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Abstract The main purpose of this paper is utilizing the analytic methods to study Hybrid mean value including
the character, the general trigonometric sums, and the general quadratic Gauss sums, then obtain several mean
value asymptotic formulae.
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1 Introduction and main results

Letg > 3 be an integer, and x denote a Dirichlet character modulo g. For any real number x > 1, the estimate for
the character sum Z X (n) plays a prominent role in analytic number theory. In the past, people paid attention

n=<x
to investigating the properties of this sum. For example, when ¢ = p is a prime, Pdlya [5] obtained Pdlya’s
inequality

> x(m) < p?logp.

n<x

Polya’s inequality is extended to arbitrary nonprincipal characters (Theorem13.15 in Ref [6]). If x is any
nonprincipal mod ¢, then for all x > 2

3 x) < q2 logg.

n=<x
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For a nonprincipal character, D.A.Burgess [7] gave mean value upper bound estimation of character sums

k h
Z| Z )((n—i—m)|2 < kh.

n=1 m=1

For higher exponents of character sums, Xu and Zhang [18] found an asymptotic formula of the 2kth power
mean value of the even primitive character sums in the short intervals as

. J(@)q" 7 1ok

> 1 awP == (P Ja = ) T A0k p. 2 + 06",
x(=D=1 n<§ rlg pi2g

where > " x(—1)=1 denotes the summation over primitive characters modulo ¢ with x(—1) =1, J(g) is the

number of all primitive characters modulo ¢, [, is the product over prime divisors p of ¢, and

rlg

%2

. i~ m+i—j i—j
Alm, k, p,s) = Z v Z(_l)jCZkflckerJrifjf]Ck+i7j71
i=1 j=
Let p be aprime and f (x) = a;x" +a;_1x' ' +---4ag be an r—degree polynomial with integral coefficients
and pf(as, a;—1, - - -, ap). The famous classical trigonometric sums is
Z (f(a))
e

a=1 p

where e(y) = ¥,

Mordell [13] got the famous upper bound

a
Ze(—f( )> <p'.
a=1 p
Carlitz and Uchiyama [12] gave a better upper bound
i <f(a))

e
p

a=1

<1Jp.

Bourgain [25] obtained Mordell’s exponential sum estimate

p—1
Ze<f(x)> <p',
p

x=1

if f(x) = Zle aixki € Z[x] and (a;j, p) = 1 where the exponents 1 < k; < p — 1 satisfy

ki, p—1) < p'®foralll <i <r,
(ki —kj,p—1) < p'™foralll <i#j<r

Other abundant results of exponential sums see [26] and [27].
Afterwards, Ma [8] defined the general trigonometric sums which is the generalization of classical trigono-

metric sums as
14
Y x(@e (f(a)> ;
p

a=1
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and studied the 2m-th power mean of Dirichlet L-functions with the weight of the general trigonometric sums,
gave an interesting asymptotic formula:

2
> Zx() (f( )> L1, )"
xX#xo |a=1
1_ m—1
=pc" o] (1 - —sz’”‘z) [T 4.k po.2) + 0> %),
Po po POFEp

where [ | , denotes the product over all primes different from p.
In 2015, Tian [19] researched the general trigonometric sums weighted by character sums, and derived sharp
asymptotic formula:

> Zx()(f()> > xm

x mod p |a=1 n<1’
2k=2 1 \2k-1 1
(cuoc”‘“(z) = 2)p"“ (1 - ?) [ A©.k po.2) + 0(g"259),
POFP
where ¢ (s) is Riemann Zeta function, [ | PP denotes the product over all different primes except p, and
Lo A3 — j— 2t —2k|,k,2,2)
Clh) = 72k ch( 2k 126] Zog |3, —As—j—21— 2k\+2k+1 .
: N

In addition, hybrid mean value of the character sums over the short interval [1, Z) and the other sums, such
as the general quadratic Gauss sums. For any integer n, the Gauss sums is defined as

q
Gin, 0 =Y x(@e (‘;—”)

a=1
Alkan [28] established certain identity relating values of Dirichlet L-functions at positive integers to Gauss sums
2[3]
(=D&t r
T L0 =3 o) BaSC a0

lr2r—1
q=0

where B, is the gth Bernoulli number and S(m, x) := Sk (5" G, x).
Other result of Gauss sums sees [29].
For any integer n, the general quadratic Gauss sums is defined as

