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Abstract An Extension of Watson’s addition formula for Theta functions and Landen transformation is obtained.
This is based on properties on the non-degenerate eigenvalues of the discrete Fourier transform for n = 4. As a
application, we have derived some q series identities.
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1 Introduction

Let A be the Discrete Fourier Transform (DFT) matrix of size n. The entries of the A are A jk = 1√
n

e
2π i jk

n , j, k ∈
Zn . It is clear that A4 = I, so DFT matrix of any size has only four distinct eigenvalues 1,−1, i,−i with non
negative multiplicity [1]. The multiplicities of the eigenvalue 1,−1, i,−i are [(n + 4)/4], [(n + 2)/4], [(n +
1)/4], [(n − 1)/4] respectively, where [x] denotes the greatest integer not greater than x . The Theta function is
defined as [2–4],

θ(x, τ, ν) =
∞∑

m=−∞
eπ iτm2ν+2π imx , x ∈ C, , ν ∈ N, I m(τ ) > 0.

We evaluate Theta function at ν = 1,

θ(x, τ ) =
∞∑

m=−∞
eπ iτm2+2π imx , x ∈ C, I m(τ ) > 0. (1)
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710 H. Masal et al.

We also recall Theta function with characteristics a, b [2]

θa,b(x, τ ) =
∞∑

m=−∞
eπ iτ(m+a)2+2π i(m+a)(x+b), a, b ∈ R, I m(τ ) > 0. (2)

2 The DFT matrix of size 4 and some results

The eigenfunctions of the DFT of any general size n are given by Matveev [2] in the theorem below.

Theorem 1 The vector G(k) whose j th component is given by

G j (x, τ, k) = θ j/n,0(x, τ ) + (−1)kθ− j/n,0(x, τ )

+ (1/
√

n)[(−i)kθ0, j/n(x/n, τ/n2) + (−i)3kθ0,− j/n(x/n, τ/n2)]
is an eigenvector of A corresponding to eigenvalue ik , i.e.

AG(k) = i k G(k).

Using this set of eigenvectors and the multiplicity of eigenvalues of the DFT matrix we can derive the
following lemma.

Lemma 2 For n = 4

2θ(x, τ ) + 2θ1/2,0(x, τ ) = θ(x/4, τ/16) + θ0,1/2
(
x/4, τ/16

)
.

Proof Consider the DFT of size 4, it’s eigenvalues are 1, 1,−1, i . The eigenvalue −1 is non-degenerate. by
theorem 1, following vector is an eigenvector corresponding to eigenvalue −1.

G(2) =
⎛

⎜⎝

2θ(x, τ ) − θ(x/4, τ/16)

θ1/4,0(x, τ ) + θ3/4,0(x, τ ) − (1/2)[θ0,1/4(x/4, τ/16) + θ0,3/4(x/4, τ/16)]
2θ1/2,0(x, τ ) − θ0,1/2(x/4, τ/16)

θ1/4,0(x, τ ) + θ3/4,0(x, τ ) − (1/2)[θ0,1/4(x/4, τ/16) + θ0,3/4(x/4, τ/16)]

⎞

⎟⎠

Also, another eigenvector corresponding to the same eigenvalue is

v = (−1, 1, 1, 1
)T

We know that the multiplicity of the eigenvalue is one. So, by equating the appropriate minor to zero, we will
have the following identity.

2θ(x, τ ) − θ(x/4, τ/16) = −[2θ1/2,0(x, τ ) − θ((x + 2)/4, τ/16)].
��

3 Watson’s Addition formula

The classical Watson’s addition identity ([3], pp. 130) is

θ1/2,1/2(x1, τ )θ1/2,1/2(x2, τ ) =θ(x1 + x2, 2τ)θ1/2,0(x1 − x2, 2τ)

− θ(x1 − x2, 2τ)θ1/2,0(x1 + x2, 2τ).

Note that the period is doubled. Also the following extension of Watson’s addition formula is derived in Malekar
et. al. ( [5], Theorem 3.1).

θ0,1/2(x1 + x2, τ )θ(x1 − x2, τ ) − θ0,1/2(x1 − x2, τ )θ(x1 + x2, τ )

=2θ(2x1 + 2x2, 4τ)θ1/2,0(2x1 − 2x2, 4τ) − 2θ(2x1 − 2x2, 4τ)θ1/2,0(2x1 + 2x2, 4τ).

