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Abstract The main purpose of this paper is utilizing the analytic methods to study Hybrid mean value including
the character, the general trigonometric sums, and the general quadratic Gauss sums, then obtain several mean
value asymptotic formulae.
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1 Introduction and main results

Let q ≥ 3 be an integer, and χ denote a Dirichlet character modulo q. For any real number x ≥ 1, the estimate for
the character sum

∑

n≤x

χ(n) plays a prominent role in analytic number theory. In the past, people paid attention

to investigating the properties of this sum. For example, when q = p is a prime, Pólya [5] obtained Pólya’s
inequality

∑

n≤x

χ(n) � p
1
2 log p.

Pólya’s inequality is extended to arbitrary nonprincipal characters (Theorem13.15 in Ref [6]). If χ is any
nonprincipal mod q, then for all x ≥ 2

∑

n≤x

χ(n) � q
1
2 log q.

Communicated by B. Sury.

This work is supported by Natural Science Basic Research Project of Shaanxi Province(2021JM-044)

R. Ma · H. Wang (B)
School of Mathematics and Statistics, Northwestern Polytechnical University, Xi’an, Shaanxi 710072, People’s Republic of China
E-mail: marong@nwpu.edu.cn

R. Ma
E-mail: 2805256907@qq.com

Y. Zhang
School of Software, Xi’an Jiaotong University, Xi’an, Shaanxi 710049, People’s Republic of China
E-mail: zzboyzyl@163.com

123



806 R. Ma et al.

For a nonprincipal character, D.A.Burgess [7] gave mean value upper bound estimation of character sums

k∑

n=1

|
h∑

m=1

χ(n + m)|2 < kh.

For higher exponents of character sums, Xu and Zhang [18] found an asymptotic formula of the 2kth power
mean value of the even primitive character sums in the short intervals as

∑∗

χ(−1)=1

|
∑

n<
q
4

χ(n)|2k = J (q)qk

16
(
π

8
)2k−2

∏

p|q
(1 − 1

p2 )2k−1
∏

p†2q

A(0, k, p, 2) + O(qk+ε),

where
∑∗

χ(−1)=1 denotes the summation over primitive characters modulo q with χ(−1) = 1, J (q) is the
number of all primitive characters modulo q,

∏
p|q is the product over prime divisors p of q, and

A(m, k, p, s) =
2k−2∑

i=1

1

pis

i∑

j=1

(−1) j C j
2k−1Cm+i− j

k+m+i− j−1Ci− j
k+i− j−1

with Cn
m = m!

n!(n−m)! .
Let p be a prime and f (x) = at xt +at−1xt−1 +···+a0 be an t−degree polynomial with integral coefficients

and p†(at , at−1, · · ·, a0). The famous classical trigonometric sums is

p∑

a=1

e

(
f (a)

p

)

where e(y) = e2π iy .
Mordell [13] got the famous upper bound

p∑

a=1

e

(
f (a)

p

)
� p1− 1

t .

Carlitz and Uchiyama [12] gave a better upper bound
∣∣∣∣∣

p∑

a=1

e

(
f (a)

p

)∣∣∣∣∣ ≤ t
√

p.

Bourgain [25] obtained Mordell’s exponential sum estimate
∣∣∣∣∣∣

p−1∑

x=1

e

(
f (x)

p

)∣∣∣∣∣∣
< p1−δ,

if f (x) = ∑r
i=1 ai xki ∈ Z[x] and (ai , p) = 1 where the exponents 1 ≤ ki ≤ p − 1 satisfy

(ki , p − 1) < p1−ε for all 1 ≤ i ≤ r,

(ki − k j , p − 1) < p1−ε for all 1 ≤ i �= j ≤ r.

Other abundant results of exponential sums see [26] and [27].
Afterwards, Ma [8] defined the general trigonometric sums which is the generalization of classical trigono-

metric sums as

p∑

a=1

χ(a)e

(
f (a)

p

)
,
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Hybrid mean value of the character sums over... 807

and studied the 2m-th power mean of Dirichlet L-functions with the weight of the general trigonometric sums,
gave an interesting asymptotic formula:

∑

χ �=χ0

∣∣∣∣∣∣

p−1∑

a=1

χ(a)e

(
f (a)

p

)∣∣∣∣∣∣

2

|L(1, χ)|2m

= p2ζ 2m+1(2)
∏

p0

(
1 − 1 − Cm−1

2m−2

p0
2

)
∏

p0 �=p

A(0, k, p0, 2) + O(p2− 1
k +ε),

where
∏

p0
denotes the product over all primes different from p.

