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Abstract For solving the horizontal linear complementarity problem, we propose two projected fixed-point
matrix splitting methods. The first method is based on matrix splitting, while the second method is based on the
Gauss—Seidel method. We provide some convergence conditions when the system matrices are H-matrices.
The efficiency of the proposed method is illustrated using two numerical examples for various parameters.
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1 Introduction

In this study we consider the following horizontal linear complementarity problem denoted as HLC P(A, B, q).
The objective is to find the vectors X € R” and y € R” such that

By —Ai=g¢q, i'5=0, % 7=>0, (1)

where A, B € R"*" and ¢ € R". The horizontal linear complementarity problem (HLCP) is a generalization
of the well-known linear complementarity problem (LCP). For further details of LCP and matrix classes, see
[4], [5], [20], [21], [24], [23]. HLCP becomes LCP in case of B = I where [ is an identity matrix of order n.
HLCP has many applications in the fields of structural mechanics, control theory, mechanical and engineering,
nonlinear networks, transportation science and hydrodynamic lubrication. For details, see [15], [16], [17], [25],
[26], [27]. For solving the LCP some projected-type iterative methods were introduced. For further details of
projected-type iterative methods, see [6], [7], [10], [11], [12], [14], [18], [29].

Recently, iterative methods for solving HLCP have been presented based on certain matrix splitting approach.
The modulus-based matrix splitting methods were introduced in [9], whereas the projected splitting methods
were discussed in [8]. The iterative methods focus on matrices splitting directly.
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Projected fixed point iterative method... 717

It is interesting to study whether the projected splitting methods [28] can also be formulated for HLCP. Mezzadri
et al. [9] used accelerated modulus-based matrix splitting methods to solve horizontal linear complementarity
problems. But in these methods, the number of iterations is large enough to obtain a suitable approximate
solution. For details, see [9]. Motivated by the results of Fang [6] and Mezzadri et al. [9], we propose two
projected fixed-point matrix splitting methods for solving HLCP. This paper is organized as follows: In Sect. 2,
we introduce several notations, definitions and lemmas that are used in the next section. The projected fixed-
point matrix splitting methods with two positive diagonal matrices ¢; and ¢, are discussed. We provide some
convergence conditions for the proposed methods in Sect. 3. To show the efficiency of the proposed method, two
numerical examples are discussed in Sect. 4.

2 Preliminaries

In this section, we introduce some notations, definitions and lemmas which are used in the next section.

Here A = (g;j) € R"" and B = (b;;) € R"*". D4 and Dp are diagonal matrices of A and B respectively.
We use A > (>) B to denote a;; > (>) b;j fori,j =1,2,...,n. We denote |A| = (|g;j|) € R"" and
transpose of A is denoted by A”. Leta = (a1, a2, ..., a,)T € R" and we write (a); = max(0, a) such that
(a;)+ = max(0, a;).

Definition 2.1 [28]Let A, B € R"*". Then |A+ B| < |A|+ |B| and |AB| < |A||B|. Moreover, a, b € R" then
la +b| < lal + 5], [(@)+ — (D)+] < |la — bl and ||a| — |D]| < |a — b|.

Definition 2.2 [22] Let A € R"*". A is said to be a P-matrix if all of its principle minors are positive i.e.
det(Agy) > Oforalla C {1,2,...,n}.

Definition 2.3 [28] Suppose A € R"*", Then its comparison matrix (A) of A is defined by
aiil, ifi =,
(aij) = i Lo
—laijl, ifi #j.
Definition 2.4 [2] Suppose A € R"*". Then it is said to be

(a) a Z-matrix if all of its non-diagonal elements are less than or equal to zero.
(b) an M-matrix if A~' > 0 as well as Z-matrix.

(c) an H-matrix, if (A) is an M-matrix.

(d) an Hy-matrix if it is an H-matrix as well as a;; > O fori =1,2,..., n.

Definition 2.5 [3] A splitting of a real square matrix A € R"*" is an expression of the form A = M| — Ny,
where M7 and N; are square matrices of the order n.

Definition 2.6 [2] The splitting A = M| — N is called:

(a) an M-splitting if M is a nonsingular M-matrix and Nj > 0.
(b) an H-splitting if (M) — |N1]| is an M-matrix.
(c) an H-compatible splitting if (A) = (M) — |Nq|.