Here a version of the extended Watson’s addition formula is derived with not only doubling the period ratio
but also as in Theorem 4. The idea used here is to make use of the linear independence of the eigenvector of the
DFT matrix corresponding to the non-degenerate eigenvalue of the discrete Fourier transform for n = 4. This
technique is different than the methods used in deriving the classical identities, which are based on the zeros of
Jacobi Theta functions or infinite product representation.

We need a Landen transformation for Theta functions, which involves doubling the period.
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Watson’s addition formula and q series 711

Lemma 3 The Landen type transformation of Theta functions:

θ(x1 + x2, τ )θ
(
x1 − x2 + 1/2, τ

) =θ0,1/2(2x1, 2τ)θ0,1/2(2x2, 2τ)

− θ1/2,1/2(2x1, 2τ)θ1/2,1/2(2x2, 2τ)

Proof By using the definitions of Theta functions given in the equations (1) and (2), we will find the product
given below,

θ(x1 + x2, τ )θ
(
x1 − x2 + 1/2, τ

) =
∑

m

eπ iτm2+2π im(x1+x2)
∑

n

eπ iτn2+2π in
[

x1−x2+ 1
2

]
,

=
∑

m,n

eπ iτ(m2+n2)+2π i(mx1+mx2+nx1−nx2)e
2π in

2 ,

θ(x1 + x2, τ )θ
(
x1 − x2 + 1/2, τ

) =
∑

m,n

eπ iτ(m2+n2)+2π i[(m+n)x1+(m−n)x2]e
2π in

2 .

Let n1 = m + n and n2 = m − n have same parity, it means both n1, n2 are either even or both are odd. Also

note that m2 + n2 = n2
1+n2

2
2 and n = n1−n2

2 .

θ(x1 + x2, τ )θ
(
x1 − x2 + 1/2, τ

) =
∑

n1≡n2 mod 2

eπ iτ
[ n2

1+n2
2

2

]
+2π i[n1x1+n2x2](−1)

n1−n2
2

= A + B,

where,

A =
∑

n1,n2−even

eπ iτ
[ n2

1+n2
2

2

]
+2π i[n1x1+n2x2](−1)

n1−n2
2 ,

B =
∑

n1,n2−odd

eπ iτ
[ n2

1+n2
2

2

]
+2π i[n1x1+n2x2](−1)

n1−n2
2 .

Since both n1, n2 are even in A, we put n1 = 2k1, n2 = 2k2.

A =
∑

k1,k2

eπ iτ
[

(2k1)2+(2k2)2

2

]
+2π i[2k1x1+2k2x2](−1)

2k1−2k2
2

=
∑

k1

(−1)k1 eπ i2τk2
1+2π ik1(2x1)

∑

k2

(−1)k2 eπ i2τk2
2+2π ik2(2x2)

Here (−1)k1 = e
2π ik1

2 , (−1)−k2 = e
−2π ik2

2 = (−1)k2 .

A =
∑

k1

eπ i2τk2
1+2π ik1(2x1)e

2π ik1
2

∑

k2

eπ i2τk2
2+2π ik2(2x2)e

2π ik2
2

A = θ0,1/2(2x1, 2τ)θ0,1/2(2x2, 2τ).

To obtain B, consider n1 = 2k1 + 1, n2 = 2k2 + 1.

B =
∑

k1,k2

eπ iτ
[

(2k1+1)2+(2k2+1)2

2

]
+2π i[(2k1+1)x1+(2k2+1)x2](−1)k1−k2

=
∑

k1

(−1)k1 eπ i2τ(k1+ 1
2 )2+2π i(k1+ 1

2 )2x1
∑

k2

(−1)k2 eπ i2τ(k2+ 1
2 )2+2π i(k2+ 1

2 )2x2

=
(

− i
∑

k1

eπ i2τ(k1+ 1
2 )2+2π i(k1+ 1

2 )(2x1+1/2)

)(
− i

∑

k2

eπ i2τ(k2+ 1
2 )2+2π i(k2+ 1

2 )(2x2+1/2)

)

B = −θ1/2,1/2(2x1, 2τ)θ1/2,1/2(2x2, 2τ).
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712 H. Masal et al.