In 2015, Tian [19] researched the general trigonometric sums weighted by character sums, and derived sharp
asymptotic formula:

∑

χ mod p

∣∣∣∣∣∣

p−1∑

a=1

χ(a)e

(
f (a)

p

)∣∣∣∣∣∣

2 ∣∣∣∣∣∣

∑

n≤ p
4

χ(n)

∣∣∣∣∣∣

2k

=
(

C(k)ζ 2k+1(2) + π2k−2

26k−2

)
pk+2

(
1 − 1

p2

)2k−1 ∏

p0 �=p

A(0, k, p0, 2) + O(qk+2− 1
s +ε),

where ζ (s) is Riemann Zeta function,
∏

p0 �=p denotes the product over all different primes except p, and

C(k) = 1

π2k

k∑

i=0

Ci
k(−2)k−i

i∑

j=0

6 j
k−1∑

s=0

i− j∑

t=0

A(|3i − 4s − j − 2t − 2k|, k, 2, 2)

2|3i−4s− j−2t−2k|+2k+1 .

In addition, hybrid mean value of the character sums over the short interval [1,
q
8 ) and the other sums, such

as the general quadratic Gauss sums. For any integer n, the Gauss sums is defined as

G(n, χ) =
q∑

a=1

χ(a)e

(
an

q

)
.

Alkan [28] established certain identity relating values of Dirichlet L-functions at positive integers to Gauss sums

(−1)ν+1kr !
ir 2r−1πr

L(r, χ) =
2
[ r

2

]
∑

q=0

(
r

q

)
Bq S(r − q, χ)

where Bq is the qth Bernoulli number and S(m, χ) := ∑k
n=1

( n
k

)m
G(n, χ).

Other result of Gauss sums sees [29].
For any integer n, the general quadratic Gauss sums is defined as

G(n, χ, q) =
q∑

a=1

χ(a)e

(
na2

q

)

where e(y) = e2π iy .
W. P. Zhang [24] studied the properties of the quadratic Gauss sums and proved the identities

∑

χ mod p

|G(n, χ, p)|4 =
{

(p − 1)(3p2 − 6p − 1), if p ≡ 3(mod4);
(p − 1)(3p2 − 6p − 1 + 4

(
n
p

)√
p), if p ≡ 1(mod4),

and
∑

χ mod p

|G(n, χ, p)|6 = (p − 1)(10p3 − 25p2 − 4p − 1), i f p ≡ 1(mod4)
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808 R. Ma et al.

where
(

n
p

)
is the Legendre symbol. Zhang and Xu [22] researched the hybrid mean value of the character sums

over the short interval [1,
q
4 ) and the general quadratic Gauss sums, they got

∑

χ mod p
χ �= χ0

|G(n, χ; p)|2
∣∣∣∣∣∣

∑

x≤ p
4

χ(x)

∣∣∣∣∣∣

2k

= A · pk+2

8
+ O(pk+ 3

2 +ε),

where A = (π
8 )2k−2(1 − 1

p2 )2k−1∏∗
p1

(1 − 1−Ck−1
2k−2

p1
2 ), and

∏∗
p1

is the product of all odd primes p1 with p1 �= p.

It is natural to reflect on hybrid mean value of the character sums over the short interval [1,
q
8 ) and the other

famous sums above, such as the general trigonometric sums and the general quadratic Gauss sums. Hence, we
obtain the following formulae:

Theorem 1 Let p > 8 be an odd prime, and χ denote a primitive Dirichlet character modulo p with χ(−1) = 1,
let f (x) = ∑s

i=0 ai xi be a polynomial with deg( f (x)) = s and p † (a0, a1, · · ·as). Then for any positive integer
k and s, we have

∑

χ mod p
χ(−1) = 1

∣∣∣∣∣∣

p−1∑

a=1

χ(a)e

(
f (a)

p

)∣∣∣∣∣∣

2 ∣∣∣∣∣∣

∑

n≤ p
8

χ(n)

∣∣∣∣∣∣

2k

= pk+2

2k+1π2k

k∑

i=1

2k−i
(

k

i

)2

Ci + O(pk+2− 1
s +ε),

where Ci =
∞∑

n = 1
(n, 2q) = 1

r2
i (n)

n2 is a constant which depends on i , when 1 < i < k, ri (n) = ∑
t |n τi (t)χ4(t)τk−i

( n
t )χ8(

n
t ), and r0(n) = √

2τ0(n), rk(n) = τk(n).

Theorem 2 Let p > 8 be an odd prime and n be an integer (n, p) = 1, for any positive integer k, we obtain the
asymptotic formula

∑

χ mod p
χ �= χ0

|G(n, χ, p)|2
∣∣∣∣∣∣

∑

x≤ p
8

χ(x)

∣∣∣∣∣∣

2k

= pk+2

2kπ2k

k∑

i=1

2k−i
(

k

i

)2

Ci + O(pk+ 3
2 +ε),

where Ci =
∞∑

n = 1
(n, 2q) = 1

r2
i (n)

n2 is a constant which depends on i , when 1 < i < k, ri (n) = ∑
t |n τi (t)χ4(t)τk−i

( n
t )χ8(

n
t ), and r0(n) = √

2τ0(n), rk(n) = τk(n).

