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Abstract In this paper we study about the existence of solutions of certain kind of non-linear differential and
differential-difference equations. We give partial answer to a problem which was asked by chen et al. in [2].
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We assume that the readers are familiar with the standard notations of Nevanlinna theory such as characteristic
function T (r, f ), proximity function m(r, f ), integrated counting function N (r, f ), un-integrated counting
function n(r, f ) and the first main theorem for a meromorphic function f which is defined in the complex
plane [4,5,9]. To make our paper self contained, we present the elementary definitions of the order of growth
ρ( f ) and exponent of convergence of zeros λ( f ) of a meromorphic function f

ρ( f ) = lim sup
r→∞

log+ T (r, f )

log r

and

λ( f ) = lim sup
r→∞

log+ n(r, 1/ f )

log r
,

respectively. If f is a meromorphic function, then S(r, f ) denotes such quantities which are of growth o(T (r, f ))

as r → ∞, outside of a possible exceptional set of finite linear measure. A meromorphic function h(z) is said
to be a small function of f (z) if T (r, h) = S(r, f ) and vice versa. Note that finite sum of the quantities which
are of S(r, f ) kind is again S(r, f ). A differential polynomial in f is a polynomial in f (z) and its derivatives
with small function of f (z) as its coefficients. For a given meromorphic function f and a constant c, f (z + c)
is known as a shift of f . To study solvability and existence of solutions of non-linear differential equations and
differential-difference equations are interesting. Many researchers have been studied these equations, one may
refer to see [6–8,10,11]. In this paper, our aim is to present some studies on the solutions of certain kind of
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672 G. Pant, S.K. Pant

non-linear differential equations and differential-difference equations which were objects of intense study. In
2021, Chen et al. [2] studied the following non-linear differential-difference equation

f n(z) + w f n−1(z) f ′(z) + q(z)eQ(z) f (z + c) = u(z)eν(z), (1)

where n is a natural number, w and c �= 0 are complex constants. Moreover, q, Q, u and ν are non constant
complex polynomials.
In our first result, we study non-linear differential-difference equation (1) and prove the following result:

Theorem A Suppose that n ≥ 3 for w �= 0 and n ≥ 2 for w = 0. Let f be a finite order transcendental entire
solution of equation (1) satisfying λ( f ) < ρ( f ). Then f satisfies one of the following:

(i) ρ( f ) < deg ν = deg Q and f = Ce−z/w, where C is a non-zero constant.
(i i ρ( f ) = deg ν = deg Q

Note that every non-vanishing transcendental entire function f of non-zero finite order satisfies λ( f ) < ρ( f ).
Therefore we get an immediate corollary from the above theorem.

Corollary 1 Suppose that n ≥ 3 for w �= 0 and n ≥ 2 for w = 0. If f is a non-vanishing transcendental
solution of non-zero finite order of equation (1). Then f satisfies the conclusion of Theorem A.

Corollary 1 gives partial answer to the problem posed by Chen et al. [2, Problem 1.10] where they have asked
“Can the conclusion ρ( f ) = deg Q ≥ deg ν be further improved to ρ( f ) = deg Q = deg ν in the theorem
namely Theorem 1.4 ?"

Next, Chen et al. [2] also studied a non-linear differential-difference equation in which left hand side of
equation (1) is unaltered and right hand side of the same equation is replaced by P1eλz + P2e−λz . Then they
provided the following result:

Theorem 1 Suppose f is a transcendental entire solution with finite order of equation

f n(z) + w f n−1(z) f
′
(z) + q(z)eQ(z) f (z + c) = P1eλz + P2e−λz, (2)

where n is a natural number, w is a constant and c, P1, P2, λ are non-zero constants, q �≡ 0 is a polynomial and
Q is a non-constant polynomial. Then the following conclusions hold:

(i) If n ≥ 4 for w �= 0 and n ≥ 3 for w = 0, then each solution f satisfies ρ( f ) = deg Q = 1.
(ii) If n ≥ 1 and f is a solution which belongs to �0 = {eα(z) : α(z) is a non-constant polynomial}, then

f (z) = e(λz/n)+a, Q(z) = −n + 1

n
λz + b

or

f (z) = e(−λz/n)+a, Q(z) = n + 1

n
λz + b,

where a and b are constants.

Now it is natural to ask what can we say about the solutions of equation (2) when n = 3 and w �= 0? In this
sequence, we prove the following result:

Theorem B Suppose that w, c, P1, P2 and λ are non-zero constants, q(z) is a non-zero polynomial, Q(z) is
a non constant polynomial. Then there does not exist any finite order transcendental entire function satisfying
equation

f 3(z) + w f 2(z) f ′(z) + q(z)eQ(z) f (z + c) = P1eλz + P2e−λz . (3)

with a finite non-zero Borel exceptional value.