From the values of A and B, we obtain the following equations,

θ(x1 + x2, τ )θ
(
x1 − x2 + 1/2, τ

) =θ0,1/2(2x1, 2τ)θ0,1/2(2x2, 2τ)

− θ1/2,1/2(2x1, 2τ)θ1/2,1/2(2x2, 2τ)

��
Theorem 4 Generalized Watson’s addition formula:

4
[
θ(4x, 16τ)θ1/2,0(4y, 16τ) − θ(4y, 16τ)θ1/2,0(4x, 16τ)

]

+ 2
[
θ(y, τ )θ1/2,0(4x, 16τ) + θ(x, τ )θ1/2,0(4y, 16τ)

]

+ 2
[
θ(4y, 16τ)θ0,1/2

(
x, τ ) − θ(4x, 16τ)θ0,1/2

(
y, τ )

]

=θ1/2,1/2(x + y, 2τ)
[
θ1/2,1/2(x − y, 2τ) − θ1/2,1/2(−x + y, 2τ)

]
.

Proof Consider eigenvector of DFT corresponding to eigenvalue −1.

v =

⎛

⎜⎜⎝

2θ(x, τ ) − θ
( x

4 , τ
16

)

θ1/4,0(x, τ ) + θ3/4,0(x, τ ) − (1/2)
[
θ
( x+1

4 , τ
16

) + θ
( x+3

4 , τ
16

)]

2θ1/2,0(x, τ ) − θ
( x+2

4 , τ
16

)

θ1/4,0(x, τ ) + θ3/4,0(x, τ ) − (1/2)
[
θ
( x+1

4 , τ
16

) + θ
( x+3

4 , τ
16

)]
.

⎞

⎟⎟⎠

This vector is equivalent to the following vector,

v =

⎛

⎜⎜⎝

2θ(4x, 16τ) − θ
(
x, τ

)

θ1/4,0(4x, 16τ) + θ3/4,0(4x, 16τ) − (1/2)
[
θ
( 4x+1

4 , τ
) + θ

( 4x+3
4 , τ

)]

2θ1/2,0(4x, 16τ) − θ
( 2x+1

2 , τ
)

θ1/4,0(4x, 16τ) + θ3/4,0(4x, 16τ) − (1/2)
[
θ
( 4x+1

4 , τ
) + θ

( 4x+3
4 , τ

)]

⎞

⎟⎟⎠ .

Evaluate v at x = x1 + x2 call it v1, also evaluate v at x = x1 − x2 call it v2. Now consider first and third
components of v1 and v2 call it as v′

1 and v′
2 respectively.

where

v′
1 =

⎛

⎝
2θ(4x1 + 4x2, 16τ) − θ

(
x1 + x2, τ

)

2θ1/2,0(4x1 + 4x2, 16τ) − θ

(
2x1+2x2+1

2 , τ

)
⎞

⎠ ,

v′
2 =

⎛

⎝
2θ(4x1 − 4x2, 16τ) − θ

(
x1 − x2, τ

)

2θ1/2,0(4x1 − 4x2, 16τ) − θ

(
2x1−2x2+1

2 , τ

)
⎞

⎠ .

It is obvious that det [v′
1, v

′
2] = 0. Therefore, after solving the above determinant we have,

4
[
θ(4x1 + 4x2, 16τ)θ1/2,0(4x1 − 4x2, 16τ) − θ(4x1 − 4x2, 16τ)θ1/2,0(4x1 + 4x2, 16τ)

]

− 2
[
θ(x1 + x2, τ )θ1/2,0(4x1 − 4x2, 16τ) − θ(x1 − x2, τ )θ1/2,0(4x1 + 4x2, 16τ)

]

− 2

[
θ(4x1 + 4x2, 16τ)θ

(
2x1 − 2x2 + 1

2
, τ

)
− θ(4x1 − 4x2, 16τ)θ

(
2x1 + 2x2 + 1

2
, τ

)]

= −
[
θ(x1 + x2, τ )θ

(
2x1 − 2x2 + 1

2
, τ

)
− θ(x1 − x2, τ )θ

(
2x1 + 2x2 + 1

2
, τ

)]
.

(3)

We recall the following identity from lemma 3.

θ(x1 + x2, τ )θ

(
2x1 − 2x2 + 1

2
, τ

)
=θ0,1/2(2x1, 2τ)θ0,1/2(2x2, 2τ)

− θ1/2,1/2(2x1, 2τ)θ1/2,1/2(2x2, 2τ),

(4)
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Watson’s addition formula and q series 713

and by replacing x2 with −x2,

θ(x1 − x2, τ )θ

(
2x1 + 2x2 + 1

2
, τ

)
=θ0,1/2(2x1, 2τ)θ0,1/2(−2x2, 2τ)

− θ1/2,1/2(2x1, 2τ)θ1/2,1/2(−2x2, 2τ).