Lemma 2.1 [2] Suppose A, B € R"*",

(a) If A and B are M and Z-matrices respectively with A < B, then B is an M-matrix.
(b) If A is an H-matrix, then |[A~!| < (A)~L.
(c) If A < B, then p(A) < p(B), where p(x) is the spectral radius of the matrix.

Lemma 2.2 [28] Let A € R"*" be an M-matrix and A = M| — N\ be an M-splitting. Then p(Mlel) <1

Lemma 2.3 [1] Let A € R"" and A = M — N be a splitting. If splitting is an H-compatible, then it is an
H -splitting. However, the converse is not true.

Lemma 2.4 [2] Suppose 0 < A € R"*". Ifthere exist 0 < v € R" and a scalar y > 0 such that Av < yv, then
p(A) < y. Moreover, if Av < yv, then p(A) < y.
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718 B. Kumar et al.

3 Main results

For a given vector s € R”, the symbols sy and s_ represent the vectors s;=max{0, s} and s_=max{0, —s}
respectively. Also, we have s > 0, s > 0, s = sy — s_ and sJTrs, = 0. Suppose X = @154 and y = ¢os_
where ¢ and ¢ are two positive diagonal matrices. In the following result, we provide an equivalent formulation
of HLCP (A, B, g) which is useful to establish a new iterative fixed-point method for solving HLC P(A, B, q).

Theorem 3.1 Suppose A, B € R"*" with B = My — N, where M3 is a nonsingular matrix. Suppose My¢pr =
Mgy, and Nagy = Ng,. Then

1. Suppose (X, y) solvesthe HLCP(A, B, q). Then s = qbl_l)? — ¢2_1)7 implies
s = My [Ngys + (B¢a — Adp)s+ — q. 6)

2. If s satisfies Eq.(2), then X = ¢15+ and y = ¢os_ is a solution of HLC P(A, B, q).

Proof Suppose (x, ¥) solves HLC P(A, B, q). This implies (X, ¥) > 0. Now (X, y) solves HLCP(A, B, g) if
and only if

Bprs— — Ap1s4 =gq. (3
Applying the splitting B = M — N, we obtain

(Ma¢p2 — Naghp)s = (Bpy — Agy)sy —q.

This implies
s = My [Ngys + (Bd2 — Ad1)s+ — q]. )
Conversely, Eq.(2) can be written as Eq.(3). Replacing the values of (x, ¥) in Eq.(3), we obtain
By — AXx =q. (5)

Let X = ¢154 and y = ¢os_. Then we have following three cases.
Case(l) : Ifs; > Othenx; >0and y; =0
Case(2) :Ifs; <Othenx; =0and y; >0
Case(3) :Ifs; =0thenx; =0and y; = 0.

Therefore, (X, y) is a solution of the HLC P (A, B, q). O

By using Eq.(4), we can formulate the projected fixed-point matrix splitting method for solving the HLCPs. This
method is mentioned as Method 3.1.

Method 3.1 Suppose A, B € R"" with B = M> — N3 and ¢ € R". Then the projected fixed-point matrix
splitting method is

sD = M¢_21[N¢zs(k> +(Bor — A —ql, k=1,2,3... ©)

and set 4D = ¢ s and 5E+D = s “D For computing s ¥t € R” we use the algorithm.

Step 1: Initialize a vector s©© € R" ¢ > 0 and set k = 0.
Step 2: Using the following scheme, create the sequence s*:

_ k
sEED = MU NG, s® + By — Agn)s — 1.
and set §*+D = ¢1sf+l) and 3%+D = Bos®HD.
Step 3: Stop if Res(¥®), %)) < ¢ otherwise, put k = k + 1 and go back to step 2.

The HLCP has a unique solution for any known vector ¢ if and only if A, B fulfill the VW-property [19], that
is, if all column-representative matrices of A, B have determinants that are either all positive or all negative. In
such cases, both A and B are H,-matrices as Mezzadri points out in [9]. The HLCP is always assumed to have
a unique solution in the following discussion if A, B are H-matrices.