Theorem 3 Let p > 8 be an odd prime and n be an integer (n, p) = 1, for any positive integer k, we obtain the
asymptotic formula

∑

χ mod p
χ �= χ0

|G(n, χ, p)|4
∣∣∣∣∣∣

∑

x≤ p
8

χ(x)

∣∣∣∣∣∣

2k

= 3pk+3

2kπ2k

k∑

i=1

2k−i
(

k

i

)2

Ci + O(pk+ 5
2 +ε),
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Hybrid mean value of the character sums over... 809

where Ci =
∞∑

n = 1
(n, 2q) = 1

r2
i (n)

n2 is a constant which depends on i , when 1 < i < k, ri (n) = ∑
t |n τi (t)χ4(t)τk−i

( n
t )χ8(

n
t ), and r0(n) = √

2τ0(n), rk(n) = τk(n).

Theorem 4 Let p > 8 be an odd prime and n be an integer (n, p) = 1, for any positive integer k, we obtain the
asymptotic formula

∑

χ mod p
χ �= χ0

|G(n, χ, p)|6
∣∣∣∣∣∣

∑

x≤ p
8

χ(x)

∣∣∣∣∣∣

2k

= 10pk+4

2kπ2k

k∑

i=1

2k−i
(

k

i

)2

Ci + O(pk+ 7
2 +ε),

where Ci =
∞∑

n = 1
(n, 2q) = 1

r2
i (n)

n2 is a constant which depends on i , when 1 < i < k, ri (n) = ∑
t |n τi (t)χ4(t)τk−i

( n
t )χ8(

n
t ), and r0(n) = √

2τ0(n), rk(n) = τk(n).

2 Some lemmas

In order to complete the proof of the above theorem, we need use the following several lemmas.

Lemma 1 [19] Let f (x) be a polynomial coefficients as f (x) = a0 + a1x + · · · + as xs . χ be a Dirichlet
character modulo p and g(x) = g(x, a) = f (ax) − f (x) = ∑s

i=0 ai (ai − 1)bi . Then we have

∣∣∣∣∣∣

p−1∑

b=1

χ(a)e

(
f (a)

p

)∣∣∣∣∣∣

2

= p − 1 +
p−1∑

a=2

χ(a)

p−1∑

b=1

e

(
g(b, a)

p

)
.

Lemma 2 [23] Let q ≥ 8 be an odd integer, and χ denote a primitive Dirichlet character modulo q with
χ(−1) = 1, then we have the identity that

[ q
8 ]∑

a=1

χ(a) = τ(χ)

2π
[χ(2)L(1, χχ4) + √

2L(1, χχ8)].

where χ4 is the nonprincipal character modulo 4 and χ8 denotes the real primitive character modulo 8 such that
χ(−1) = −1.

Not only the character sums can be expressed as the mean of the L-function, but Gauss sums can also be expressed
as some form of the L-function, see [30].

Lemma 3 [19] Let f (x) and g(x)satisfy the conditions of Lemma 1 , then we have the following estimation
∣∣∣∣∣∣

p−1∑

b=1

χ(a)e

(
g(b, a)

p

)∣∣∣∣∣∣

{≤ Cp1− q
s , p † (b0, b1, ..., bs);

= p − 1, p|(b0, b1, ..., bs),

where bi = ai (ai − 1), i − 0, 1, ..., s and C is a constant only depending on s.

Lemma 4 [16] Let q and r be integers with q ≥ 2 and (r, q) = 1, then we have the identities

∑∗

χ mod q

χ(r) =
∑

d|(q,r−1)

μ(
q

d
)φ(d), J (q) =

∑

d|q
μ(

q

d
)φ(d),
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810 R. Ma et al.

where
∑∗

denotes the summations over all primitive character,μ(n) is the Möbius function,φ is the Euler
function and J (q) denotes the number of primitive characters modulo q.

Lemma 5 [23] Let p > 8 be an odd integer, we have

∑

χ(−1)=1

∣∣∣∣∣∣

∑

n≤ q
8

χ(n)

∣∣∣∣∣∣

2k

= J (q)qk

2k+1π2k

k∑

i=1

2k−i
(

k

i

)2

Ci + O(qk+ε)

where Ci =
∞∑

n = 1
(n, 2q) = 1

r2
i (n)

n2 is a constant which depends on i , when 1 < i < k, ri (n) = ∑
t |n τi (t)χ4(t)τk−i

( n
t )χ8(

n
t ), and r0(n) = √

2τ0(n), rk(n) = τk(n).

