − xk+2

2 xn−2k−2
4 , 0 ≤ k ≤ a,

• l1 = xn+1
0 x1 − x2xn

4 ,
• l2 = xn+2

0 − x2x3xn−1
4 .
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Hence the cardinality of the minimal generating set for the defining ideal of S(n,5) is n + a + 9.

Proof Let S = { f1, f2, g1, g2, ξt , ηk, l1, l2 | 0 ≤ t ≤ n + 1, 0 ≤ k ≤ a}, and let J denote the ideal generated
by the set S. We consider the ideal J + 〈x0〉. It is easy to see that a generating set of J + 〈x0〉 comprises of the
following polynomials:

• q = x0,
• f̃1 = x1x3,
• f̃2 = x2x3 − x1x4,
• g̃1 = x2

1 ,
• g̃2 = xa+3

2 ,
• ξ̃0 = xn+1

4 ,
• ξ̃t = −xt

3xn+1−t
4 , 1 ≤ t ≤ n + 1,

• η̃k = −xk+2
2 xn−2k−2

4 , 0 ≤ k ≤ a,
• l̃1 = −x2xn

4 ,
• l̃2 = −x2x3xn−1

4 .

We claim that a Gröbner basis of J +〈x0〉, with respect the lexicographic monomial order induced by x0 ≥ x1 ≥
x2 ≥ x3 ≥ x4 on k[x0, . . . , x4], consists of the following polynomials:

• q = x0,
• f̃1 = x1x3,
• f̃2 = x2x3 − x1x4,
• g̃1 = x2

1 ,
• g̃2 = xa+3

2 ,
• ξ̃0 = xn+1

4 ,
• ξ̃t = xt

3xn+1−t
4 , 1 ≤ t ≤ n + 1,

• η̃k = xk+2
2 xn−2k−2

4 , 0 ≤ k ≤ a,
• l̃1 = x2xn

4 ,
• l̃2 = x2x3xn−1

4 ,
• h = x2x2

3 .

All except f̃2 are monomials in the generating set of ideal J + 〈x0〉, therefore we need to study only those
S-polynomials, where f̃2 is present:

• S( f̃2, f̃1) = −x2x2
3 = −h.

• S( f̃2, g̃1) = −x1x2x3 = −x2 · f̃1.
• gcd(Lt( f̃2), g̃2) = 1.
• S( f̃2, ξ̃0) = −x2x3xn

4 = −x2 · ξ̃1.
• For 1 ≤ t ≤ n, we have S( f̃2, ξ̃t ) = x2xt+1

3 = xt
3 · f̃2 + xt−1

3 x4 · f̃1.
• Since ξn+1 = xn+1

3 , hence gcd(Lt( f̃2), ˜ξn+1) = 1.
• For 0 ≤ k ≤ a, S( f̃2, η̃k) = −xk+3

2 x3xn−2k−2
4 = −xk+3

2 · ξ0.
• S( f̃2, l̃1) = −x2

2 x3xn−1
4 = x2 · l̃2.

• S( f̃2, l̃2) = −x2
2 x2

3 xn−2
4 = x2x3xn−2

4 · f̃2 − x1 · l̃2.

Therefore, the set

T = {q, f̃1, f̃2, g̃1, g̃2, ξ̃0, ξ̃t , η̃k, l̃1, l̃2, h | 1 ≤ t ≤ n + 1, 0 ≤ k ≤ a}
forms a standard basis for the ideal J + 〈x0〉. Hence, the leading ideal LI(J + 〈x0〉) of J + 〈x0〉, with respect to
the given monomial order is generated by the following set,

G = {x0, x1x3, x1x4, x2
1 , xa+3

2 , xn+1
4 , x2xn

4 , x2x3xn−1
4 } ∪

{xt
3xn+1−t

4 , xk+2
2 xn−2k−2

4 | 1 ≤ t ≤ n + 1, 0 ≤ k ≤ a}.
We now show that dimk (k[x0, . . . , x4]/J + 〈x0〉) = m0 and use Theorem 5.1. We claim that the monomials in
the given list give us all monomials of k[x0, . . . , x4] that are not divisible by any element of G:
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• A1 = {1, x1};
• A2 = {x2, x2

2 , . . . , xa+2
2 };

• A3 = {x3, x2
3 , . . . , xn

3 };
• A4 = {x4, x2

4 , . . . , xn
4 };

• A5 = {x1x2, x1x2
2 , . . . , x1xa+2

2 };
• A6 = {x2x3, x2

2 x3, . . . , xa+2
2 x3};