The convergence conditions for the Method 3.1 are discussed in the following results when the system matrices
A, B € R"" are H,-matrices.
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Theorem 3.2 Suppose (x*, y*) is the solution of HLCP(A, B, q) and A, B € R™" are Hy-matrices with
splitting B = Ma — Na, where M» is a nonsingular matrix. Then for any initial vector 0 € R, the sequence
(&x®, 50 generated by Method 3.1 converges to the unique solution (X*, 5*) if ,o(|Md:21|(|N¢2| + |B¢p —

Agi) < 1.
Proof Suppose s* is the solution of Eq.(2). Now the error is

O — % = M N, 6 = 57) + (B — ApD Y =571
This implies that
s 6D — 5% = My [Ng, (s© = 5%) + (B — Ag1) (5L = sDI.
From Definition 2.1, we have
D — 5% < 1M [INg, |1s®) = 5% + 1B — A Is) — 7]
< IM, I[(INg, | + 1Bd2 — Agi D (Is® — s* 1.

Since ,0(|Mq;1 [(INg,| + |Bgpo — A¢1])) < 1, this implies that

2

(k+1) () _

|'s —s¥ < |s s*.
Hence, the sequence s is converges to s™). Since ¥ = ¢154 and § = ¢os_, the sequence (¥, ) converges

to (X*, y%). O

Theorem 3.3 Let (x*, y*) be a solution of HLCP(A, B, q) and A, B € R"*" are H-matrices with A =
M1 — Ny is an H-splitting where My = (milj), Ny = (nl-lj) € R"™" and B = M — N, is an H-compatible splitting

where My = (m}), No = (n};) € R*". Suppose Dy > D1, where ¢1 = diag(&ii, ..., Em), ¢ =
diag($i1, ..., ¢un) and |bijl@j; < lajj|&jj fori,j =1,2,...,nand j # i. Moreover, suppose sign(a;;) =
sign(b;j) forany b;jj #0fori, j =1,2,...,nand My, is an H-matrix. Then for any initial vector sO e R,

the sequence (3%, 5®) generated by Method 3.1 converges to the unique solution (¥*, 3*).
Proof Suppose s* is the solution of Eq.(2). Now the error is
_ k
sEFD — 5% = My NG, 60 = 5% + (Bga — Ap) (s — sD1.
This implies that
— k
sEHD — 5% = | M [Ngy (s — ) + (B — Ap1) L — s
By using Definition 2.1, we have
s FD — 5% < |M [Ny, 1s® — 5% + |Boa — Agulls® — s*]
< My [(INg,| + |Bdz — Adi1 D (Is™ — s¥])].
Since My, is an H-matrix, 0 < |M(;21| < (M¢2)_1. This follows

Is®FD — ¥ < (Mg,) " (INg, | + | Bda — Agi11)(Is® — 5¥])]
< (I — (My,) ' [(Mg,) — INg,| — |Bda — Ag1 1) (Is® — 5*)).

Let
Ti =1 — (My,)”'[(Mg,) — [Ng,| — |Bd2 — Ad1 1. (7)
We have Dpp > D¢y and |bjjlej; < |a;ij|§;; with sign(a;;) = sign(b;;) fori, j =1,2,...,nand j #1i.
From [B¢y — A¢i|, we write  [Bdy — Ad1lii = (biigii — aii&ii) i=1,2,...,n,
|Bda — Agilij = |bijdjj — aij&jjl = laijl&;; — |bijldj; i) =1,2,....n, j#Ii. (€]
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720 B. Kumar et al.

Since B = M» — N> is an H-compatible splitting,

(Mg,) — [Ng,| = (M2)d2 — |N2|d2 = (B)¢y.

This implies
((Mg,) — INg, )ii = biihii i =1,2,...,n,
((Mg,) — INg,1)ij = —Ibijlpj; i,j=1,2,....,n, jF#Ii. 9)
Thus, combining Eq.(8) and (9), fori, j = 1,2, ..., nand j # i, we have
({(Mg,) — INg,| — |Bd2 — Ap1D)ii = aii&ii i1 =1,2,...,n, (10)
((Mp,) — [Ng,| — |Bp2 — Ad11)ij = —laijléj; i, j=1,2,...,n, j#Ii. (11)

Since (M) — |N1| be an M-matrix, there exists a vector v > 0 such that ((M;) — [N{])v > 0 [9]. This can be
written as componentwise:

(mfil = IngDvi = > _(mb1 + Inj;hv; >0, i j=1,2,....n. (12)
J#i
Now combining Eq.(10), (11) and (12) with a;; = |a;;| > |m},| — |n}| and |a;;| < |m}j| + |n}j|, we obtain ;"

component of the vector ((Mg,) — [Ng,| — [B¢p2 — A¢1])v. Therefore we write
(@i&i)vi — Y _(aijl€j)v; = (mfi| = InfD&vi — Y _(Imj;| + Inf;Dgjjv; > 0, foralli, j.
J# J#
Now combining Eq.(10), (11) and above inequality, we obtain
((Mg,) — |Ng,| — |Bd2 — A¢1)v > 0. 13)
Multiplying both side by v in Eq.(7), we obtain
Tiv = v — (Mg,) ™ [(Mg,) — [Ng,| — |B2 — A []u.
Since ((Mg,) — [Ng,| — |Bpa — Ap1])v > 0, (M¢2)_1 > 0 and we have 77 > 0. Now
Tiv < v.

Using Lemma 2.4, p(T7) < 1. Hence, the sequence (X *) )7(]‘)) converges to the solution of the HLC P (A, B, q).
O

We can introduce another fixed-point method for solving HLC P(A, B, q) by using the idea of Gauss-Seidel
depending on Eq.(2). This projected fixed-point matrix splitting method is called as Method 3.2.

Method 3.2 Suppose A, B € R"*" withA = Dy — Ly — Uy and B = My — N, where Dy, —Uy4 and —L 4 are
the diagonal matrix, strictly upper triangular matrix and strictly lower triangular matrix of A respectively. Let
M,=diag(B) € R™*" and N=diag(B) — B. Then we use the following equation for the projected fixed-point
matrix splitting method is

sED = M [Ng,s® + (Bgy — (Da — Un)pn)s — g1 + My Lagpys ¥V (14)

Set ¥ k+D = ¢1s$+1) and 7%+D = ¢,5s“*D_ For computing s**1 € R", the algorithm is as follows:
Remark 3.1 In Method 3.2, only part of the vector s *T1 processes any given row and that part is always available
in the previous row.

In the following results we discuss the convergence conditions for the Method 3.2 when the system matrices
A, B € R™" are H-matrices.
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Step 1: Initialize a vector s(© € R” ¢ > 0 and set k = 0.
Step 2: Using the following scheme, create the sequence s®:
stV = (M [Ngys® + By — (D4 — Un)pn)s ¥ — gD

fori =2,3,..., n

k+1 - k - k
st = (M [Ngys® + (Bgo — (D4 — Un)p)s — qi + (M) Lags{™);
and set §*+D = ¢lsf+l) and 5*+D = g,s&+D.
Step 3: Stop if Res(F®), %)) < ¢ otherwise, put k = k + 1 and go back to step 2.

Theorem 3.4 Suppose A, B € R"*" are Hy-matrices with A = Dy — Lp — Uy and B = My — Nj, where
My=diag(B) € R"™" and N,=diag(B) — B € R"*". Suppose (X*, y*) is the solution of HLCP(A, B, q).
Then for any initial vector s0 € R”, the sequence (3%, 3%)) generated by Method 3.2 converges to the unique
solution (¥*, ) if p((I — |My,' Lag1)) ™' [M ' [[|Ng,| + B — (Da — Ua)p1[]) < 1.

Proof Suppose s* is the solution of Eq.(14). Then the error is
sEFD — ¢ = M [Ny, (5% — 5%) + (Bgy — (D4 — Un)p) L — 7))
+ My Lag(s§ =57,
This implies that
sEHD — %) = | M [Ngy (5% = 5%) + (Bdo — (Da — Un)gpn)(sY — 7)1
+ My Lagi ¥V =57
By using Definition 2.1, we have
s® D — 5% < IM[INg, (5O = 5%) + (Bdr — (Da — Un)p) (s — 5]
+1Lag1(s*TD — 5]
< My [INgy (s© = 5%) | + (B — (Da — Ua)p)(s™ — 5]
+1Lagi(s"FD = 5]
< My [INg,| + |Bgs — (Da — Un)i 1ls™ — 5*]
+ 1My Lagpills*FD — 57|,
This implies that
(I = My LagiDIs D = 57| < |My![INg, | + B2 = (Da = Un)gi[1Is® — 5%
< My |[INg,| + B¢z — (Da — Un)gi [1ls™ — s*|.
Here we write

