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Abstract Let GLn(C) be the complex general linear group of degree n. In this paper, we present the general form
of all continuous endomorphisms of GL2(C) with respect to the Jordan triple product. These are the continuous
maps ϕ : GL2(C) → GL2(C) which satisfy

ϕ(AB A) = ϕ(A)ϕ(B)ϕ(A), A, B ∈ GL2(C).

As a result, we present the general form of all continuous homomorphisms and automorphisms of GL2(C).
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1 Introduction

Let f : R → R be an additive map, i.e., assume that f satisfies

f (x + y) = f (x)+ f (y), x, y ∈ R. (1.1)

This functional equation is known as the additive Cauchy functional equation. The equation (1.1) has a specific
position in mathematics. It is encountered in almost all mathematical disciplines. The functional equation (1.1)
was first introduced by A. M. Legendre (1791) and C. F. Gauss (1809), but A. L. Cauchy (1821) first found its
general continuous solution. He has shown that the general forms of these maps are

f (x) = cx, x ∈ R

for some c ∈ R. In other words, continuous additive maps are linear. Even if we relax the continuity condition
to continuity at a point, still additive maps are linear. For many years the existence of discontinuous additive
maps was an open problem. Mathematicians could neither prove that every additive map is continuous nor give
an example of a discontinuous additive map. It was the German mathematician G. Hamel in 1905 who first
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692 S. E. Ghasempouri et al.

succeeded in proving that there exist discontinuous additive maps. Using the concept of vector space on a field,
he has found examples of the discontinuous additive maps on R. This shows the importance of the continuity of
such maps. Unfortunately, the rules for such maps are not concrete and have strange graphs. It has been proved
the graph of every discontinuous additive map f : R → R is dense in the plane R

2 (See [2,12]).
One of the most important applications of knowing the general form of continuous additive homomorphism

on R is to determine the general form of other well-known functional equations. For example, suppose that
g : R → R is a continuous map such that g(x + y) = g(x)g(y), where x, y ∈ R. Then g(x) = 0 or g(x) = ecx

for some c ∈ R [2].
For another example, let h : C → C be a continuous map such that h(z+w) = h(z)+h(w), where z, w ∈ C.

Then h(z) = c1z + c2z for some c1, c2 ∈ C [2].
We begin with presenting the notation and definitions that we shall use throughout the paper. Throughout

this paper, we show the fields of real and complex numbers with the symbols R and C, respectively. Also, in all
definitions and theorems, we mean the real and complex matrices A of order n is square matrix n × n such that
its arrays belong to R or C, respectively.

We denote by Mn(C) the space of all n × n complex matrices, by GLn(C) the complex general linear group
of degree n. Also, C

∗ ∼= GL1(C) denotes the set of non-zero complex numbers, and σ(A) the spectrum of a
matrix A. In what follows, we use the usual operator norm on Mn(C) (i.e., the norm of matrix A is the square root
of the largest element of σ(A∗ A)). When we speak of metrical properties related to GLn(C) we always mean

the metric induced by the norm. In what follows I stands for the identity matrix, J :=
(

1 0
0 −1

)
, T :=

(
0 1
1 0

)
,

and S := 1√
2

(
1 1
1 −1

)
. An involution is a matrix whose square is the identity (its spectrum is a non-empty subset

of {−1, 1}). An involution A is called nontrivial when A �= ±I (its spectrum is {−1, 1}).
The famous Mazur-Ulam theorem states that every surjective isometry between real normed spaces is auto-

matically affine, it preserves the operation of convex combination (see [16]).
The main point of proof of that beautiful and important result is to show that the isometry T under consideration
preserves the algebraic midpoints x+y

2 , i.e.,

T

(
x + y

2

)
= T (x)+ T (y)

2

for all x, y of points in the domain of T . In fact, using continuity, this easily implies that T is necessarily
affine. Motivated by this important result, in the paper [5] Hatori, Hirasawa, Miura and Molnár made attempts to
generalize it for the noncommutative setting, especially for metric groups and for certain substructures of them.
They considered the true operation sending any pair x, y to the well-defined element xy−1x . They called this latter
operation inverted Jordan triple product. Recall that the Jordan triple product xyx is a deeply studied operation
in ring theory with extensive applications in other areas of mathematics. In many problems, this product is very
near to the inverted Jordan triple product. The maps on operator algebras and some other algebraic structures
that preserve the Jordan triple product AB A were investigated in many papers (See [1,3,6,8–11,13–15]).
In [6] Hatori and Molnár utilized these products to describe the structure of surjective isometries of the unitary
group of an arbitrary complex Hilbert space relative to the metric induced by the usual operator norm. In [10]
Molnár and Šemrl determined the structure of surjective isometries of the unitary group of a complex infinite-
dimensional separable Hilbert space with respect to any unitarily invariant uniform norm on the full operator
algebra over the underlying Hilbert space and leaving an open problem, describing the surjective isometries of the
unitary group under unitarily invariant norms in the finite-dimensional case. In [11] Molnár found all continuous
Jordan triple endomorphism of Un and by using it, determined the structure of all isometries of the unitary group
Un relative to a new class of metrics on it.
In [13] Taghavi and one of the authors of this article have proved the following statement which appeared there
as Corollary 4.

Theorem Let ϕ : GLn(C) → C
∗ be a continuous Jordan triple product map, i.e., assume that ϕ satisfies

ϕ(AB A) = ϕ(A)ϕ(B)ϕ(A), A, B ∈ GLn(C).

Then there exist an integer k, real numbers t, a and a number c ∈ {−1, 1} such that

ϕ(A) = c(det A)k |det A|t eialn|det A|, A ∈ GLn(C).
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Continuous Jordan triple endomorphisms of GL2(C) 693

Also in [13], motivated by the above theorem the authors have posed the following problem:

Problem. What are the structures of all continuous Jordan triple maps from GLn(C) into GLm(C)?
In [15] Taghavi and Salehi have determined the structure of all continuous maps from GL1 to GLm for m = 2, 3
that preserve the Jordan triple product. When t = 1, we have the commutativity of GLt (C) and we can use this
fact to determining the structures of all continuous Jordan triple maps from GLn(C) into GLm(C), but in this
paper, we suppose n = m = 2 and we thus do not have the commutativity of GLn(C). Therefore, it is more
difficult to determine its form.

Our main result which gives the complete description of Jordan triple endomorphisms of GL2(C) reads as
follows.

Theorem 1.1 Let ϕ : GL2(C) → GL2(C) be a continuous map which is a Jordan triple endomorphism, i.e.,
assume that ϕ satisfies

ϕ(AB A) = ϕ(A)ϕ(B)ϕ(A), A, B ∈ GL2(C).

Then there exist P ∈ GL2(C), integers k1, k2, k, real numbers a1, a2, a, t1, t2, t , a complex number λ and
numbers c1, c2, c ∈ {−1, 1} such that ϕ has one of the following forms:

1. ϕ(A) = P−1
(

c1(det (A))k1 |det (A)|t1eia1ln|det (A)| 0
0 c2(det (A))k2 |det (A)|t2 eia2ln|det (A)|

)
P,

2. ϕ(A) = c(det (A))k |det (A)|t eialn|det (A)| P−1
(

1 0
λln|det (A)| 1

)
P;

3. ϕ(A) = c(det (A))k |det (A)|t eialn|det (A)| P−1 B P,

for all A ∈ GL2(C), where B ∈ {A, At , A, (A)t , A−1, (A−1)t , (A)−1, ((A)−1)t }.
From the above result, one can immediately deduce the structure of all continuous Jordan triple automorphisms

of GL2(C).