(5)

From the equation (4) and equation (5) we obtain,

θ(x1 + x2, τ )θ

(
2x1 − 2x2 + 1

2
, τ

)
− θ(x1 − x2, τ )θ

(
2x1 + 2x2 + 1

2
, τ

)

=θ0,1/2(2x1, 2τ)[θ0,1/2(2x2, 2τ) − θ0,1/2(−2x2, 2τ)]
+ θ1/2,1/2(2x1, 2τ)[θ1/2,1/2(−2x2, 2τ) − θ1/2,1/2(2x2, 2τ)].

(6)

Using equation (6) in (3) and the fact θ0,1/2(2x2, 2τ) = θ0,1/2(−2x2, 2τ) we have,

4
[
θ(4x1 + 4x2, 16τ)θ1/2,0(4x1 − 4x2, 16τ) − θ(4x1 − 4x2, 16τ)θ1/2,0(4x1 + 4x2, 16τ)

]

− 2
[
θ(x1 + x2, τ )θ1/2,0(4x1 − 4x2, 16τ) − θ(x1 − x2, τ )θ1/2,0(4x1 + 4x2, 16τ)

]

− 2

[
θ(4x1 + 4x2, 16τ)θ

(
2x1 − 2x2 + 1

2
, τ

)
− θ(4x1 − 4x2, 16τ)θ

(
2x1 + 2x2 + 1

2
, τ

)]

=θ1/2,1/2(2x1, 2τ)[θ1/2,1/2(2x2, 2τ) − θ1/2,1/2(−2x2, 2τ)].

(7)

For the required form of Watson’s identity we put x1 + x2 = x, x1 − x2 = y in above equation, and using
θ0,1/2(−x + y, 2τ) = θ0,1/2(x − y, 2τ) we have,

4
[
θ(4x, 16τ)θ1/2,0(4y, 16τ) − θ(4y, 16τ)θ1/2,0(4x, 16τ)

]

− 2
[
θ(x, τ )θ1/2,0(4y, 16τ) − θ(y, τ )θ1/2,0(4x, 16τ)

]

− 2
[
θ(4x, 16τ)θ0,1/2

(
y, τ ) − θ(4y, 16τ)θ0,1/2

(
x, τ )

]

=θ1/2,1/2(x + y, 2τ)
[
θ1/2,1/2(x − y, 2τ) − θ1/2,1/2(−x + y, 2τ)

]
.

(8)

This is the extension of Watson’s addition formula. ��

4 Applications to q series

Let q = eπ iτ , τ ∈ C, I m (τ ) > 0. Consider the following infinite product ( [6], Section 1),

(α : β)∞ =
∞∏

k=0

(1 − αβk), and (α : β)∞(γ : β)∞ · · · (ζ : β)∞ = (α, γ, · · · , ζ : β)∞

Also, recall the following infinite product expressions for theta functions,

θ(x, τ ) =(q2,−qe2π i x ,−qe−2π i x : q2)∞,

θ−1/2,1/2(x, τ ) =2q1/4 sin πx(q2, q2e2π i x , q2e−2π i x : q2)∞,

θ1/2,0(x, τ ) =2q1/4 cos πx(q2,−q2e2π i x ,−q2e−2π i x : q2)∞,

θ0,1/2(x, τ ) =(q2, qe2π i x , qe−2π i x : q2)∞.

(9)

(See, for example Zhai [6], equations (13)-(16) and Whittaker and Watson [7], pp. 469-470)
We state the following lemma,

Lemma 5 We have the following modular equation for | q |< 1,

∑

(m,n)∈Z×Z

(−1)m+nqm2+n2 =
∞∏

k=0

(
1 − qk+1

)2 (
1 − q2k+1

)2
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714 H. Masal et al.

Proof Evaluating of lemma 3 at x1 = x2 = 0,

θ2
0,1/2(0, 2τ) − θ2

1/2,1/2(0, 2τ) = θ(0, τ )θ(1/2, τ ).

i.e.

