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Abstract For solving the horizontal linear complementarity problem, we propose two projected fixed-point
matrix splitting methods. The first method is based on matrix splitting, while the second method is based on the
Gauss–Seidel method. We provide some convergence conditions when the system matrices are H+-matrices.
The efficiency of the proposed method is illustrated using two numerical examples for various parameters.
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1 Introduction

In this study we consider the following horizontal linear complementarity problem denoted as H LC P(A, B, q).
The objective is to find the vectors x̃ ∈ R

n and ỹ ∈ R
n such that

B ỹ − Ax̃ = q, x̃ T ỹ = 0, x̃, ỹ ≥ 0, (1)

where A, B ∈ R
n×n and q ∈ R

n . The horizontal linear complementarity problem (HLCP) is a generalization
of the well-known linear complementarity problem (LCP). For further details of LCP and matrix classes, see
[4], [5], [20], [21], [24], [23]. HLCP becomes LCP in case of B = I where I is an identity matrix of order n.
HLCP has many applications in the fields of structural mechanics, control theory, mechanical and engineering,
nonlinear networks, transportation science and hydrodynamic lubrication. For details, see [15], [16], [17], [25],
[26], [27]. For solving the LCP some projected-type iterative methods were introduced. For further details of
projected-type iterative methods, see [6], [7], [10], [11], [12], [14], [18], [29].
Recently, iterative methods for solving HLCP have been presented based on certain matrix splitting approach.

The modulus-based matrix splitting methods were introduced in [9], whereas the projected splitting methods
were discussed in [8]. The iterative methods focus on matrices splitting directly.

Communicated by Jaydeb Sarkar.

B. Kumar · Deepmala (B)
Mathematics Discipline, PDPM-Indian Institute of Information Technology Design and Manufacturing, Dumna Road, Jabalpur,
MP 482005, India
E-mail: dmrai23@gmail.com

B. Kumar
E-mail: bharatnishad.kanpu@gmail.com

A. K. Das
SQC & OR Unit, Indian Statistical Institute, 203 B.T. Road, Kolkata, WB 700108, India
E-mail: akdas@isical.ac.in

123



Projected fixed point iterative method... 717

It is interesting to study whether the projected splitting methods [28] can also be formulated for HLCP. Mezzadri
et al. [9] used accelerated modulus-based matrix splitting methods to solve horizontal linear complementarity
problems. But in these methods, the number of iterations is large enough to obtain a suitable approximate
solution. For details, see [9]. Motivated by the results of Fang [6] and Mezzadri et al. [9], we propose two
projected fixed-point matrix splitting methods for solving HLCP. This paper is organized as follows: In Sect. 2,
we introduce several notations, definitions and lemmas that are used in the next section. The projected fixed-
point matrix splitting methods with two positive diagonal matrices φ1 and φ2 are discussed. We provide some
convergence conditions for the proposed methods in Sect. 3. To show the efficiency of the proposed method, two
numerical examples are discussed in Sect. 4.

2 Preliminaries

In this section, we introduce some notations, definitions and lemmas which are used in the next section.
Here A = (ai j ) ∈ R

n×n and B = (bi j ) ∈ R
n×n . DA and DB are diagonal matrices of A and B respectively.

We use A ≥ (>) B to denote ai j ≥ (>) bi j f or i, j = 1, 2, . . . , n. We denote |A| = (|ai j |) ∈ R
n×n and

transpose of A is denoted by AT . Let a = (a1, a2, . . . , an)T ∈ R
n and we write (a)+ = max(0, a) such that

(ai )+ = max(0, ai ).

Definition 2.1 [28] Let A, B ∈ R
n×n . Then |A + B| ≤ |A|+ |B| and |AB| ≤ |A||B|. Moreover, a, b ∈ R

n then
|a + b| ≤ |a| + |b|, |(a)+ − (b)+| ≤ |a − b| and ||a| − |b|| ≤ |a − b|.
Definition 2.2 [22] Let A ∈ R

n×n . A is said to be a P-matrix if all of its principle minors are positive i.e.
det(Aαα) > 0 for all α ⊆ {1, 2, . . . , n}.
Definition 2.3 [28] Suppose A ∈ R

n×n . Then its comparison matrix 〈A〉 of A is defined by

〈ai j 〉 =
{

|ai j |, if i = j,

−|ai j |, if i �= j.

Definition 2.4 [2] Suppose A ∈ R
n×n . Then it is said to be

(a) a Z -matrix if all of its non-diagonal elements are less than or equal to zero.
(b) an M-matrix if A−1 ≥ 0 as well as Z -matrix.
(c) an H -matrix, if 〈A〉 is an M-matrix.
(d) an H+-matrix if it is an H -matrix as well as aii > 0 for i = 1, 2, . . . , n.

