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Abstract A reaction system is a computational model motivated by the functioning of living cells. In previous
studies, Ehrenfeucht et al. have classified the functions specified by minimal reaction systems. Several studies
have focused on the reaction system ranks of functions specified by minimal reaction systems, where the rank
pertains to the minimum size of a specifying reaction system. This paper focuses on reaction system rank for a
class of union-additive functions specified by minimal reaction systems introduced by Salomaa, which are closed
under composition. More precisely, we establish a sufficient condition for the equality of reaction system ranks
for functions belonging to the class. Then we study the reaction system ranks of such functions with signature
sizes one and two, as well as those with one-to-one signatures, specifically over ternary and quaternary alphabets.
Lastly, we establish a lower upper bound of reaction system ranks of such functions with one-to-one signatures
for |S| ≥ 5.

Keywords Combinatorics · Natural computing · Biochemical reaction model · Minimal reaction system ·
Reaction system rank

Mathematics Subject Classification 05B40 · 68R05

1 Introduction

One of the fascinating goals of natural computing is to understand the functioning of living cells in terms of
information processes, such as interactions that can take place among a variety of biochemical reactions in living
organisms. Reaction systems, introduced by Ehrenfeuct and Rozenberg [10], are a formal model inspired by
biochemical reactions that govern the functioning of living cells. The main idea behind reaction systems is that
biochemical reactions in living cells are driven by two main mechanisms, facilitation and inhibition. These two
mechanisms govern individual biochemical reactions and interactions between individual biochemical reactions.
Despite the simplicity of its original framework, reaction systems are central to a broad framework of modified
reaction systems inspired by biological or computational considerations, see for example, [1–5,7,12,14,25,27].
The reader is referred to [9] for a motivational introduction to reaction systems.
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Several studies [8,13,18] have focused on the mathematical properties of state transition functions specified
by reaction systems. Functions specified by nondegenerate minimal reaction systems, in which each reaction has
exactly one reactant and one inhibitor, have attracted a lot of attention [6,15,17,19]. In addition, Manzoni et al.
and Salomaa [13,17] have shown that every reaction system can be simulated by some minimal reaction system
if the background set is extended with extra resources. Simulation of reaction systems was further investigated
later in [21,24] for a more elementary class of strictly minimal reaction systems. As a result of their simulative
power, minimal reaction systems form a rich class of reaction systems, and understanding them can help the
study of reaction systems in general.

Teh and Atanasiu [22] introduced the reaction system rank to measure the complexity of functions specified
by reaction systems, also known as rs functions, based on the minimum size of a functionally equivalent set of
reactions. They showed that the reaction system rank of any rs function is tightly bounded by 2|S|, and the largest
rank by a reaction system specifying a bijective rs function is 2|S| − 1. Genova et al. [11] recently obtained an
Espresso type algorithm that generates a minimal functionally equivalent set of reactions for a given rs function.
Several other works on the reaction system ranks of functions specified by minimal reaction systems have also
been done [22,23,26].

Our work focuses on the mathematical study of functions from the class FU (S), initiated by Saloma [16],
on the generative power of functions specified by minimal reaction systems under composition over a fixed
background set. He showed that every function f ∈ FU (S) can be defined by a composition of three fixed
minimal reaction systems. Later on, Teh [20] showed that when degenerate reaction systems are allowed, three
fixed functions specified by minimal reaction systems are sufficient to generate every rs function over the same
background set. Our research primarily focuses on the reaction system ranks of functions from the class FU (S)

with small signature sizes.
This paper is organized as follows. In Sect. 2, we provide the preliminaries of reaction systems. After that, we

define the signature and characteristic set of functions from the class FU (S). Bounds of reaction system ranks and
characterization of maximally f -compatible reactions for functions from the class FU (S) are analyzed in Sect. 3.
Section 4 provides the reaction system rank when the signature size of f is one and two respectively. In Sect. 5,
we study the reaction system rank with one-to-one signatures, specifically over ternary and quaternary alphabets.
This section also provides a lower bound of reaction system ranks of functions with one-to-one signatures for
|S| ≥ 5. Finally, Sect. 6 provides a brief discussion of the paper’s findings and future directions.

2 Preliminaries

Throughout this paper, we will consider S to be a fixed nonempty finite set. The cardinality of S is denoted by
|S| and the power set of S by 2S . Let �S denote the null function �S : 2S → 2S defined by �S(X) = ∅ for all
X ⊆ S.

