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Abstract In this paper, it is proved that every sufficiently large positive integer n, which satisfies n = 7
(mod 8),n = 1(mod 3),n =0, 2, 3(mod 5), can be represented as

n = pi+py+p3+pi+ps+ pot pr.
This result gives a large improvement upon the previous results of Cai [1] and Hooley [3].
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1 Introduction and main result

Motivated by the general philosophy underlying applications of the Hardy—Littlewood method, it is conjectured
that whenever s and k are positive integers with s > k + 1, and n is a sufficiently large natural number satisfying
some necessary congruent conditions, then n should be represented as the sum of s k—th powers of prime numbers.
In 1938, Hua [4] proved that every sufficiently large integer n satisfying n = 5 (mod 24) can be represented as
the sum of five squares of primes, while every sufficiently large integer n satisfying n = 17 (mod 240) can be
represented as the sum of seventeen biquadrates of primes. Afterwards, the case of fourth powers was improved
by Davenport [2], Kawada and Wooley [6], Zhao [12], consecutively and respectively.

Based on the significant results of Hua [4] and a series of literatures [2,6, 12], it seems reasonable to conjecture
that every sufficiently large integer satisfying some necessary congruence conditions can be written as the sum
of four squares of primes or ten biquadrates of primes, i.e.

N = pi+ p3+ p3 + i, (1.1)
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On Waring—Goldbach problem... 777

and
N = pl + p5+ py + pi + pi+ pe + p3 + pi + pe + plo- (1.2)

However, these two conjectures are probably far out of the reach of modern analytic number theory
techniques.

On the other hand, Hooley [3] introduced divisor sum techniques into the investigation of Waring’s problem
of mixed powers. In particular, Hooley’s techniques provide asymptotic formula for every sufficiently large
even integer n as the sum of two squares and five biquadrates of positive integers. Moreover, motivated by
Hooley’s result, it is reasonable to conjecture that every sufficiently large integer n satisfying some necessary
local conditions can be represented as

n=pt+ pi+pi+pi+pi+pe+p3. (1.3)

where p1, ..., p7 are primes. Meanwhile, we can regard (1.3) as the hybrid conjecture of (1.1) and (1.2).
In 2016, Cai [1] gave an approximation to the conjecture (1.3), and proved that any sufficiently large integer
n satisfying n = 7, 103 (mod 240) can be written in the form

n=x*+p3+pi+pi+ ps+ pé+ 03

where py, ..., p7 are primes and x is an almost—prime Pj.
In this paper, we shall prove the conjecture (1.3), which constitute an huge improvement upon the previous
results.

Theorem 1.1 Every sufficiently large positive integer n, which satisfies
n=7(mod38), n=1(mod3), n=0,2,3(mod 5),
can be represented as
n=pi+p3+p3+pi+ps+pg+ . (1.4)

Notation. Throughout this paper, let p, with or without subscripts, always denote a prime number; & always
denotes a sufficiently small positive constant, which may not be the same at different occurrences. As usual,
we use ¢(n) and d(n) to denote the Euler’s function and Dirichlet’s divisor function, respectively. Also, we
use x mod ¢ to denote a Dirichlet character modulo ¢, and x° mod ¢ the principal character. e(x) = ¢*7i¥;
f(x) < g(x) means that f(x) = O(g(x)); f(x) =< g(x) means that f(x) < g(x) < f(x). N is a sufficiently
large integer and n € (N /2, N], and thus we use L to denote both log N and log n. The letter ¢, with or without
subscripts or superscripts, always denote a positive constant.

2 Preliminary and outline of the proof of Theorem 1.1

In order to better illustrate Lemma 2.1 and Lemma 2.3 below, we first introduce some notations and definitions.
When C C N, we write C for the complement N \ C of C within N. When a and b are non—negative integers, it is
convenient to denote by (C)Z the set C N (a, b], and by |C|Z the cardinality of C N (a, b]. Next, when C, D C N,
we define

C+D={c+d:ceC and d € D}.
Also, we define Y (C, D; N) to be the number of solutions of the equation
c1—dy=cy—dy,

with ¢1, ¢ € (C)%% and dy,d € (D)(I)v . It is convenient, when k is a natural number, to describe a subset Q
of N as being a high—density subset of the k—th powers when (i) one has Q C {n* : n e N}, and (ii) for each
positive number ¢, whenever N is a natural number sufficiently large in terms of ¢, then |Q|f)v > N/k=¢ Also,
when 6 > 0, we shall refer to a set R C N as having complementary density growth exponent smaller than 6
when there exists a positive number § with the property that, for all sufficiently large natural numbers N, one
has |ﬁ|8] < NP9,
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778 J. Lietal

When g is a natural number and a € {0, 1, ..., g — 1}, we define Py = P, 4 by
Payg ={a+mg:meZ}.