Definition 2.5 [3] A splitting of a real square matrix A ∈ R
n×n is an expression of the form A = M1 − N1,

where M1 and N1 are square matrices of the order n.

Definition 2.6 [2] The splitting A = M1 − N1 is called:

(a) an M-splitting if M1 is a nonsingular M-matrix and N1 ≥ 0.
(b) an H -splitting if 〈M1〉 − |N1| is an M-matrix.
(c) an H -compatible splitting if 〈A〉 = 〈M1〉 − |N1|.
Lemma 2.1 [2] Suppose A, B ∈ R

n×n.

(a) If A and B are M and Z -matrices respectively with A ≤ B, then B is an M-matrix.
(b) If A is an H -matrix, then |A−1| ≤ 〈A〉−1.
(c) If A ≤ B, then ρ(A) ≤ ρ(B), where ρ(�) is the spectral radius of the matrix.

Lemma 2.2 [28] Let A ∈ R
n×n be an M-matrix and A = M1 − N1 be an M-splitting. Then ρ(M−1

1 N1) < 1.

Lemma 2.3 [1] Let A ∈ R
n×n and A = M1 − N1 be a splitting. If splitting is an H-compatible, then it is an

H-splitting. However, the converse is not true.

Lemma 2.4 [2] Suppose 0 ≤ A ∈ R
n×n. If there exist 0 < v ∈ R

n and a scalar γ > 0 such that Av ≤ γ v, then
ρ(A) ≤ γ . Moreover, if Av < γ v, then ρ(A) < γ .
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3 Main results

For a given vector s ∈ R
n , the symbols s+ and s− represent the vectors s+=max{0, s} and s−=max{0,−s}

respectively. Also, we have s+ ≥ 0, s− ≥ 0, s = s+ − s− and sT+s− = 0. Suppose x̃ = φ1s+ and ỹ = φ2s−
where φ1 and φ2 are two positive diagonal matrices. In the following result, we provide an equivalent formulation
of H LC P(A, B, q) which is useful to establish a new iterative fixed-point method for solving H LC P(A, B, q).

Theorem 3.1 Suppose A, B ∈ R
n×n with B = M2 − N2, where M2 is a nonsingular matrix. Suppose M2φ2 =

Mφ2 and N2φ2 = Nφ2 . Then

1. Suppose (x̃, ỹ) solves the H LC P(A, B, q). Then s = φ−1
1 x̃ − φ−1

2 ỹ implies

s = M−1
φ2

[Nφ2 s + (Bφ2 − Aφ1)s+ − q]. (2)

2. If s satisfies Eq.(2), then x̃ = φ1s+ and ỹ = φ2s− is a solution of H LC P(A, B, q).

Proof Suppose (x̃, ỹ) solves H LC P(A, B, q). This implies (x̃, ỹ) ≥ 0. Now (x̃, ỹ) solves H LC P(A, B, q) if
and only if

Bφ2s− − Aφ1s+ = q. (3)

Applying the splitting B = M2 − N2, we obtain

(M2φ2 − N2φ2)s = (Bφ2 − Aφ1)s+ − q.

This implies

s = M−1
φ2

[Nφ2 s + (Bφ2 − Aφ1)s+ − q]. (4)

Conversely, Eq.(2) can be written as Eq.(3). Replacing the values of (x̃, ỹ) in Eq.(3), we obtain

B ỹ − Ax̃ = q. (5)

Let x̃ = φ1s+ and ỹ = φ2s−. Then we have following three cases.

Case(1) : If si > 0 then x̃i > 0 and ỹi = 0
Case(2) : If si < 0 then x̃i = 0 and ỹi > 0
Case(3) : If si = 0 then x̃i = 0 and ỹi = 0.

Therefore, (x̃, ỹ) is a solution of the H LC P(A, B, q). 	

By using Eq.(4), we can formulate the projected fixed-point matrix splitting method for solving the HLCPs. This
method is mentioned as Method 3.1.

Method 3.1 Suppose A, B ∈ R
n×n with B = M2 − N2 and q ∈ R

n . Then the projected fixed-point matrix
splitting method is

s(k+1) = M−1
φ2

[Nφ2 s(k) + (Bφ2 − Aφ1)s
(k)
+ − q], k = 1, 2, 3 . . . (6)

and set x̃ (k+1) = φ1s(k+1)
+ and ỹ(k+1) = φ2s(k+1)

− . For computing s(k+1) ∈ R
n we use the algorithm.