Corollary 1.2 Let ϕ : GL2(C) → GL2(C) be a continuous Jordan triple automorphism, i.e., a continuous
bijective map which satisfies

ϕ(AB A) = ϕ(A)ϕ(B)ϕ(A), A, B ∈ GL2(C).

Then there exist P ∈ GL2(C), and a number c ∈ {−1, 1} such that

ϕ(A) = cP−1 B P,

for all A ∈ GL2(C), where B ∈ {A, At , A, (A)t , A−1, (A−1)t , (A)−1, ((A)−1)t }.
The next corollary is also a direct result of Theorem 1.1, which characterizes all continuous homomorphism

on GL2(C).

Corollary 1.3 Let ϕ : GL2(C) → GL2(C) be a continuous homomorphism, i.e., assume that ϕ satisfies

ϕ(AB) = ϕ(A)ϕ(B), A, B ∈ GL2(C).

Then there exist P ∈ GL2(C), integers k1, k2, k, real numbers a1, a2, a, t1, t2, t and a complex number λ such
that ϕ has one of the following forms:

1. ϕ(A) = P−1
(
(det (A))k1 |det (A)|t1eia1ln|det (A)| 0

0 (det (A))k2 |det (A)|t2 eia2ln|det (A)|
)

P,

2. ϕ(A) = (det (A))k |det (A)|t eialn|det (A)| P−1
(

1 0
λln|det (A)| 1

)
P;

3. ϕ(A) = (det (A))k |det (A)|t eialn|det (A)| P−1 B P,

for all A ∈ GL2(C), where B ∈ {A, A, (A−1)t , ((A)−1)t }.
The next corollary is a direct consequence of Corollary 1.3, which determines all continuous automorphism

on GL2(C).
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Corollary 1.4 Let ϕ : GL2(C) → GL2(C) be a continuous automorphism, i.e., a continuous bijective map
which satisfies

ϕ(AB) = ϕ(A)ϕ(B), A, B ∈ GL2(C).

Then there exists P ∈ GL2(C) such that

ϕ(A) = P−1 B P,

for all A ∈ GL2(C), where B ∈ {A, A, (A−1)t , ((A)−1)t }.

2 Auxiliary results

In this section, we present some auxiliary results which will be used in the proof of our main theorem. Our first
lemma determines the general form of all involutions in GL2(C).

Lemma 2.1 Let A ∈ GL2(C). Then A is an involution if and only if

1. A = ±I ;
2. A = ±J ;

3. A =
(

a b
1−a2

b −a

)
,

4. A =
(

a 1−a2

c
c −a

)
,

where a ∈ C and b, c ∈ C
∗.

Proof A direct calculation shows the assertion. �	
Lemma 2.2 [4] Every square matrix over a field, with determinant ±1, is the product of not more than four
involutions.

The next lemma describes the structure of all continuous multiplicative maps on C
∗, which has an essential

role in proving the main theorem.

Lemma 2.3 [13] Let ϕ : C
∗ → C

∗ be a continuous multiplicative map, i.e., assume that ϕ satisfies

ϕ(zw) = ϕ(z)ϕ(w), z, w ∈ C
∗.

Then there are an integer k and real numbers a, t such that

ϕ(z) = zk |z|t eialn|z|, z ∈ C
∗.

Lemma 2.4 [13] Let ϕ : GLn(C) → GLm(C) be a Jordan triple product map and A, B ∈ GLn(C) be similar
matrices. Then ϕ(A) and ϕ(B) are similar.

Lemma 2.5 [13] Let ϕ : GLn(C) → C
∗ be a Jordan triple product map. Then there are a multiplicative map

ψ : C
∗ → C

∗ and a number c ∈ {−1, 1} such that

ϕ(A) = c ψ(det A), A ∈ GLn(C).

As a simple consequence of Lemma 2.3 and Lemma 2.5, we can obtain the following corollary.

Corollary 2.6 [13] Let ϕ : GLn(C) → C
∗ be a continuous Jordan triple product map. Then there are an integer

k, real numbers t, a and a number c ∈ {−1, 1} such that

ϕ(A) = c (det A)k |det A|t eialn|det A|, A ∈ GLn(C).

The next lemma and its corollary determine the general form of all Jordan and continuous Jordan triple
product maps from GL1(C) to GL2(C).
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Lemma 2.7 [15] Let ϕ : GL1(C) → GL2(C) be a Jordan triple product map. Then there exist P ∈ GL2(C)

such that ϕ has one of the following forms:

1. ϕ(z) = P−1
(
ψ1(z) 0

0 ψ2(z)

)
P, z ∈ GL1(C),

where ψ1, ψ2 : C
∗ → C

∗ are Jordan triple product maps;

2. ϕ(z) = ψ(z)P−1
(

1 0
η(z) 1

)
P, z ∈ GL1(C),

where ψ : C
∗ → C

∗ is a Jordan triple product maps and η : C
∗ → C is a map in which η(zwz) =

η(z)+ η(w)+ η(z), for every z, w ∈ C
∗.

Corollary 2.8 [15] Let ϕ : GL1(C) → GL2(C) be a continuous Jordan triple product map. Then there exist
P ∈ GL2(C), integers k1, k2, k, real numbers a1, a2, a, t1, t2, t , complex number λ and numbers c1, c2, c ∈
{−1, 1} such that ϕ has one of the following forms:

1. ϕ(z) = P−1
(

c1zk1 |z|t1eia1ln|z| 0
0 c2zk2 |z|t2 eia2ln|z|

)
P, z ∈ GL1(C);

2. ϕ(z) = c zk |z|t eialn|z| P−1
(

1 0
λln|z| 1

)
P, z ∈ GL1(C).

Lemma 2.9 Let ϕ : GL2(C) → GL2(C) be a Jordan triple product map, ϕ(I ) = I and ϕ(J ) = ±I , then the
image of any nontrivial involution under ϕ is ±I .

Proof We first prove ϕ(A−1) = ϕ(A)−1 and ϕ(A2) = ϕ(A)2 for all A ∈ GL2(C). Since ϕ is a Jordan triple
product map

ϕ(A) = ϕ(AA−1 A) = ϕ(A)ϕ(A−1)ϕ(A).

It follows that ϕ(A−1)ϕ(A) = I . Hence ϕ(A−1) = ϕ(A)−1. Since ϕ(I ) = I , it implies that

ϕ(A2) = ϕ(AI A) = ϕ(A)ϕ(I )ϕ(A) = ϕ(A)2.

Let B be a nontrivial involution matrix. So, its eigenvalues are 1 and −1 and there exists P ∈ GL2(C) such
that B = P−1 J P . We can find a matrix P such that det P = 1 and B = P−1 J P . By Lemma 2.2, there are
involutions U1,U2,U3,U4 ∈ GL2(C) such that P = U1U2U3U4. Hence,

ϕ(B) = ϕ(P−1 J P) = ϕ(U4U3U2U1 JU1U2U3U4)

= ϕ(U4)ϕ(U3)ϕ(U2)ϕ(U1)ϕ(J )ϕ(U1)ϕ(U2)ϕ(U3)ϕ(U4)

= ϕ(U4)ϕ(U3)ϕ(U2)ϕ(U1)(±I )ϕ(U1)ϕ(U2)ϕ(U3)ϕ(U4)

= ±Iϕ(U4)ϕ(U3)ϕ(U2)ϕ(U
2
1 )ϕ(U2)ϕ(U3)ϕ(U4)

= ±Iϕ(U4)ϕ(U3)ϕ(U2)ϕ(I )ϕ(U2)ϕ(U3)ϕ(U4)

= ±Iϕ(U4)ϕ(U3)ϕ(U
2
2 )ϕ(U3)ϕ(U4)

= ±Iϕ(U4)ϕ(U3)ϕ(I )ϕ(U3)ϕ(U4) = ±Iϕ(U4)ϕ(U
2
3 )ϕ(U4)

= ±Iϕ(U4)ϕ(I )ϕ(U4) = (±I )ϕ(U 2
4 ) = (±I )ϕ(I ) = ±I .