Lemma 6 [23] Let q ≥ 8 be an odd integer, and χ denote a primitive Dirichlet character modulo q with
χ(−1) = 1, χ4 is the nonprincipal character modulo 4 and χ8 denotes the real primitive character modulo 8
such that χ8(−1) = −1. Let k ≤ 2 be a any integer, and be a, b ≤ k any fixed integers which satisfy a = 0, b �= 0
and a = k, b �= k, then we have

∑∗

χ(−1)=1

χa(2)χb(2)La(1, χχ4)Lb(1, χχ4)Lk−a(1, χχ8)Lk−b(1, χχ8)

=
{

1
2 C(a)J (q) + O(qε), a = b;
O(qε), a �= b,

where C(a) =
∞∑

n = 1
(n, q) = 1

r2
a (n)

n2 is a constant and ra(n) = ∑
t |n τa(t)χ4(t)τk−a( n

t )χ8(
n
t ).

Lemma 7 Let q ≥ 8 be an odd integer, and χ denote a primitive Dirichlet character modulo q with χ(−1) = 1,
χ4 is the nonprincipal character modulo 4 and χ8 denotes the real primitive character modulo 8 such that
χ8(−1) = −1. For 1 ≤ a < q with (a, q) = 1 and any positive integer k, we have

∑∗

χ mod q
χ(−1) = 1

∣∣∣χ(a)|L(1, χχ8)|2k
∣∣∣ � aεqε + aε−1qε+1,

and
∑∗

χ mod q
χ(−1) = 1

∣∣∣χ(a)|L(1, χχ4)|2k
∣∣∣ � aεqε + aε−1qε+1.

Proof Firstly, for a parameter M with q ≤ M < q2k+1, we apply the Abel’s identity, then

Lk(1, χχ8) =
∞∑

n=1

χχ8(n)τk(n)

n
=

M∑

n=1

χχ8(n)τk(n)

n
+
∫ +∞

M

A(y, χχ8)

y2 dy,

where A(y, χ) = ∑
M≤n≤y χ(n)τk(n), and τk(n) denote the kth divisor function (i.e.,the number of positive

integer solutions of the equation n1n2 · · · nk = n). Hence
∑∗

χ mod q
χ(−1) = 1

χ(a)|L(1, χχ8)|2k

=
∑∗

χ mod q
χ(−1) = 1

χ(a)

⎛

⎜⎝

M
a∑

n1=1

χχ8(n1)τk(n1)

n1
+
∫ +∞

M
a

A(y, χχ8)

y2 dy

⎞

⎟⎠
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Hybrid mean value of the character sums over... 811

×
(

M∑

n=1

χχ8(n2)τk(n2)

n2
+
∫ +∞

M

A(y, χχ8)

y2 dy

)

=
∑∗

χ mod q
χ(−1) = 1

χ(a)

⎛

⎜⎝

M
a∑

n1=1

χχ8(n1)τk(n1)

n1

⎞

⎟⎠

(
M∑

n=1

χχ8(n2)τk(n2)

n2

)

+
∑∗

χ mod q
χ(−1) = 1

χ(a)

⎛

⎜⎝

M
a∑

n1=1

χχ8(n1)τk(n1)

n1

⎞

⎟⎠
(∫ +∞

M

A(y, χχ8)

y2 dy

)

+
∑∗

χ mod q
χ(−1) = 1

χ(a)

(∫ +∞
M
a

A(y, χχ8)

y2 dy

)(
M∑

n=1

χχ8(n2)τk(n2)

n2

)

+
∑∗

χ mod q
χ(−1) = 1

χ(a)

(∫ +∞
M
a

A(y, χχ8)

y2 dy

)(∫ +∞

M

A(y, χχ8)

y2 dy

)

≡ S1 + S2 + S3 + S4.

��
In the following, we will compute S1 − S4, respectively. Firstly, we will estimate S1. With Lemma 4, we know
the following identical relation:

∑∗

χ mod q
χ(−1) = 1

χχ8(a)

=
∑∗

χ mod q
χχ8(−1) = −1

χχ8(a)

= 1

2

∑∗

χχ8 mod 8q

(1 − χχ8(−1)) χχ8(a)

= 1

2

∑∗

χχ8 mod 8q

χχ8(a) − 1

2

∑∗

χχ8 mod 8q

χχ8(−a)

= 1

2

∑

d|(8q,a−1)

μ(
8q

d
)φ(d) − 1

2

∑

d|(8q,a+1)

μ(
8q

d
)φ(d).