Step 1: Initialize a vector s(0) ∈ R
n, ε > 0 and set k = 0.

Step 2: Using the following scheme, create the sequence s(k):
s(k+1) = M−1

φ2
[Nφ2 s(k) + (Bφ2 − Aφ1)s

(k)
+ − q],

and set x̃ (k+1) = φ1s(k+1)
+ and ỹ(k+1) = φ2s(k+1)

− .
Step 3: Stop if Res(x̃ (k), ỹ(k)) < ε otherwise, put k = k + 1 and go back to step 2.

The HLCP has a unique solution for any known vector q if and only if A, B fulfill the W-property [19], that
is, if all column-representative matrices of A, B have determinants that are either all positive or all negative. In
such cases, both A and B are H+-matrices as Mezzadri points out in [9]. The HLCP is always assumed to have
a unique solution in the following discussion if A, B are H+-matrices.
The convergence conditions for the Method 3.1 are discussed in the following results when the system matrices
A, B ∈ R

n×n are H+-matrices.
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Theorem 3.2 Suppose (x̃∗, ỹ∗) is the solution of H LC P(A, B, q) and A, B ∈ R
n×n are H+-matrices with

splitting B = M2 − N2, where M2 is a nonsingular matrix. Then for any initial vector s(0) ∈ R
n, the sequence

(x̃ (k), ỹ(k)) generated by Method 3.1 converges to the unique solution (x̃∗, ỹ∗) if ρ(|M−1
φ2

|(|Nφ2 | + |Bφ2 −
Aφ1|)) < 1.

Proof Suppose s∗ is the solution of Eq.(2). Now the error is

s(k+1) − s∗ = M−1
φ2

[Nφ2(s
(k) − s∗) + (Bφ2 − Aφ1)(s

(k)
+ − s∗+)].

This implies that

|s(k+1) − s∗| = |M−1
φ2

[Nφ2(s
(k) − s∗) + (Bφ2 − Aφ1)(s

(k)
+ − s∗+)]|.

From Definition 2.1, we have

|s(k+1) − s∗| ≤ |M−1
φ2

|[|Nφ2 ||s(k) − s∗| + |Bφ2 − Aφ1||s(k) − s∗|]
≤ |M−1

φ2
|[(|Nφ2 | + |Bφ2 − Aφ1|)(|s(k) − s∗|)].

Since ρ(|M−1
φ2

|(|Nφ2 | + |Bφ2 − Aφ1|)) < 1, this implies that

|s(k+1) − s∗| < |s(k) − s∗|.
Hence, the sequence s(k) is converges to s(∗). Since x̃ = φ1s+ and ỹ = φ2s−, the sequence (x̃ (k), ỹ(k)) converges
to (x̃∗, ỹ∗). 	

Theorem 3.3 Let (x̃∗, ỹ∗) be a solution of H LC P(A, B, q) and A, B ∈ R

n×n are H+-matrices with A =
M1−N1 is an H-splitting where M1 = (m1

i j ), N1 = (n1
i j ) ∈ R

n×n and B = M2−N2 is an H-compatible splitting

where M2 = (m2
i j ), N2 = (n2

i j ) ∈ R
n×n. Suppose DBφ2 ≥ DAφ1, where φ1 = diag(ξ11, . . . , ξnn), φ2 =

diag(φ11, . . . , φnn) and |bi j |φ j j ≤ |ai j |ξ j j for i, j = 1, 2, . . . , n and j �= i . Moreover, suppose sign(ai j ) =
sign(bi j ) for any bi j �= 0 for i, j = 1, 2, . . . , n and Mφ2 is an H+-matrix. Then for any initial vector s(0) ∈ R

n,
the sequence (x̃ (k), ỹ(k)) generated by Method 3.1 converges to the unique solution (x̃∗, ỹ∗).

Proof Suppose s∗ is the solution of Eq.(2). Now the error is

s(k+1) − s∗ = M−1
φ2

[Nφ2(s
(k) − s∗) + (Bφ2 − Aφ1)(s

(k)
+ − s∗+)].

This implies that

|s(k+1) − s∗| = |M−1
φ2

[Nφ2(s
(k) − s∗) + (Bφ2 − Aφ1)(s

(k)
+ − s∗+)]|.

By using Definition 2.1, we have

|s(k+1) − s∗| ≤ |M−1
φ2

|[|Nφ2 ||s(k) − s∗| + |Bφ2 − Aφ1||s(k) − s∗|]
≤ |M−1

φ2
|[(|Nφ2 | + |Bφ2 − Aφ1|)(|s(k) − s∗|)].