Definition 2.1 A reaction in S is a triple a = (Ra, Ia, Pa) such that Ra and Ia are disjoint (possibly empty)
subsets of S and Pa is a nonempty subset of S. The sets Ra, Ia and Pa are called the reactant, inhibitor, and
product sets of a, respectively.

Definition 2.2 A reaction system over S (abbreviated rs) is a pair A = (S, A) where S is the background set
and A is a (possibly empty) set of reactions in S. We say that A is nondegenerate if Ra and Ia are nonempty for
every a ∈ A.

Definition 2.3 Let A = (S, A) be a reaction system. The function resA : 2S → 2S specified by A is given by

resA(X) =
⋃

a∈A
Ra⊆X,Ia∩X=∅

Pa , for all X ⊆ S.

When S is understood, we may identify A with A and write resA for resA. Suppose a is a reaction in S and
X ⊆ S. If Ra ⊆ X and Ia ∩ X = ∅, we say that a is enabled by X . Hence, resA(X) is the cumulative union of
product sets of all reactions enabled by X . Note that resA = �S if A is empty.

Definition 2.4 [10] Let A and B be reaction systems over S. We say that A and B are functionally equivalent if
resA = resB . That is, resA(X) = resB(X) for all X ⊆ S.
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ranks of compositionally closed... 821

For a ∈ A, we say (Ra, Ia) is the core of a. A single reaction can replace several reactions with the same
core by taking the union of the product sets. Hence, every reaction system is functionally equivalent to one where
no two distinct reactions have the same core. Henceforth, throughout this paper, we will adopt the following
assumption.

Assumption 2.5 No two distinct reactions in any reaction system have the same core.

Definition 2.6 Suppose A = (S, A) is a reaction system. Then A is minimal if |Ra | ≤ 1 and |Ia | ≤ 1 for every
reaction a ∈ A.

The elements in Ra ∪ Ia are known as the resources of a. The classification of any reaction system according
to the maximal cardinality of the set of resources for all of its reactions was initiated in [8]. Note that every
nondegenerate minimal reaction system satisfies |Ra | = |Ia | = 1, for every reaction a ∈ A.

Definition 2.7 Every function f : 2S → 2S is called an rs function over S. It is nondegenerate if f (∅) =
f (S) = ∅. We say that f can be specified by a reaction system A over S if f (X) = resA(X) for all X ⊆ S.

A characterization of rs functions specified by nondegenerate minimal reaction systems was studied by
Ehrenfeuct et al. [6]. Due to the significance of degenerate reaction systems as exhibited in [13,24], the same
characterization was extended for degenerate minimal reaction systems in [23].

Theorem 2.8 [6,23] Suppose f is an rs function over S. Then f = resA for some minimal reaction system
(possibly degenerate) A if and only if f satisfies the following two properties:
(1) (Union-subadditivity) f (X ∪ Y ) ⊆ f (X) ∪ f (Y ) for all X, Y ⊆ S;
(2) (Intersection-subadditivity) f (X ∩ Y ) ⊆ f (X) ∪ f (Y ) for all X, Y ⊆ S.

Definition 2.9 [22] Suppose f is an rs function over S. The reaction system rank of f (or simply rsrank),
denoted rsrank( f ), is defined by

rsrank( f ) = min{ |A| | A is a reaction system such that resA = f }.
If resA = f and |A| = rsrank( f ), we say that A witnesses the rsrank of f .

Definition 2.10 [16] Let f be a nondegenerate rs function over a nonempty set S with the following properties.
(1) For every x ∈ S, f ({x}) is a singleton,
(2) For every proper nonempty subset X of S,

f (X) =
⋃

x∈X

f ({x}).

Let FU (S) or FU , if S is understood, be the class of such functions. The subscript U is due to the fact that
the functions are union-additive.

For f ∈ FU (S), the images of singletons of S determine the function f . Therefore, we introduce the signature
and characteristic set for functions from the class f ∈ FU (S) as follows.

Definition 2.11 Let f ∈ FU (S). The function, sgn[ f ] : S → S defined by

sgn[ f ](x) = y if and only if f ({x}) = {y} for all x, y ∈ S

is called the signature of f . Define the characteristic set char[ f ] of f by

char[ f ] = { sgn[ f ]−1({s}) | s ∈ Im(sgn[ f ]) }
where Im(sgn[ f ]) is the image of sgn[ f ]. We call | char[ f ]| the signature size of f .