The following example shows that if f is a transcendental entire function satisfying equation (3), then f may
have zero Borel exceptional value.
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Example 1 The function f (z) = 2e3z satisfies differential-difference equation

f 3 + f 2 f
′ + e−12z f (z + log 2) = 32e9z + 16e−9z .

Here f (z) has zero as a Borel exceptional value.

In 2020, Xue [13] and Chen et al. [3] studied a new kind of non-linear differential equations and proved the
following results:

Theorem 2 [13] Suppose n ≥ 2 and k are integers, Pn−1(z, f ) is an algebraic differential polynomial in f (z)
of degree at most n − 1. Let Pi and αi be non-zero constants for i = 1, 2, 3, and |α1| > |α2| > |α3|. If f is a
transcendental entire function satisfying the following differential equation

f n(z) + Pn−1(z, f ) = P1eα1z + P2eα2z + P3eα3z, (4)

then f (z) = Ceα1z/n, where C is a non-zero constant such that Cn = P1, and α1, α2, α3 are in one line.

Note that an algebraic differential polynomial P(z, f ) is a polynomial in f whenever f is a polynomial in f (z)
and its derivatives with polynomials as its coefficients.

Theorem 3 [3] Suppose n ≥ 5 is an integer and Qd(z, f ) is a differential polynomial in f of degree d ≤ n − 4
with rational functions as its coefficients. Also suppose p1(z), p2(z), p3(z) are non-zero rational functions and
α1, α2, α3 are non constant polynomials such that α

′
1, α

′
2, α

′
3 are distinct to each other. If f is a meromorphic

solution with finitely many poles of the following differential equation

f n(z) + Qd(z, f ) = p1(z)e
α1(z) + p2(z)e

α2(z) + p3(z)e
α3(z), (5)

then
α

′
1

α
′
2

,
α

′
2

α
′
3

are rational numbers, and f (z) must be of

f (z) = r(z)eP(z),

where r(z) is a non-zero rational function and P(z) is a non constant polynomial. Furthermore, there must exist
positive integers m1, m2, m3 with {m1, m2, m3} = {1, 2, 3} and distinct integers k1, k2 with 1 ≤ k1, k2 ≤ d such
that α

′
m1

: α
′
m2

: α
′
m3

= n : k1 : k2, n P ′ = α
′
m1

, Qd(z, f ) ≡ pm2(z)e
αm2 (z) + pm3(z)e

αm3 (z).

After stating the above result, Chen et al. [3] mentioned that “in Theorem 3, the condition n ≥ 5 is necessary"
in a remark namely ‘Remark 1.2’. By some examples, they have also shown that if n ≤ 4, then Theorem 3 may
not hold. In this sequence, through our next results we illuminate some particular points of the previous known
results and fill the gap of technical mistakes which happened in Theorem 2.

Theorem C Let n ≥ 2, and P(z, f ) be a linear differential polynomial in f (z), its derivatives with coefficients
being rational functions. Suppose Pj (z) and α j (z) ( j = 1, 2, 3) are non-zero rational functions and non
constant polynomials, respectively. Also α

′
1(z), α

′
2(z)and α

′
3(z) are distinct to each other. If f is a transcendental

meromorphic solution of the following differential equation

f n(z) + P(z, f ) = P1(z)e
α1(z) + P2(z)e

α2(z) + P3(z)e
α3(z), (6)

such that f has finitely many poles, then f is of finite order but not in the form of f (z) = s(z)eq(z), where
s(z) is a non-zero rational function and q(z) is a non constant polynomial.

Before stating next result we first define that Q�
2(z, f ) is a differential polynomial of degree 2 with rational

functions ai (z) as its coefficients and at least one coefficient of f (l)(l ≥ 0) must be non-zero.

Theorem D Suppose P1, P2, P3 are non-zero constants, and α1, α2, α3 are non-zero and distinct constants. If
f is an entire solution of the following differential equation

f n(z) + Q�
2(z, f ) = P1eα1z + P2eα2z + P3eα3z, (7)

where n ≥ 3 and satisfying λ( f ) < ρ( f ). Then ρ( f ) = 1 and f (z) must be in the form of f (z) = Ceaz,
where a and C are non-zero constant. Particularly, we can say that there exist positive integers k1, k2, k3 with
{k1, k2, k3} = {1, 2, 3} such that αk1 : αk2 : αk3 = n : 2 : 1, na = αk1 and C = P1/n

k1
.
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Note that Theorem 3 is an improvement of Theorem 2 which can be seen by the following examples.

Example 2 The differential equation

f 2 + f
′′ − 2 f

′ − f = 2e2z + 2e3z + e4z

has a solution f (z) = 1 + ez + e2z which is not in the required form as in Theorem 2.