Since Mφ2 is an H+-matrix, 0 ≤ |M−1
φ2

| < 〈Mφ2〉−1. This follows

|s(k+1) − s∗| ≤ 〈Mφ2〉−1[(|Nφ2 | + |Bφ2 − Aφ1|)(|s(k) − s∗|)]
≤ (I − 〈Mφ2〉−1[〈Mφ2〉 − |Nφ2 | − |Bφ2 − Aφ1|])(|s(k) − s∗|).

Let

T1 = I − 〈Mφ2〉−1[〈Mφ2〉 − |Nφ2 | − |Bφ2 − Aφ1|]. (7)

We have DBφ2 ≥ DAφ1 and |bi j |φ j j ≤ |ai j |ξ j j with sign(ai j ) = sign(bi j ) for i, j = 1, 2, . . . , n and j �= i .
From |Bφ2 − Aφ1|, we write |Bφ2 − Aφ1|i i = (biiφi i − aiiξi i ) i = 1, 2, . . . , n,

|Bφ2 − Aφ1|i j = |bi jφ j j − ai jξ j j | = |ai j |ξ j j − |bi j |φ j j i, j = 1, 2, . . . , n, j �= i. (8)
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720 B. Kumar et al.

Since B = M2 − N2 is an H -compatible splitting,

〈Mφ2〉 − |Nφ2 | = 〈M2〉φ2 − |N2|φ2 = 〈B〉φ2.

This implies

(〈Mφ2〉 − |Nφ2 |)i i = biiφi i i = 1, 2, . . . , n,

(〈Mφ2〉 − |Nφ2 |)i j = −|bi j |φ j j i, j = 1, 2, . . . , n, j �= i. (9)

Thus, combining Eq.(8) and (9), for i, j = 1, 2, . . . , n and j �= i , we have

(〈Mφ2〉 − |Nφ2 | − |Bφ2 − Aφ1|)i i = aiiξi i i = 1, 2, . . . , n, (10)

(〈Mφ2〉 − |Nφ2 | − |Bφ2 − Aφ1|)i j = −|ai j |ξ j j i, j = 1, 2, . . . , n, j �= i. (11)

Since 〈M1〉 − |N1| be an M-matrix, there exists a vector v > 0 such that (〈M1〉 − |N1|)v > 0 [9]. This can be
written as componentwise:

(|m1
i i | − |n1

i i |)vi −
∑
j �=i

(|m1
i j | + |n1

i j |)v j > 0, i, j = 1, 2, . . . , n. (12)

Now combining Eq.(10), (11) and (12) with aii = |aii | ≥ |m1
i i | − |n1

i i | and |ai j | ≤ |m1
i j | + |n1

i j |, we obtain i th

component of the vector (〈Mφ2〉 − |Nφ2 | − |Bφ2 − Aφ1|)v. Therefore we write

(aiiξi i )vi −
∑
j �=i

(|ai j |ξ j j )v j ≥ (|m1
i i | − |n1

i i |)ξi ivi −
∑
j �=i

(|m1
i j | + |n1

i j |)ξ j jv j > 0, for all i, j.

Now combining Eq.(10), (11) and above inequality, we obtain

(〈Mφ2〉 − |Nφ2 | − |Bφ2 − Aφ1|)v > 0. (13)

Multiplying both side by v in Eq.(7), we obtain

T1v = v − 〈Mφ2〉−1[〈Mφ2〉 − |Nφ2 | − |Bφ2 − Aφ1|]v.

Since (〈Mφ2〉 − |Nφ2 | − |Bφ2 − Aφ1|)v > 0, 〈Mφ2〉−1 > 0 and we have T1 ≥ 0. Now

T1v < v.

Using Lemma 2.4, ρ(T1) < 1. Hence, the sequence (x̃ (k), ỹ(k)) converges to the solution of the H LC P(A, B, q).
	


We can introduce another fixed-point method for solving H LC P(A, B, q) by using the idea of Gauss-Seidel
depending on Eq.(2). This projected fixed-point matrix splitting method is called as Method 3.2.