So we can deduce that

S1 =
∑∗

χ mod q
χ(−1) = 1

χ(a)

⎛

⎜⎝

M
a∑

n1=1

χχ8(n1)τk(n1)

n1

⎞

⎟⎠

(
M∑

n=1

χχ8(n2)τk(n2)

n2

)

= 1

2

∑′

1≤n1≤ M
a

∑′

1≤n2≤M

χ8(n1n2)τk(n1)τk(n2)

n1n2

∑

d|(8q,n1n2a−1)

μ(
8q

d
)φ(d)

+1

2

∑′

1≤n1≤ M
a

∑′

1≤n2≤M

χ8(n1n2)τk(n1)τk(n2)

n1n2

∑

d|(8q,n1n2a+1)

μ(
8q

d
)φ(d)

= 1

2

∑

d|8q

μ(
8q

d
)φ(d)

∑ ′

1≤n1≤ M
a

∑ ′
1≤n2≤M

an2≡n1( mod d)

χ8(n1n2)τk(n1)τk(n2)

n1n2

123



812 R. Ma et al.

+1

2

∑

d|8q

μ(
8q

d
)φ(d)

∑ ′

1≤n1
M
a

∑ ′
1≤n2≤M

an2≡−n1( mod d)

χ8(n1n2)τk(n1)τk(n2)

n1n2

≡ A1 + A2.

Then we can easily obtain

A1 = 1

2

∑

d|8q

μ(
8q

d
)φ(d)

∑ ′

1≤n1≤ M
a

∑ ′
1≤n2≤M

an2≡n1( mod d)

χ8(n1n2)τk(n1)τk(n2)

n1n2

= 1

2

∑

d|8q

μ(
8q

d
)φ(d)

∑ ′

1≤n1≤ M
a

∑ ′
1≤n2≤M

n1=an2

χ8(n1n2)τk(n1)τk(n2)

n1n2

+1

2

∑

d|8q

μ(
8q

d
)φ(d)

∑ ′

1≤n1≤ M
a

∑ ′
1≤n2≤M

−an2+n1=d

χ8(n1n2)τk(n1)τk(n2)

n1n2

+1

2

∑

d|8q

μ(
8q

d
)φ(d)

∑ ′

1≤n1≤ M
a

∑ ′
1≤n2≤M

−an2+n1=td,t≥2

χ8(n1n2)τk(n1)τk(n2)

n1n2

�
∑

d|8q

φ(d)
∑′

1≤n2≤ d−1
a

τk(n2)τk(an2)

an2
2 +

∑

d|8q

φ(d)
∑′

1≤n2≤M

τk(n2)τk(d + an2)

n2(d + an2)

+
∑

d|8q

φ(d)
∑′

1≤n2≤M

[ M−an2
d ]∑

t=[ −an2
d ]+2

τk(n2)τk(td + an2)

n2(td + an2)

� τk(a)

a

∑

d|8q

φ(d)
∑′

1≤n2≤ d−1
a

(n2)
ε

n2
2 +

∑

d|8q

φ(d)

d

∑′

1≤n2≤M

((n2)(d + an2))
ε

n2 + an2
2

d

+
∑

d|8q

φ(d)

d

∑′

1≤n2≤M

[ M−an2
d ]∑

t=[ −an2
d ]+2

τk(n2)τk(td + an2)

tn2 + an2
2

d

� aε−1q1+ε + aεqε,

and

A2 = 1

2

∑

d|8q

μ(
8q

d
)φ(d)

∑ ′

1≤n1
M
a

∑ ′
1≤n2≤M

an2≡−n1( mod d)

χ8(n1n2)τk(n1)τk(n2)

n1n2

= 1

2

∑

d|8q

μ(
8q

d
)φ(d)

∑ ′

1≤n1≤ M
a

∑ ′
1≤n2≤M

an2+n1=d

χ8(n1n2)τk(n1)τk(n2)

n1n2

+1

2

∑

d|8q

μ(
8q

d
)φ(d)

∑ ′

1≤n1≤ M
a

∑ ′
1≤n2≤M

an2+n1=td,t≥2

χ8(n1n2)τk(n1)τk(n2)

n1n2

�
∑

d|8q

φ(d)

d

∑′

1≤n2≤M

((n2)(d − an2))
ε

n2 − an2
2

d

123



Hybrid mean value of the character sums over... 813

+
∑

d|8q

φ(d)

d

∑′

1≤n2≤M

[ M−an2
d ]∑

t=[ −an2
d ]+2

τk(n2)τk(td − an2)

tn2 − an2
2

d

� aεqε.

Hence, we understand that the scope of S1 can be controlled by aε−1q1+ε +aεqε, i.e. S1 � aε−1q1+ε +aεqε.

Thanks to the estimate (see Lemma 4 of [16])

∑

χ �=χ0

|A(y, χ)|2 � y
2− 4

2k +ε
φ2(q),

we apply Cauchy inequality to get

∑

χ(−1)=1

|A(y, χ)| �
∑

χ �=χ0

|A(y, χ)| � y
1− 2

2k +ε
q

3
2

Because of above-mentioned estimate, we have

S2 =
∑∗

χ mod q
χ(−1) = 1

χ(a)

⎛

⎜⎝

M
a∑

n1=1

χχ8(n1)τk(n1)

n1

⎞

⎟⎠
(∫ +∞

M

A(y, χχ8)

y2 dy

)

�
∑

1≤n1≤ M
a

nε−1
1

∫ +∞

M

1

y2

⎛

⎝
∑

χχ8(−1)=−1

|A(y, χχ8)|
⎞

⎠ dy

�
(

M

a

)ε ∫ +∞

M

q
3
2 y

1− 2
2k +ε

y2 dy

� q
3
2 a

2
2k

M
2

2k −ε
.

