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Abstract Let H, be the Hilbert spaces of holomorphic functions over the open unit ball By with reproducing
kernels K, (z) = (1 — (z, w))~!, where t > N. This paper give estimates for the norms and essential norms of
weighted composition operators induced by members in Aut(By) on the Hilbert spaces H;. As applications, the
boundedness and compactness of these weighted composition operators are characterized. Moreover, this paper
gives estimates of the spectral radius and essential spectral radius of the above weighted composition operators.
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1 Introduction

Let By be the open unit ball of the N-dimensional complex space CV . The space of all holomorphic functions
on By is denoted by H (By) and the Banach algebra of all bounded holomorphic functions on By is denoted by
H> (By) with

[ fllc = sup | f(2) |, feHZBy).

zeBy

Let v € HBy) and ¢(z) = (¢1(2), - -+ , ¢n(2)) be a holomorphic self-map of By. The weighted compo-
sition operator Wy, , : H(By) — H(By) is defined by

Wy o f)(@) =¥ (2) f(p2), ze€By.

In particular, we rewrite C, for W ,, the composition operator induced by ¢. Besides, if € H*°(By), then
Wy o = Ty Cy, where Ty, is the Toeplitz operator on H (By), given by

Ty f=vf [feH®By).

For general references on the theory of weighted composition operators, we call the reader’s attention to [1,10].

Shapiro [9] gives the estimates for the essential norms of composition operators on the Hardy space H?(ID) and
the weighted Bergman space Ag (D) in terms of the Nevanlinna counting function, where I is the open unit disk
in the complex plane. Ueki and Luo [11] discuss the essential norms of weighted composition operators between
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664 S. Li

the weighted Bergman spaces Aé (By) by Carleson measure. Jury [6] obtains the norm estimates and expressions
of spectral radius of composition operators induced by linear fraction maps of the unit ball. On the other hand,
MacCluer [5] studies the spectrums of composition operators induced by (holomorphic) automorphisms of the
unit ball on the Hardy spaces. Hyvirinen, Lindstrom, Nieminen and Saukko [7] calculate spectral radius of
weighted composition operators induced by automorphisms of the unit disk on H2(ID) and Ag D).

Our work has been inspired by the paper of [3], where Fetehi and Hammond study on Hardy spaces and
weighted Bergman spaces weighted composition operators induced by members in Aut(ID), automorphisms
of the unit disk. The purpose of this article is to carry Fetehi and Hammond’s work [3] to higher dimension
cases, that is, to determine the norm, essential norm, spectral radius, and essential spectral radius of weighted
composition operators induced by members in Aut(By), on the Hilbert space H;, with reproducing kernels
Ky() = (1 —(z,w))™", where r > N (see Sect.?2).

The paper is arranged as follows. Section 2 is dedicated to the presentation of some notations and preliminary
results. In Sect. 3, we prove thatif ¢ € Aut(By), then the norm of Wy, , is equal to the essential norm of Wy, . As
applications, we obtain the characterizations of boundedness and compactness of Wy, , on H;. In Sect. 4, it will
be seen that the spectral radius of the weighted composition operator depends on the types (elliptic, parabolic or
hyperbolic) of symbol. In the most interesting cases, we present estimates of the spectral radius and the essential
spectral radius of a class of weighted composition operators on H;.

2 Preliminaries

In this section, we first introduce some notations and preliminary results.

2.1 The reproducing kernel Hilbert spaces H;

For each t > N, let H; be the reproducing kernel Hilbert space with the reproducing kernels
Ky() =1 —(z,w)™, ze€By,

where w € By.

The spaces H;, called the (generalized) weighted Bergman spaces by Zhao and Zhu in [13], belong to the
class of weighted Hardy spaces introduced in [1, Section 2.1]. If t = N, the space H, is the classical Hardy space
H*By).If t > N, the space H; is the weighted Bergman space Atz_ ~N_1(Bx), consisting of all holomorphic
functions that are square integrable with respect to the measure (1— | z Iz)t_N “14Vv(z), where dV is the
Lebesgue measure on By . For more details, we call the reader’s attention to [4,13].

For w € By, let us denote by k,, the normalized reproducing kernel at w defined by

Ky  (—|w»H7?

kw(z) = =
@ =kl = A=)y

f ZEBN.