Method 3.2 Suppose A, B ∈ R
n×n with A = DA − L A −UA and B = M2 − N2, where DA, −UA and −L A are

the diagonal matrix, strictly upper triangular matrix and strictly lower triangular matrix of A respectively. Let
M2=diag(B) ∈ R

n×n and N2=diag(B) − B. Then we use the following equation for the projected fixed-point
matrix splitting method is

s(k+1) = M−1
φ2

[Nφ2 s(k) + (Bφ2 − (DA − UA)φ1)s
(k)
+ − q] + M−1

φ2
L Aφ1s(k+1)

+ (14)

Set x̃ (k+1) = φ1s(k+1)
+ and ỹ(k+1) = φ2s(k+1)

− . For computing s(k+1) ∈ R
n , the algorithm is as follows:

Remark 3.1 In Method 3.2, only part of the vector s(k+1) processes any given row and that part is always available
in the previous row.

In the following results we discuss the convergence conditions for the Method 3.2 when the system matrices
A, B ∈ R

n×n are H+-matrices.
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Step 1: Initialize a vector s(0) ∈ R
n, ε > 0 and set k = 0.

Step 2: Using the following scheme, create the sequence s(k):
s(k+1)

1 = (M−1
φ2

[Nφ2 s(k) + (Bφ2 − (DA − UA)φ1)s
(k)
+ − q])1,

for i = 2, 3, . . . , n
s(k+1)

i = (M−1
φ2

[Nφ2 s(k) + (Bφ2 − (DA − UA)φ1)s
(k)
+ − q])i + (M−1

φ2
L Aφ1s(k+1)

+ )i

and set x̃ (k+1) = φ1s(k+1)
+ and ỹ(k+1) = φ2s(k+1)

− .
Step 3: Stop if Res(x̃ (k), ỹ(k)) < ε otherwise, put k = k + 1 and go back to step 2.

Theorem 3.4 Suppose A, B ∈ R
n×n are H+-matrices with A = DA − L A − UA and B = M2 − N2, where

M2=diag(B) ∈ R
n×n and N2=diag(B) − B ∈ R

n×n. Suppose (x̃∗, ỹ∗) is the solution of H LC P(A, B, q).
Then for any initial vector s(0) ∈ R

n, the sequence (x̃ (k), ỹ(k)) generated by Method 3.2 converges to the unique
solution (x̃∗, ỹ∗) if ρ((I − |M−1

φ2
L Aφ1|)−1|M−1

φ2
|[|Nφ2 | + |Bφ2 − (DA − UA)φ1|]) < 1.

Proof Suppose s∗ is the solution of Eq.(14). Then the error is

s(k+1) − s∗ = M−1
φ2

[Nφ2(s
(k) − s∗) + (Bφ2 − (DA − UA)φ1)(s

(k)
+ − s∗+)]

+ M−1
φ2

L Aφ1(s
(k+1)
+ − s∗+).

This implies that

|s(k+1) − s∗| = |M−1
φ2

[Nφ2(s
(k) − s∗) + (Bφ2 − (DA − UA)φ1)(s

(k)
+ − s∗+)]

+ M−1
φ2

L Aφ1(s
(k+1)
+ − s∗+)|.

By using Definition 2.1, we have

|s(k+1) − s∗| ≤ |M−1
φ2

|[|Nφ2(s
(k) − s∗) + (Bφ2 − (DA − UA)φ1)(s

(k) − s∗)|
+ |L Aφ1(s

(k+1) − s∗)|]
≤ |M−1

φ2
|[|Nφ2(s

(k) − s∗)| + |(Bφ2 − (DA − UA)φ1)(s
(k) − s∗)|

+ |L Aφ1(s
(k+1) − s∗)|]

≤ |M−1
φ2

|[|Nφ2 | + |Bφ2 − (DA − UA)φ1|]|s(k) − s∗|
+ |M−1

φ2
L Aφ1||s(k+1) − s∗|.

This implies that

(I − |M−1
φ2

L Aφ1|)|s(k+1) − s∗| ≤ |M−1
φ2

|[|Nφ2 | + |Bφ2 − (DA − UA)φ1|]|s(k) − s∗|
≤ |M−1

φ2
|[|Nφ2 | + |Bφ2 − (DA − UA)φ1|]|s(k) − s∗|.

Here we write

|s(k+1) − s∗| ≤ (I − |M−1
φ2

L Aφ1|)−1|M−1
φ2

|[|Nφ2 | + |Bφ2 − (DA − UA)φ1|]|s(k) − s∗|.
Since ρ((I − |M−1

φ2
L Aφ1|)−1|M−1

φ2
|[|Nφ2 | + |Bφ2 − (DA − UA)φ1|]) < 1,

|s(k+1) − s∗| < |s(k) − s∗|.
Hence, the sequence s(k) is converges to s(∗). Since x̃ = φ1s+ and ỹ = φ2s−, the sequence (x̃ (k), ỹ(k)) converges
to (x̃∗, ỹ∗). 	