s D — ¥ < (1 — My Lagi )™ My |[INg,| + | Bga — (Da — Un)i[1ls™ — 57

Since p((I — My, Lagi )~ My [[INg,| + B¢ — (Da — Ua)pi]]) < 1,

ls*FD ¥ < 50 — g%,

Hence, the sequence s ) is converges to s, Since ¥ = ¢s, and § = ¢,s_, the sequence (X ®, %)) converges
to (xX*, y%). O
Theorem 3.5 Suppose (x*, y*) is the solution of HLCP(A, B, q) and A, B € R™" are Hy-matrices with
A=Dy—Ls—Upand B = My — Ny, where My=diag(B) € R"*" and Ny=diag(B) — B € R"*", Suppose
sign((My,'Uadp1)ij) = sign(My Ng,)ij) and (1M Uadi1)ij = |(My) Ny ij for ij= 1,2,...m, i < j.
Assume that anyone of the following conditions holds:

10 < ¢! < M;'Dyand2My,¢;" — Da — |C| is an M-matrix, where |C| = |Ly + Uy,
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2. ooy > My ' Dy

Then for any initial vector s© € R”, the sequence (¥, 5%)) generated by Method 3.2 converges to the unique
solution (x*, y*).

Proof From Theorem 3.4 we write
(I =My Lagil) — IMy [Ny, | + 1B — (Da — Un)pi ]
= (I = |My,'Lag]) — [IMy) No, | + 1M, (Bgs — (Da — Un)pn)]
=1 — My Lagi| —[IMy) Ng,| + My, (Bdpp — (Da — Un)p1)]]
=1 —[IMy' Lag1| + My Ny, | + [T — M Ny, — My (Ds — Un)]
=1 — My Lagi| — My Ny, | =11 = My Ny, — My (Da — Un)hi|

=1 — My Lagi| — My No,| — |1 = My' Dagi| — [My Ui | + M) Ny, |
=1 — My Lagi| = I — My Dagi| — [M;'Unghi
=1 -1 =My Dagi|l — My (Ll + |UaDs
= (I —|I = M, Dagil) — M, (ICD¢1.
This implies that

21 — My Dag — My [Clgn, if0 < 29" < My ' Dy,

I—|I-M:'D —M(Chey =
(I =1 = My Dagi]) — M (ICepy {M@‘(DA—|C|>¢1, £ gag o M1 D

M eMy,¢rt — DA —1CDG1, 10 < gy < My Dy,
M, (A)gr, if go¢; ' > M; ' Dy

Now we consider the following two cases.
Case(1) If0 < ¢op; ' < My ' Dpand2Mgy,¢; ' —Da—|C|isan M-matrix, then the splitting(l—|M(;2]LA¢1|)—
(1M, Ng, | + |M(;21(B¢>2 — (Da — Ua)$1)]) is an M-splitting of M-matrix M, ! QMg ¢ — Dy —
|C)¢1. From Lemma 2.2, p((1 — |M(;21LA¢1|)—1|M(;21|[|N¢2| + B — (Da —Ua)¢il]) < 1.
Case(2) If ¢op; ' > My ' Da, then the splitting (1 — M Lag1|)— (1M, Ng, |+ M) (Bda—(Da—Ua)p1))
is an M-splitting of M-matrix M, ' (A)¢1. Therefore p((I — |My'Lag1])~" M, '[Ny, | + | B¢z —
(Da = Uil < L.
Hence, the sequence (i ®), 7)) generated by Method 3.2 converges to the unique solution (¥*, 7). O
Corollary 1 Suppose A, B are H-matrices with A = Dy — Ly — Ua and B = My — Na, where Ma=diag(B)
€ R™" and Ny=diag(B) — B € R"™". Let ¢1 = a1 Dp, ¢p2 = aa Dy with a1, ay > 0. Then for any initial
vector s € R, the sequence (x®, 300 generated by Method 3.2 converges to the unique solution (X*, 5*) if
g p(D,'ICD+1
5 .