Also, we describe a set £ as being a union of arithmetic progressions modulo g when, for some subset £ of
{0,1,...,9 — 1}, one has

L=JPu
legf

In such circumstances, given a subset C of N and integers a and b, it is convenient to write
(C A E)z = min |C ﬂP[q|b.
leg hia

Let £ be a union of arithmetic progressions modulo ¢, for some natural number ¢g. When & is a natural number,
we describe a subset Q of N as being a high—density subset of the k—th powers relative to L when (i) one has
Q C {n* : n e N}, and (ii) for each positive number &, whenever N is a natural number sufficiently large in
terms of &, then (Q A E)(])V >4 N1/k=¢ 1n addition, when 6 > 0, we shall refer to a set R € N as having £—
complementary density growth exponent smaller than 0 when there exists a positive number § with the property
that, for all sufficiently large natural numbers N, one has |R N £|6V < N?=9,

Lemma 2.1 Let £, M and N be unions of arithmetic progressions modulo q, for some natural number q, and
suppose that N C L + M. Suppose also that S is a high—density subset of the squares relative to L, and that
A C N has M-complementary density growth exponent smaller than 1. Then, whenever ¢ > 0 and N is a
natural number sufficiently large in terms of €, one has

[AFS NN <, N2 AN M]3
Proof See Theorem 2.2 of Kawada and Wooley [7]. m]

Lemma 2.2 Suppose that A, B C N. In addition, let L, M and N be unions of arithmetic progressions modulo
q, for some natural number q, and suppose that N' C L + M. Then, for each natural number N, one has

[ 2 — -
(BAL) - [AFBANGY) <qfAnMEY - T(AFBAN.BNLN).

Proof See Theorem 2.1 of Kawada and Wooley [7]. O

Lemma 2.3 Let £, M and N be unions of arithmetic progressions modulo q, for some natural number q, and
suppose that N C L + M. Suppose also that K is a high—density subset of the biquadrates relative to L, and
that A C N has M—complementary density growth exponent smaller than 6, for some positive number 0. Then,
whenever ¢ > 0 and N is a natural number sufficiently large in terms of €, without any condition on 6, one has

[AFENNEN <o NTi[An MY + N‘%+€(|Z0M};N>2.

Proof Let N be a large natural number, write ® = N %. Observe that since K is a high—density subset of the
biquadrates relative to £, then (IC A L) (’)V > N %_8, and hence it follows from Lemma 2.2 that

- 2 — -
(L - [AFENANGY) < [ANMET - TAFEAN, LN L N),
which implies that
- 2 i S
(N3 [AFENNEY) < [ANM - Y (AFEAN, KN L N). @.1)

Trivially, the quantity Y (A+ K NN, KN L; N ) is bounded above by the number of solutions of the equation

ny —ny =x* —y*, 2.2)
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On Waring—Goldbach problem... 779

with ny,ny € (A+ K ﬁ/\/);x and 1 < x,y < ©. Write Z(N) for (A+ K ﬂ/\/);x and Z for card(Z(N)).
Also, define the exponential sums as follows

fla) = Z e(ax®) and K(a) = Z e(na).

1<x <O neZ(N)

Then, on considering the underlying Diophantine equation, it follows from (2.2) that
1
TA+KNN,KNL;N) </ | 2 (@) K*(o)|der. 2.3)
0
According to Lemma 6.1 of Kawada and Wooley [7] with j = 1, we get
! I R 3N 3N %
/ |2 @K @)]de < N AFENNY + N (JAFE NN ) 2.4)
0
Combining (2.1), (2.3) and (2.4), we conclude that
1
1 — 3 J— - 5
[AFENNY < N7 An MY + N5+ [An MY (|A+ K mNBx)z,
which implies that
— 3 — 2
AFR NN < NH AN MEY 4 N (A0 MY
This completes the proof of Lemma 2.3. O
In order to prove Theorem 1.1, we need the following proposition, whose proof will be given in section 3.
Proposition 2.4 Let E|(N) denote the number of positive integers n up to N, which satisfy
n =4 (mod 8), n =1 (mod 3), n=2,4(mod 5),

and can not be represented as p% + pé + p§ + pf{. Then, for any ¢ > 0, we have

Ei(N) < N'=%+¢,

The remaining part of this section is devoted to establishing Theorem 1.1 by using Lemma 2.1, Lemma 2.3
and Proposition 2.4.