Theorem 3.5 Suppose (x̃∗, ỹ∗) is the solution of H LC P(A, B, q) and A, B ∈ R

n×n are H+-matrices with
A = DA − L A − UA and B = M2 − N2, where M2=diag(B) ∈ R

n×n and N2=diag(B) − B ∈ R
n×n. Suppose

sign((M−1
φ2

UAφ1)i j ) = sign((M−1
φ2

Nφ2)i j ) and (|M−1
φ2

UAφ1|)i j ≥ |(M−1
φ2

Nφ2 |)i j for i,j= 1,2,…,n, i < j .
Assume that anyone of the following conditions holds:

1. 0 < φ2φ
−1
1 ≤ M−1

2 DA and 2Mφ2φ
−1
1 − DA − |C | is an M-matrix, where |C | = |L1 + U1|,
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2. φ2φ
−1
1 > M−1

2 DA.

Then for any initial vector s(0) ∈ R
n, the sequence (x̃ (k), ỹ(k)) generated by Method 3.2 converges to the unique

solution (x̃∗, ỹ∗).
Proof From Theorem 3.4 we write

(I − |M−1
φ2

L Aφ1|) − |M−1
φ2

|[|Nφ2 | + |Bφ2 − (DA − UA)φ1|]
= (I − |M−1

φ2
L Aφ1|) − [|M−1

φ2
Nφ2 | + |M−1

φ2
(Bφ2 − (DA − UA)φ1)|]

= I − |M−1
φ2

L Aφ1| − [|M−1
φ2

Nφ2 | + |M−1
φ2

(Bφ2 − (DA − UA)φ1)|]
= I − [|M−1

φ2
L Aφ1| + |M−1

φ2
Nφ2 | + |I − M−1

φ2
Nφ2 − M−1

φ2
(DA − UA)φ1|]

= I − |M−1
φ2

L Aφ1| − |M−1
φ2

Nφ2 | − |I − M−1
φ2

Nφ2 − M−1
φ2

(DA − UA)φ1|

= I − |M−1
φ2

L Aφ1| − |M−1
φ2

Nφ2 | − |I − M−1
φ2

DAφ1| − |M−1
φ2

UAφ1| + |M−1
φ2

Nφ2 |
= I − |M−1

φ2
L Aφ1| − |I − M−1

φ2
DAφ1| − |M−1

φ2
UAφ1|

= I − |I − M−1
φ2

DAφ1| − M−1
φ2

(|L A| + |UA|)φ1

= (I − |I − M−1
φ2

DAφ1|) − M−1
φ2

(|C |)φ1.

This implies that

(I − |I − M−1
φ2

DAφ1|) − M−1
φ2

(|C |)φ1 =
{

2I − M−1
φ2

DAφ1 − M−1
φ2

|C |φ1, if 0 < φ2φ
−1
1 ≤ M−1

2 DA,

M−1
φ2

(DA − |C |)φ1, if φ2φ
−1
1 > M−1

2 DA.

=
{

M−1
φ2

(2Mφ2φ
−1
1 − DA − |C |)φ1, if 0 < φ2φ

−1
1 ≤ M−1

2 DA,

M−1
φ2

〈A〉φ1, if φ2φ
−1
1 > M−1

2 DA.

Now we consider the following two cases.

Case(1) If 0 < φ2φ
−1
1 ≤ M−1

2 DA and 2Mφ2φ
−1
1 −DA−|C | is an M-matrix, then the splitting (I−|M−1

φ2
L Aφ1|)−

(|M−1
φ2

Nφ2 | + |M−1
φ2

(Bφ2 − (DA − UA)φ1)|) is an M-splitting of M-matrix M−1
φ2

(2Mφ2φ
−1
1 − DA −

|C |)φ1. From Lemma 2.2, ρ((I − |M−1
φ2

L Aφ1|)−1|M−1
φ2

|[|Nφ2 | + |Bφ2 − (DA − UA)φ1|]) < 1.

Case(2) If φ2φ
−1
1 > M−1

2 DA, then the splitting (I −|M−1
φ2

L Aφ1|)−(|M−1
φ2

Nφ2 |+|M−1
φ2

(Bφ2−(DA −UA)φ1)|)
is an M-splitting of M-matrix M−1

φ2
〈A〉φ1. Therefore ρ((I − |M−1

φ2
L Aφ1|)−1|M−1

φ2
|[|Nφ2 | + |Bφ2 −

(DA − UA)φ1|]) < 1.

Hence, the sequence (x̃ (k), ỹ(k)) generated by Method 3.2 converges to the unique solution (x̃∗, ỹ∗). 	