2.2 Weighted composition operators

Suppose Wy, is bounded on H,, then the adjoint W&j’ 0 satisfies

W;ngw =Y (W) Kyw), weBy.
Let ¢ be a holomorphic self-map on By. For each n € N, the nth iterate ¢ of ¢ defined by
o™ =go---0g.
Forn = 0, set <p(0) := id, the identity function on By . By a direct calculation, it follows that
Wy o = Wyin g,

where /" is defined by ¢! := ]_[Z;é ¥ 0 ¢® foreach n € N.
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2.3 Essential norm of a bounded operator

For a Banach space X and a bounded linear operator T on X, the essential norm || 7|, of T is defined by
IT| =inf{||T + K| : K is a compact operator on X'}.

An operator 7 is compact if and only if ||T'||, = 0. The essential spectrum o,(7) of a bounded operator 7" on
the Banach space X’ is the set of all A € C such that 7 — A/ is not Fredholm. The essential spectral radius of T
on X is given by

re(T) = sup{| A |1 & € 0.(T)}.

Alternatively, one has

1
r(T) = lim I T")12.

2.4 Linear fractional maps and automorphisms of By

Following Cowen and MacCular [2], a linear fractional map of the unit ball By is a self-map of the form
Az + B
(z.C)+d’

where A is an N x N matrix, B and C are N x 1 matrices, and d is a scalar.
The following proposition guaranteed the boundedness of weighted composition operators on H; induced
by linear fractional maps of By .

¢(z) = ey

Proposition 1 [6, Theorems 4 and 6] If ¢ is a linear fractional self-map of By, then the composition operator
Cy is bounded on H, for allt > 0 and
I+ ¢(0) 2

() < Gyl =
I=le@ " =7 7 =0 |
By an automorphism of By, we mean a biholomorphic map from By onto By . Some basic facts about the
automorphism group, Aut (By), of By can be found in [8, Chapter 2.2] and [14, Chapter 1.2].
Let us recall a class of automorphisms of By, called involutions. For any point a € By \ {0}, put
Puz — 5404z

a—
%(Z):W, z € By (2)

where s, = (1— | a |?)!/?, P, is the orthogonal projection from C¥ onto the one-dimensional subspace Ca, and
Q4 =1 — P,. Fora = 0, we simply define ¢,(z) = —z.

The next theorem shows that all automorphisms can be obtained by the involutive automorphisms of By and
the unitary transformations.

Lemma 2 [8, Theorem 2.2.5] If ¢ € Aut(By) and a = ¢~ '(0), then there is a unique unitary operator U on
CN such that

¢ =Ug,. (3)
In this case, the identity

d —(a,a))(d —(z, w))

1= (@), p(w)) = (1= (z,a)( — (@, w))

holds for all z, w € m

It is well know that each automorphism of the unit ball is a linear fractional map. In this paper, we will focus
on weighted composition operators Wy, , on Hy, where  is a real number such thatz > N, ¢ is an automorphism
asin (3)on By, and v € H(By).
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3 Norm and essential norm of Wy ,

Recently Fetehi and Hammond [3, Theorem 3.1] has obtained the the norms and essential norms of weighted
composition operators induced by automorphisms of the unit disk using Cowen’s Adjoint Formula. This section
aims to give an extension of [3, Theorem 3.1] to the case of several variables.

The following is our main result in this section.

Theorem 3 Suppose v € H(By) and ¢ € Aut(By). Then Wy, o, is a bounded weighted composition operator
on H; if and only if v € H*®(By). Moreover,

14
”Ww,go”e = ”Wl,[/(p” = ||k_||o<>v @)
a

where a = (p_l(O).
By an application of Theorem 3, we have several consequences.

Corollary 4 Suppose ¢ € Aut(By). Then Cy, is a bounded composition operator on H, and

1
ICylle = 1Coll = ||k_||oo-
a
Corollary 5 Suppose v € H(By) and ¢ € Aut(By). Then Wy, , is a compact weighted composition operator
on H; if and only if Wy, , = 0.
For the proof of Theorem 3, we need some lemmas.
Lemma 6 Ify € H*(By), the Toeplitz operator Ty is bounded on H;, and

ITylle = 1Tyl = 1V llco-
Le [4] gives a characterization of unitary weighted composition operators on Hilbert spaces H; for ¢ > 0.

Lemma 7 [4, Corollary 3.6] Let f be a holomorphic function on By and ¢ be a holomorphic self-map of By
such that the operator Wy, , is bounded on H; for some t > 0. Then the following are equivalent:

(a) Wy o is a unitary on H;.
(b) Wy, is a co-isometry on H;.