Proof of Theorem 1.1 Let
{p1+p2+p3+p4 pjsareprlmeSJ—l 234} IC‘:{ j:pisaprime},
={pf+p3+pi+pi+ps: pjs are primes, j = 1,2,3,4,5},
={p? + 3+ i+ pi 4 i+ pi plis are primes, j = 1,2,3,4,5,6},
M= {nGN n=4(mod 8), n =1 (mod 3), n =2, 4(m0d5)}
={neN:n=5(mod 8), n=2(mod 3), n =0, 1,3 (mod 5) },
Nz—{nEN n=6(mod 8), n=0(mod 3), n =1, 24(m0d5)}
N3={neN:n=7(mod8), n=1(mod 3), n=0,2,3(mod 5) },
neN:nzl(modS),nzl(modS),nE:tl(modS)},
Lr=1neN: nEl(m0d8),nEI(m0d3),nEl(mOdS)},

& :{neN:neM,n;éplz+p§+p§+pi, p}sareprimes},
. 2 2 4 4 4 / .
[neN.neNl,n # pi + p3 + p3+ ps+ ps, pjsarepnmes],

neN:neNyn#pi+pi+pi+pi+pi+p, p}sareprimes},
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780 J. Lietal

& = {n eN:neNs,n#pl+ps+pi+pi+ps+pe+p3, p;sareprimes}.
Thus, we have E1(N) = |&|) and E(N) = |&]. Also, we write E2(N) = |&]) and E3(N) = |&], . Then
L1 and £, are two union of arithmetic progressions modulo 30, and so are M, N7, N3 and A3. In addition, there
hold NV} € L1+ M, N> C L, +Njand N3 € L5 + N3. Moreover, it follows from the Prime Number Theorm
in arithmetic progression that

o 0

(Ko A L)Y > N1(logN)™" and (K4 A L2)Y > Ni(log N)™".

Therefore, IC; is a high—density subset of the squares relative to £, while /4 is a high—density subset of the
biquadrates relative to £,. By Proposition 2.4, it is easy to see that

|I10M‘év = ’51|f)v = E|(N) < N'"%te,
and thus A; has M—complementary density growth exponent smaller than 1. From Lemma 2.1, we know that
3N 3N IR 3N
&,y = AT+ K2 NN |yy < N2 A n My
& N2t . E|(3N) « NZ~%T¢,
Let the integers N; for j > 0 by means of the iterative formula

1 2
N() = IVEN—‘, Nj+1 = ’7§Nj—‘ for ] > O, (25)

where [N denotes the least integer not smaller than N. Moreover, we define J to be the least positive integer
with the property that N; < 10, then J < log N. Therefore, there holds

J
Ex(N) < 10+ ) |30 < N17a+e, (2.6)
j=1

By (2.6), we know that
JE— 1 1
TN = &) = By < NEE
and thus A; has Aj—complementary density growth exponent smaller than % From Lemma 2.3, we obtain

_ 1 R 3 I 2
[ = [ A+ T Ny < N Y N (2 i)

< N7# B (BN) + N~i (B, (N))
1_1
&« Ni—®sTe,

Hence it follows from the steps (2.5) and (2.6) that
4 1 1
Ex(N) <10+ ) |Gy < NiTse, @7
j=1

By (2.7), we know that
A NN = |8 = Es(N) < NI
and thus A3z has A>—complementary density growth exponent smaller than ‘l‘. From Lemma 2.3, we obtain
_— 1 R 3 _ 2
613N = [ A5+ Ka N5 [oy < N734 [ n ALY + N_1+8(’A3 NN> fVN)

<« N™H+ L E3GN) + N™H(E3(N))” < N7
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Therefore, with the same notation of (2.5), we deduce that
4 3N
E(N) <10+ ) |60 < 1,
j=1

which implies that the exceptional set of the representation of n satisfying necessary congruent conditions, i.e.
n = 7(mod 8),n = 1(mod 3),n = 0,2, 3(mod 5), as the sum of two squares of primes and five biquadrates
of primes is bounded. This completes the proof of Theorem 1.1. O

3 Outline of the proof of Proposition 2.4

In this section, we shall give the outline of the proof of Proposition 2.4. Let N be a sufficiently large positive
integer. For k = 2, 4, we define

fily= )" (logpe(p‘a),

Xp<p<2Xg
where X; = (N/16)F. Let
A (n) = > (log p1)(log py)(log p3)(log ps).
n=p}+pi+pi+pi
X2<p1<£2X2
X4<pi<2X4
i=2,3,4

Then, for any Q > 0, it follows from the orthogonality that

1+4

1
A(n) = /0 fr(@) f7 (@)e(—ne)do = / ° p@ fi@e(—na)da.

Q

In order to apply the circle method, we set
P=N®*2 = NE® G.1)
By Dirichlet’s lemma on rational approximation (for instance, see Lemma 2.1 of Vaughan [9]), each o €
[1/0, 14 1/Q] can be written in the form
@ ia < -
o= — ) X ~ >
q q0

for some integers a, g with 1 < a < ¢ < Q and (a, ¢g) = 1. Then we define the major arcs 2t and minor arcs
m as follows:

1 1
m={J U M@, m=[—,1+—}\sm, (32)
IS9P I<agyq Q Q
(a,q)=1

where

a 1 a 1
S (BN
9 99 q qQ
Then one has

R(n) = { /m+ [ }fz(a)ff(a)e(—na)da.