Corollary 1 Suppose A, B are H+-matrices with A = DA − L A − UA and B = M2 − N2, where M2=diag(B)

∈ R
n×n and N2=diag(B) − B ∈ R

n×n. Let φ1 = α1 DB, φ2 = α2 DA with α1, α2 > 0. Then for any initial
vector s(0) ∈ R

n, the sequence (x̃ (k), ỹ(k)) generated by Method 3.2 converges to the unique solution (x̃∗, ỹ∗) if

β >
ρ(D−1

A |C|)+1
2 .

Proof We have φ2φ
−1
1 = α2α

−1
1 D−1

B DA and let α2α
−1
1 = β. This follows φ2φ

−1
1 = βD−1

B DA. If β > 1, we
have φ2φ

−1
1 > M−1

2 DA. Note that φ1 and φ2 satisfies the second condition of the Theorem 3.5. Since φ2φ
−1
1 =

βM−1
2 DA, then the first condition of the Theorem 3.5 can be expressed as 0 < β ≤ 1 and 2Mφ2φ

−1
1 − DA −|C |

is an M-matrix. Then

ρ((2β − 1)−1 D−1
A |C |) < 1.

This implies that

β >
ρ(D−1

A |C |) + 1

2
.
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Table 1 Results for AMGS method [9] and Method 3.2, when δ1 = 0, δ2 = 0, α1 = 1 and α2 = 0.72

n 100 400 900 1600 2500

AMGS IT 36 43 45 46 47
� = DA D−1

B CPU 0.0081 0.2407 1.6504 26.9331 165.6594
Res 6.34e-07 6.90e-07 7.86e-07 8.61e-07 8.06e-07

Method 3.2 IT 32 39 42 43 43
(φ1 = α1 DB , CPU 0.0090 0.2286 1.7155 24.4572 163.3723
φ2 = α2 DA) Res 8.58e-07 9.36e-07 6.47e-07 6.96e-07 9.74e-07
Method 3.2 IT 30 36 37 38 39
(φ1 = α1 I, CPU 0.0086 0.1943 1.7133 25.0483 153.6134
φ2 = α2 I ) Res 7.63e-07 7.06e-07 8.66e-07 8.15e-07 6.83e-07

4 Numerical examples

The proposed method 3.2 is compared with the accelerated modulus-based Gauss-Seidel (AMGS) method [9]
which is effective in solving H LC P(A, B, q). Here, CPU stands for CPU time in seconds, IT for iteration steps
and Res for the Euclidean norm of the error vector. The residue is defined as (see [9])

Res(x̃ (k), ỹ(k)) = ‖B ỹ(k) − Ax̃ (k) − q‖2.

Here (x̃ (k), ỹ(k)) represents the kth approximate solution of Eq.(1). The algorithm is terminated when
Res(x̃ (k), ỹ(k)) < ε. For this case we consider ε = 10−6. Matlab version 2021a on an Acer Desktop (Intel(R)
Core(TM) i7–8700 CPU @ 3.2 GHz 3.19GHz, 16.00GB RAM) is used to perform all calculations.

Example 1 The system matrices A, B ∈ R
n×n are generated by A = P1 + δ1 I and B = P2 + δ2 I , where δ1, δ2

are nonnegative real parameters and

P1 =

⎡
⎢⎢⎢⎢⎢⎢⎣

L1 −I2 0 . . . 0

−I2 L1 −I2 . . .
...

0 −I2 L1 −I2 0
... . . . −I2

. . . −I2
0 . . . 0 −I2 L1

⎤
⎥⎥⎥⎥⎥⎥⎦

, P2 =

⎡
⎢⎢⎢⎢⎢⎢⎣

L1 0 . . . . . . 0
0 L1 0 . . . 0
... . . . L1 . . .

...

0 . . . 0
. . . 0

0 . . . . . . 0 L1

⎤
⎥⎥⎥⎥⎥⎥⎦

∈ R
n×n,

where L1=Tridiag(−1, 4,−1) ∈ R
m×m and I2 is an identity matrix of order m. When δ1, δ2 ≥ 0, the matrices A

and B are clearly symmetric positive definite. Furthermore, all column representative matrices of � = {A, B} are
diagonally dominant by columns. In a more particular sense, if δ1 = 0 and/or δ2 = 0, all column representative
matrices have at least the first and last columns strictly diagonally dominant. If δ1, δ2 > 0, diagonal dominance
exists everywhere in a strict sense and due to the positivity of diagonal elements, the eigenvalues of all column
representative matrices of � are positive according to the Gersgorin circle theorem. For details, see ([13], p.47).
Therefore, their determinants are positive, � satisfies the W-property and solution of the H LC P(A, B, q) is
unique. For details, see [19].
Now, we consider the H LC P(A, B, q) for which define q = B ỹ∗−Ax̃∗, M2=diag(B)∈ R