Example 3 The differential equation

f 3 − 2 f
′ − 4 f = e9z + 6e6z + 2e3z

has a solution f (z) = e3z + 2 which is not in the required form as in Theorem 2.

Example 4 The differential equation

f 4 + 3

2
f

′ + f = 16e8z − 32e6z + 24e4z

has a solution f (z) = 2e2z − 1 which is not in the required form as in Theorem 2.

We observe that the above examples also satisfy the statement of the Theorem C. Next, we combine Theorem 3
and Theorem C, then we have an immediate result:

Corollary 2 Let n ≥ 5, and P(z, f ) be a linear differential polynomial in f (z), its derivatives with ratio-
nal functions as its coefficients. Suppose Pj (z) and α j (z) ( j = 1, 2, 3) are non-zero rational functions and
non constant polynomials, respectively. Also α

′
1(z), α

′
2(z), α

′
3(z) are distinct to each other. Then there exist no

meromorphic solution having finitely many poles which satisfies equation (6).

By the following examples, we show that hypothesis of Theorem D keeps necessary conditions to conclude
the result.

Example 5 The differential equation

f 3 + 2 f 2 + f
′2 = e3z − 3e2z + 4ez

has a solution f (z) = ez − 2, which is not in the required form, here 2 f 2 + f
′2

is not in the form of Q�
2(z, f ).

Example 6 The differential equation

f 3 + f f
′ − f = e3z − 2e2z + ez

has a solution f (z) = ez − 1, which is not in the required form and λ( f ) = ρ( f ).

Example 7 The differential equation

f 4 − f 2 − 5 f
′2 = e4z − 4e3z − 2ez

has a solution f (z) = ez − 1, which is not in the required form, here − f 2 − 5 f
′2

is not in the form of Q�
2(z, f ).

Note that Theorem D is an improvement of Theorem 2.
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1 Preliminary results

In this section, we collect those lemmas which we use to prove our desired results.
The following lemma is related to the proximity function of logarithmic derivative of a meromorphic function

f .

Lemma 1 [5] Suppose f is a transcendental meromorphic function and k ≥ 1 is an integer. Then

m

(
r,

f (k)

f

)
= S(r, f ).

The following lemma estimates the characteristic function of a shift of a meromorphic function f .

Lemma 2 [1] Suppose f is a meromorphic function of finite order ρ and c is a non-zero complex constant. Then
for every ε > 0,

T (r, f (z + c)) = T (r, f ) + O(rρ−1+ε) + O(log r).

Next lemma is the difference analogue of the lemma on the logarithmic derivative of a meromorphic function f
having finite order.

Lemma 3 [1] Suppose f is a meromorphic function with ρ( f ) < ∞ and c1, c2 ∈ C such that c1 �= c2, then for
each ε > 0, we have

m

(
r,

f (z + c1)

f (z + c2)

)
= O(rρ−1+ε).

The following lemma estimates the characteristic function of an exponential polynomial f . This lemma can be
seen in [12].

Lemma 4 Suppose f is an entire function given by

f (z) = A0(z) + A1(z)e
w1zs + A2(z)e

w2zs + ... + Am(z)ewm zs
,

where Ai (z); 0 ≤ i ≤ m denote either exponential polynomial of degree < s or polynomial in z, wi ; 1 ≤ i ≤ m
denote the constants and s denotes a natural number. Then

T (r, f ) = C(Co(W0))
rs

2π
+ o(rs),

Here C(Co(W0)) is the perimeter of the convex hull of the set W0 = {0, w1, w2, ..., wm}.
The following lemma plays a key role to prove all our results in this article.

Lemma 5 [14] Suppose f1, f2, ..., fn(n ≥ 2) are meromorphic functions and h1, h2, ..., hn are entire functions
satisfying

1.
∑n

i=1 fi ehi ≡ 0.
2. For 1 ≤ j < k ≤ n, h j − hk are not constants.
3. For 1 ≤ i ≤ n, 1 ≤ m < k ≤ n, T (r, fi ) = o(T (r, e(hm−hk ))) as r → ∞, outside a set of finite logarithmic

measure.

Then fi ≡ 0 (i = 1, 2, ..., n).
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2 Proof of theorems

Proof of Theorem A Given that f is a transcendental entire solution of finite order of equation (1) satisfying
λ( f ) < ρ( f ).
Case 1: First, we consider n ≥ 3 for w �= 0, then using Weierstrass factorisation theorem, f can be written as

f (z) = α(z)eβ(z), (8)

where β(z) is a non constant polynomial of degree t and α(z) is an entire function satisfies ρ(α) = λ( f ) <

ρ( f ) = t . For simplicity, rewriting (1) as

f n + w f n−1 f ′ + qeQ fc = ueν, (9)

where fc = f (z + c). Now, we study the following three sub cases.
Case 1.1: When ρ( f ) < deg Q, then we have T (r, f ) = S(r, eQ). Also, it is well known that a meromorphic
function and its derivative have same order, thus we have T (r, f ′) = S(r, eQ) = T (r, f ). Using Lemma 2, we
obtain

T (r, fc) = S(r, eQ).