θ2
0,1/2(0, 2τ) = θ(0, τ )θ(1/2, τ ). (10)

This is called the null identity. Using equation (9) we have,

∑

(m,n)∈Z×Z

(−1)m+nqm2+n2 =
∞∏

k=0

(
1 − qk+1

)2 (
1 − q2k+1

)2
. (11)

��
Lemma 6

∞∑

n=−∞
q16n2 −

∞∑

n=−∞
q(4n+2)2 =

∏∞
k=0(1 − q4k+4)4(1 + q4k+4)2

∏∞
k=0(1 − q8k+8)3

.

Proof Let

A =θ(4x, 16τ)θ1/2,0(4y, 16τ) − θ(4y, 16τ)θ1/2,0(4x, 16τ),

B =θ(y, τ )θ1/2,0(4x, 16τ) + θ(x, τ )θ1/2,0(4y, 16τ),

C =θ(4y, 16τ)θ0,1/2
(
x, τ ) − θ(4x, 16τ)θ0,1/2

(
y, τ ),

D =θ1/2,1/2(x + y, 2τ)
[
θ1/2,1/2(x − y, 2τ) − θ1/2,1/2(−x + y, 2τ)

]
.

Now evaluate A,B,C,D,E at x = 3/4, y = 1/4 we have,

1. A = 0,

2. B = −∑∞
n=−∞ q16(n+1/2)2 ∑∞

m=−∞[(i)m − (−i)m]qm2
,

3. C = ∑∞
n=−∞ q16n2 ∑∞

m=−∞[(i)m − (−i)m]qm2
,

4. D = 2i
∑∞

n=−∞(−1)nq2(n+1/2)2 ∑∞
m=−∞ q2(m+1/2)2

.

We write following from the theorem 4,

4A + 2B + 2C = D. (12)

so, we have,

2

[ ∞∑

n=−∞
q16n2 −

∞∑

n=−∞
q16(n+1/2)2

] ∞∑

m=−∞

(
(i)m − (−i)m)

qm2

=2i
∞∑

n=−∞
(−1)nq2(n+1/2)2

∞∑

m=−∞
q2(m+1/2)2

.

Also, (i)m − (−i)m = 0 when m is even, suppose m = 2k + 1, (i)m − (−i)m = 2i(−1)k .

2

[ ∞∑

n=−∞
q16n2 −

∞∑

n=−∞
q16(n+1/2)2

] [ ∞∑

k=−∞
(−1)kq(2k+1)2

]

=
∞∑

n=−∞
(−1)nq2(n+1/2)2

∞∑

m=−∞
q2(m+1/2)2

.

(13)

By using theta functions,

• ∑∞
k=−∞(−1)kq(2k+1)2 = −iθ1/2,1/2(0, 4τ),

• ∑∞
n=−∞(−1)nq2(n+1/2)2 = −iθ1/2,1/2(0, 2τ),
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Watson’s addition formula and q series 715

• ∑∞
m=−∞ q2(m+1/2)2 = θ1/2,0(0, 2τ).

Therefore equation (13) becomes,

∞∑

n=−∞
q16n2 −

∞∑

n=−∞
q(4n+2)2 = θ1/2,1/2(0, 2τ)θ1/2,0(0, 2τ)

2θ1/2,1/2(0, 4τ).
(14)

Now,

L = lim
x→0

θ1/2,1/2(x, 2τ)

θ1/2,1/2(x, 4τ)
= (q4 : q4)3∞

2q1/2(q8 : q8)3∞
(15)

The above two equations lead to the following q identity,

∞∑

n=−∞
q16n2 −

∞∑

n=−∞
q(4n+2)2 =

∏∞
k=0(1 − q4k+4)4(1 + q4k+4)2

∏∞
k=0(1 − q8k+8)3

. (16)

��
Also,

1 + 2
∞∑

n=−∞
q4n2 = (q32 : q32)∞[(−q16 : q32)2∞ + 2q4(−q32 : q32)2∞]. (17)

is obtained from the evaluation of lemma 2 at x = 0.

5 Conclusion

Using the discrete Fourier transform of size n = 4, we have been able to obtain an extension of Watson’s addition
formula, and a Landen transformation. The non-degeneracy of the eigenvalue −1 is crucially used in this proof.
Also, modular equations as an application are derived. By using this idea many more modular equations can be
obtained.

This idea can be applied to obtain the identities of Theta functions corresponding to non-degenerate eigenval-
ues of the discrete Fourier transform of size n ≤ 8. It can further be extended to apply to degenerate eigenvalues
of the discrete Fourier transform and corresponding modular equations.
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