4q 2
G x.q) =Y x(@e (%)
a=1

where e(y) = >,

W. P. Zhang [24] studied the properties of the quadratic Gauss sums and proved the identities

(p—DH@Bp2—6p—1), if p = 3(mod4);

D> IGo, x, pI* =
= (p — H(3p? —6p—1+4( )f) if p=1(mod4),

and

Y 1Gm, X, p)I° = (p—1D(10p> =25p> —4p —1),if p = 1(mod4)
x mod p
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where (p) is the Legendre symbol. Zhang and Xu [22] researched the hybrid mean value of the character sums

over the short interval [1, Z) and the general quadratic Gauss sums, they got

2k

2 A - pk+2 13
Z |G, x; p)l Z x(x)| = — +Oo(pFTITe),
x mod p x<p
X # X0 i

k1
where A = (%)Zk_z(l — #)2]‘_1 ]_[;1 (1— ! ;Zé‘*z), and ]_[j;1 is the product of all odd primes p; with p; # p.

It is natural to reflect on hybrid mean value of the character sums over the short interval [1, ) and the other
famous sums above, such as the general trigonometric sums and the general quadratic Gauss sums. Hence, we
obtain the following formulae:

Theorem 1 Let p > 8 be an odd prime, and x denote a primitive Dirichlet character modulo p with x (—1) = 1,
let f(x) =Y i_gaix" beapolynomial withdeg(f (x)) = s and p ¥ (ao, a1, - - -as). Then for any positive integer
k and s, we have

2k

> Zx()(f()> > xm

xmodp |a=1 n<1’
x(=H=1

k+2
4

k 2
(k 1
_ k—i . k+2—<+e
= kti 2k 2.2 <l> Ci+O0(p ),
i=1

00 2
r’(n
where C; = E L (2) is a constant which depends on i, when 1 < i < k,rj(n) = 3, @ () xa(t)ts—i
n
n=1
(n,2q) =1

(%) xs(%), and ro(n) = v279(n), re(n) = 1 (n).

Theorem 2 Let p > 8 be an odd prime and n be an integer (n, p) = 1, for any positive integer k, we obtain the
asymptotic formula

2k
> 1Gm X P X
x mod p x<17
X # X0 8

2k 2k22k l< > C +0(pk+ +€)

o 2
ri(n) . . . .
where C; = E ! 5— is a constant which depends on i, when 1 < i < k,ri(n) = len T (1) x4 () Th—i
n
n=1
(n,2q) =1

(%) xs(2), and ro(n) = v279(n), re(n) = 1 (n).

Theorem 3 Let p > 8 be an odd prime and n be an integer (n, p) = 1, for any positive integer k, we obtain the
asymptotic formula

2k
D 1Gm X Y x)
*X“:i(f *=§
ph+3 k

2k 2k22k l< ) C +0(pk+ +€)
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= rFn) . . . .
where C; = E 5— is a constant which depends on i, when | < i < k,ri(n) = sz Ti (1) x4 () Th—i
n
(n,2q) =1

(%) xs(%), and ro(n) = v/270(n), re(n) = T (n).

Theorem 4 Let p > 8 be an odd prime and n be an integer (n, p) = 1, for any positive integer k, we obtain the
asymptotic formula

2k
Y G . I Y x ()
e e<f
PR+ k

_ k—i k++8
_2k2k22 <>C+0(p ),

o 2
r’(n
where C; = E L (2) is a constant which depends on i, when 1 < i < k,ri(n) = 3_,, T (t) xa(t) s~
n

n=1
(n,2q) =1

(1) xs(%), and ro(n) = ~210(n), ri(n) = T (n).

2 Some lemmas

In order to complete the proof of the above theorem, we need use the following several lemmas.

Lemma 1 [19] Let f(x) be a polynomial coefficients as f(x) = ap + aix + - - - + asx°. x be a Dirichlet
character modulo p and g(x) = g(x,a) = f(ax) — f(x) =Y j_yai(a’ — 1)b'. Then we have

2

S e (52 = —1+ZX<">Z (*5%)

Lemma 2 [23] Let ¢ > 8 be an odd integer, and x denote a primitive Dirichlet character modulo q with
x(=1) =1, then we have the identity that

1
8

Z (X)[X(2)L(1 Xxa) + V2L(L )],

where x4 is the nonprincipal character modulo 4 and xg denotes the real primitive character modulo 8 such that

x(=1) =—1.