From equation (9), we get

T (r, ueν) = T (r, f n + w f n−1 f ′ + qeQ fc)

≤ T (r, f n−1) + T (r, f + w f ′) + T (r, q) + T (r, eQ) + T (r, fc) + log 2

≤ nT (r, f ) + T (r, f ′) + T (r, eQ) + T (r, fc) + T (r, q) + O(1)

= T (r, eQ) + S(r, eQ) (Since T (r, f ) = T (r, f ′) = T (r, fc) = S(r, eQ))

and

T (r, eQ) = T

(
r,

q fceQ

q fc

)

≤ T (r, q fceQ + w f n−1 f ′ + f n) + T (r, w f n−1 f ′ + f n) + T

(
r,

1

q fc

)
+ O(1)

≤ T (r, ueν) + nT (r, f ) + T (r, f ′) + T (r, fc) + T (r, q) + O(1)

= T (r, ueν) + S(r, eQ).

From the last two inequalities,

T (r, eQ) = T (r, ueν) + S(r, eQ).

This implies deg Q = deg ν. Now Differentiation of equation (9) gives

n f n−1 f ′ + w(n − 1) f n−2( f ′)2 + w f n−1 f
′′ + AeQ = (u′ + uν′)eν, (10)

where, A = q ′ fc + q Q′ fc + q f ′
c . Eliminating eν from equation (9) and (10), then we obtain

D1eQ + D2 = 0,

where

D1 = (u′ + uν′)q fc − u A,

D2 = (u′ + uν′)( f n + w f n−1 f ′) − u(n f n−1 f ′ + w(n − 1) f n−2( f ′)2 + w f n−1 f ").

Using Lemma 5, we have D1 = D2 ≡ 0. From D1 = 0, we get

u′

u
+ ν′ = q ′

q
+ f ′

c

fc
+ Q′.
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On doing integration of the above equation, we have

q fceQ = C1ueν .

where C1 is a non-zero constant. If C1 = 1, then q fceQ = ueν and by equation (9), we obtain

f n + w f n−1 f ′ = 0.

This yields that f = Ce−z/w, where C is a non-zero constant. This is the required conclusion (i). If C1 �= 1,

then q fceQ = C1ueν . This implies that f = C1u−ceν−c−Q−c

q−c
, where u−c = u(z − c), ν−c = ν(z − c) and

Q−c = Q(z − c). Substituting the above value of f into the equation (9), we have

(
C1u−c

q−c

)n−1
[

C1u−c

q−c
+ C1w

((
u−c

q−c

)′

+
(

u−c

q−c
(ν−c − Q−c)

′
))]

en(ν−c−Q−c) = (1 − C1)ueν .

Since deg Q = deg ν > ρ( f ) = deg β ≥ 1 and ρ( f ) = deg(ν−c − Q−c). Using Lemma 5, we have (1−C1)u ≡
0. This implies either C1 = 1 or u = 0, which is not possible.
Case 1.2: When ρ( f ) = deg Q, we substitute the value of f from equation (8) into equation (9)

(αn + wαn−1(α
′ + β

′
α))enβ + qαceQ+βc = ueν, (11)

where βc = β(z + c). Now, we consider β(z) = at zt + at−1zt−1 + ... + a0, (at �= 0) and Q(z) = bt zt +
bt−1zt−1 + ... + b0, (bt �= 0) are polynomials of degree t provided ρ( f ) = deg β = t . Let deg ν < deg Q =
ρ( f ) = deg β = t , then from equation (11), we have

[αn + wαn−1(α′ + αβ ′)]eα1 enat zt + qαceα2 e(bt +at )zt = ueν, (12)

where α1 = n(at−1zt−1 + ... + a0) and α2 = (bt−1 + ctat + at−1)zt−1 + ... + (b0 + cat + a0) are polynomials
of degree at most t − 1. If at �= ±bt , then using Lemma 5, we get u ≡ 0, which is not possible. If at = bt , then
again using Lemma 5, we get the same contradiction. If at = −bt , then

[αn + wαn−1(α′ + αβ ′)]eα1 enat zt = ueν − qαceα2 .

Using Lemma 5, we get

αn−1(α + w(α′ + αβ ′)) ≡ 0.