• A7 = {xr
2 x2s

4 | 1 ≤ s ≤ n
2 − 1, 1 ≤ r ≤ n

2 − s};
• A8 = {xr

2 x2s−1
4 | 1 ≤ s ≤ n

2 − 1, 1 ≤ r ≤ n
2 + 1 − s};

• A9 = {xk
3 xn−k−r+1

4 | 1 ≤ k ≤ n − 1, 1 ≤ r ≤ n − k};
• A10 = {xr

2 x3x2s
4 | 1 ≤ s ≤ n

2 − 1, 1 ≤ r ≤ n
2 − s};

• A11 = {xr
2 x3x2s−1

4 | 1 ≤ s ≤ n
2 − 1, 1 ≤ r ≤ n

2 + 1 − s}.
Let S be the set of all monomials of k[x0, . . . , x4] that are not divisible by any element of G. The kernel of
ν, ν(xi ) = tmi , 0 ≤ i ≤ 4, is generated by the set of binomials {xu − xv | ∑

ui mi = ∑
vi mi }, where

u = (u0, . . . , u4) ∈ N
4 and xu = ∏4

i=0 xui
i is a monomial. If an element s ∈ S(n,5) has unique expression,

say s = ∑4
i=0 si mi , then the corresponding monomial

∏4
i=0 xsi

i does not belong to the support of any binomial
belonging to ker(ν). We have the property that each element of the set A := ∪9

i=1 Ai ⊂ Ap(S(n,5), m0) has
unique expression and since the elements are in the Apéry set with respect to m0, the coefficient of m0 in the
unique expression must be zero. The set ∪9

i=1Ai = ν−1{t� | � ∈ A} is the set of all monomials corresponding
to the elements of A and these elements are not divisible by x0. Therefore ∪9

i=1Ai ∩ (Kerν + 〈x0〉) = ∅, hence
(∪9

i=1Ai ) ∩ (J + 〈x0〉) = ∅ and elements of ∪9
i=1Ai will not divisible by any element of G. It is easy to observe

that the elements of A10 ∪A11 are also not divisible by any element of G, hence ∪11
i=1Ai ⊂ S. Next, we observe

that due to the presence of monomials x0, x2
1 , xa+2

2 , xn+1
3 , xn+1

4 in G, the fact that xl
i ∈ S, 0 ≤ i ≤ 4, l > 0,

implies xl
i ∈ ∪4

i=1Ai . Again we consider G \{x2x3xn−1
4 } and we get xl

i xr
j ∈ S implies xl

i xr
j ∈ ∪9

i=5Ai . Similarly

we consider G and we get xl
i xr

j xq
p ∈ S implies xl

i xr
j xq

p ∈ ∪11
i=10Ai . Hence, we get S = ∪11

i=1Ai .
The cardinality of the set containing all the above elements is given by the sum: 2 + (a + 2) + n + n + (a +

2) + (a + 2) + n/2(n/2 − 1)

2
+ n/2(n/2 + 1)

2

+n(n − 1)

2
+ n/2(n/2 − 1)

2
+ (

n/2(n/2 + 1)

2
− 1).

Using (a + 2) = n

2
, we get

3(a + 2) + 2n − n

2
+ n2 + 1 = n2 + 3n + 1 = m0.

Therefore, by Theorem 5.1, the set S is a generating set for the defining ideal of S(n,5).
To prove minimality of the generating set, we prove that no element of this generating set can be expressed

by other elements.
Let π024 : k[x0, x1, x2, x3, x4] → k[x1, x3] be defined as,

π024(x0) = 0, π024(x1) = x1, π024(x2) = 0, π024(x3) = x3, π024(x4) = 0.

Let

f1 = x1x3 − x0x4 = c f 2 f2 + cg1g1 + cg2g2 +
t=n+1∑

t=0

cξ tξt +
k=a∑

k=0

cηkηk + cl1l1 + cl2l2,

for c f 2, cg1, cg2, cξ t , cηk, cl1, cl2 ∈ k[x0, x1, x2, x3, x4]. Applying π024 to both sides of the equation we get:
x1x3 = cg1(0, x1, 0, x3, 0)x2

1 . By comparing the exponent of x1 on both sides of the above equation, we can
conclude that the above equation does not hold good.