Proof We have ¢o; ' = anay ' Dy Dy and let apa;! = B. This follows ¢opp; ' = D' Da. If f > 1, we
have ¢r¢, b My "D 4. Note that ¢1 and ¢, satisfies the second condition of the Theorem 3.5. Since ¢, I =

,3M2_1 D 4, then the first condition of the Theorem 3.5 can be expressed as0 < < 1 and 2M¢,2¢]_1 — Dy —|C|
is an M-matrix. Then

p(2B—D7'DyIC) < 1.
This implies that

p(DF'IC) +1
>

P 2
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Table 1 Results for AMGS method [9] and Method 3.2, when §; = 0,682 = 0,1 = 1 and ap = 0.72
n 100 400 900 1600 2500
AMGS IT 36 43 45 46 47
Q =Dy Dgl CPU 0.0081 0.2407 1.6504 26.9331 165.6594
Res 6.34e-07 6.90e-07 7.86e-07 8.61e-07 8.06e-07
Method 3.2 IT 32 39 42 43 43
(¢1 = a1 Dp, CPU 0.0090 0.2286 1.7155 24.4572 163.3723
¢ =arDy) Res 8.58e-07 9.36e-07 6.47e-07 6.96e-07 9.74e-07
Method 3.2 IT 30 36 37 38 39
(p1 = a1, CPU 0.0086 0.1943 1.7133 25.0483 153.6134
¢ = arl) Res 7.63e-07 7.06e-07 8.66e-07 8.15e-07 6.83e-07

4 Numerical examples

The proposed method 3.2 is compared with the accelerated modulus-based Gauss-Seidel (AMGS) method [9]
which is effective in solving HLC P (A, B, q). Here, CPU stands for CPU time in seconds, IT for iteration steps
and Res for the Euclidean norm of the error vector. The residue is defined as (see [9])

Res(F X, 50y = | B5® — Ax® — g|,.

Here (¥®, 5®) represents the k" approximate solution of Eq.(1). The algorithm is terminated when
Res(x ) yU‘)) < €. For this case we consider ¢ = 10~°. Matlab version 2021a on an Acer Desktop (Intel(R)
Core(TM) 17-8700 CPU @ 3.2 GHz 3.19GHz, 16.00GB RAM) is used to perform all calculations.

Example 1 The system matrices A, B € R"*" are generated by A = P + 8§11 and B = P, 4 821, where 81, &>
are nonnegative real parameters and

L, —-D 0 0 L 0 0
. 0O Ly O 0
-L Ly - ... :
Pr=| 0 —-L Ly —-I 0 {, Pb= Ly e R,
R T ) 0O ... 0 . 0
0 0 —bL Ly o ... ... 0 L,

where L=Tridiag(—1, 4, —1) € R™ ™ and I, is an identity matrix of order m. When 81, 8, > 0, the matrices A
and B are clearly symmetric positive definite. Furthermore, all column representative matrices of ¥ = {A, B} are
diagonally dominant by columns. In a more particular sense, if §; = 0 and/or §; = 0, all column representative
matrices have at least the first and last columns strictly diagonally dominant. If §1, § > 0, diagonal dominance
exists everywhere in a strict sense and due to the positivity of diagonal elements, the eigenvalues of all column
representative matrices of W are positive according to the Gersgorin circle theorem. For details, see ([13], p.47).
Therefore, their determinants are positive, W satisfies the VW-property and solution of the HLC P(A, B, q) is
unique. For details, see [19].

Now, we considerthe HLC P(A, B, q) for whichdefineq = By*—Ax™*, Mp=diag(B)e R"*" and Np=diag(B)—
B, where x* and y* are defined as

¥=0,1,0,1,---,0, D7 e R" and 3*=(1,0,1,0,---,1,0)7 e R",

where n = m2. Lets©@ = (2,2,...,2, ...
given in Tables 1 and 2.

,2)T € R” be an initial vector. The results for various values of 7 are

Example 2 The system matrices A, B € R"*" is generated by A = Py + 811, B = P, + 81, where 81, 8, are
nonnegative real parameters and

Ly =056 0 0 Ly 0 ... ... 0

—1.5D Ly —0.51 .. 0 L o ... O

P = 0 -1.5L L —055L o |, ;=0 - L 0
—1.51 —-0.51 : . 0 . :
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Table 2 Results for AMGS method [9] and Method 3.2, when §; = 0,8, =4, o) = 1 and ap = 0.41

n 100 400 900 1600 2500
AMGS IT 24 27 28 28 29
Q=051 CPU 0.0065 0.1630 1.1638 16.4324 104.6537
Res 4.68e-07 6.13e-07 6.49e-07 9.88e-07 6.83e-07
Method 3.2 IT 21 23 24 25 25
(p1 = a1l CPU 0.0074 0.1492 1.1292 16.1908 99.5898
¢ =anl) Res 5.53e-07 9.41e-07 8.63e-07 6.01e-07 8.07e-07