�	
Lemma 2.10 Let ϕ : GL2(C) → GL2(C) be a Jordan triple product map, ϕ(I ) = I and ϕ(J ) = J . If there
exists λ ∈ C

∗ such that ϕ(λI ) is not a scalar matrix, then there exists P ∈ GL2(C) such that

ϕ(A) = P−1
(
ψ1(A) 0

0 ψ2(A)

)
P, A ∈ GL2(C),

where ψ1, ψ2 : GL2(C) → C
∗ are Jordan triple product maps;

Proof Since ϕ(I ) = I , it follows that ϕ(A2) = ϕ(A)2 for every A ∈ GL2(C). Suppose that there exists λ ∈ C
∗

such that ϕ(λI ) is not a scalar matrix. We know that ϕ(λI ) has a Jordan canonical form (See [7], page 247). So,
there exist λ1, λ2, μ in C

∗, and P ∈ GL2(C) such that ϕ(λI ) = P−1 B P , where

B = B1 =
(
λ1 0
0 λ2

)
or B = B2 =

(
μ 0
1 μ

)
.
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696 S. E. Ghasempouri et al.

Suppose that ϕ(λI ) = P−1 B P . Let A ∈ GL2(C) be an arbitrary matrix such that

Pϕ(A)P−1 = C =
(

x y
z t

)

First, we consider the case B = B1. We use Jordan triple product map property and we obtain

BC2 B = (Pϕ(λI )P−1)(Pϕ(A)P−1)2(Pϕ(λI )P−1) = Pϕ(λI )ϕ(A2)ϕ(λI )P−1

= Pϕ((λI )A2(λI ))P−1 = Pϕ(A(λI )2 A)P−1

= (Pϕ(A)P−1)(Pϕ(λI )P−1)2(Pϕ(A)P−1) = C B2C. (2.1)

From (2.1), we obtain that
(

λ2
1x2 + λ2

1 yz λ1λ2t y + λ1λ2xy
λ1λ2t z + λ1λ2xz λ2

2t2 + λ2
2 yz

)
=
(
λ2

1x2 + λ2
2 yz λ2

1xy + λ2
2t y

λ2
1xz + λ2

2t z λ2
1 yz + λ2

2t2

)

By assumption λ1 �= λ2. Hence, we get the following system

(a). (λ1 + λ2)yz = 0;
(b). (λ2t − λ1x)y = 0;
(c). (λ2t − λ1x)z = 0.

(2.2)

From (2.2 (a)) we get y = 0, z = 0 or λ2 = −λ1. If y = 0, then (2.2 (c)) would yield z = 0 or x = λ2

λ2
t . Since

ϕ(I ) = I , the last equality does not occur. Thus, y = z = 0, and we have ϕ(A) = P−1
(

x 0
0 t

)
P . Since ϕ is a

Jordan triple product map, it follows that there exist some Jordan triple product maps ψ1, ψ2 : GL2(C) → C
∗

such that ϕ(A) = P−1
(
ψ1(A) 0

0 ψ2(A)

)
P .

Similarly, for z = 0 we can conclude the same result.
If λ2 = −λ1 and y, z �= 0 , then x = −t by (2.2 (b)). This contradicts ϕ(I ) = I , and the lemma is proved in

this case.
Now, we mention the case B = B2. From (2.1), we have 2μy2 = 0, which implies that y = 0. By

applying again (2.1), we obtain x = t . Hence, ϕ(A) = P−1
(

x 0
z x

)
P . By assumption ϕ(J ) = J , and so J and

P−1
(

x 0
z x

)
P are similar matrices, which is a contradiction. Because similar matrices have the same eigenvalues.

This completes the proof. �	
Lemma 2.11 Let ϕ : GL2(C) → GL2(C) be a Jordan triple product map and ϕ(I ) = I and ϕ(J ) = J . Then
there exist Jordan triple product maps ψ1, ψ2 : C

∗ → C
∗ such that

ϕ

((
1 0
0 z

))
=
(
ψ1(z) 0

0 ψ2(z)

)
, z ∈ C

∗.

Proof We consider the map i : C
∗ → GL2(C) such that i(z) =

(
1 0
0 z

)
. Then the map ϕ

′ : C
∗ → GL2(C) with

ϕ
′
(z) = ϕoi(z) is a Jordan triple product. By Lemma 2.7, we have the following cases:

Case 1. P−1
(
ψ1(z) 0

0 ψ2(z)

)
P = ϕ

′
(z) = ϕoi(z) = ϕ

((
1 0
0 z

))
. If z = −1, then

(
ψ1(−1) 0

0 ψ2(−1)

)
P = P J . (2.3)

Since ψ1 and ψ2 are Jordan triple product, we have ψ1(−1) = ±1 and ψ2(−1) = ±1. If ψ1(−1) =
ψ2(−1) = 1 or ψ1(−1) = ψ2(−1) = −1, then J = I or J = −I , a contradiction.

123



Continuous Jordan triple endomorphisms of GL2(C) 697

If ψ1(−1) = − ψ2(−1) = 1, then we consider P =
(

m n
o p

)
. By (2.3), o = n = 0, so P is diagonal matrix.

Therefore,

ϕ

((
1 0
0 z

))
= P−1

(
ψ1(z) 0

0 ψ2(z)

)
P

=
(

m−1 0
0 p−1

)(
ψ1(z) 0

0 ψ2(z)

)(
m 0
0 p

)
=
(
ψ1(z) 0

0 ψ2(z)

)
.

If −ψ1(−1) = ψ2(−1) = 1, then we consider P =
(

m n
o p

)
. By (2.3) m = p = 0, so P =

(
0 n
o 0

)
. Therfore,

ϕ

((
1 0
0 z

))
= P−1

(
ψ1(z) 0

0 ψ2(z)

)
P

=
(

0 o−1

n−1 0

)(
ψ1(z) 0

0 ψ2(z)

)(
0 n
o 0

)
=
(
ψ1(z) 0

0 ψ2(z)

)
.

In this case, the proof is complete.

Case 2. ψ(z)P−1
(

1 0
η(z) 1

)
P = ϕ

′
(z) = ϕoi(z) = ϕ(

(
1 0
0 z

)
), where ψ : C

∗ → C
∗ is a Jordan triple

product map and η : C
∗ → C satisfied the following property

η(z.w.z) = η(z)+ η(w)+ η(z). (2.4)

Since ϕ(J ) = J , the Case 2 is impossible. Because, if z = −1, then

ψ(−1)P−1
(

1 0
η(−1) 1

)
P = J . (2.5)

By (2.4), we have

η(1) = η((−1).1.(−1)) = η(−1)+ η(1)+ η(−1).

It follows that η(−1) = 0 and we thus obtain P−1
(
ψ(−1) 0

0 ψ(−1)

)
P = J by (2.5). So, J = ψ(−1)I , which

is a contradiction. �	
Lemma 2.12 Let ϕ : GL2(C) → GL2(C) be a Jordan triple product map ϕ(I ) = I , ϕ(J ) = J and ϕ(λI ) is a

scalar matrix for all λ ∈ C. Then ϕ(−J ) = ±J and ϕ(T ) =
(

0 b
b−1 0

)
for some b in C

∗.

Proof Since ϕ(I ) = I and ϕ is a Jordan triple product map, we have ϕ(A) as an involution for every involution
A ∈ GL2(C). Because

ϕ(A)2 = ϕ(A)ϕ(I )ϕ(A) = ϕ(AI A) = ϕ(A2) = ϕ(I ) = I.