(¢) @ is an automorphism of By and = Ak -1, for some complex number . with | A |= 1.
Now we come to the proof of Theorem 3.

Proof (Proof of Theorem 3) Suppose that Wy, , is bounded. It follows from ¢ € Aut(By) that the composition
operator C,,-1 is bounded. Also, for any w € By, by the adjoint property of weighted composition operator

W]Z,(p = (w)Kw(w)’
we have
CEAWy Ky = CE Y () K = ¥ (W) Ky,
Hence

[ (w) [= [1Cp-1 Wy gl

Therefore, v € H*(By).
Conversely, if € H*°(By), then it is routine that Wy, , = Ty, C,, is bounded.
It remains to prove (4). For every a = <p‘1 (0), one surely has

1
Wyg =ka=TyCyp =Ty kaCp = Ty Wi, p-
ktl ka ka

By Lemma 7, the weighted composition operator Wy, , is unitary on H;, and hence by Lemma 6

v
Wyl =Tyl = 1¥/Kalloo, Wy plle = 1Ty kqlle = 1= lloo-

a
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4 Spectral radius and essential spectral radius of Wy

The main result of above section (Theorem 3) states the the norm of the weighted composition operator induced
by the automorphism of the unit ball is equal to the essential norm. Motivated by this result, we naturally consider
its spectral radius and the essential spectral radius. In this section, we will respectively present the estimations
of the spectral radius and the essential spectral radius of the weighted composition operators induced by elliptic,
parabolic and hyperbolic automorphism on H;.

Theorem 8 Suppose v € H[By) and ¢ € Aut(By). Then we have
re(Wy.p) =1(Wy o).

Proof As before, WIZ’ 0= me’(p(n), where w[”] = ]_[Z;é Yo (p(k), for n > 1. Then it follows from Theorem 3
that

1 1 1 1
Wy plle = 1Wyim gmlle = IWym golln = I1Wy ,lIn.
By letting n — o0, it yields that r,(Wy, ) = r(Wy, ,) as desired. ]

We are now ready to perform some calculations about the estimates of spectral radius and essential spectral
radius of Wy, .

Theorem 9 Suppose v € H*(By) and ¢ is a linear-fractional map on By. Then the weighted composition
operator Wy, , on H; satisfies

1
| yl10) |n 1 1 21221y
s < Wy 8 = 1IW) Il < =
(1— | @™ (0) [2)t/2n (1= | 9™ (0) [)*/2n

Proof By Proposition 1, we have

1 14+ ¢™(0) 12

()" < IC2 = [ Cym || = ( )
1— | ™(0) |2 ¢ ¢ 1— | ¢™(0) |
In view of Lemma 6,
1Tyl = 19" oo < 19112 (6)
Combining (5) and (6), one has
IW2 = 1Wyin gl < 1Tm 1€yl
1+ | ™(0) |
< n t/2
< n, = t/2.
Besides,
W31 oo L= Wy o Koll =1 970) 11K oo o)
1y |
(=™ 212
Therefore, one obtains
1
O e b 2V e
(1= [ M (0) [2)1/2n = F7V2T0 = (1— | o (0) [)!/2n
to finish the proof. O
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Corollary 10 [6, Corollary 5] Suppose ¢ is a linear-fractional map of By. Then the spectral radius of C, on
Ht is

lim (1= | ¢ (0) =72,
n—oo

Proof By Theorem 9, we have

1 1
<
2021 (1= | o (0) PP/ = (14 | @™ (0) D722 (1= | @™ (0) )1/
1
(1= @™(0) [2)1/2n
2t/2n

1
i
=10 = T

Letting n — oo we get the desired conclusion. O

If ¢ is a holomorphic mapping with not interior fixed point in By, then there exists a unique point £ € dBy
such that the iterations of ¢ converge uniformly to & on compact subset of By [1, Theorem 2.83 p.108], and &
is called the Denjoy-Wolff point of ¢. Moreover, set

1— 2
5 = liminf - #@ I©
z—& 1— |z |2

and 0 < § < 1. By the Julia-Cathéodory theorem on the ball [8, Theorem 8.5.6], the complex directed derivative
D¢ @ has a restricted K-limit § at &; and 8 is called the dilation coefficient of . When N = 1, § is the angular
derivative of ¢ at &.