Similarly,

S3 � q
3
2 a

2
2k

N
2

2k −ε
.

At last, we will estimate that

S4 =
∑∗

χ mod q
χ(−1) = 1

χ(a)

(∫ +∞
M
a

A(y, χχ8)

y2 dy

)(∫ +∞

M

A(y, χχ8)

y2 dy

)

≤
∫ +∞

M
a

∫ +∞

M

1

y2z2

∣∣∣∣∣∣∣

∑∗

χ mod q
χχ8(−1) = −1

|A(y, χχ8)||A(z, χχ8)|dydz

∣∣∣∣∣∣∣

�

⎛

⎜⎜⎝

∫ +∞
M
a

1

y2

⎛

⎜⎝
∑∗

χ mod q
χχ8(−1) = −1

|A(y, χχ8)|2
⎞

⎟⎠

1
2

dy

⎞

⎟⎟⎠

×

⎛

⎜⎜⎝

∫ +∞

M

1

z2

⎛

⎜⎝
∑∗

χ mod q
χχ8(−1) = −1

|A(z, χχ8)|2
⎞

⎟⎠

1
2

dz

⎞

⎟⎟⎠
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� φ2(q)a
2

2k

M
4

2k −ε
.

Taking M = q2k
and ε < 2

2k , we have

∑∗

χ mod q
χ(−1) = 1

∣∣∣χ(a)|L(1, χχ8)|2k
∣∣∣ � aεqε + aε−1qε+1.

Applying the analogous way, we obtain
∑∗

χ mod q
χ(−1) = 1

∣∣∣χ(a)|L(1, χχ4)|2k
∣∣∣ � aεqε + aε−1qε+1.

Lemma 8 [24] let p be a prime, n be an integer with (n, p) = 1, χ1 be the Legendre symbol and G(n; p) be
the classical quadratic Gauss sums. Then we have

|G(n, χ, p)|2 = 2p + χ1G(1, ; p)

p−1∑

a=1

χ(a)χ1(a
2 − 1),

and

G(1; p) = 1

2
√

p(1 + i)(1 + e− π i p
2 ) =

{√
p, if p ≡ 1(mod4);

i
√

p, if p ≡ 3(mod4).

Proof See reference [24]. ��

3 Proof of theorem

In this section, we complete the proof of the theorem. At first, let us start with the proof of Theorem 1, by Lemma
1 and Lemma 2, we know

∑

χ mod p
χ(−1) = 1

∣∣∣∣∣∣

p−1∑

a=1

χ(a)e

(
f (a)

p

)∣∣∣∣∣∣

2 ∣∣∣∣∣∣

∑

n≤ p
8

χ(n)

∣∣∣∣∣∣

2k

=
∑

χ mod p
χ(−1) = 1

(p − 1)

∣∣∣∣∣∣

∑

n≤ p
8

χ(n)

∣∣∣∣∣∣

2k

+
p−1∑

a=2

p−1∑

b=1

e

(
g(b, a)

p

) ∑

χ mod p
χ(−1) = 1

χ(a)

∣∣∣∣
τ(χ)

2π
[χ(2)L(1, χχ4) + √

2L(1, χχ8)]
∣∣∣∣
2k

:=
∑

χ mod p
χ(−1) = 1

(p − 1)

∣∣∣∣∣∣

∑

n≤ p
8

χ(n)

∣∣∣∣∣∣

2k

+ E .

By Lemma 5, we can estimate the major parts,

(p − 1)
∑

χ mod p
χ(−1) = 1

∣∣∣∣∣∣

∑

n≤ p
8

χ(n)

∣∣∣∣∣∣

2k

= (p − 1)(p − 2)pk

2k+1π2k

k∑

i=1

2k−i
(

k

i

)2

Ci + O(pk+ε),

123



Hybrid mean value of the character sums over... 815

where Ci =
∞∑

n = 1
(n, 2q) = 1

r2
i (n)

n2 is a constant which depends on i , when 1 < i < k, ri (n) = ∑
t |n τi (t)χ4(t)τk−i

( n
t )χ8(

n
t ), and r0(n) = √

2τ0(n), rk(n) = τk(n).