Since −J = J (−J )J , we have ϕ(−J ) = ϕ(J (−J )J ) = ϕ(J )ϕ(−J )ϕ(J ) = Jϕ(−J )J . So ϕ(−J ) commutes
with J . Hence it is diagonal. Since −J is an involution, ϕ(−J ) = ±I or ±J by Lemma 2.1. We note that −J
and J are similar matrices; hence by Lemma 2.4 their images are also similar. Therefore, ϕ(−J ) = ±J .

A simple calculation shows that T J T = −J , which implies that ϕ(T )ϕ(J )ϕ(T ) = ϕ(−J ). Since ϕ(T ) is
an involution and ϕ(−J ) = ±J , it follows that

Jϕ(T ) = ±ϕ(T )J. (2.6)

We consider all possibilities for ϕ(T ) by Lemma 2.1. By Lemma 2.4, since T and J are similar matrices and
ϕ(J ) = J , we conclude that σ(ϕ(T )) = {−1, 1}. Thus ϕ(T ) �= ±I .
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If ϕ(T ) = ±J , then by assumption and Lemma 2.10 we have

k I = ϕ

((
z 0
0 z

))
= ϕ

(
T

(
1 0
0

√
z

)
T

(
1 0
0 z

)
T

(
1 0
0

√
z

)
T

)

= ϕ(T )ϕ

((
1 0
0

√
z

))
ϕ(T )ϕ

((
1 0
0 z

))
ϕ(T )ϕ

((
1 0
0

√
z

))
ϕ(T )

= (±J )

(
ψ1(

√
z) 0

0 ψ2(
√

z)

)
(±J )

(
ψ1(z) 0

0 ψ2(z)

)
(±J )

(
ψ1(

√
z) 0

0 ψ2(
√

z)

)
(±J )

(
ψ1(

√
z)ψ1(z)ψ1(

√
z) 0

0 ψ2(
√

z)ψ2(z)ψ2(
√

z)

)
=
(
ψ1(z2) 0

0 ψ2(z2)

)

for all z ∈ C and some k ∈ C. Hence, ψ1(z2) = ψ2(z2) = k for all z ∈ C. Since ϕ(I ) = I , ψ1 and ψ2 are
Jordan triple product maps, we obtain ψ1(z) = ψ2(z) for all z ∈ C, but this is a contradiction since ϕ(J ) = J .

Then ϕ(T ) =
(

a b
1−a2

b −a

)
or

(
a 1−a2

c
c −a

)
by Lemma 2.1. By (2.6), we can easily show that a = 0 and the

proof is complete. �	

3 Proofs

Since Theorem 1.1 provides the basis on which the proofs of the other results in the paper rest, we verify it first.
It is straightforward to show the other results.

Proof Since ϕ(I )3 = ϕ(I 3) = ϕ(I ) and ϕ(I ) ∈ GL2(C), it follows that ϕ(I )2 = I . So, ϕ(I ) is an involution

and its eigenvalues are 1 or −1. If ϕ(I ) �= ±I , we can write ϕ(I ) = P−1
(

1 0
0 −1

)
P for some P ∈ GL2(C).

Since Pϕ(.)P−1 is a continuous Jordan triple product map, so without loss of generality, we can assume that

J := ϕ(I ) =
(

1 0
0 −1

)
.

Since ϕ(A) = ϕ(I AI ) = ϕ(I )ϕ(A)ϕ(I ), we have Jϕ(A) = ϕ(A)J for every A ∈ GL2(C). By an easy
calculation, we get

ϕ(A) =
(
ψ1(A) 0

0 ψ2(A)

)
.

for some continuous Jordan triple product map ψ1, ψ2 : GL2(C) → GL1(C). Remember that we may have
composed our original map with a map Pϕ(.)P−1. Hence, we have

ϕ(A) = P−1
(
ψ1(A) 0

0 ψ2(A)

)
P,

for some continuous Jordan triple product map ψ1, ψ2 : GL2(C) → GL1(C) and P ∈ GL2(C). By Corollary
2.6, this case is covered by the form (1) of Theorem 1.1.

If ϕ(I ) = −I , then the map −ϕ is a Jordan triple map from GL2(C) to GL2(C) with −ϕ(I ) = I .
In what follows, without loss of generality, we can assume that ϕ(I ) = I . Since ϕ(I ) = I , it follows that
ϕ(A2) = ϕ(A)2 for every A ∈ GL2(C). Since ϕ(J )2 = ϕ(J 2) = ϕ(I ) = I , we should have

(a) ϕ(J ) = ±I ;
(b) ϕ(J ) ∼ J . (i.e., ϕ(J ) is similar to J )

Case a. Suppose that ϕ(J ) = ±I . By Lemma 2.9, every nontrivial involution is mapped to ±I , in particular
ϕ(T ) = ±I . Let A ∈ GL2(C) be an arbitrary matrix. We know that A has a Jordan canonical form. First, suppose
that A is a diagonalizable matrix and there exist P ∈ GL2(C) such that

A = P−1
(
λ1 0
0 λ2

)
P,
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where λ1 and λ2 are two non-zero complex numbers. Since P can be written as a product of four involutions,
every involution is mapped to ±I and ϕ is a Jordan triple product map, it follows that

ϕ(A) = ϕ

(
P−1

(
λ1 0
0 λ2

)
P

)
= ϕ

((
λ1 0
0 λ2

))

= ϕ

((√
λ1 0
0 1

)(
1 0
0 λ2

)(√
λ1 0
0

√
λ1

))

= ϕ

(
T

(
1 0
0

√
λ1

)
T

)
ϕ

((
1 0
0 λ2

))
ϕ

(
T

(
1 0
0

√
λ1

)
T

)

= ϕ

((
1 0
0

√
λ1

))
ϕ

((
1 0
0 λ2

))
ϕ(

(
1 0
0

√
λ1

)
) = ϕ

((
1 0
0 λ1λ2

))
= ϕ

((
1 0
0 det (A)

))

By Corollary 2.8, this case is covered by the forms (1) and (2) of Theorem 1.1.
Now, suppose that A is not a diagonalizable matrix and there exists Q ∈ GL2(C) such that

A = Q−1
(
λ 0
1 λ

)
Q,

where λ is a non-zero complex numbers. By using Jordan triple product map property, we have

ϕ(A) = ϕ

(
Q−1

(
λ 0
1 λ

)
Q

)
= ϕ

((
λ 0
1 λ

))

= ϕ

((√
λ 0

0
√
λ

)(
1 0
λ−1 1

)(√
λ 0

0
√
λ

))
= ϕ

((√
λ 0

0
√
λ

))
ϕ

((
1 0
λ−1 1

))
ϕ

((√
λ 0

0
√
λ

))
.

Suppose that B =
(

1 0
λ−1 1

)
and C =

( √
2 0√

2
−1 √

2
−1

)
. Then B2 = C−1 BC . Hence, B and B2 are similar which

implies that ϕ(B)2 = ϕ(B2) = ϕ(C−1 BC) = ϕ(B). Thus, ϕ(B) = I and we have

ϕ(A) = ϕ

((√
λ 0

0
√
λ

))
I ϕ

((√
λ 0

0
√
λ

))
= ϕ

((
λ 0
0 λ

))
= ϕ

((
1 0
0 det (A)

))
.