Let π014 : k[x0, x1, x2, x3, x4] → k[x2, x3] be defined as,

π014(x0) = 0, π014(x1) = 0, π014(x2) = x2, π014(x3) = x3, π014(x4) = 0.
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Let

f2 = x2x3 − x1x4 = c f 1 f1 + cg1g1 + cg2g2 +
t=n+1∑

t=0

cξ tξt +
k=i∑

k=0

cηkηk + cl1l1 + cl2l2,

for c f 1, cg1, cg2, cξ t , cηk, cl1, cl2 ∈ k[x0, x1, x2, x3, x4]. Applying π014 to both sides of the equation we get:
x2x3 = cg2(0, 0, x2, x3, 0)xi+3

2 , for i ≥ 2. By comparing the exponent of x2 in both sides of the above equation
we can conclude that the above equation does not hold good.

Let

g1 = x2
1 − x0x2 = c f 1 f1 + c f 2 f2 + cg2g2 +

t=n+1∑

t=0

cξ tξt +
k=a∑

k=0

cηkηk + cl1l1 + cl2l2,

for c f 1, c f 2, cg2, cξ t , cηk, cl1, cl2 ∈ k[x0, x1, x2, x3, x4]. Applying π024 to both sides of the equation we get:
x2

1 = c f 1(0, x1, x2, x3, 0)(x1x3), for a ≥ 2. By comparing the exponent of x3 in both sides of the above equation
we can conclude that the above equation does not hold good.

Let

g2 = xa+3
2 − xa+2

0 x3 = c f 1 f1 + c f 2 f2 + cg1g1 +
t=n+1∑

t=0

cξ tξt +
k=a∑

k=0

cηkηk + cl1l1 + cl2l2,

for c f 2, cg1, cξ t , cηk, cl1, cl2 ∈ k[x0, x1, x2, x3, x4]. Applying π014 to both sides of the equation we get: xa+3
2 =

c f 2(0, 0, x2, x3, 0)(x2x3), where a ≥ 2. By comparing the exponent of x3 in both sides of the above equation
we can conclude that the above equation does not hold good.

Let π01 : k[x0, x1, x2, x3, x4] → k[x2, x3, x4] be defined as,

π01(x0) = 0, π01(x1) = 0, π01(x2) = x2, π01(x3) = x3, π01(x4) = x4.

Let

ξt = xt
0xn+2−t

1 − xt
3xn+1−t

4 = c f 1 f1 + c f 2 f2 + cg1g1 + cg2g2 +
k=a∑

k=0

cηkηk + cl1l1 + cl2l2.

Applying π01 to both sides of the equation we get:

−xt
3xn+1−t

4 = c f 2(0, 0, x2, x3, x4)(x2x3) + cg2(0, 0, x2, x3, x4)xa+3
2

−
k=a∑

k=0

cηk(0, 0, x2, x3, x4)xk+2
2 xn−2k−2

4 − cl1(0, 0, x2, x3, x4)x2xn
4

−cl2(0, 0, x2, x3, x4)(x2x3xn−1
4 ), 0 ≤ t ≤ n + 1.

From the above equations, we observe that every term in the R.H.S contains x2, but the L.H.S does not have x2,
therefore the above equation does not hold good.

Let π124 : k[x0, x1, x2, x3, x4] → k[x0, x3] be defined as,

π124(x0) = x0, π124(x1) = 0, π124(x2) = 0, π124(x3) = x3, π124(x4) = 0.

Let

ηk = xk+1
0 xn−2k−1

3 − xk+2
2 xn−2k−2

4 = c f 1 f1 + c f 2 f2 + cg1g1 + cg2g2 +
t=n+1∑

t=0

cξ tξt + cl1l1 + cl2l2.

Applying π124 to both sides of the equation we get:

xk+1
0 xn−2k−1

3 = −cg2(x0, 0, 0, x3, 0)xa+2
0 x3 + cl2(x0, 0, 0, x3, 0)xn+2

0 , 0 ≤ k ≤ a.

Since 0 ≤ k ≤ a, a ≥ 2 and k + 1 < a + 2, n = 4 + 2a, the above equation does not hold good.
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Let π013 : k[x0, x1, x2, x3, x4] → k[x2, x4] be defined as,

π013(x0) = 0, π013(x1) = 0, π013(x2) = x2, π013(x3) = 0, π013(x4) = x4.

Let

l1 = xn+1
0 x1 − x2xn

4 = c f 1 f1 + c f 2 f2 + cg1g1 + cg2g2 +
t=n+1∑

t=0

cηkηk +
t=n+1∑

t=0

cξ tξt + cl2l2.