Remark 2.12 Observe that 1 ≤ | char[ f ]| ≤ |S| as well as | char[ f ]| = |Im(sgn[ f ])|. When sgn[ f ] is a constant
function, we have char[ f ] = {S}. When the signature is a one-to-one function, we have char[ f ] = {{x} | x ∈ S}.
In the latter case, we say f admits a one-to-one signature.

Example 2.13 Let S = { 1, 2, 3 } and consider f ∈ FU (S) defined by f ({1}) = {1} and f ({2}) = f ({3}) = {2}.
Then char[ f ] = {{1}, {2, 3}}.

Note that in general the composition of two minimal reaction systems is not necessarily functionally equivalent
to a minimal reaction system. However, Salomaa showed that every function f ∈ FU (S) can be specified by a
minimal reaction system and the class FU (S) is closed under composition, cf. [16, Lemma 2-5]. Moreover, this
class FU (S) is interesting because every function in it is entirely determined by the images of the singletons {x},
for all x ∈ S.

In Sects. 3-5, we adopt the following convention: if |S| = n, then without loss of generality, the elements of
the background set S are the first n positive integers, that is, S = { 1, 2, . . . , n }.
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3 Bounds and basic facts for FU (S)

Lemma 3.1 Suppose |S| ≥ 2. Let f ∈ FU (S). Then |S| ≤ rsrank( f ) ≤ |S|2 − |S|.
Proof Every function f ∈ FU (S) can be specified by the reaction system

A =
⋃

i∈S

Ai , where Ai = { ({i}, ({ j}), f ({i })) | j ∈ S \ {i} }.

Since the number of reactions in A is |S|2 − |S|, this implies rsrank( f ) is at most |S|2 − |S|. Furthermore,
f (∅) = ∅ = f (S) and f ({i}) is a singleton set for every i ∈ S. This implies that for every i ∈ S, the reaction
({i}, Ii , f ({i})) must be in any reaction system specifying f for some nonempty proper subset Ii of S. Hence,
rsrank( f ) ≥ |S|. 
�
Definition 3.2 Suppose f is an rs function over S and a is a reaction over S. We say that a is f -compatible
if Pa ⊆ f (X) whenever a is enabled by some X ⊆ S. We say that an f -compatible reaction a is maximally
f -compatible if no distinct f -compatible reaction b exists such that Pa ⊆ Pb and b is enabled by X whenever
a is enabled by X .

Remark 3.3 If f ∈ FU (S) and reaction a is f -compatible, then the reactant and inhibitor sets of a cannot be
empty because f (∅) = f (S) = ∅.

Proposition 3.4 [26] Suppose f is an rs function over S. Then there is a reaction system witnessing the rsrank
of f consisting of maximally f -compatible reactions.

Remark 3.5 By the definition f ∈ FU (S), it can be seen that | f (X)| ≤ |X | for all ∅ �= X � S. Suppose a is an
f -compatible reaction. Then Pa ⊆ f (Ra) as a is enabled by Ra . Hence, |Pa | ≤ | f (Ra)| ≤ |Ra |.
Theorem 3.6 Let S be a nonempty finite set and f ∈ FU (S). Then any f -compatible reaction a over S is
maximally f -compatible if and only if |Ra | = |Pa | and |Ia | = 1.

Proof Let a = (Ra, Ia, Pa) be an f -compatible reaction such that |Ra | = |Pa | and |Ia | = 1. Assume a is not a
maximally f -compatible reaction. Then there exists a distinct f -compatible reaction b over S such that Pa ⊆ Pb
and b is enabled by X whenever a is enabled by X . We will show that b = a and thus it gives a contradiction.
Since a is enabled by Ra , so is b, and this implies that Rb ⊆ Ra . Note that |Pb| ≤ |Rb| ≤ |Ra | = |Pa |, where
the first inequality is by Remark 3.5. Since Pa ⊆ Pb and |Pb| ≤ |Pa |, it follows that Pa = Pb. Hence, it can
be deduced that |Rb| = |Ra | and thus Rb = Ra as well. Finally, if Ia �= Ib, then there exists y ∈ Ib \ Ia . The
reaction a can be enabled by the set Ra ∪ {y} but not the reaction b. This contradicts the fact that reaction b is
enabled by X whenever a is enabled by X . Hence, Ia = Ib as well and thus a = b.