By Corollary 2.8, this case is also covered by the forms (1) and (2) of Theorem 1.1.
Case b. Let ϕ(J ) ∼ J . Then there exists P ∈ GL2(C) such that ϕ(J ) = P−1 J P . Since the map ϕ

′ : GL2(C) →
GL2(C) with ϕ

′
(A) = Pϕ(A)P−1 is a continuous Jordan triple product map, without loss of generality, we can

assume that ϕ(J ) = J . If there exists λ ∈ C
∗ such that ϕ(λI ) is not a scalar matrix, then by Lemma 2.10 and

Corollary 2.6 we get the first case of of Theorem 1.1. So, in what follows we assume that ϕ(λI ) is a scalar matrix
for all λ ∈ C

∗. Since ϕ(J ) = J , by Lemma 2.12, there exists b ∈ C
∗ such that

ϕ(T ) =
(

0 b
b−1 0

)
.

Suppose that b = reiθ , where −π ≤ θ < π and r > 0. Then b−1 = r−1e−iθ . We consider the map ϕ
′′ :

GL2(C) → GL2(C) with

ϕ
′′
(A) =

(
1√
r
e− iθ

2 0

0
√

re
iθ
2

)
ϕ(A)

(√
re

iθ
2 0

0 1√
r
e− iθ

2

)
.

We have

ϕ
′′
(T ) =

(
1√
r
e− iθ

2 0

0
√

re
iθ
2

)(
0 reiθ

r−1e−iθ 0

)(√
re

iθ
2 0

0 1√
r
e− iθ

2

)
= T .

Also,

ϕ
′′
(J ) =

(
1√
r
e− iθ

2 0

0
√

re
iθ
2

)(
1 0
0 −1

)(√
re

iθ
2 0

0 1√
r
e− iθ

2

)
= J .
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Furthermore, ϕ
′′
(λI ) is a scalar matrix for all λ ∈ C

∗.
Hence, by the above discussion, without loss of generality, we can assume that ϕ : GL2(C) → GL2(C) is

a Jordan triple product map such that ϕ(I ) = I , ϕ(J ) = J , ϕ(T ) = T and ϕ(λI ) is a scalar matrix for every
λ ∈ C

∗. By Lemma 2.11, there exist two Jordan triple product maps α, β : C
∗ → C

∗ such that

ϕ

((
1 0
0 z

))
=
(
α(z) 0

0 β(z)

)
= α(z)

(
1 0
0 γ (z)

)
,

where γ (z) = β(z)
α(z) . Since ϕ(I ) = I and ϕ(J ) = J , we have α(−1) = α(1) = γ (1) = 1 and γ (−1) = −1.

Suppose that z1, z2 ∈ C
∗. Then

ϕ

((
z1 0
0 z2

))
= ϕ

(
T

(
1 0
0

√
z1

)
T

(
1 0
0 z2

)
T

(
1 0
0

√
z1

)
T

)

= ϕ(T )ϕ

((
1 0
0

√
z1

))
ϕ(T )ϕ

((
1 0
0 z2

))
ϕ(T )ϕ

((
1 0
0

√
z1

))
ϕ(T )

= Tα(
√

z1)

(
1 0
0 γ (

√
z1)

)
Tα(z2)

(
1 0
0 γ (z2)

)
Tα(

√
z1)

(
1 0
0 γ (

√
z1)

)
T

= α(
√

z1)

(
γ (

√
z1) 0

0 1

)
α(z2)

(
1 0
0 γ (z2)

)
α(

√
z1)

(
γ (

√
z1) 0

0 γ (
√

z1)

)

= α(
√

z1z2
√

z1)

(
γ (

√
z1.1.

√
z1) 0

0 γ (z2)

)

= α(z1z2)

(
γ (z1) 0

0 γ (z2)

)
. (3.1)

Let S = 1√
2

(
1 1
1 −1

)
. We claim that ϕ(S) = ±S. Using the equalities ST S = T and ϕ(T ) = T , we obtain

that ϕ(S)Tϕ(S) = T . By ϕ(S)2 = ϕ(S2) = ϕ(I ) = I , we know that ϕ(S) is an involution. Now, by Lemma
2.1, it is easy to see that ϕ(S) = ±S.

Now, we show that for arbitrary a, b ∈ C,

ϕ

((
a + 2b b

b a

))
=
(

a
′ + 2b

′
b

′

b
′

a
′

)
, (3.2)

for some a
′
, b

′ ∈ C.

Using the equalities S

(
a + 2b b

b a

)
S =

(
a + 2b b

b a

)
and ϕ(S) = ±S, we conclude that

(±S)ϕ

((
a + 2b b

b a

))
(±S) = ϕ

((
a + 2b b

b a

))
,

which implies that ϕ(

(
a + 2b b

b a

)
) =

(
a

′ + 2b
′

b
′

b
′

a
′

)
, for some a

′
, b

′ ∈ C.

By applying (3.1) and (3.2), we show that for every z ∈ C
∗\{−1}

γ

(
z − 1 + √

2z2 + 2

z + 1

)
= γ (z)− 1 +√

2γ (z)2 + 2

γ (z)+ 1
. (3.3)

Assume that z, w ∈ C
∗, by the equality

(
w 0
0 1

)
S

(
z 0
0 1

)
S

(
w 0
0 1

)
=
(
w2 z+1

2 w z−1
2

w z−1
2

z+1
2

)

we have

ϕ

((
w 0
0 1

))
ϕ(S)ϕ

((
z 0
0 1

))
ϕ(S)ϕ

((
w 0
0 1

))
= ϕ

((
w2 z+1

2 w z−1
2

w z−1
2

z+1
2

))
.
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Hence,

α(w)

(
γ (w) 0

0 1

)
(±S)α(z)

(
γ (z) 0

0 1

)
(±S)α(w)

(
γ (w) 0

0 1

)

= ϕ

((
w2 z+1

2 w z−1
2

w z−1
2

z+1
2

))
.

So,

α(w2z)

(
γ (w)2

γ (z)+1
2 γ (w)

γ (z)−1
2

γ (w)
γ (z)−1

2
γ (z)+1

2

)
= ϕ

((
w2 z+1

2 w z−1
2

w z−1
2

z+1
2

))
.

If

(
w2 z+1

2 w z−1
2

w z−1
2

z+1
2

)
converts to form

(
a + 2b b

b a

)
, then

w2 z + 1

2
= z + 1

2
+ 2w

z − 1

2
.

The answers of the above quadratic equation are as follows

w = z − 1 ± √
2z2 + 2

z + 1
.

Similarly, by (3.2) we have

γ (w) = γ (z)− 1 ±√
2γ (z)2 + 2

γ (z)+ 1
.

Since γ (1) = 1, we have γ (w) = γ (z)−1+
√

2γ (z)2+2
γ (z)+1 .

Since the map ϕ is continuous and ϕ(I ) = I , so γ : C
∗ → C

∗ is a continuous multiplicative map. By
Lemma 2.3, it has the following form

γ (z) = zk .|z|t eia ln |z|,

for some integer k and some real numbers t and a.
Now, we show that four cases for γ are possible.

1. k = 1, t = 0, a = 0, it follows that γ (z) = z;

2. k = 1, t = −2, a = 0, it follows that γ (z) = z.|z|−2 = (
−
z )−1;

3. k = −1, t = 0, a = 0, it follows that γ (z) = z−1;
4. k = −1, t = 2, a = 0, it follows that γ (z) = z−1.|z|2 = −

z .

Equation (3.3), is true for all z ∈ C
∗\{−1}, so if |z| = 1, then γ (z) = zk and

(
z − 1 + √

2z2 + 2

z + 1

)k

= zk − 1 + √
2z2k + 2

zk + 1
.

ϕ(J ) = J implies that k �= 0. If k �= ±1, by the above equation and considering z = e
iπ
k , we get a contradiction.