Applying π013 to both sides of the equation we get:

−x2xn
4 = cg2(0, 0, x2, 0, x4)xa+3

2 −
k=a∑

k=0

cηk(0, 0, x2, 0, x4)xk+2
2 xn−2k−2

4 .

Since a ≥ 2, each term of the R.H.S of the above equation contains x2
2 , whereas the L.H.S containing only x2.

Hence the above equation does not hold good.
Let π234 : k[x0, x1, x2, x3, x4] → k[x0, x1] be defined as,

π234(x0) = x0, π234(x1) = x1, π234(x2) = 0, π234(x3) = 0, π234(x4) = 0.

Let

l2 = xn+2
0 − x2x3xn−1

4 = c f 1 f1 + c f 2 f2 + cg1g1 + cg2g2 +
k=a∑

k=0

cηkηk +
t=n+1∑

t=0

cξ tξt + cl1l1.

Applying π234 to both sides of the equation we get:

xn+2
0 = cg1(x0, x1, 0, 0, 0)x2

1 +
t=n+1∑

t=0

cξ t (x0, x1, 0, 0, 0)xt
0xn+2−t

1 + cl1(x0, x1, 0, 0, 0)xn+1
0 x1.

Since each term of the R.H.S of the equation contains x1, but the L.H.S does not contain x1, we see an absurd
situation. Therefore the above equation does not hold good. 	

Example 5.3 A minimal generating set for the defining ideal of S(8,5)(discussed in Example 4.3) consists of the
following polynomials:

• f1 = x1x3 − x0x4,
• f2 = x2x3 − x1x4,
• g1 = x2

1 − x0x2,
• g2 = x5

2 − x4
0 x3,

• ξt = xt
0x10−t

1 − xt
3x9−t

4 , 0 ≤ t ≤ 9,
• ηk = xk+1

0 x7−2k
3 − xk+2

2 x6−2k
4 , 0 ≤ k ≤ 2,

• l1 = x9
0 x1 − x2x8

4 ,
• l2 = x10

0 − x2x3x7
4 .

The set G is the following:

G = {x0, x1x3, x1x4, x2
1 , x5

2 , x9
4 , x2x8

4 , x2x3x7
4} ∪

{xt
3x9−t

4 , xk+2
2 x8−2k−2

4 | 1 ≤ t ≤ 9, 0 ≤ k ≤ 2}.
The list all those monomials which are not divided by any element of G are the following:

• {1, x1}
• {x2, x2

2 , x3
2 , x4

2 }
• {x3, x2

3 , x3
3 , x4

3 , x5
3 , x6

3 , x7
3 , x8

3 }
• {x4, x2

4 , x3
4 , x4

4 , x5
4 , x6

4 , x7
4 , x8

4 }
• {x1x2, x1x2

2 , x1x3
2 , x1x4

2 }
• {x2x3, x2

2 x3, x3
2 x3, x4

2 x3}
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• {x2x4, x2x2
4 , x2x3

4 , x2x4
4 , x2x5

4 , x2x6
4 , x2x7

4}
{x2

2 x4, x2
2 x2

4 , x2
2 x3

4 , x2
2 x4

4 , x2
2 x5

4}
{x3

2 x4, x3
2 x2

4 , x3
2 x3

4}
{x4

2 x4}

• {x3x4, x3x2
4 , x3x3

4 , x3x4
4 , x3x5

4 , x3x6
4 , x3x7

4}
{x2

3 x4, x2
3 x2

4 , x2
3 x3

4 , x2
3 x4

4 , x2
3 x5

4 , x2
3 x6

4}
{x3

3 x4, x3
3 x2

4 , x3
3 x3

4 , x3
3 x4

4 , x3
3 x5

4}
{x4

3 x4, x4
3 x2

4 , x4
3 x3

4 , x4
3 x4

4 }
{x5

3 x4, x5
3 x2

4 , x5
3 x3

4}
{x6

3 x4, x6
3 x2

4 }
{x7

3 x4}
• {x2x3x4, x2x3x2

4 , x2x3x3
4 , x2x3x4

4 , x2x3x5
4 , x2x3x6

4}
{x2

2 x3x4, x2
2 x3x2

4 , x2
2 x3x3

4 , x2
2 x3x4

4 , x2
2 x3x5

4}
{x3

2 x3x4, x3
2 x3x2

4 , x3
2 x3x3

4}
{x4

2 x3x4}
The cardinality of union of these monomial sets is 89.
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