Not only the character sums can be expressed as the mean of the L-function, but Gauss sums can also be expressed
as some form of the L-function, see [30].

Lemma 3 [19] Let f(x) and g(x)satisfy the conditions of Lemma 1 , then we have the following estimation

Z @e (g(” “>) {SCPI_?,PT(bo,blw-,bs);
=p—1’ p|(b07b17'“7bs)’

where b; = a; (ai —1),i —0,1,..,s and C is a constant only depending on s.

Lemmad4 [16] Let g and r be integers with g > 2 and (r, q) = 1, then we have the identities

Yo=Y wdhe@. i@ =Y udew.

x mod g d|(q,r=1) dlq
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%
where Z denotes the summations over all primitive character,iu(n) is the Mobius function,¢ is the Euler
function and J(g) denotes the number of primitive characters modulo ¢.

Lemma 5 [23] Let p > 8 be an odd integer, we have

2k )
J
> X am| = zk(ﬁ)q sz (l> Ci + 0(¢"*)

X(=D=1|n<

o0 2
ri(n) . : . .
where C; = E L 5— 1s a constant which depends on i, when 1 < i < k,ri(n) = sz Ti (1) x4 () Th—i
n
(H.an_) L

(%) xs(2), and ro(n) = V270 (n), re(n) = T (n).

Lemma 6 [23] Let ¢ > 8 be an odd integer, and x denote a primitive Dirichlet character modulo q with
x(=1) =1, xa is the nonprincipal character modulo 4 and g denotes the real primitive character modulo 8
suchthat xs(—1) = —1. Let k < 2 be a any integer, and be a, b < k any fixed integers which satisfya = 0,b # 0
and a = k, b # k, then we have

3 T @Qx QLU T L (1 o) L1 ) L (L k)
x(=D=1
_ { 3C@)J(q) + 0(g®). a = b;
0(q®), a#b,

& 2
where C@) = "9 is a constant and ry(n) = 2y, (0 287k () x5
n
n=1
(n,q) =1

Lemma 7 Letq > 8 be an odd integer, and x denote a primitive Dirichlet character modulo g with x(—1) =1,
X4 Is the nonprincipal character modulo 4 and xg denotes the real primitive character modulo 8 such that
xs(—1) = —1. For 1 <a < q with (a, q) = | and any positive integer k, we have

‘X(a)|L(1,7X8)I2k‘ < atq® +at gttt
x mod ¢
xX(=h=1
and

K @ILA x| < a'q” +alg .

x mod g
x(=hH=1

Proof Firstly, for a parameter M withg < M < q2k+1, we apply the Abel’s identity, then

y,
M y2

LA Txg) = ZXXS(”)Tk(n) % Xs(m)(n) /*“A(yjm) .,
n=1 n=1

where A(y, x) = > M<n<y x (n)tr(n), and 74 (n) denote the kth divisor function (i.e.,the number of positive
integer solutions of the equation n1n; - - - ny = n). Hence

YT x@ILL )

x mod ¢
A=h=1
_ Z* Z XXs(nl)Tk(nl) oo A Xx8)
x mod ¢ ni=1 a
(=) =1
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5 (Z Txs(n2)t(m) / A(y»ic)(s) dy)

n=1 n2 M y
@ M o_
= Y x| Y B (ZM)
x mod g ni=1 ni — ny
x(=H =1
* M —+00 A 7—
P T |2 XS("”T"(””) ([ 2E,)
x mod ¢ =1 M y
x(=1) =1
+00 A M
+ Z x(a) (/ Mdy) (ZX 8(n2)rk(n2)>
i =l
T Ay, X xs) </+°° Ay, X x3) )
+ AL XX AG T
X;odq e </ y? y) M 2P

x(=H =1

=51+ 8+ 53+ Sa.
o

In the following, we will compute S; — S4, respectively. Firstly, we will estimate S;. With Lemma 4, we know
the following identical relation:

Z* x xg(a)

x mod ¢
x(=hH =1

= Z* X xs(a)

x mod ¢
xxg(=1) =—1

3= s xxs@

x xg mod 8q

Z* XX8(61)—% Z* xxg(=a)

x xg mod 8q x xg mod 8q

_ 8q 1 8q
=5 2 uED -5 Y w-HeW).

d|(8q,a—1) d|(8q,a+1)

R —

R —

So we can deduce that

% Y M _
T g | 3o B0 <ZM)

ST =
x mod ¢ ni=l1 m n=1 m
x(=1) =1
x8(m1n2) Ty (n1)k (n2) 8q
= Z Z Y w=e@)
niny £ d
l<n1<M I<n<M d|(8q.,nnra—1)
xg8(nin2) T (n1) i (n2) 8q
By oY - Y uChHe@
1<nl<M1<nz<M 172 d|(8g.nn2a+1)
xs(nin2)t(ny) i (n2)
=—Z ( D@y Y Y
nino
d|8q 15,,151\(;1 1<np<M

any=n1( mod d)
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1 8q xs(nin2)t (n1) i (n2)
— i d / /
52 mCEDe@ Y Y o
d|8q l<n ¥ 1<m=M
any=—n1( mod d)

= A1 + As.

Then we can easily obtain

Al :_Z“( )é(d) Z Z xs(nin2)t(n1) e (n2)

nin
d|8q l<n <M l<na<M 112
- —da

any=n1( mod d)

= g Yy Bmntn:

dI8q 1sm <Y 1<m <M B
ni=any
x8(nin2) T (ny) i (n2)
d
3G Y Y
d|8q 15,,152” 1<np,<M
—any+n1=d
1 8q xg(nin2) i (n1) i (n2)
_ -1 d / /
+3 2 me@ Y Y s
d|8q l<n <Y l=m=M

—any+n1=td,t>2

< Z¢(d) Z/ Mkia’m + Z o (d) Z/ T (n2) i (d + any)

d18q lemetzt 2 dJ8q lempxy  M2ld+am)
M anz
T (n2) T (td + anz)
Yoo Y Y
T M na(td + any)
Tk (a) ' (nz) é(d) " ((n2)(d + anp))®
== 0@ YRy
d18q l<mp<d1 d3q l<m<M  ny+
M anz
Z @ (d) Z/ Z T (n2) T (td 4 any)

an
d|8q lsm<M _[=m2 ) tny + —
< a8—1q1+8 +a£q£’

and

1 8q , , xg(min2) e (ny) i (n2)
A=Y uEhe@ Y Y
2= 5 M(d ) (d) .
d|8q 1§n1% 1<n,<M

any=—n1(mod d)

_ EZM(8—q)¢(d) Z, Z, xs(min2) T (n1) e (n2)
2 d

d|8q 15”15% 1<n,<M nminz
any+ny=d
1 8q xs(m1n2) i (n1) i (n2)
+_ — d / !/
e Y Y
d|8q l<m <M 1<n<M

any+ni=td,t>2

<Y @ Z/ ((n2)(d — a:lz))

an2
d|8q 1<n,<M ny — 7
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[Mfanz]
o (d) ! ! T (n2) i (td — any)
DD DD
d|8q I<ny<M t=[$]+2 tny — i
< aaqa.

Hence, we understand that the scope of S| can be controlled by a®~!¢!*¢ +af¢%,ie. S| € a* 1q'T¢ +a’q®.
Thanks to the estimate (see Lemma 4 of [16])

24
3 1AG 0P < YT F ),
XF#X0

we apply Cauchy inequality to get

-2 46 3
DA I DY A 0l Ky F g
x(=D=1 XFX0
Because of above-mentioned estimate, we have

I<

a J—

% +00A -
S, = Z £ (@ Z XXS(”};)ITk(nl) </ (y»XXs;)dy)

