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Abstract Let K = R or C and R, be the dihedral quandle of order n. In this article, we give decomposition
of the quandle ring K[R,] into indecomposable right K[R,]-modules for all even n € N. It follows that the
decomposition of K[R,] given in [2, Prop. 4.18(2)] is valid only in the case when n is not divisible by 4.
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1 Introduction

A set X along with a binary operation 1> is called a quandle if it satisfies the following three axioms:

(1) x>x =xforall x € X.
(2) For any pair x, y € X, there exist a unique z € X such that x =z y.
B xpy)rz=Csz)>(y>z) forallx,y, z e X.

The above three axioms are motivated by the three Reidemeister moves of diagrams of knots.

In[1], authors introduced the notion of quandle rings, which is analogous to the notion of group rings. Let K be
an associative ring and (X, >) be a quandle. The quandle ring K[ X] as a set is same as {Zi aix; |la; € K, x; € X}.
It forms an abelian group under point wise addition. The following multiplication equips it with the structure of
aring.

(ZO(,‘X,‘). Z,Bjxj ZZaiﬂj(xibxj)-
i J iJ

Letn e Nand R, = {0,1,2,...,n — 1}. We definei > j = 2j — i(mod(n)). The set R,, along with the
binary operation > forms a quandle, and it is known as dihedral quandle.

In this article, we give the decomposition of K[R,] into indecomposable right K [R,,]-modules, where R,
denotes the dihedral quandle of even order n. In [2, Prop. 4.18], authors give decomposition of K[R,] into
indecomposable right K[R,]-modules. However, there is a defect in their decomposition of K[R,] in the case
when 7 is divisible by 4.

We conclude this article with a detailed discussion on decomposition of quandle ring K[Rg] of dihedral
quandle of order 8.
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2 Decomposition of quandle rings of dihedral quandles of even order

Let (X, ) be a quandle. From the definition of quandle, we get that right multiplication maps R, : X — X
defined by R, (y) = y > x; for x € X, are automorphisms of X. The group generated by {R, | x € X} is called
group of inner automorphisms of X and it is denoted by Inn(X). The group Inn(X) acts on the set X via natural
action. The quandle X is called connected if the action Inn(X) on X is transitive.

Example 1 (1) The dihedral quandle R, defined in §1 is connected when 7 is an odd positive integer (see [2,
Example 4.17]).

(2) Letn = 2m and R, be the dihedral quandle of order n. The action of Inn (R,,) on R, is not transitive in this
case. The orbits of action of Inn (R,,) on R, are A,, :={0,2,...,n—2}and B, :={1,3,...,n — 1}

In [2], authors discussed the decomposition of K[X] into indecomposable right K[X]-modules. We define
p:Inn(X) - GL(K[X]) by p(Ry)(y) = y=x forall R, € Inn(X) and y € X. The map p is a representation of
Inn(X) and decomposing K [X] into indecomposable right K [X]-modules is equivalent to decomposing p into
irreducible representations of the group Inn(X).

Let X be a quandle of order n and S, be the symmetric group of degree n. Suppose X is not a connected
quandle and X = X1 U X, U... X, where X; is an orbit for action of Inn(X) on X. We recall from [2] that the
map ® : X — S, defined by ®(x) = R, restricts to the maps ®; : X — S;, where n; = | X;|forall1 <i <k.
In this case, K[X] = EBf.‘:lK [X;] and decomposition of K[X;] into indecomposable right K[X;]-modules is
equivalent to decomposing corresponding irreducible representations of the group Inn(X;).

We know that R is trivial quandle of order 2. Also in case of R4, it is easy to see that Inn(A4) and Inn(B4)
are isomorphic to cyclic group of order 2. We may omit these trivial cases of R, for n = 2 and 4. From now
onwards, we assume n = 2m form € Nand m > 2.

Lemma 1 With the notations same as defined in Example 1(2), the groups Inn(A,,) and Inn(B,,) are isomorphic
to the dihedral group of order n.

Proof We consider the right multiplication maps R; (i) =i j = (2j —i)(mod n) for all 7, j € R,,. We observe
that

J+m—1

R; = ]‘[ (i,2) — i),

i=j+1

where (i, 2j —i) € S, is a transposition. Thus, R; = R4, = (R1Ro)’ Ry forall 0 < Jj < m —1, and the group
Inn(R;,) of inner automorphisms of R,, is generated by Ry and R;.