Finally, we will estimate the error term E ,

E = pk

(2π)2k

p−1∑

a=2

p−1∑

b=1

e

(
g(b, a)

p

) ∑

χ mod p
χ(−1) = 1

χ(a)

∣∣∣χ(2)L(1, χχ4) + √
2L(1, χχ8)

∣∣∣
2k

= pk

(2π)2k

p−1∑

a=2

p−1∑

b=1

e

(
g(b, a)

p

) ∑

χ mod p
χ(−1) = 1

χ(a)

×
∣∣∣∣∣

k∑

i=1

(
k

i

)
χ i (2)Li (1, χχ4)

√
2

k−i
Lk−i (1, χχ8)

∣∣∣∣∣

2

= pk

(2π)2k

p−1∑

a=2

p−1∑

b=1

e

(
g(b, a)

p

) k∑

i=0

k∑

j=0

√
2

2k−i− j
(

k

i

)(
k

j

) ∑

χ mod p
χ(−1) = 1

χ(a)

×χ i (2)χ j (2)Li (1, χχ4)L j (1, χχ4)Lk−i (1, χχ8)Lk−i (1, χχ8)

= pk

(2π)2k

p−1∑

a=2

p−1∑

b=1

e

(
g(b, a)

p

)
⎛

⎜⎝
∑

χ mod p
χ(−1) = 1

χ(a)|L(1, χχ8)|2k

+
∑

χ mod p
χ(−1) = 1

χ(a)|L(1, χχ4)|2k +
k−1∑

i=1

k−1∑

j=1

√
2

2k−i− j
(

k

i

)(
k

j

) ∑

χ mod p
χ(−1) = 1

χ(a)

×χ i (2)χ j (2)Li (1, χχ4)L j (1, χχ4)Lk−i (1, χχ8)Lk− j (1, χχ8)

+
k∑

j=1

√
2

2k− j
(

k

j

) ∑

χ mod p
χ(−1) = 1

χ(a)χ j (2)L j (1, χχ4)Lk(1, χχ8)Lk− j (1, χχ8)

+
k−1∑

j=1

√
2

k− j
(

k

j

) ∑

χ mod p
χ(−1) = 1

χ(a)χk(2)χ j (2)Lk(1, χχ4)L j (1, χχ4)Lk− j (1, χχ8)

+
k∑

i=1

√
2

2k−i
(

k

i

) ∑

χ mod p
χ(−1) = 1

χ(a)χ i (2)Li (1, χχ4)Lk(1, χχ8)Lk−i (1, χχ8)

+
k−1∑

i=1

√
2

k−i
(

k

i

) ∑

χ mod p
χ(−1) = 1

χ(a)χ i (2)χk(2)Li (1, χχ4)Lk(1, χχ4)Lk−i (1, χχ8)

⎞

⎟⎠ .

With Lemma 2, we can discuss it in the following two cases. (i)When p†(b0, b1, ..., bs), thanks to lemma 3,
lemma 6 and lemma 7, we have

E � pk

(2π)2k

p−1∑

a=2

p−1∑

b=1
p†(b0,b1,...,bs )

e

(
g(b, a)

p

)

×
(

(aε pε + aε−1 p1+ε) + 1

2
C(a)J (q) + O(qε)

)
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� pk

(2π)2k

p−1∑

a=2

p1− 1
s +ε

(
(aε pε + aε−1 p1+ε) + 1

2
C(a)J (q) + O(qε)

)

� O(pk+2− 1
s +ε).

(i)When p|(b0, b1, ..., bs), thanks to lemma 3, lemma 6 and lemma 7, we have

E � pk

(2π)2k

p−1∑

a=2
p|(b0,b1,...,bs )

∣∣∣∣e
(

g(b, a)

p

)∣∣∣∣

×
(

(aε pε + aε−1 p1+ε) + 1

2
C(a)J (q) + O(qε)

)

� pk

(2π)2k

p−1∑

a=2
p|(b0,b1,...,bs )

(p − 1)

(
(aε pε + aε−1 p1+ε) + 1

2
C(a)J (q) + O(qε)

)

� O(pk+2− 1
s +ε).

Hence,we can obtain asymptotic formula:

∑

χ mod p
χ(−1) = 1

∣∣∣∣∣∣

p−1∑

a=1

χ(a)e

(
f (a)

p

)∣∣∣∣∣∣

2 ∣∣∣∣∣∣

∑

n≤ p
8

χ(n)

∣∣∣∣∣∣

2k

= pk+2

2k+1π2k

k∑

i=1

2k−i
(

k

i

)2

Ci + O(pk+2− 1
s +ε).