In order to prove Proposition 2.4, we need the two following propositions, whose proofs will be given in section
4 and section 6, respectively.
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782 J. Lietal

Proposition 3.1 Let the major arcs M be defined as in (3.2) with P and Q definedin(3.1). Then, forn € (N /2, N]
and any A > 0, there holds

1
f @ ff@e(—nayda = —SmIn) + O(NIL™H),
m 128

where & (n) is the singular series defined in (4.1) below, which is absolutely convergent and satisfies

(loglogn) ™ <« &(n) < (loglogn)©" (3.3)

for any integer n satisfying n = 4 (mod 8),n = 1(mod 3),n = 2,4 (mod 5), and two fixed constants c¢* > 0
and c, > 0; while J(n) is defined by (4.9) and satisfies

J(n) =< N1.
For the properties (3.3) of singular series, we shall give the proof in section 5.

Proposition 3.2 Let the minor arcs m be defined as in (3.2) with P and Q defined in (3.1). Then we have

/ | (@) ff(@)|da <« N2+ —aste,
m

The remaining part of this section is devoted to establishing Proposition 2.4 by using Proposition 3.1 and
Proposition 3.2.

Proof of Proposition 2.4 Let 7/ (N) denote the set of integers n € (N /2, N] such that

> NIL A,

/ (@) fi (@)e(—na)da

Then we have

2
ML« X | [ pesi@enad
ne (N) ' °™
2
<« ¥ | [ pesi@e-nad (3.4)
%<n<N m
By Bessel’s inequality, we have
2
> ‘ / fr@) fi(@e(—na)de| < / | /3 (@) 2 (@)]da, (3.5)

% <n<N
Combining (3.4), (3.5) and Proposition 3.2, we have

% (N)| < N'=8+e.

1

Therefore, with at most O (N I-gg+e ) exceptions, all the integers n € (N /2, N] satisfy

/ fr(@) fi @e(—na)da| < NiLA,

from which and Proposition 3.1, we deduce that, with at most O (N'~387¢) exceptions, all the positive integers
n € (N/2, N] satisfying n = 4(mod 8),n = 1(mod 3),n = 2,4(mod 5) can be represented in the form
Pt + p5 + py + pi, where pi, p2, p3, ps are prime numbers. By a splitting argument, we obtain

E1(N) « N\=m+e.

This completes the proof of Proposition 2.4. O
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On Waring—Goldbach problem... 783

4 Proof of Proposition 3.1

In this section, we shall concentrate on proving Proposition 3.1. We first introduce some notations. For a Dirichlet
character x mod ¢ and k € {2, 4}, we define

a hk
Ci(x.a) = Zx(h)e(“?) Ci(g.a) = Ce(x°, a),
h=1

where Y is the principal character modulo ¢. Let x2, X4 . X 4{2), X f) be Dirichlet characters modulo ¢. Define

q
2 3 3 an
B(n q, x2, xil),xi),x()) > e aCa(xy” a)Ca(xy” a)Ca(xs”. a)e <—7>,
et
B(n.q) = B(n.q.x°. x° x° x°).
and write
B(n,q) .-
Al g) =~ &) =Y A, q). 4.1)

g=1
Lemma 4.1 For (a, q) = 1 and any Dirichlet character  mod q, there holds
|C(x. )| < 2¢'2dP (q)
with B = (logk)/log?2.
Proof See the Problem 14 of Chapter VI of Vinogradov [10]. O
Lemma 4.2 The singular series S(n) satisfies (3.3).
The proof of Lemma 4.2 will be given in section 5.

Lemma 4.3 Let f(x) be a real differentiable function in the interval [a, b). If f'(x) is monotonic and satisfies
| f'(x)| <6 < 1. Then we have

Z e2mif(n) _ / PETACORT + 0(1).

a<n<b

Proof See Lemma 4.8 of Titchmarsh [8]. O
Lemma 4.4 Let x, mod rp and Xii) mod rf) withi = 1, 2, 3 be primitive characters, ro = [rz, ril), riz), (3)],

and x° the principal character modulo q. Then there holds

1 2 3
ZW‘B@ g 101" 1" k% 01 x 0)‘ < rg ' log!? (4.2)

X

rolg

Proof By Lemma 4.1, we have

2 3
)B (g, x2x% 10 x% x50 1P« 0)’

q
3
< > ‘Cz(xzxo,a)C4( % a)Ca(xsP 10, a)Ca(xs )xo,a)‘ < q*e(@)d (q).
@t
Therefore, the left-hand side of (4.2) is

d’ rt2d’ (rot) _ _
< Z q ‘P(ZI) (@ _ Z oL < gt ) < 15 log!?
< (@) e M G =
zolq ~n N
This completes the proof of Lemma 4.4. O
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784 J. Lietal