Therefore, γ (z) = z|z|t eia ln |z| or γ (z) = z−1|z|t eia ln |z|.
If γ (z) = z|z|t eia ln |z|, then by equation (3.3), we have

(
z − 1 + √

2z2 + 2

z + 1

) ∣∣∣∣∣
z − 1 + √

2z2 + 2

z + 1

∣∣∣∣∣
t

e
ia ln

∣∣∣∣ z−1+
√

2z2+2
z+1

∣∣∣∣

= z.|z|t eia ln |z| − 1 +√
2(z.|z|t eia ln |z|)2 + 2

z.|z|t eia ln |z| + 1
.
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By equating the real parts, we will have(
x − 1 + √

2x2 + 2

x + 1

) ∣∣∣∣∣
x − 1 + √

2x2 + 2

x + 1

∣∣∣∣∣
t

cos(a ln | x − 1 + √
2x2 + 2

x + 1
|)

= x .|x |t cos(a ln |x |)− 1 +√
2(x .|x |t cos(a ln |x |))2 + 2

x .|x |t cos(a ln |x |)+ 1
,

where x = Re(z). By limiting the sides when x −→ ∞, we obtain that

(1 + √
2)(1 + √

2)t cos(a ln((1 + √
2)) =

⎧⎨
⎩

1 + √
2 , t > −1

not available , t = −1
−1 + √

2 , t < −1
.

Hence, when k = 1, if t > −1 then t = a = 0 and if t < −1 then t = −2 and a = 0. Thus, in the case k = 1,
we conclude that γ (z) = z or γ (z) = (z)−1.

Similarly, if k = −1, γ (z) = z−1 or γ (z) = z.
We show that in the cases γ (z) = z−1, γ (z) = z, and γ (z) = (z)−1 one can reduce the proof to the case

γ (z) = z. Define

ρ(A) =
⎧⎨
⎩
ϕ(A−1); γ (z) = z−1

ϕ(A); γ (z) = z
ϕ((A)−1); γ (z) = (z)−1

.

Then, by introducing new notations θ(z) = α(z−1), α((z)), or α((z)−1), respectively, we have

ρ

((
z1 0
0 z2

))
=

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

ϕ

((
z−1

1 0
0 z−1

2

))
= θ(z)

(
z1 0
0 z2

)
; γ (z) = z−1

ϕ

((
z1 0
0 z2

))
= θ(z)

(
z1 0
0 z2

)
; γ (z) = z

ϕ

((
z1

−1 0
0 z2

−1

))
= θ(z)

(
z1 0
0 z2

)
; γ (z) = (z)−1

.

Also, one can easily see from this definition ρ maps scalar matrix to scalar matrix and

ρ(I ) = I ; ρ(J ) = J ; ρ(−J ) = ±J ;
ρ(S) = ±S; ρ(T ) = T ; ρ

((
a + 2b b

b a

))
=
(

a′ + 2b′ b′
b′ a′

)
.

So taking ρ instead of ϕ if necessary, we may assume that γ (z) = z. In what follows, without loss of generality,
we suppose that γ (z) = z. We claim that

(C.1). ϕ

((
z w
w z

))
= α(z2 − w2)

(
z w
w z

)
, for all z, w ∈ C;

(C.2). ϕ

((
z1 w

w z2

))
= α(z1z2 − w2)

(
z1 w

w z2

)
, for all z1, z2 ∈ C

∗ and w ∈ C;

(C.3). ϕ

((
z1 w

w 0

))
= α(−w2)

(
z1 w

w 0

)
, for all z1, w ∈ C

∗;

(C.4). ϕ

((
0 w

w z2

))
= α(−w2)

(
0 w

w z2

)
, for all w, z2 ∈ C

∗;

(C.5). ϕ

((
0 t
1
t 0

))
=
(

0 t
1
t 0

)
or

(
0 1

t
t 0

)
, for all t ∈ C

∗;

(C.6). ϕ

((
0 1

−1 0

))
=
(

0 1
−1 0

)
or

(
0 −1
1 0

)
;

(C.7). ϕ

((
1 0
1 1

))
= ±

(
1 0
1 1

)
or ±

(
1 1
0 1

)
;

(C.8). ϕ

((
1 0
t 1

))
= ±

(
1 0
t 1

)
or ±

(
1 t
0 1

)
, for all t ∈ C

∗;

(C.9). ϕ

((−1 0
t 1

))
= ±

(−1 0
t 1

)
or ±

(−1 t
0 1

)
, for all t ∈ C

∗;
(C.10). ϕ maps every involution simultaneously onto itself or its transpose.

(3.4)
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The details are as follows.
(C.1). Suppose that z, w ∈ C such that z2 − w2 �= 0, by applying (3.1), we have

ϕ

((
z w

w z

))
= ϕ

(
S

(
z + w 0

0 z − w

)
S

)
= (±S)α(z2 − w2)

(
z + w 0

0 z − w

)
(±S)

= α(z2 − w2)

(
z w

w z

)
.

(C.2) Suppose that z1 = r1eiθ1 and z2 = r2eiθ2 such that r1, r2 > 0 and −π ≤ θ1, θ2 < π . By taking ϕ from the
sides of the following equality, (3.1) and (3.4-(C.1)), we get (3.4-(C.2)).

(
z1 w

w z2

)
=
(√

r1
r2

ei
θ1−θ2

2 0

0 1

)⎛
⎝ r2eiθ2 w

√
r2
r1

ei
θ2−θ1

2

w
√

r2
r1

ei
θ2−θ1

2 r2eiθ2

⎞
⎠
(√

r1
r2

ei
θ1−θ2

2 0

0 1

)
.

(C.3) By the equality

(
1 1
1 0

)
= S

( 3
2

1
2

1
2 − 1

2

)
S, ϕ(S) = ±S and (3.4-(C.2)), we get

ϕ

((
1 1
1 0

))
=
(

1 1
1 0

)
.

If t = z1
w

, then (
z1 w

w 0

)
= (w I )

(
t 1
1 0

)
=
(√

wt 0
0 1√

wt

)(
1 1
1 0

)(√
wt 0
0 1√

wt

)
.

The last equality implies (3.4-(C.3)).

(C.4). By the equality

(
0 1
1 z2

)
= T

(
z2 1
1 0

)
T , ϕ(T ) = T and (3.4-(C.3)), we conclude that

ϕ

((
0 1
1 z2

))
=
(

0 1
1 z2

)

for all z2 ∈ C
∗.

(C.5). Let D =
(

0 t
1
t 0

)
. We claim that ϕ(D) = D or Dt . By the equality D J D = −J , we have

ϕ(D)Jϕ(D) = −J. (3.5)

Since D is an involution, ϕ(D) is an involution, too. So, by Lemma 2.1, ϕ(D) = ±I , ϕ(D) = ±J , ϕ(D) =(
a b

1−a2

b −a

)
or ϕ(D) =

(
a 1−a2

c
c −a

)
, where a ∈ C and b, c ∈ C

∗.

If ϕ(D) = ±I or ϕ(D) = ±J , by (3.5), we get a contradiction. Assume that ϕ(D) =
(

a b
1−a2

b −a

)
. Then by

(3.4-(C.2)) and (3.5), we obtain that
(

2a2 − 1 2ab
−2a3+2a

b −2a2 + 1

)
=
(−1 0

0 1

)
.

It follows that a = 0, and so ϕ(D) =
(

0 b
1
b 0

)
.

Similarly, if ϕ(D) =
(

a 1−a2

c
c −a

)
, then by (3.4-(C.2)) and (3.5), a = 0, and so ϕ(D) =

(
0 1

c
c 0

)
.