2
x mod ¢ M y

n1=1
x(=hH =1

< Z nt! +0<>L Z
1

5 Ay, xx8)| | dy
I<m< MY\ (D=1
2
M & +ooq2yl—27+5
<L | = ——dy
a M y
3 2
qiazk
L —
M* ¢
Similarly,
2
g3a¥k
$3 K —
NZ*~*

At last, we will estimate that

% +00 A X +0o0 A X
S — Z (@) (/M (yyécxzs)dy) </ (y ;(m)dy)
x mod g a

M y
x(=DH=1

+oo ptoo ] *
S/M /M v272 Yo A A, xxs)ldydz

x mod g
xxg(=1)=-1

1

2
+o00 1 % A . ) J
< fM 2 X e Tmr | a

x mod ¢
xxg(=1) = -1

7
oo ] * )
x /M =1 D DEECPYOT I

x mod ¢
xxg(=1) =—1
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« P@at *
Mzk ¢

Taking M = ¢* and & < 2, we have

2k>

K@IL, TP | < atg? +a g,
x mod ¢
K= =1
Applying the analogous way, we obtain
H@ILO, T P¥| < at® +a g,
x mod g

(=) =1

Lemma 8 [24] let p be a prime, n be an integer with (n, p) = 1, x1 be the Legendre symbol and G (n; p) be
the classical quadratic Gauss sums. Then we have

p—1
G, x. PP =2p+x1G(L,: p) Y x@xi(@ = 1),
a=1
and
o1 . _zip. | /P, if p=1(mod4);
G(1: p) = Z/P(1+i)(1 +e 2)—{,. b 3(modd),
Proof See reference [24]. m]

3 Proof of theorem

In this section, we complete the proof of the theorem. At first, let us start with the proof of Theorem 1, by Lemma
1 and Lemma 2, we know

2k
> Zx() (f()) > xm)
xmod p |a=1 n<1’
x(=1H=1
2k
= Y (-1 Zx(n)
A
p—1p—1 2k
b,
+ Ze(g( ‘”) 3 ()‘ (X)[x(2>L(1,7X4>+¢§L<1,7x8>]
a=2 b=1 X;z_rrii;d;]
2k
= (p—1|) x| +E.
X)Elnl(;d:pl n<§

By Lemma 5, we can estimate the major parts,

2k
p=1 Y. |D xm
X)E—ni(;d=pl ng%
k 2
(P =D =2p" i (K
=L 2k+f;.2k . > 2 ; Ci+ 0",
i
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Hybrid mean value of the character sums over... 815

= rFn) . . . .
where C; = E 5— is a constant which depends on i, when | < i < k,ri(n) = sz Ti (1) x4 () Th—i
n
n=1
(n,2q) =1

(%) xs(%), and ro(n) = v/270(n), re(n) = T (n).

Finally, we will estimate the error term E,

p—1p-1
b, 2k
E=—to e(g( “)) > X@[FOLA T + V2L Fxs)

a=2 b=1 x mod p
x(=1) =1

LR (g
:(271)2"226( ’ ) 2, 1@

x mod p
x(=hH =1

k
A o
<3 (5 ) @L V2 T L L Ts)
iz l

2

p=lpo! g(b a) 2klj
“ L ()R ()() e
a=2 b=1 i=0 j=0 x mod p

x(=1) =1

T Q)xI QL (1, xxa) L (1, x xa) LY (1, X xs) LA (1, x xs)

PR e(b,a)
=(2n)2k22 ( ) > x@ILd, xxe)*

a=2 b=1 x mod p
x(=H =1
k—1k—1 b k
i—j
+ Y x@ILA x4 V2 ()() > x(@)
x mod p i=1 j=I ! J x mod p

X=h=1 H=h=1

T x? QL (L, X xa) L (1, x xa) L7 (1, 7xs) LY (1, xxs)

k
_ilk . 4 .
+ 3 v ’(J.) 3 x@x? QLI (L ) LX) LY (1 xxs)

x mod p
x(=H =1

- _ilk ) . )
+ Y V2 ’() > x@x* @xI QLA Txa) L (1, xxa) L (1, xxs)

=1 x mod p
J K= =1

—i(k . . .
+ 3 vz <,) Y @K QLA T LA X L (1L xxs)

i=1 x mod p
x(=H=1

k—1
—i(k . . .
+) V2 <,) d X @x Qx*@L (1L X xa) L (1, xxa) L (1, X xs)
i=1 x mod p

x(=hH=1

With Lemma 2, we can discuss it in the following two cases. (i)When p7(by, b1, ..., bs), thanks to lemma 3,
lemma 6 and lemma 7, we have