Write

Vi = Y em'n),

Xi<m<2Xy
Wi n = Y (ogp)x(ple(pn) =8, Y e(m*), (4.3)
Xi<p<2Xk Xi<m<2Xy

where 6, = 1 or 0 according to whether y is principal or not. Then by the orthogonality of Dirichlet characters,
for (a, g) = 1, we have

a Ci(q,a) 1
—+A)=—""Vi(A —_— Cr(x,a)Wi(x, A).
fk<q+ ) KO+ s Y GGG @ Wilx, W)

¢(q) X o g

For j =1,2,...,8, we define the sets .#; as follows:

S =

{2,4,4,4},ifj = 1; {4,4,4},ifj = 3; {4,4},ifj = 5; {4},ifj =7,
(2,4,4},ifj =2; {2,4},ifj =4; {2},ifj =6; @,ifj =8.

Also, we write Z = {2, 3, 3, 3}\.;. Then we have

/ fg(a)f33(ot)e(—na)dot = L1 +3L+ 13+ 314+ 315+ Ig + 317 + I3, 4.4)
m
where
1 il an
L= @) Y] &g o )e( ——
g<p ¥\ o ke q
(a,9)=1
1
90
xf_ql ( I1 vkm)( 1 > ck<x,a)wk(x,x))e<—nx)dx.
90 ke kezx mod g

In the following content of this section, we shall prove that /; produces the main term, while the others
contribute to the error term.
For k = 2, 4, applying Lemma 4.3 to Vi (1), we have

2X; 1 exot
Vi(h) = / e V)du + 0(1) = -f vi~le(n)dy + 0(1)
Xy k Jxk

=~ Y mtlemu + 0. (4.5)
XE<m< X))k

Putting (4.5) into /1, we see that

1 3
1 B(n,q) [ac _1 _3
I = @q<P @) ) ( E m 2e(mk))( E m 4e(m)»)> e(—n))dA

70 " X2<m<(2X2)? X§<m<2X4)*
B 2
|B(n, q)| (a0 o s
+0(ZW - Yo mTe(ma) Yo mTie(mu)| di). (4.6)
q<P 70 " X2<m<(2X))? X§<m<@2X4)*
By using the elementary estimate
1 I 1
> mile(mr) < Ni~'min N,m , (4.7)
Xk <m<@Xp)k
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and Lemma 4.4 with r9 = 1, the O—term in (4.6) can be estimated as

1
B(n, N S 1
<y Hf—‘”'</ Nd)\+/ Nz-—dk> <L < NiL A
1 23
= ?@ \Jo X

If we extend the interval of the integral in the main term of (4.6) to [—1/2, 1/2], then from (3.1) we can see that
the resulting error is
7 dx
q0

for some @ > 0. Therefore, by Lemma 4.2, (4.6) becomes

1 o 14
11=@6(n)¢(n)+0(N4L ), (4.8)

where

-1 _3 1
Jn) = Z my * (mam3mg)™ % < N4, (4.9)
mi+my+m3+ma=n
X5<m<(2X2)°
Xi<mi <Xyt
i=2,3,4

In order to estimate the contribution of /; for j = 2, 3, ..., 8, we shall need the following three preliminary
lemmas, i.e. Lemma 4.5-Lemma 4.7, whose proofs are exactly the same as Lemmas 3.5-—3.7 in Zhang and Li
[11], so we omit the details herein. In view of this, for k € {2, 4}, we recall the definition of Wy (x, X) in (4.3)
and write

J(@) =Y lg 7Y max [Welx, )

r<P x mod r )‘\@

’

and

1

* rL 2
Ki(@) =) [g.r17"* > </ Q |Wk(X»)\)|2d)~) :

r<P xmodr \V 70
Here and below, ¥ * indicates that the summation is taken over all primitive characters.
Lemma 4.5 Ler P, Q be defined as in (3.1). Then we have

Ki(g) < g " FeNTaLE,
Lemma 4.6 Let P, Q be defined as in (3.1). Then we have
Ja(g) < g HENFLC
Lemma 4.7 Let P, Q be defined as in (3.1). Then, for any A > 0, we have
H(1) K NILA,

Now, we concentrate on estimating the terms /; for j =2, 3, ..., 8. We begin with the term I3, which is the
most complicated one. Reducing the Dirichlet characters in /g into primitive characters, we have

q 1
Zw%@ > e(—ﬂ)/"f( > Cz<xz,a)Wz(xz,x))

q<P (aa;I—l q 40  x2mod g

lg| =

3
x( > c4(X4,a>W4<X4,A)> e(—nde‘

x4 mod g
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786 J. Lietal

=2 X X 2 X 4@ B(ngoe " 1 )

g<P x2modg , () 6) 3)

mod g x4~ mod g x,~ mod g

£~
- ”“_

" WaGxm, M Wa (2", ) Wa (62, ) Wa(x ), 1)e(— nk)dk'