This gives α = C2e−(z/w)−β , where C2 is a non-zero constant, which implies ρ(α) = deg β = ρ( f ). This is a
contradiction to the fact that ρ(α) < ρ( f ). Thus deg ν < deg Q is not possible. Let deg ν > deg Q = ρ( f ) = t
and we consider ν(z) = νs zs + νs−1zs−1 + ... + ν0 such that s > t , then from equation (11), we have

[αn + wαn−1(α′ + αβ ′)]eα1 enat zt + qαceα2 e(bt +at )zt = ueα3 eνs zs
,

where α1, α2 are same polynomials as in equation (12) and α3 = νs−1zs−1 + ... + ν0 is a polynomial of degree
at most s − 1. If at �= ±bt , then using Lemma 5, we get u ≡ 0, which is not possible. If at = bt , then again
using Lemma 5, we get u ≡ 0, which is not possible. If at = −bt , then we also get same contradiction as for
the above cases. Therefore deg ν > deg Q is not possible. Hence deg ν = deg Q = ρ( f ), which is the required
conclusion (i i).
Case 1.3: If ρ( f ) > deg Q, then from equation (9)

T (r, ueν) = T (r, f n + w f n−1 f ′ + qeQ fc)

≤ T (r, f n−1) + T (r, f + w f ′) + T (r, q) + T (r, eQ) + T (r, fc) + O(1)

≤ (n + 1)T (r, f ) + T (r,
f + w f ′

f
) + S(r, f )

= (n + 1)T (r, f ) + S(r, f ).

This implies deg ν ≤ ρ( f ) = deg β. Now, we discuss the following sub cases:
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(i) If deg ν < deg β, we consider β(z) = at zt +at−1zt−1 + ...+a0, (at �= 0) and Q(z) = bd zd +bd−1zd−1 +
... + b0, (bd �= 0) such that d < ρ( f ) = t , then from equation (11), we have

[αn + wαn−1(α′ + αβ ′)]eα1 enat zt + qαceα̃2 eat zt = ueν,

where α̃2 = Q(z) + at−1zt−1 + ... + a0 is a polynomial of degree at most t − 1. Then using Lemma 5 into
the above equation, we get u ≡ 0, which is not possible.

(ii) If deg ν = deg β, then we consider ν(z) = νt zt + νt−1zt−1 + ... + ν0, νt �= 0. From equation (11)

[αn + wαn−1(α′ + αβ ′)]eα1 enat zt + qαceα̃2 eat zt = ueα̃3 eνt zt
,

where α̃3 = νt−1zt−1 + ... + ν0 is a polynomial of degree at most t − 1.
If νt �= nat and νt �= at , then using Lemma 5, qαc ≡ 0, which is not possible.
If νt = nat , then again using Lemma 5, we get the same contradiction as above.
If νt = at , then

[αn + wαn−1(α′ + αβ ′)]eα1 enat zt + (qαceα̃2 − ueα̃3)eat zt ≡ 0,

Using Lemma 5,

αn−1(α + w(α′ + αβ ′)) ≡ 0.


⇒ α + w(α′ + αβ ′) = 0.
This gives that α = C3e−(z/w)−β . This implies deg α = deg β = ρ( f ), which is not possible.

Case 2: If we consider n ≥ 2 with w = 0, then similarly we study three sub cases as for Case 1.
Case 2.1: When ρ( f ) < deg Q, then proceeding similar lines as in Case 1.1, we get deg Q = deg ν. On
differentiating equation (9), we have

n f n−1 f ′ + (q ′ fc + q Q′ fc + q f ′
c)e

Q = (u′ + uν′)eν, (13)

Eliminating eν from equation (9) and (13), then we obtain

D1eQ + D0 = 0,

where

D1 = (u′ + uν′)q fc − u(q ′ fc + q Q′ fc + q f ′
c),

D0 = (u′ + uν′) f n − nu f n−1 f ′.

Using Lemma 5, we have D1 = D0 ≡ 0. From D1 ≡ 0, we get

u′

u
+ ν′ = q ′

q
+ f ′

c

fc
+ Q′.

On doing integration of the above equation, we have

q fceQ = C1ueν .

where C1 is a non-zero constant. If C1 = 1, then q fceQ = ueν and by equation (9), we obtain

f n ≡ 0.

Which is not possible. Hence conclusion (i) does not hold. If C1 �= 1, then again proceeding same lines to Case
1.1, we get same contradiction.
Case 2.2: When ρ( f ) = deg Q, Using same argument as for Case 1.2, we get conclusion (i i).
Case 2.3: When ρ( f ) > deg Q, Using same argument as for Case 1.3, we get same contradiction. Hence we
complete the proof. �
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Proof of Theorem B We prove our result by contradiction. Suppose that f is a finite order transcendental entire
function satisfying equation (3) with a non-zero finite Borel exceptional value. Then we study following three
cases:
Case 1: If ρ( f ) < 1, then using similar technique as in [ [2],Theorem 1.11], we get a contradiction.
Case 2: If ρ( f ) > 1 and let a( �= 0) be a finite Borel exceptional value of f . Then using Weierstrass factorisation
theorem, f (z) can be represented in the form

f (z) = α(z)eβ(z) + a, (14)

where β(z) = at zt + ar zt + ... + a0; at �= 0 is a polynomial of degree t > 1 and α(z) is an entire function such
that ρ(α) < deg β. From equation (3), we have

m(r, eQ(z)) = m

(
r,

q(z)eQ(z) f (z + c)

q(z) f (z + c)