<« Lo »H3 (£42)

a=2 b=1
pi(bo,b1,....bs)

1
X ((a‘gp‘8 +a e + FC@i(q)+ 0(618)>
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1
<on )ZkZpl‘ e ((a pra T + S C@dg) + 0(q8)>

<< O(pk+2—§+8).
(1)When p|(bg, b1, ..., bs), thanks to lemma 3, lemma 6 and lemma 7, we have
k Ly b,a
(27) o p
plbo,b1,....bs)
1
X ((a%f +a TP+ SC@I @) + O(qg))

k p—1

1
< (zf;ﬁ > D ((agps +a* P! + SC@I @)+ 0(q8)>
a=2
pl(bo,b1,....bs)

1
<< 0(pk+2—§+8)'
Hence,we can obtain asymptotic formula:

2k

> Zx()(f()> > xm)

xmod p |a=1 n<P
x(=hH=1

P e (Y k2-14
— -1 . s &
T Dkt12k 22 <l> Ci+0(p )-
i=1

Then, we complete proof of Theorem 1.
Next, we start to prove Theorem 2. By lemma 8§,

2k
> 1Gm. x. p)I? Zx(x)
A
2k
= > 16 x. pP| Y] x(x)
X)Efml(;d:pl x<§
2k
p—1
= Y Qp+xmGUip) Y x@xi@ —1)|D xx)
x mod p a=1 x<?2
x(=H)=1 =3
2k P 2k
=2p ) Zx(x) +ximGUp) Y xi@ =1 Y x@|> x@)
xmodp |y< a=1 x mod p x<?®
x=hH=1 = (=) =1 8
= E| + Es.

Then we calculate £ by lemma 5, we obtain

2k

Y 1Gm . pP Y x(x)

x mod p x<!’
X # X0 8
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_ =2 sz ’( ) Ci + 0(p*),

T ok+lg2k
o 2
ri (n) . . . .
where C; = E 5— Is a constant which depends on i, when | < i < k,ri(n) = len Ti () xa(t) T)—i
n
n=1
(n,2q)=1

(%) xs(2), and ro(n) = V279(n), re(n) = T (n).

By lemma 1, lemma 6 and lemma 7, we will estimate that
2k

p—1
Ey=ximG(;p) Y xi@ =1 Y x(@]|Y x(x)

a=1 x mod p x<1’
x(=H =1

k p—1 2%
= on )kxl(n)G(l PY n@=1 Y x@ XL Txw) + V2L, Txs) |
a=l e,
i— k
= P maa: p)Z)ﬂ(a _1)sz2k ’()() Y @
e =0 j=0 N e,
XX ) QL' (1, Txa) L (1, o) L1 (L X ) L (1, x xs)
k
= (Zp)kxl<n>G<1 p)Zm(a - D0 x@ILd, xxe)*

a=1 x mod p
x(=H =1

k—1k—1
i— k
+ Y @I+ Y Y Ve j<l><,~> Y @
1

1
x mod p i=1 j= x mod p
X=h=1 =D =1

T Qx QL (1, X xa) LI (1, x xa) L (1, X xs) LI (1, x xs)

k—1

_ilk ) . .

+Y V2 f(}.) D x@x @xI QLA T L (1, xxad) LI (1, x xs)
j=1 x mod p
x(=1) =1

k
—i(k . . .
+ 3 v <,> 3 x@x QL (L L LX) L (L xxs)

i=1 x mod p
x(=H =1

k—1
k—i (k i P i —
+3y V2 () D x@x @x* QL (1, Xxa L (1, xxa) L (1, X xs)
i=1 ! x mod p
x(=1=1
— 0(pk+%+€)
Hence,
2k

D 1Gm X PP Y x(x)
x mod p x<p
X # X0 8

k—i k++
21< 2k22 (>C+O(p R
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= rFn) . . . .
where C; = E 5— is a constant which depends on i, when | < i < k,ri(n) = sz Ti (1) x4 () Th—i
n
n,2¢) =1

(Pxs(}), and ro(n) = V20 (n). re(n) = w(n).
This is the proof of Theorem 2. We can prove Theorem 3 and Theorem 4 similarly.
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