By the above discussion, we conclude that there exists a continuous map g : C
∗ −→ C

∗ such that

ϕ

((
0 t
1
t 0

))
=
(

0 g(t)
1

g(t) 0

)
.
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The equality (
0 t2

1
t2 0

)
=
(

0 t
1
t 0

)(
0 1
1 0

)(
0 t
1
t 0

)
,

implies that (
0 g(t2)
1

g(t2)
0

)
=
(

0 g2(t)
1

g2(t)
0

)
.

Hence, for every t ∈ C
∗, g(t2) = g2(t). On the other hand, by applying (3.4-(C.4)), we have

ϕ

((
a t
1
t 0

))
= ϕ

((
0

√
t

1√
t

0

)(
0 1
1 a

)(
0

√
t

1√
t

0

))

=
(

0 g(
√

t)
1

g(
√

t)
0

)(
0 1
1 a

)(
0 g(

√
t)

1
g(

√
t)

0

)
=
(

a g2(
√

t)
1

g2(
√

t)
0

)
=
(

a g(t)
1

g(t) 0

)
,

for every a ∈ C, t ∈ C
∗.

Suppose that a = t + 1
t , where t ∈ C

∗. Then
(

t + 1
t g(t2)

1
g(t2)

0

)
= ϕ

((
t + 1

t t2

1
t2 0

))
= ϕ

((
1 t
1
t 0

)(
0 1
1 0

)(
1 t
1
t 0

))

=
(

1 g(t)
1

g(t) 0

)(
0 1
1 0

)(
1 g(t)
1

g(t) 0

)
=
(

g(t)+ 1
g(t) g(t2)

1
g2(t)

0

)
.

So, g(t)+ 1
g(t) = t + 1

t for every t ∈ C
∗. By solving this equation, we conclude that g(t) = t or g(t) = 1

t and
so our claim is proved.

(C.6). Let T ′ =
(

0 1
−1 0

)
and ϕ(T

′
) =

(
x y
z t

)
. Since ϕ(T ) = T and T

′
.T .T

′ = T , we obtain that(
xy + xz tx + y2

t x + z2 t y + t z

)
=
(

0 1
1 0

)
, this implies that

(a). x(y + z) = 0;
(b). t x + y2 = 1;
(c). t x + z2 = 1;
(d). t (y + z) = 0.

(3.6)

By (3.6-(a)), there are two possibilities: x = 0 or y = −z.
Case 1. Suppose that x = 0. Then by (3.6-(b)) and (3.6-(c)), y2 = z2 = 1. It follows that y = z = 1,

y = z = −1, y = −z = 1 or −y = z = 1.
If y = z = 1 or y = z = −1, then by (3.6-(d)), t = 0. So, ϕ(T

′
) = T or ϕ(T

′
) = −T . By the equality

T
′
.J.T

′ = J , we have (±T ).J.(±T ) = J , which is a contradiction.

If y = −z = 1, then ϕ(T
′
) =

(
0 1

−1 t

)
. Since T

′2 = −I , we have ϕ(T
′
)2 = ϕ(−I ) = −I . Hence,(−1 t

−t t2 − 1

)
=
(−1 0

0 −1

)
, and then t = 0. Therefore, ϕ(T

′
) = T

′
. Similarly, if −y = z = 1, then ϕ(T

′
) =(

0 −1
1 t

)
and so ϕ(T

′
) = −T

′
.

Case 2. Suppose that y = −z. Then ϕ(T
′
) =

(
x y

−y t

)
. By the equality T

′
.J.T

′ = J , we have

(a). x2 + y2 = 1;
(b). t2 + y2 = 1;
(c). (−t + x)y = 0.

(3.7)

By (3.7-(c)), we have y = 0 or x = t .
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If y = 0, then z = −y = 0 and x2 = t2 = 1, by (3.7-(a)) and (3.7-(b)). Hence, ϕ(T
′
) = ±I or ±J . By

taking ϕ from the sides of the equality
(

1 1
1 0

)(
0 1

−1 0

)(
1 1
1 0

)
=
(

0 −1
1 0

)
, (3.8)

and (3.4-(C.3)), we get a contradiction.Therefore, y �= 0 and x = t . By taking ϕ from the sides of the equality
(3.8), we get (

1 1
1 0

)(
x y

−y x

)(
1 1
1 0

)
=
(

x −y
y x

)
.

So, (
2x x − y

x + y x

)
=
(

x −y
y x

)
.

It follows that x = 0. By (3.7-(a)), we conclude y2 = 1. Since z = −y, we have ϕ(T
′
) = ±T

′
.

(C.7). Let A =
(

1 0
1 1

)
and ϕ(A) =

(
x y
z t

)
. Since ϕ(J ) = J and AJ A = J , together imply that(

x2 + yz xy − yt
xz − zt yz − t2

)
=
(

1 0
0 −1

)
. Hence, we have the following system:

(a). x2 + yz = 1;
(b). y(x − t) = 0;
(c). z(x − t) = 0;
(d). yz − t2 = −1.

(3.9)

By (3.9-(b)), we get y = 0 or x = t . We consider the following cases.

Case 1. Suppose that y = 0. By (3.9-(a)) and (3.9-(d)), we have x2 = 1 and t2 = 1. Hence, ϕ(A) =
(

1 0
z 1

)
,(

1 0
z −1

)
,

(−1 0
z 1

)
or

(−1 0
z −1

)
. By applying ϕ on sides of the equality A

(−1 1
1 0

)
A =

(
0 1
1 1

)
, (3.4-(C.3)) and

(3.4-(C.4)), we obtain that

ϕ(A)

(−1 1
1 0

)
ϕ(A) =

(
0 1
1 1

)
. (3.10)

If ϕ(A) =
(

1 0
z 1

)
, then by (3.10),

(
z − 1 1

z2 − z + 1 z

)
=
(

0 1
1 1

)
. Therefore, z = 1 and then ϕ(A) = A. If ϕ(A) =(

1 0
z −1

)
, then by (3.10),

(
z − 1 −1

z2 − z + 1 −z

)
=
(

0 1
1 1

)
, which is a contradiction. Similarly, if ϕ(A) =

(−1 0
z 1

)
,

we get a contradiction. If ϕ(A) =
(−1 0

z −1

)
, then by (3.10),

( −z − 1 1
z2 + z + 1 −z

)
=
(

0 1
1 1

)
. Thus, z = −1 and

then ϕ(A) = −A.

Case 2. Suppose that y �= 0 and x = t . By (3.9-(a)), z = x2−1
y . So, ϕ(A) =

(
x y

x2−1
y x

)
. We know that

ϕ(T
′
) = ±T

′
by (3.4-(C.6)). Let us first consider the case ϕ(T

′
) = T

′
. By the equality AT

′
A = At , we have

(
x y

x2−1
y x

)(
0 1

−1 0

)(
x y

x2−1
y x

)
=
(

x x2−1
y

y x

)
.

It follows that ⎛
⎝ x(x2−y2−1)

y x2 − y2

x2(x2−y2−1)
y2

x(x2−y2−1)
y

⎞
⎠ =

(
x x2−1

y
y x

)
.

Thus, x(x2−y2−1)
y = x and then x = 0 or x2 − y2 − 1 = y.
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If x = 0, then z = − 1
y . Hence, ϕ(A) =

(
0 y

− 1
y 0

)
. By (3.10),

(
0 y2

− 1
y2 1

)
=
(

0 1
1 1

)
. So, y2 = 1 and so

ϕ(A) = ±T
′
. We show that this is impossible.