YYYY Y r ¥ Z

n<P O cpOgpdgpxamodrn g 0@ poq O G pog /O

- |B(n,q, x2x°, x4’ )xo xf)xo xf) 9]

4
i<r (@)
rolg

X/qQ )Wz O 2 Wa (g x 0 ) Wa (0 kO, 1) Wa(xg¥ 5. 2) ‘dk

q0

where x? is the principal character modulo ¢ and ro = [rz, rjl), rf), (3)] Forg < P and X} < p < 2Xj with

k € {2, 4}, we have (¢, p) = 1. From this and the definition of Wx(x, 1), we obtain W»(x2x°, 1) = Wa(x2. A)

and Wy( xf) x0x) = Wa( Xii), A) for primitive characters 2 and Xf) with i = 1,2, 3. Therefore, by Lemma

4.4, we obtain

ED VDD D SED VD DENED DEND B

n<P ril)<P r<2)<P r(3)<P x2 mod ra x(l) mod r(l) f) mod r(z) ( mod r(3)

x/ W20 Wa (" ) Wa (i, 1) Wa (¥ 2) |
’OQ

- 1B(n, 4. x2x° %% 12 %% xS x9)|

4
i<r (@)
rolq
* * * *
SLEED D DD DD DR DD DENED DD
<P (1)<P (2)<Pr(3)<P X2 modr2X modr(]) x()modr(z) 3) mod r (3)

xf [Wato, WA (" ) Wa (. 2 W, 1.
rOQ

In the last integral, we pick out |W2( X2, k)| and |W4( Xil), A) }, and then use Cauchy’s inequality to derive that

|18|<<L129(Z Z* max ‘Wﬂ)@k)‘)( Z Z* max ‘W4 )‘)

ra< P x2 mod rp lM\sz rD<P " mod r() <5~ (1)

x S5 (/ i 2>,A))2cu)é

(2)<PX(2) mod r(z)

1 1
x ¥ it 3 </rfj‘~’ ‘W4(xi3),x)‘2dx>2. (4.10)

W<p P medr® g

Now we introduce the iterative procedure to bound the sums over r(3), riz), rf ), r, consecutively and respec-

[©

tively. We first estimate the above sum over r,™ in (4.10) via Lemma 4.5. Since

0=l 2] = 29,
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the sum over rf) is

1

2
Z [[Vz,ril),rf)],rf)]_“g Z* (/ (3)Q ‘W4 3),A)’2dk)

rf) <P Xf) mod r(g) (3) 4]

K4<[r2, ril), rf)]) < [r ril), rf)] en-ae, (4.11)

By Lemma 4.5 again, the contribution of the quantity on the right-hand side of (4.11) to the sum over rf) in

(4.10) is

1

1
e (D] @71+ * Po ‘ &) ‘ ’
<K N73L Z [[rz,r4 ] Ty ] Z o W4 X4 k) di
"D<p @ mod 1?7 TG
= N73LE - Ky (I, riM1) < [ra VNI LS .12)

By Lemma 4.6, the contribution of the quantity on the right—hand side of (4.12) to the sum over ril) in (4.10) is
CNTALE Y P 3T max (wa(x” )|
rf)gP Xil) mod ri” ‘Al\ri])Q
= NTILE . Jy(r) < ry FENTHLE (4.13)

At last, from Lemma 4.7, inserting the bound on the right—hand side of (4.13) to the sum over > in (4.10), we
get

|Is] « N7#LC - D oIl Z* max ‘Wz Xz,)n)‘

<P x2 mod rp I)‘l\er
= N"ILC. (1) <« NIL7A, (4.14)
For the estimation of the terms I, I3, ..., I7, by noting (4.5) and (4.7), we obtain

1

V d 1 Nk Illl]l d + — |

1 1 1
<<N'1<_1</NN2d)»+/Qd—A> L« it
A e o

Using this estimate and the upper bound of Vi (X), which derives from (4.5) and (4.7), that Vy (L) < N %, we can
argue similarly to the treatment of Ig and obtain

(/,

Q

7
Y1« NIL A (4.15)
=2

Combining (4.4), (4.8), (4.14) and (4.15), we can derive the conclusion of Proposition 3.1.

5 The Singular Series

In this section, we shall investigate the properties of the singular series which appear in Proposition 3.1.