Table 3 Results for AMGS method [9] and Method 3.2, when §; = 0,682 =4, a1 = 1 and ap = 0.42

n 100 400 900 1600 2500

AMGS IT 16 17 18 18 18

Q=051 CPU 0.0072 0.0991 0.6906 8.5103 63.6777
Res 4.25¢-07 6.88¢-07 4.39¢-07 6.43¢-07 8.47¢-07

Method 3.2 IT 15 16 17 17 17

(61 =al, CPU 0.0066 0.1164 0.5826 9.7426 55.9281

b2 = anl) Res 5.67¢-07 7.34¢-07 4.57¢-07 6.83¢-07 9.09¢-07

€ R™" where Li=Tridiag(—1.5,4, —0.5) € R™*™ and I, is an identity matrix of order m. Both of these
matrices are nonsymmetric. Additionally, in this particular instance, the consideration of the uniqueness of the
solution to the HLC P(A, B, q) follows the example 1 that has been provided above. We again consider the case
81 = 0 and 8, = 4. We consider the HLC P(A, B, q) for which define ¢ = By* — Ax*, Mp=diag(B) € R"*"
and Npy=diag(B) — B and X*, y* are defined as

=(0,1,0,1,---,0,)7 e R" and 3*=(1,0,1,0,---,1,007 e R",

where n = m?2. Let s© = 2,2,...,2,..., 2)T € R" be an initial vector. The results for various values of n are
given in Table 3.

From Tables 1, 2 and reft3, we observe that our proposed Method 3.2 has less iteration steps than the AMGS
method.

5 Conclusion

In this paper, for solving the HLC P(A, B, q), we introduce two projected fixed-point matrix splitting methods
based on equivalence fixed-point equation with parameter matrices ¢ and ¢». These methods are able to process
the large and sparse structure of the matrices A and B. In addition, we provide some convergence conditions when
the system matrices are H.-matrices for Methods 3.1 and 3.2. Finally, two numerical examples are provided to
illustrate the effectiveness of the proposed method.

Acknowledgements The author, Bharat Kumar is thankful to the University Grants Commission (UGC), Government of India,
under the SRF fellowship, Ref. No.: 1068/(CSIR-UGC NET DEC. 2017). The authors are grateful to the editor associated with this
paper for their excellent suggestions. Also, the authors thank the anonymous referees who spent their precious time for reviewing
this paper. The authors would like to acknowledge their contribution, due to which there is a significant improvement in the paper.

References
1. A.Berman and R. J. Plemmons, Nonnegative Matrices in the Mathematical Sciences, SIAM Publisher, Philadelphia, (1994).
2. A. Frommer and D. B. Szyld, H-splittings and two-stage iterative methods, Numer. Math., 63 (1992) 345-356.
3. A. K. Baliarsingh, D. Mishra, Comparison Results for Proper Nonnegative Splittings of Matrices, Results Math., 71 (2017)

93-109.
. A. K. Das, Properties of some matrix classes based on principal pivot transform. Annals of Operations Research, 243(1-2)
(2016) 375-382.
5. A. K. Das, R. Jana and Deepmala, On generalized positive subdefinite matrices and interior point algorithm. In Frontiers in
Optimization: Theory and Applications. Springer, (2016)3-16.

~

@ Springer



Projected fixed point iterative method... 725

10.

11.

12.

13.

14.

15.

16.
17.

18.
19.

20.
21.

22.

23.

24.

25.
26.

217.

28.

29.

30.

B. S. He, A projection and contraction method for a class of linear complementarity problems and its application in convex
quadratic programming, Appl. Math. Optim., 25 (1992) 247-262.

C.Zhang and X. J. Chen, Smoothing projected gradient method and its application to stochastic linear complementarity problems,
SIAM J. Optim., 20 (2009) 627-649.

F. Mezzadri and E. Galligani, Splitting methods for a class of horizontal linear complementarity problems, J. Optim. Theory
Appl., 180(2) (2019) 500-517.

F. Mezzadri and E. Galligani, Modulus-based matrix splitting methods for horizontal linear complementarity problems, Numer.
Algorithm, 83 (2020) 201-219.