Let Sp and S be restrictions of Rg and R| respectively, on the set A, . It follows from the above discussion
that the group Inn(A,) is generated by Sp and S;. Note that So = (2,2m —2)(4,2m —4)...(m —2,m + 2)
and S180 = (0,2,4,...2m — 2). Therefore, Inn(A,) is isomorphic to the dihedral group of order n. A similar
calculation holds for the group Inn(B,,). ]

Remark 1 We consider the following finite presentations for the dihedral group D,, of order 2m

lzrfl).

Dy = (r,s|rm=s>=1,srs”
Let S; and T; denote the restrictions of right multiplication map R; of quandle R, on orbits A, and B,,
respectively. The identification of Sy with s and of S|So with r is an isomorphism between D,, and Inn(A,).
Along the same lines, the identification of Ty with s and of 717y with r is an isomorphism between D,, and
Inn(B,,).
Let K = Ror C. By Example 1(2), K[R,] = K[A,]1® K[B,]. We know that A, is a basis of K[A,] and B,
is that of K[B,]. We identify A, with {vg, v2, ..., v,—2} € K[A,] and B, with {v], v3,...,v,—1} € K[B,].
Clearly, the modules generated by viriy even = Z:”;Ol v2; and Viriy.odd = Z;”;Ol v2;4+1 are indecomposable
modules over K[A,] and K[B,], respectively. Moreover if m is an even number, then the following lemma
yields one dimensional indecomposable modules over K[A,] and K[B,].

Lemma 2 Let m = 2t,t € N. The modules generated by vref,even = Zf;(l) V4 — Zi;(l) V442 and Vref,odd =
Zf;(l) V4ig] — Z:;(l) V4i 43 are indecomposable modules over K[A,] and K[B,], respectively.
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Proof We consider the right multiplication map R;(i) = i > j = (2j — i)(mod n) for all i, j € R,. Let

S; be the restriction of R; on the set A,. It is easy to see that S;(vVref,even) = UVref,even if j is even and
Sj(vref,even) = —Uref,even if j is odd.

Let T be the restriction of R; on the set By,. It is easy to see that T (Vyef,0dd) = —Vref,odd if j is even and
Tj(Vref,0dd) = Vref,oda if j is odd. This completes the proof of lemma. O

Let S; and T; denote the restrictions of right multiplication map R; of quandle R, on orbits A, and By,
respectively. Consider the representation p4,: Inn(A,) — GL(K[A,]) defined by p(S;)(v;) = v ;;forall §; €
Inn(A,). Let x4, be the character associated to p4,. Similarly we define pp, and xp,. With these notations, we
have the following lemma.

Lemma 3 (/) If m is an odd number, then
m if g=1

xA,(8) = xB,(8) =31 if g=SiorT;, 0<i<n-—1
0  otherwise

(2) If m is an even number, then

m if g=1
X4, (8) =132 if §=5i, 0<i<m-—1
0  otherwise

and
m if g=1
xB,(8) =12 if g=Tait1, 0<i<m—1
0  otherwise

Proof We identify Inn(A,) and Inn(B,,) with D,,, := {r,s | r'" = s2 =1,srs ' = r~1} (see Remark 1). Since
characters are class functions, it is sufficient to compute them on representatives of conjugacy classes of the
group.

For convenience, we divide rest of the proof into two cases.

(1) Case m = odd. In this case, D,, has (m + 3)/2 conjugacy classes, namely
., o plsksm-D/2, (ls0<i=m-1
Using the proof of Lemma 1 and Remark 1,
xa, (1) = x8, (D) = m, xa, ) = x5,") =0
forall 1 <k < (m —1)/2,and xa,(s) = xg,(s) = 1.
(2) Case m =even. Let m = 2¢,t € N. In this case, D,, has r + 3 conjugacy classes, namely
(1 ' A1 <k <=1, {rls;leven), {r's;lodd}
Again, from the proof of Lemma 1 and Remark 1,
xa, (1) = x8,(1) = m, xa, ) = x5, =0

forall 1 <k < t. We compute x4,(s) = 2 and xp,(s) = 0, whereas x4, (rs) = 0 and xp, (rs) = 2. This
completes proof of this lemma.
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Let € denote a primitive m’" root of unity. Let K = R or C and V; be a two dimensional vector space over