Then, we complete proof of Theorem 1.
Next, we start to prove Theorem 2. By lemma 8,

∑

χ mod p
χ �= χ0

|G(n, χ, p)|2
∣∣∣∣∣∣

∑

x≤ p
8

χ(x)

∣∣∣∣∣∣

2k

=
∑

χ mod p
χ(−1) = 1

|G(n, χ, p)|2
∣∣∣∣∣∣

∑

x≤ p
8

χ(x)

∣∣∣∣∣∣

2k

=
∑

χ mod p
χ(−1) = 1

(2p + χ1(n)G(1; p)

p−1∑

a=1

χ(a)χ1(a
2 − 1))

∣∣∣∣∣∣

∑

x≤ p
8

χ(x)

∣∣∣∣∣∣

2k

= 2p
∑

χ mod p
χ(−1) = 1

∣∣∣∣∣∣

∑

x≤ p
8

χ(x)

∣∣∣∣∣∣

2k

+ χ1(n)G(1; p)

p−1∑

a=1

χ1(a
2 − 1)

∑

χ mod p
χ(−1) = 1

χ(a)

∣∣∣∣∣∣

∑

x≤ p
8

χ(x)

∣∣∣∣∣∣

2k

≡ E1 + E2.

Then we calculate E1 by lemma 5, we obtain

∑

χ mod p
χ �= χ0

|G(n, χ, p)|2
∣∣∣∣∣∣

∑

x≤ p
8

χ(x)

∣∣∣∣∣∣

2k
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= 2p(p − 2)pk

2k+1π2k

k∑

i=1

2k−i
(

k

i

)2

Ci + O(pk+ε),

where Ci =
∞∑

n = 1
(n, 2q) = 1

r2
i (n)

n2 is a constant which depends on i , when 1 < i < k, ri (n) = ∑
t |n τi (t)χ4(t)τk−i

( n
t )χ8(

n
t ), and r0(n) = √

2τ0(n), rk(n) = τk(n).
By lemma 1, lemma 6 and lemma 7, we will estimate that

E2 = χ1(n)G(1; p)

p−1∑

a=1

χ1(a
2 − 1)

∑

χ mod p
χ(−1) = 1

χ(a)

∣∣∣∣∣∣

∑

x≤ p
8

χ(x)

∣∣∣∣∣∣

2k

= pk

(2π)2k
χ1(n)G(1; p)

p−1∑

a=1

χ1(a
2 − 1)

∑

χ mod p
χ(−1) = 1

χ(a)
[
χ(2)L(1, χχ4) + √

2L(1, χχ8)
]2k

= pk

(2π)2k
χ1(n)G(1; p)

p−1∑

a=1

χ1(a
2 − 1)

k∑

i=0

k∑

j=0

√
2

2k−i− j
(

k

i

)(
k

j

) ∑

χ mod p
χ(−1) = 1

χ(a)

×χ i (2)χ j (2)Li (1, χχ4)L j (1, χχ4)Lk−i (1, χχ8)Lk−i (1, χχ8)

= pk

(2π)2k
χ1(n)G(1; p)

p−1∑

a=1

χ1(a
2 − 1)

⎛

⎜⎝
∑

χ mod p
χ(−1) = 1

χ(a)|L(1, χχ8)|2k

+
∑

χ mod p
χ(−1) = 1

χ(a)|L(1, χχ4)|2k +
k−1∑

i=1

k−1∑

j=1

√
2

2k−i− j
(

k

i

)(
k

j

) ∑

χ mod p
χ(−1) = 1

χ(a)

×χ i (2)χ j (2)Li (1, χχ4)L j (1, χχ4)Lk−i (1, χχ8)Lk− j (1, χχ8)

+
k−1∑

j=1

√
2

k− j
(

k

j

) ∑

χ mod p
χ(−1) = 1

χ(a)χk(2)χ j (2)Lk(1, χχ4)L j (1, χχ4)Lk− j (1, χχ8)

+
k∑

i=1

√
2

2k−i
(

k

i

) ∑

χ mod p
χ(−1) = 1

χ(a)χ i (2)Li (1, χχ4)Lk(1, χχ8)Lk−i (1, χχ8)

+
k−1∑

i=1

√
2

k−i
(

k

i

) ∑

χ mod p
χ(−1) = 1

χ(a)χ i (2)χk(2)Li (1, χχ4)Lk(1, χχ4)Lk−i (1, χχ8)

⎞

⎟⎠ .

= O(pk+ 3
2 +ε)

Hence,

∑

χ mod p
χ �= χ0

|G(n, χ, p)|2
∣∣∣∣∣∣

∑

x≤ p
8

χ(x)

∣∣∣∣∣∣

2k

= pk+2

2kπ2k

k∑

i=1

2k−i
(

k

i

)2

Ci + O(pk+ 3
2 +ε)
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where Ci =
∞∑

n = 1
(n, 2q) = 1

r2
i (n)

n2 is a constant which depends on i , when 1 < i < k, ri (n) = ∑
t |n τi (t)χ4(t)τk−i

( n
t )χ8(

n
t ), and r0(n) = √

2τ0(n), rk(n) = τk(n).
This is the proof of Theorem 2. We can prove Theorem 3 and Theorem 4 similarly.
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