)

= m

(
r,

P1eλz + P2e−λz − f 2(z)( f (z) + w f
′
(z))

q(z) f (z + c)

)

≤ m

(
r,

P1eλz + P2e−λz

q(z) f (z + c)

)
+ m

(
r,

f 2(z)( f (z) + w f
′
(z))

q(z) f (z + c)

)
+ O(1)

≤ m

(
r,

1

q(z) f (z + c)

)
+ m(r, P1eλz + P2e−λz) + m(r, f 2)+

m

(
r,

1

q(z)

)
+ m

(
r,

f (z)

q(z) f (z + c)

)
+ m

(
r,

f ′(z)
q(z) f (z + c)

)
+ O(1)

Applying Lemma 1 and 3 into the above inequality, we have

T (r, eQ(z)) ≤ m

(
r,

1

q(z) f (z + c)

)
+ 2T (r, f ) + m

(
r,

f ′(z)
q(z) f (z + c)

)
+ S(r, f )

≤ m

(
r,

f (z)

q(z) f (z + c)

)
+ m

(
r,

1

f (z)

)
+ 2T (r, f ) + m

(
r,

f ′(z) f (z)

q(z) f (z) f (z + c)

)
+ S(r, f )

≤ 3T (r, f ) + S(r, f ).

This implies that deg Q ≤ ρ( f ) = t and we also know that deg Q ≥ 1. First suppose 1 ≤ deg Q < t , then
substituting the value of f (z) from equation (14) into equation (3), we have

A1(z)e
3β(z) + A2(z)e

2β(z) + A3(z)e
β(z) + aq(z)eQ(z)+

q(z)α(z + c)eQ(z)+β(z+c) − P1eλz − P2e−λz + a3 = 0,
(15)

where

A1(z) = α3(z) + wα3(z)β
′
(z) + wα2(z)α

′
(z)

A2(z) = 3aα2(z) + 2waβ
′
(z)α2(z) + 2waα(z)α

′
(z)

A3(z) = 3a2α(z) + wa2α(z)β
′
(z) + wa2α

′
(z).

On simplifying equation (15), we get

A1(z)e
3β(z) + A2(z)e

2β(z) + (A3(z)e
β1(z) + q(z)α(z + c)eδ(z))eat zt +

(aq(z)eQ(z) − P1eλz − P2e−λz + a3) = 0,
(16)

where β1(z) = at−1zt−1 +at−2zt−2 + ...+a0 and δ(z) = Q(z)+at [
(t

1

)
czt−1 + (t

2

)
c2zt−2 + ...+ ct ]+at−1(z +

c)t−1 + ... + a0 are polynomials of degree at most t − 1. Applying Lemma 5 into equation (16), we have

aq(z)eQ(z) − P1eλz − P2e−λz + a3 ≡ 0 (17)

Again applying Lemma 5 into equation (17), we have the following sub cases:
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(i) If Q(z) �= ±λz, then we have P1 ≡ 0 ≡ P2 = a3, which is not possible.
(ii) If Q(z) = λz, then we have P2 ≡ 0 ≡ a3, which is not possible

(iii) If Q(z) = −λz, then we have P1 ≡ 0 ≡ a3, which is not possible.

Now suppose deg Q = t , and let Q(z) = bt zt +bt−1zt−1 + ...+b0; bt �= 0 be a polynomial. Then from equation
(15), we have

A1(z)e
3β1(z)e3at zt + A2(z)e

2β1(z)e2at zt + A3(z)e
β1(z)eat zt + aq(z)eQ1(z)ebt zt +

q(z)α(z + c)eQ1(z)+β1(z+c)ebt zt +at (z+c)t − (P1eλz + P2e−λz − a3) = 0,
(18)

where β1(z) = at−1zt−1 + at−2zt−2 + ... + a0 and Q1(z) = bt−1zt−1 + bt−2zt−2 + ... + b0 are polynomials of
degree at most t − 1. Next we discuss the following sub cases:

(i) If bt �= kat for any k = 1, 2, 3, and bt �= −at then applying Lemma 5, we have aq(z)eQ1(z) ≡ 0, this
implies either a ≡ 0 or q(z) ≡ 0, which is not possible.