K for each integer j with 1 < j <m — 1. Let Dy, := (r,s | r'" = s2=1,srs7 ! = r‘l) be the dihedral group
of order 2m. Then the map v; : D,, — GL(V;) defined by

70 01
V() = (60 u) vj(s) = (1 O)

is a representation of D,,. If m is an odd number, then the set {/; | 1 < j < (m — 1)/2} is a complete set of
inequivalent irreducible representations of D,, with degree 2. If i is an even number, then the set {y; |1 < j <
% — 1} is complete set of inequivalent irreducible representations of D,, with degree 2. For more details, we
refer the reader to [3, §18.3].

Lemma 4 Letk = (m —1)/2 if m is odd number and k = %5 — 1 if m is an even number. Then for each integer j
such that 1 < j < k, the representation v ; appears in the decomposition of pa, as well as pp, with multiplicity
1.

Proof Let yx; denote the character associated to the irreducible representation y; of D,,. We recall that x4, is
character associated to py4,. For 1 < j <k, using lemma 3 and [3, §18.3], we compute

1
K X3} = 5= D X @) = 1.
gelnn(A,)

The inner product of x, and x; is also 1, where x, is the character associated to pp,. Now the lemma follows
from [3, Th. 14.17]. o

Theorem 5 Let K = C or R. Let R, be the dihedral quandle of order n.
1. If m is odd, then

(m—1)/2 (m—1)/2
K[Rn] = Vtriv,even @ Vtriv,odd @D @ Vj,even ® @ Vj,add-
j=1 j=1

2. If m = 2t, then

t—1 t—1
K[Rn] = Vtriv,even ® Vtriv,odd @ Vref,even @ Vref,odd @ @ Vj,even @ @ Vj,odd~
j=1 j=1

Proof It follows from the Lemma 4, thatif ¥; : D,;, — GL(V}) is an irreducible representation of degree 2, then
V; is an indecomposable K[A;]-module with multiplicity 1. We denote this module by V; cyep. Let us consider
the following two cases.

1. m = odd. In this case, D,, has (m — 1)/2 inequivalent irreducible representations ¥/ of degree 2. Therefore
K[A,]has (m —1)/2 distinct indecomposable K [A;]-modules V; open for 1 < j < (m—1)/2.Let Viyiy even
be one dimensional K[A,]-module generated by vy, ecven. By dimension count, we get

(m—1)/2
K[An] = Vtriv,even SY) @ Vj,even~
j=1

2. m= even. Let m = 2¢. In this case, D,, has t — 1 inequivalent irreducible representations v; of degree 2.
Therefore K[A;] has t — 1 distinct indecomposable K[A,]-modules V; open for 1 < j <t —1.Let Virjy even
be one dimensional K [A, ]-module generated by v;yjv, even, and Vief,even be one dimensional K[A,]-module
generated by vy¢f cven given in Lemma 2. Again, by dimension count,

t—1

K[An] = Vtriv,even @ Vref,even ® @ Vj,even-
j=1
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One can compute the decomposition of K[B,] into indecomposable K [ B, ]-modules along a similar line. Now,
the theorem follows from the fact that K[R, ] = K[A,] ® K[B,]. O

To conclude the article, we provide a complete decomposition of the quandle ring K[Rg].

Example 2 Let K = C or R. We consider the dihedral quandle Rg of order 8. The decomposition of quandle
ring K[Rg] is given below:

K[RS] = Vlriv,euen S¥ Vtriv,odd 57 Vref,even 7] Vref,odd 7] Vl‘even ® Vl,odd'

Let {vo, v2, v4, v} and {v1, v3, vs5, v7} be bases for K[Ag] and K[Bg], respectively, obtained by identify-
ing {vg, vz, v4, V6} and {v1, v3, vs5, v7} with Ag and Bg, respectively. With these notations, the components of
decomposition of K[Rg] are

Viriv,even = (vo + v2 + vg + vg)
Viriv,odd = (v1 + v3 + vs 4+ v7)
Vref,even = (vp — v2 + v4 — vg)
Vief.odd = (v1 — v3 + v5 — v7)

V1,even = (Vo — v4, V2 — Vg)
V1,0da = {v1 — vs5, v3 — v7).
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