Remind that the automorphisms of By are classified with respect to the distribution of their fixed points.

Definition 11 An automorphism ¢ of By is called:

e clliptic if it has some fixed point in By;

e hyperbolic if it has no fixed points in By and if the boundary dilation coefficient at its Denjoy-Wolff point
belongs to (0, 1);

e parabolic if it has no fixed points in By and if the boundary dilation coefficient at its Denjoy-Wolff point is
equal to 1.

For a linear fractional map ¢ of By, Jury [6, Theorem 14] obtains that the spectral radius of Cy, on H, is 1if ¢
is elliptic; if ¢ is non-elliptic with dilatation coefficient § the spectral radius is § /2. In what follows, we will
give a similar version for those weighted composition operators induced by ¢ € Aut(By).

Theorem 12 ¢ € Aut(By) and v € H(By). If ¢ is elliptic, then the spectrum radius and essential spectral
radius of Wy, on H, satisfy

[ 9 (0) [= re(Wy o) =r(Wyp) < 1Y ]lco-

Proof Leta € By denote the fixed point of the elliptic automorphism ¢ on By . There are two cases to distinguish.
Case I. a = 0. Then the result follows directly from Theorem 9 that

[ Y (0) [Sre(Wy o) =r(Wy o) < [¥llco-
Case II. a # 0. Let ¢, be defined as (2). Then by routine calculations,
CoaWy.9Coi = Wyops.guop0ps = Wy 5

where @ =Y 0@s @ = ¢40¢ 0@, Thus Wy , is similar to W5 & which means that they share the same
spectrum, and same spectral radius. Since 0 is the fixed point of ¢, the proof is done by discussions in Case I. O
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Theorem 13 Let ¢ € Aut(By). Suppose v € H(By) is not identically zero. If ¢ is non-elliptic. Then the
spectral radius and essential spectral radius of weighted composition operator Wy, , on H; satisfy

[ ¥ (&) | 1Y lloo
”lpaw =< re(Wllf,ga) = r(Wlﬂ,w) = W— @)

T k(&) 7
where a = ¢~ 1(0) and & is the Denjoy-Wolff point of ¢.

Proof Without loss of generality, assume that 1 is not identically zero.
Applying Theorem 9, the spectral radius and essential spectral radius of Wy, ,, satisfy

572 Tim | Y0 [7 < re(Wyp) = r(Wy ) < 1 lload "2,
n—oo
where § is the dilation coefficient of ¢. For each ¢ € Aut(By),

1= 19@ I

8712 = lim inf
1;11)1;1 ( — [P )
1— , _
i L= 2@ 0@) s
z—>§& 1 - <Z7 Z)

I-lal? —t/2

= liminf(——m88
& (|1—<z,a> |2)
= lim inf
> | ka(2) |
B 1
| ka(€) |
where a = <p‘1 (0). Therefore
1 . 1 1% 1loo
lim | ¢™(0) |7 < re(Wyp) = r(Wy p) < —— .
| kq(&) | n—oo e V= Tha(E) |

If ¥ (§) = 0, then we are done. Hence it remains to treat with the case of ¥/ (&) # 0. By the techniques in [12,
Theorem 3.5], one can show that lim | ¥ (0) |/"=| y(¢) | to complete the proof. For completeness, we
n—o0

include the proof. Put x, = log | ¥ (¢ (0)) | for each non-negative integer n. Since £ € 9By is the Denjoy-
Wolff point of ¢, then ¢ converge uniformly to £ on compact subsets of By. Since 1 does not identically
vanish on By, lim x, = lim log | V(™ (0)) |= log | ¥ (&) |. Therefore,

n—0o0 n—oo

X1t x4+ Xy
lim

n— 00 n

= lim l(log | v (@D0) | +log | Y (@@ (0)) | +---+1log | ¥ (@™ (0)) |)
n—oon

log [ ¥(§) |

1
Jim ~log | (VO (@ 0) (" (0 |
= lim log | y"1(0) |'/"

forcing

Tim | y1"(0) =] Y () |-

If Wy, , is a Reisz operator, that is, r.(Wy, ,) = 0, then we have the following corollary.

Corollary 14 Suppose y € H*(By) and ¢ € Aut(By) is non-elliptic. If Wy, , is a Reisz weighted composition
operator on Hy, then | ¥ (&) |= 0.
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