(ii) If bt = kat for some k = 1, 2, 3, say bt = at , then equation (18) becomes

A1(z)e
3β1(z)e3at zt + (A2(z)e

2β1(z) + q(z)α(z + c)eδ̃(z))e2at zt +
(A3(z)e

β1(z) + aq(z)eQ1(z))eat zt − (P1eλz + P2e−λz − a3) = 0,

where δ̃(z) = Q1(z) + β1(z + c) + at [
(t

1

)
czt−1 + (t

2

)
c2zt−2 + ... + ct ] is a polynomial of degree at most

t −1. Applying Lemma 5 into the above equation, we have P1eλz + P2e−λz −a3 ≡ 0, which is not possible.
(iii) If bt = −at , then equation (18) becomes

A1(z)e
3β1(z)e3at zt + A2(z)e

2β1(z)e2at zt + A3(z)e
β1(z)eat zt + aq(z)eQ1(z)ebt zt +

(q(z)α(z + c)eδ̃(z) − P1eλz + P2e−λz − a3) = 0,

Applying Lemma 5 into the above equation, we have aq(z)eQ1(z) ≡ 0, this implies either a ≡ 0 or q(z) ≡ 0,
which is not possible.

Case 3: If ρ( f ) = 1, then we can represent f (z) as

f (z) = γ (z)ebz+d + a, (19)

where b �= 0, d ∈ C and γ (z) is an entire such that ρ(γ ) < 1.
Now proceeding to similar lines as in case of ρ( f ) > 1, we have deg Q = 1. Thus we can put Q(z) = pz +s,

(0 �= p, s ∈ C) in the equation (3), we have

B1(z)e
3bz + B2(z)e

2bz + B3(z)e
bz + B4(z)e

(p+b)z + aq(z)esepz + a3 − P1eλz − P2e−λz = 0, (20)

where

B1(z) = (γ 3(z) + wγ 2(z)γ
′
(z) + wbγ 3(z))e3d

B2(z) = (3aγ 2(z) + 2awγ (z)γ
′
(z) + 2abwγ 2(z))e2d

B3(z) = (3a2γ (z) + a2wγ
′
(z) + a2bwγ (z))ed

B4(z) = q(z)γ (z + c)ebc+s+d .

Here we discuss the following sub cases:

(i) If kb �= p and kb �= ±λ for any k = 1, 2, 3, then applying Lemma 5 to equation (20), we have P1 ≡ 0 ≡ P2,
which is not possible.

(ii) If kb = p for some k = 1, 2, 3 and kb �= ±λ for any k = 1, 2, 3, then applying Lemma 5 to equation (20),
we obtain same contradiction as for previous case.

(iii) If kb �= p for any k = 1, 2, 3 and kb = λ for some k = 1, 2, 3, then applying Lemma 5 to equation (20),
we have P2 ≡ 0, which is not possible.

(iv) If kb �= p for any k = 1, 2, 3 and kb = −λ for some k = 1, 2, 3, then applying Lemma 5 to equation (20),
we have P1 ≡ 0, which is not possible.
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(v) If kb = p and kb = λ for some k = 1, 2, 3, then applying Lemma 5 to equation (20), we have P2 ≡ 0 ≡ a3,
which is not possible.

(vi) If kb = p and kb = −λ for some k = 1, 2, 3, then again applying Lemma 5 to equation (20), we have
P1 ≡ 0 ≡ a3, which is not possible.

Thus we complete the proof. �

Proof of Theorem C Suppose that f is a transcendental meromorphic function satisfying equation (6) and given
that f has finitely many poles, then from equation (6), and Lemma 1 and 4,

nT (r, f ) = T (r, f n) = T (r, P1eα1(z) + P2eα2(z) + P3eα3(z) − P(z, f ))

≤ T (r, P1eα1(z) + P2eα2(z) + P3eα3(z)) + T (r, P(z, f )) + log 2

≤ T (r, P1eα1(z) + P2eα2(z) + P3eα3(z)) + m

(
r,

P(z, f )

f
f

)
+

N (r, P(z, f )) + log 2

≤ Arm + T (r, f ) + S(r, f ),

where

A = sum of the leading coefficients ofα1(z), α2(z)andα3(z)

π

and

m = max{deg α1(z), deg α2(z), deg α3(z)}.
Thus we have (n − 1)T (r, f ) ≤ Arm + S(r, f ) which implies that f has finite order.
Now we prove rest part of the theorem by contradiction. Suppose f (z) = s(z)eq(z) is a solution of equation

(6), where s(z) is a non-zero rational function and q(z) is a non constant polynomial, then from equation (6), we
get

P1(z)e
α1(z) + P2(z)e

α2(z) + P3(z)e
α3(z) = f n(z) + P(z, f )

= f n(z) +
i=l∑
i=0

ai (z) f (i)(z) + ã0(z)

= (s(z)eq(z))n +
i=l∑
i=0

ai (z)(s(z)e
q(z))(i) + ã0(z)

This implies

P1(z)e
α1(z) + P2(z)e

α2(z) + P3(z)e
α3(z) − sn(z)enq(z) − Q(z)eq(z) − ã0(z) = 0, (21)

where Q(z) = a0(z)s(z)+ a1(z)[s ′
(z)+ s(z)q

′
(z)]+ ...+ al(z)[sl(z)+ ...+ s(z)(q

′
(z))l ] is a rational function.