Lemma 5.1 Let p be a prime and p®||k. For (a, p) = 1, if £ > y(p), we have Cy(p*, a) = 0, where

(p) = o+2,ifp £A20rp =2, a =0;
Y T la+3,ifp=2,a>0.
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Proof See Lemma 8.3 of Hua [5]. |
For k > 1, we define

4q k
am
i) = 2 e(T)
Lemma 5.2 Suppose that (p,a) = 1. Then
Sk(p.a) =Y x(@t(x),

X €

where < denotes the set of non—principal characters x modulo p for which x* is principal, and t(x) denotes
the Gauss sum

Z rme(™)

Also, there hold |t(x)| = p'/? and || = (k, p — 1) — 1.
Proof See Lemma 4.3 of Vaughan [9]. O

Lemma 5.3 For (p,n) = 1, we have

p—1 3
3 Sp DS (o[ oy 6.0

p* p

a=1

Proof We denote by X the left—hand side of (5.1). By Lemma 5.2, we have

7 Z( Z mt(m))( Z mt()(4)>3e<— %)

X265 X4E4

If |.@%| = 0 for some k € {2, 4} then ¥ = 0. If this is not the case, then

Z > 2 2 o)) (6”)

Xzegfz W Veds xPeccty O ety

p—1
x> e@n” @x@x @e( - %).

a=1

From Lemma 5.2, the quadruple outer sums have not more than 27 terms. In each of these terms, we have

)T(Xz)r(xi”) @7 <3)‘_

Since in any one of these terms x2(a) Xil) (a) Xf) (a) Xf)(a) is a Dirichlet character x (mod p), the inner sum
is

;x(a)e(——)—x( n)Zx( an)e(—?)_x( DT (x).

From the fact that 7(x?) = —1 for principal character x° mod p, we have

[x(=mr(0| < p
By the above arguments, we obtain
1
p4
This completes the proof of Lemma 5.3. O

1% <
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Lemma 5.4 Let £ (g, n) denote the number of solutions of the following congruence
2 4 4 4 _ . . _
X{+x3 +x3+x,=n (mod q), 1<x <q, (xj,q)=1.

Then, for any odd prime p, there holds £ (p,n) > 0 provided that n = 1 (mod 3) and n = 2,4 (mod 5).
Moreover, we also have £ (8, n) > 0 forn = 4 (mod 8).

Proof By the orthogonality of Dirichlet characters, we have

p
p 2w =) G acipad - )= -1 +E),

a=1
where

p—1
E, = ZCﬂp,a)Ci(p,a)e( — %)

a=1

By Lemma 5.2, we obtain
|Epl < (p— D(/p+ DGBYp+ 1)

It is easy to check that |[E,| < (p — 1)* for p > 41. Therefore, we obtain .Z(p,n) > 0 for p > 41. For
p=23,57,11,13,17,19,23,29, 31, 37, we can check .Z(p, n) > 0 directly provided thatn = 1 (mod 3) and
n = 2,4 (mod 5). Also, we can check .Z (8, n) > 0 by hand for n = 4 (mod 8). This completes the proof of
Lemma 5.4. |

Lemma 5.5 A(n, q) is multiplicative in q.

Proof By the definition of A(n, ¢) in (4.1), we only need to show that B(n, ¢) is multiplicative in g. Suppose
that ¢ = q1¢»> with (g1, g2) = 1. Then we have

q192
an
Bn,qiqn) = ) cz<q1qz,a>ci(q1q2,a)e<——)

st q192
(a.q192)=1
qi 0@
3 an an
= > Y Cz(qlqz,alqz+azq1)C4(C11q2,alq2+azq1)e<— —>€<— —) (52)
_ _ q1 q2
ar=1 ar=1
(a1,q1)=1 (az2,q2)=1
For (¢1,92) = 1 and k € {2, 4}, there holds
q192 k
(a192 + azq1)m
Cqp a2 +aq) = Y e(—
el q192

(m,q192)=1

_ i i e((dlé]z+aqu)(M1Q2+m2Q1)k>

mp=1 my=1 9192

(m1,q1)=1 (m2,q2)=1

_ i e(m(mlqz)k) qz e(élz(mzch)k)

my=1 q1 a1 q2

(m1,q1)=1 (m2,q2)=1

= Ci(q1, a1)Cr(q2, a2). (5.3)

Putting (5.3) into (5.2), we deduce that
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91
ain
B, qign) = Y Calgr,an)Ci(qi, al)e( - Z)
ar=1
(=1
2 armn
x Y Calgr, ) Ciga, az)é( - —)
— q2
ar=1
(a2.q2)=1
= B(n.q1)B(n. q2).
This completes the proof of Lemma 5.5. O

Lemma 5.6 Let A(n, q) be defined as in (4.1). Then the singular series &S (n) is convergent. Moreover; there
exist two absolute positive constants ¢* > 0 and ¢, > 0 such that

(loglogn)™ « 6(n) « (loglog n)<"
provided that n = 4 (mod 8),n =1 (mod 3) and n = 2,4 (mod 5).