H. Liu, Y. Huang and X. Li, Partial projected Newton method for a class of stochastic linear complementarity problems, Numer.
Algorithms, 58 (2011) 593-618.

H. Liu, Y. Huang and X. Li, New reformulation and feasible semismooth Newton method for a class of stochastic linear
complementarity problems, Appl. Math. Comput., 217 (2011) 9723-9740.

I. M. Sharaf, A projection algorithm for positive definite linear complementarity problems with applications, Int. J. Manag. Sci.
Eng., 12 (2017) 141-147.

J. M. Ortega, Numerical Analysis: A Second Course. Computer Science and Applied Mathematics, Academic Press, New York
and London (1972).

M. D. Koulisianis and T. S. Papatheodorou, Improving projected successive overrelaxation method for linear complementarity
problems, Appl. Numer. Math., 45 (2003) 29-40.

M. Giacopini, M. Fowell, D. Dini and A. Strozzi, A mass-conserving complementarity formulation to study lubricant films in
the presence of cavitation, J. Tribol., 132 (2010) 041-702.

M. Sun, Singular control problems in bounded intervals, Stochastic, 21 (1987) 303-344.

M. Sun, Monotonicity of Mangasarian’s iterative algorithm for generalized linear complementarity problems, J. Math. Anal.
Appl., 144 (1989) 474-485.

P. H. Calamai and J. J. Mor, Projected gradient methods for linearly constrained problems, Math. Program., 39 (1987) 93-116.
R. Sznajder and M. S. Gowda, Generalizations of Py and P-properties; extended vertical and horizontal linear complementarity
problems, Linear algebra and Appl., 223-224 (1995) 695-715.

R. W. Cottle, J. S. Pang and R. E. Stone, The linear complementarity Problem, Academic San Diego, (1992).

S. K. Neogy and A. K. Das, Some properties of generalized positive subdefinite matrices. STAM Journal on Matrix Analysis
and Applications, 27(4) (2006) 988-995.

S. K. Neogy and A. K. Das, Principal pivot transforms of some classes of matrices, Linear Algebra and its Applications, 400
(2005) 243-252.

S. R. Mohan, S. K. Neogy, and A. K. Das, More on positive subdefinite matrices and the linear complementarity problem.
Linear Algebra and Its Applications, 338(1-3) (2001) 275-285.

S. R. Mohan, S. K. Neogy and A. K. Das, On the classes of fully copositive and fully semimonotone matrices. Linear Algebra
and Its Applications, 323(1-3) (2001) 87-97.

T. Fujisawa and E. S. Kuh, Piecewise-linear theory of nonlinear networks, SIAM J. Appl. Math., 22 (1972) 307-328.

T. Fujisawa, E. S. Kuh and T. Ohtsuki, A sparse matrix method for analysis of piecewise-linear resistive networks, IEEE Trans.
Circ. Theory, 19 (1972) 571-584.

X. Gao and J. Wang, Analysis and application of a one-layer neural network for solving horizontal linear complementarity
problems, Int. J. Comput. Int. Sys., 7(4) (2014) 724-732.

X. M. Fang, General fixed point method for solving the linear complementarity problem, AIMS Mathematics, 6(11) (2021)
11904-11920.

Y. C. Cheng, On the gradient-projection method for solving the nonsymmetric linear complementarity problem, J. Optimiz.
Theory App., 43 (1984) 527-541.

Z.Z. Bai, Modulus-based matrix splitting iteration methods for linear complementarity problems, Numerical Linear Algebra
with Applications, 17(6) (2010) 917-933.

Springer Nature or its licensor (e.g. a society or other partner) holds exclusive rights to this article under a publishing agreement
with the author(s) or other rightsholder(s); author self-archiving of the accepted manuscript version of this article is solely governed
by the terms of such publishing agreement and applicable law.

@ Springer




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 600
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.01667
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 600
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 2.03333
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 2250
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (sRGB IEC61966-2.1)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<


    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200036002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200036002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /ESP <>
    /ETI <>
    /FRA <>



    /HUN <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 6.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200036002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 6.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>


    /SKY <>

    /SUO <>
    /SVE <>
    /TUR <>

    /DEU <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


		2024-04-24T14:36:34+0530
	Preflight Ticket Signature