First, assume thatϕ(A) = T
′
. Then, we haveϕ(A2) = ϕ(A.I.A) = ϕ(A)2 = T

′2 = −I . Thus,ϕ(A2) = −I .
It is clear that A and A2 are similar. By Lemma 2.4, ϕ(A) and ϕ(A2) are similar. It follows that T

′
and −I

are similar, which is a contradiction. Similarly, if ϕ(A) = −T
′
, then −T

′
and −I are similar, and we get a

contradiction.
If x2 − y2 − 1 = y, then by (3.10), we get x2 + y2 = 1 + xy. So, 2(x2 − 1) = y(x + 1) and so x = −1

or y = 2(x − 1). In the case of x = −1, we have y2 = −y. Thus, y = 0 or y = −1. If y = 0, we get a

contradiction. If y = −1, then ϕ(A) =
(−1 −1

0 −1

)
= −At . For the case of y = 2(x − 1), since x2 − y2 − 1 = y,

we obtain that x = 1 and y = 0, which is a contradiction.
Similarly, if ϕ(T ′) = −T ′, then ϕ(A) = At .

(C.8). Suppose that B =
(

1 0
t 1

)
. By the equality

(
1 0
t 1

)
= T

(
0

√
t

1√
t

0

)
A

(
0

√
t

1√
t

0

)
T ,

where A =
(

1 0
1 1

)
, and (3.4-(C.5)) we obtain

ϕ(

(
1 0
t 1

)
) = T

(
0

√
t

1√
t

0

)
ϕ(A)

(
0

√
t

1√
t

0

)
T

or

ϕ(

(
1 0
t 1

)
) = T

(
0 1√

t√
t 0

)
ϕ(A)

(
0 1√

t√
t 0

)
T .

Since ϕ(A) = ±A or ±At , we conclude that ϕ(

(
1 0
t 1

)
) = ±

(
1 0
t 1

)
or ±

(
1 t
0 1

)
.

(C.9). Let C =
(

1 0
1 −1

)
and A =

(
1 0
1 1

)
. By the relations, C2 = I , C

(
0 1
1 1

)
C =

(
1 −1
−1 0

)
, AC A = C ,

Lemma 2.1, (3.4-(C.3)), (3.4-(C.4)) and (3.4-(C.7)), we conclude that ϕ(C) = ±C or ±Ct . Now, the equality
(−1 0

t 1

)
= T

(
0

√
t

1√
t

0

)
C

(
0

√
t

1√
t

0

)
T,

shows that ϕ(

(−1 0
t 1

)
) = ±

(−1 0
t 1

)
or ±

(−1 t
0 1

)
.

(C.10). Let F ∈ GL2(C) be an involution. We consider all possibilities for F . By Lemma 2.1, F = ±I , F = ±J ,

F =
(

a b
1−a2

b −a

)
, or F =

(
a 1−a2

c
c −a

)
, where a ∈ C and b, c ∈ C

∗. Up to now, we have proved that ϕ(I ) = I ,

ϕ(−I ) = −I , ϕ(J ) = J and ϕ(−J ) = −J .

Suppose that ϕ(

(−1 0
t 1

)
) = ±

(−1 0
t 1

)
, where t �= ±1 and t �= ±i . We claim that ϕ(

(
0 t
1
t 0

)
) =

(
0 t
1
t 0

)
.

Otherwise, by (3.4-(C.5)), we must have ϕ(

(
0 t
1
t 0

)
) =

(
0 1

t
t 0

)
. By taking ϕ from the sides of the the following

equality (−1 0
−t 1

)(
0 1

t
t 0

)(−1 0
−t 1

)(
0 1

t
t 0

)(−1 0
−t 1

)
=
(

0 1
t

t 0

)

and assumption, we obtain that

(±)
(−1 0

−t 1

)
.

(
0 t
1
t 0

)
.(±)

(−1 0
−t 1

)
.

(
0 t
1
t 0

)
.(±)

(−1 0
−t 1

)
=
(

0 t
1
t 0

)
.
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It follows that t3 = t or −t3 = t . Hence, t = ±1, or t = ±i , which is a contradiction.

Similarly, if ϕ(

(−1 0
t 1

)
) = (±)

(−1 t
0 1

)
, where t �= ±1 and t �= ±i , then ϕ(

(
0 t
1
t 0

)
) =

(
0 1

t
t 0

)
.

Suppose that F =
(

a b
1−a2

b −a

)
. By an easy calculation we get

F =
(−1 0

a/b 1

)(
0 −b

−1/b 0

)(−1 0
a/b 1

)
.

By the above discussion and last equality, we conclude that

ϕ(F) = ±
(−1 0

a/b 1

)(
0 −b

−1/b 0

)
(±)

(−1 0
a/b 1

)
= F

or

ϕ(F) = ±
(−1 a/b

0 1

)(
0 −1/b

−b 0

)
(±)

(−1 a/b
0 1

)
= Ft .

Let A ∈ GL2(C) be a arbitrary matrix. There are two possibilities for A.
Case 1. A is a diagonalizable matrix. Then there exist λ1, λ2 ∈ C

∗ and P ∈ GL2(C) such that A =
P−1

(
λ1 0
0 λ2

)
P . By Lemma 2.2, there are involutions U1, U2, U3, U4 such that P = U1U2U3U4. Hence,

ϕ(A) = ϕ(U4U3U2U1

(
λ1 0
0 λ2

)
U1U2U3U4)

= ϕ(U4)ϕ(U3)ϕ(U2)ϕ(U1)ϕ(

(
λ1 0
0 λ2

)
)ϕ(U1)ϕ(U2)ϕ(U3)ϕ(U4).

By (3.1) and (3.4-(C.10)), we conclude that

ϕ(A) = α(λ1λ2)U4U3U2U1

(
λ1 0
0 λ2

)
U1U2U3U4 = α(det A)P−1

(
λ1 0
0 λ2

)
P = α(det A)A.

or

ϕ(A) = α(λ1λ2)U
t
4U t

3U t
2U t

1

(
λ1 0
0 λ2

)
U t

1U t
2U t

3U t
4 = α(det A)Pt

(
λ1 0
0 λ2

)
(P−1)t = α(det A)At .

This case is covered by the form (3) of Theorem 1.1.

Case 2. A is not a diagonalizable matrix. Then there exist λ ∈ C
∗ and Q ∈ GL2(C) such that A = Q−1

(
λ 0
1 λ

)
Q.

By Lemma 2.2, there are involutions V1, V2, V3, V4 such that Q = V1V2V3V4. The equality

(
λ 0
1 λ

)
=(√

λ 0
0

√
λ

)(
1 0
1
λ

1

)(√
λ 0

0
√
λ

)
and (3.4-(C.8)) imply that ϕ(

(
λ 0
1 λ

)
) = ±α(λ2)

(
λ 0
1 λ

)
or ±α(λ2)

(
λ 1
0 λ

)
. Hence,

ϕ(A) = ϕ(Q−1
(
λ 0
1 λ

)
Q) = ϕ(V4V3V2V1

(
λ 0
1 λ

)
V1V2V3V4)

= ϕ(V4)ϕ(V3)ϕ(V2)ϕ(V1)ϕ(

(
λ 0
1 λ

)
)ϕ(V1)ϕ(V2)ϕ(V3)ϕ(V4).

By (3.1), (3.4-(C.10)), and ϕ(I ) = I , we conclude that

ϕ(A) = α(λ2)V4V3V2V1

(
λ 0
1 λ

)
V1V2V3V4 = α(det A)Q−1

(
λ 0
1 λ

)
Q = α(det A)A.

or

ϕ(A) = α(λ2)V t
4 V t

3 V t
2 V t

1

(
λ 1
0 λ

)
V t

1 V t
2 V t

3 V t
4 = α(det A)Qt

(
λ 1
0 λ

)
(Q−1)t = α(det A)At .

This case is also covered by the form (3) of Theorem 1.1. This completes the proof. �	
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