Proof From Lemma 5.5, we know that B(n, ¢) is multiplicative in g. Therefore, there holds

Bn.q) =[] B p) =[] Z C(p' ) C3 (', e — —) (5.4)
P'llg r'llg
( ) 1
From (5.4) and Lemma 5.1, we deduce that
&) = (1 + A(n,2)+ A(n,4) + An, 8)) 1_[ (l + A(n, p)).
p#2

Write

Y (p,a) = Ca(p,a)Ci(p,a) — Sa(p,a)S; (p, a).
Then

p—1 p—1

A, p) = o _1 0 ZSz(p,a)S4(p,a)e( ) 4+ — = ! 0 Z“V(p,a)e( - ?n) (5.5)

Applying Lemma 4.1 and noticing that S; (p, a) = Ci(p, a)+1,we get Sy (p, a) K p%, andthus 7 (p, a) € p%.
Therefore, the second term in (5.5) is < c1 p Z On the other hand, from Lemma 5.3, we can see that the first

term in (5.5) is < 2% - 27p~ 5= 432p~ 5 . Let ¢ = ¢ + 432. Then we have proved that, for odd prime p 1 n,
there holds

[T[o8}

[A(n, p)| < cop™ 2. (5.6
Moreover, if we use Lemma 4.1 directly, it follows that
|B(n. p)| = O C3(p,are( — 7)‘ Z\Cz<p,a)||c4<p,a>|
< (p—l)-24.p2.128=2048p (p—l),
and therefore
B(n, 2048p%  23.2048p% 16384
|A(n,p)|=| (o Pl P« P _ . (5.7)

e p) T (p-1D3 " p* p
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Let ¢c3 = max(cp, 16384). Then, we obtain

6 = (1+A0n,2)+ A H+An ) [] (1+A;, p)))

2<p<c3
x ( [T+ A p))>< [T+ A p))). (5.8)
p>c3 p>c3
pin pin

From (5.6), we know that there exist two positive constants ¢s > ¢4 > 0 such that

O<C4<H(l—%)gH(l-i—A(n,p))gl_[(l—i—%)éCs. (5.9)

p>c3 p>c3 p>c3
pin

By (5.7), there exist two positive constants cg > 0 and ¢7 > 0 such that

[Ta+aemm) =[] (1 - %) >T1 (1 - %*) > (loglogm) ™ (5.10)

[7>‘C3 [7>|C‘3 pln
pln pln

and

[T+amm) <[] (1 - Ci) <I1 (1 - %3) < (loglogn)”. (5.11)

p>c3 p>c3 pin
pln pln

On the other hand, it is easy to see that

1+ A, p) = %

By Lemma 5.4, we know that Z(p, n) > 0 for all odd prime p provided that » = 1 (mod 3) and n = 2,4
(mod 5), and thus 1 + A(n, p) > 0. Therefore, there exist two positive constants cg > cg > 0 such that

0<cg < ]_[ (1+ A, p)) < co. (5.12)
2<p<c3
Moreover, it is easy to check that
8. 28,
1+An,2)+An,4)+ A, 8) = 8-2Gn) >0 (5.13)

44

provided that n = 4 (mod 8). Combining the estimates (5.8)—(5.13), and taking ¢, = ¢ > 0 and ¢* = ¢7 > 0,
we deduce that, forn = 4(mod 8),n = 1 (mod 3) and n = 2, 4 (mod 5), there holds

(loglogn)~* <« &(n) < (loglog n)<".

This completes the proof Lemma 5.6. O

@ Springer



792 J. Lietal

6 Proof of Proposition 3.2
In this section, we first present two lemmas which will be used to prove Proposition 3.2.
Lemma 6.1 Suppose that « is a real number, and that there exist a € 7 and q € N with

(a,q)=1, 1<qg<X and |qga—al <X L.

47

N"—

IfX;” <X < XP, then one has
_d Xl+8
Z e(p4ot) << X4 24 €+ 4 .
X4<p<2Xs \/61(1 + X3la —a/ql)
Proof See Lemma 2.4 of Zhao [12]. m]

Lemma 6.2 Let fi () be defined as above. Then we have

1
f |2 (@) f(@)|da < N,
0

Proof Trivially, the conclusion can be deduced by counting the number of solutions of the underlying Diophantine
equation

xt—x3 =+ -y -y

with X < xp,x0 < 2Xoand X4 < y; < 2X4fori = 1,2,3,4. If x; # x2, the contribution is bounded by
X 3"’8. If x; = x3, the contribution is bounded by

1
< Xs- / | fa(@)*de.
0

By Lemma 2.5 of Vaughan [9], we have

1
| 1sertae < x3,
0

and thus the contribution with x; = x2 is < X» - XZ” « N'te, Combining above two cases, we deduce that

1
/ | (o) fi(@)]da <« X3H + X5 - X310 < NIFE
0

This completes the proof of Lemma 6.2. O
Fora e m,wehave P < g < Q and N|go — a| < NQ_1 < P, and thus

1— 5+ 23
sup | fa(e)| < X, 277 « Nwte,

aem

Therefore, we derive that
1
/ | £7 (@) f{ ()] der < (sup |f4(a)|2) / | £3 (@) £ (@) |dar
m aem 0
< (N%+s)2.N1+a « Nitl-m+e,
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