Now we discuss the following cases:

(i) If q(z) − α j (z) �= constant, and nq(z) − α j (z) �= constant, for any j = 1, 2, 3. Then applying Lemma 5
into equation (21), we have P1(z) ≡ 0 ≡ P2(z) = P3(z), which is not possible.

(ii) If q(z) − α j (z) = constant, for some j = 1, 2, 3, say q(z) − α1(z) = constant, and nq(z) − α j (z) �=
constant, for any j = 1, 2, 3. Let q(z) = br zr +br−1zr−1 + ...+b0 and α1(z) = br zr +br−1zr−1 + ...+c0.
Then q(z) − α1(z) = b0 − c0 and equation (21) becomes

(P1(z)e
c0 − Q(z)eb0)eα̃1(z) + P2(z)e

α2(z) + P3(z)e
α3(z) − sn(z)enq(z) − ã0(z) = 0,

where α̃1(z) = br zr + br−1zr−1 + ... + b1z. Applying Lemma 5 to the above equation, we have P2(z) ≡
0 ≡ P3(z), which is not possible.

(iii) If q(z) − α j (z) �= constant, for any j = 1, 2, 3 and nq(z) − α j (z) = constant, for some j = 1, 2, 3, say
nq(z) − α1(z) = constant. Then applying Lemma 5 into equation (21), we get the same contradiction as
for just previous case.
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(iv) If q(z) − α j (z) = constant, for some j = 1, 2, 3, say q(z) − α1(z) = constant and nq(z) − αk(z) =
constant, for some k, say nq(z) − α2(z) = constant. Then applying Lemma 5 into equation (21), we have
P3(z) ≡ 0, which is not possible.

Hence we complete the proof. �

Proof of Theorem D Since f is an entire function, then from equation (7) and Lemma 1, we have

T (r, P1eα1z + P2eα2z + P3eα3z) = T (r, f n + Q∗
2(z, f ))

≤ nT (r, f ) + T

(
r,

Q∗
2(z, f )

f 2 f 2
)

≤ nT (r, f ) + T

(
r,

Q∗
2(z, f )

f 2

)
+ 2T (r, f )

≤ (n + 3)T (r, f ) + S(r, f )

As we have ρ(P1eα1z + P2eα2z + P3eα3z) = 1 by using Lemma 4. Thus we get ρ( f ) ≥ 1.
First suppose ρ( f ) > 1 and given that f is an entire satisfying equation (7) with λ( f ) < ρ( f ). Then using

Weierstrass factorization theorem, f must be a transcendental entire function in the form of

f (z) = H(z)eβ(z),

where β(z) is a polynomial of degree r > 1 and H(z) is an entire function such that ρ(H) < r . Now from
equation (7), we have

Hn(z)enβ(z) +
i=2∑
i=1

bi (z)e
iβ(z) + a0(z) = P1eα1z + P2eα2z + P3eα3z,

where b1(z), b2(z) are meromorphic functions of order < r and a0(z) is a rational function. This implies

Hn(z)enβ(z) + b2(z)e
2β(z) + b1(z)e

β(z) + (a0(z) − P1eα1z − P2eα2z − P3eα3z) = 0

Applying Lemma 5 into the above equation, we have

a0(z) − P1eα1z − P2eα2z − P3eα3z ≡ 0, (22)

which is not possible. Otherwise, again applying Lemma 5 into equation (22), we get P1 ≡ 0 ≡ P2 = P3, which
is contradiction. Thus ρ( f ) = 1.

Now considering

f (z) = H(z)eaz+b, (23)

where 0 �= a, b ∈ C and H(z) is an entire function of order < 1. From equation (7), we have

Hn(z)en(az+b) + b2(z)e
2(az+b) + b1(z)e

az+b + a0(z) − P1eα1z − P2eα2z − P3eα3z = 0

Applying Lemma 5 into the above equation, there must exist positive integers k1, k2 and k3 with {k1, k2, k3} =
{1, 2, 3} such that na = αk1 , 2a = αk2 , a = αk3 which gives αk1 : αk2 : αk3 = n : 2 : 1. We also have
Hn(z)enb = Pk1 , this gives H(z) ≡ P1/n

k1
e−b is a constant, b2(z)e2b ≡ Pk2 , b1(z)eb ≡ Pk3 , and a0(z) ≡ 0.

Substituting the value of H(z) into equation (23), we have f (z) = P1/n
k1

eaz = Ceaz , where C is a non-zero
constant. �
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