n×n and N2=diag(B)−
B, where x̃∗ and ỹ∗ are defined as

x̃∗ = (0, 1, 0, 1, · · · , 0, 1)T ∈ R
n and ỹ∗ = (1, 0, 1, 0, · · · , 1, 0)T ∈ R

n,

where n = m2. Let s(0) = (2, 2, . . . , 2, . . . , 2)T ∈ R
n be an initial vector. The results for various values of n are

given in Tables 1 and 2.

Example 2 The system matrices A, B ∈ R
n×n is generated by A = P1 + δ1 I , B = P2 + δ2 I , where δ1, δ2 are

nonnegative real parameters and

P1 =

⎡
⎢⎢⎢⎢⎢⎢⎣

L1 −0.5I2 0 . . . 0

−1.5I2 L1 −0.5I2 . . .
...

0 −1.5I2 L1 −0.5I2 0
... . . . −1.5I2

. . . −0.5I2
0 . . . 0 −1.5I2 L1

⎤
⎥⎥⎥⎥⎥⎥⎦

, P2 =

⎡
⎢⎢⎢⎢⎣

L1 0 . . . . . . 0
0 L1 0 . . . 0
0 . . . L1 . . . 0
... . . . 0

. . .
...

0 . . . 0 . . . L1

⎤
⎥⎥⎥⎥⎦
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Table 2 Results for AMGS method [9] and Method 3.2, when δ1 = 0, δ2 = 4, α1 = 1 and α2 = 0.41

n 100 400 900 1600 2500

AMGS IT 24 27 28 28 29
� = 0.5I CPU 0.0065 0.1630 1.1638 16.4324 104.6537

Res 4.68e-07 6.13e-07 6.49e-07 9.88e-07 6.83e-07
Method 3.2 IT 21 23 24 25 25
(φ1 = α1 I, CPU 0.0074 0.1492 1.1292 16.1908 99.5898
φ2 = α2 I ) Res 5.53e-07 9.41e-07 8.63e-07 6.01e-07 8.07e-07

Table 3 Results for AMGS method [9] and Method 3.2, when δ1 = 0, δ2 = 4, α1 = 1 and α2 = 0.42

n 100 400 900 1600 2500

AMGS IT 16 17 18 18 18
� = 0.5I CPU 0.0072 0.0991 0.6906 8.5103 63.6777

Res 4.25e-07 6.88e-07 4.39e-07 6.43e-07 8.47e-07
Method 3.2 IT 15 16 17 17 17
(φ1 = α1 I, CPU 0.0066 0.1164 0.5826 9.7426 55.9281
φ2 = α2 I ) Res 5.67e-07 7.34e-07 4.57e-07 6.83e-07 9.09e-07

∈ R
n×n , where L1=Tridiag(−1.5, 4,−0.5) ∈ R

m×m and I2 is an identity matrix of order m. Both of these
matrices are nonsymmetric. Additionally, in this particular instance, the consideration of the uniqueness of the
solution to the H LC P(A, B, q) follows the example 1 that has been provided above. We again consider the case
δ1 = 0 and δ2 = 4. We consider the H LC P(A, B, q) for which define q = B ỹ∗ − Ax̃∗, M2=diag(B) ∈ R

n×n

and N2=diag(B) − B and x̃∗, ỹ∗ are defined as

x̃∗ = (0, 1, 0, 1, · · · , 0, 1)T ∈ R
n and ỹ∗ = (1, 0, 1, 0, · · · , 1, 0)T ∈ R

n,

where n = m2. Let s(0) = (2, 2, . . . , 2, . . . , 2)T ∈ R
n be an initial vector. The results for various values of n are

given in Table 3.

From Tables 1, 2 and reft3, we observe that our proposed Method 3.2 has less iteration steps than the AMGS
method.

5 Conclusion

In this paper, for solving the H LC P(A, B, q), we introduce two projected fixed-point matrix splitting methods
based on equivalence fixed-point equation with parameter matrices φ1 and φ2. These methods are able to process
the large and sparse structure of the matrices A and B. In addition, we provide some convergence conditions when
the system matrices are H+-matrices for Methods 3.1 and 3.2. Finally, two numerical examples are provided to
illustrate the effectiveness of the proposed method.
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