Conversely, suppose a is a maximally f -compatible reaction. Assume |Ra | �= |Pa |. Since a is f -compatible,
by Remark 3.5, |Pa | ≤ |Ra | and we also know that Pa ⊆ f (Ra). If |Pa | < |Ra |, then there exists a nonempty
proper subset R′

a of Ra such that f (R′
a) = Pa . By the choice of R′

a , the reaction (R′
a, Ia, Pa) is f -compatible.

Also, it can be enabled by X whenever the reaction a is enabled by X . However, this violates the maximality
of the reaction a. Therefore, |Ra | = |Pa |. Similarly, if we assume |Ia | > 1, then for any y ∈ Ia , the reaction
(Ra, {y}, Pa) is f -compatible and it violates the maximality of a. 
�
Corollary 3.7 Let f ∈ FU (S). If a is a maximally f -compatible reaction over S, then |Ra | = |Pa |, |Ia | = 1,
and moreover Pa = f (Ra).

Example 3.8 Let S = {1, 2, 3, 4} and consider f ∈ FU (S) defined by f ({1}) = {1}, f ({2}) = {2} and
f ({3}) = {3} = f ({4}). Then f can be specified by the following set of maximally f -compatible reactions:

{ ({1}, {2}, {1}), ({2}, {1}, {2}), ({3}, {1}, {3}), ({4}, {3}, {3}), ({3}, {2}, {3})
({1, 2}, {3}, {1, 2}), ({1, 2, 3}, {4}, {1, 2, 3}) }.

Proposition 3.4 and Theorem 3.6 allow us to use maximally f -compatible reactions to determine the reaction
system ranks of functions from the class FU (S) in the remaining sections.
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4 Reaction system ranks of functions in FU (S) with signature sizes one and two

In this section, we aim to study the reaction system ranks for f ∈ FU (S) particularly with signature sizes one
and two. Recall that if the signature size is one, then there are |S| functions in the class FU (S) and char[ f ] =
{S} for all such functions. Similarly, when the signature size of f is |S|, all |S|! functions of this class have
the same characteristic set. However, for other given signature sizes, some functions from this class have the
same characteristics set, and some do not. The following result shows that functions in FU (S) with the same
characteristic set must have the same reaction system rank.

Theorem 4.1 Suppose f, g ∈ FU (S) such that char[ f ] = char[g]. Then rsrank( f ) = rsrank(g).

Proof By Proposition 3.4, let A be a reaction system witnessing the rsrank of f consisting of maximally
f -compatible reactions. Let B = { (Ra, Ia, g(Ra)) | a ∈ A }. We claim that g = resB and thus rsrank(g) ≤
rsrank( f ). Similarly, rsrank( f ) ≤ rsrank(g) and thus equality follows.

To prove the claim, suppose X is a nonempty proper subset of S. We need to show that resB(X) = g(X).
For any reaction (Ra, Ia, g(Ra)) in B, if it is enabled by X , then Ra ⊆ X and thus by the union-additivity of g,
g(Ra) ⊆ g(X). It follows that resB(X) ⊆ g(X).

Conversely, let α ∈ g(X). Then Y = X ∩ sgn[g]−1({α}) must be nonempty. Since char[ f ] = char[g], it
follows that sgn[g]−1({α}) = sgn[ f ]−1({β}) for some β ∈ S. Thus by the union-additivity of f , β ∈ f (Y ) ⊆
f (X). Since resA(X) = f (X), it follows that some a ∈ A is enabled by X such that β ∈ Pa = f (Ra)

by Corollary 3.7. Hence, α ∈ g(Ra) because sgn[g]−1({α}) = sgn[ f ]−1({β}). Since (Ra, Ia, g(Ra)) is also
enabled by X , it follows that α ∈ resB(X). Therefore, we also have g(X) ⊆ resB(X) as required. 
�
Example 4.2 Suppose S = {1, 2, 3, 4}. Let f, g ∈ FU (S) be defined by f ({1}) = f ({2}) = {1}, f ({3}) =
f ({4}) = {2} and g({1}) = g({2}) = {3}, g({3}) = g({4}) = {4}. Clearly, char[ f ] = { {1, 2}, {3, 4} } = char[g].
Therefore, by Theorem 4.1, rsrank( f ) = rsrank(g). Moreover, f can be specified by the following reaction
system:

A = {({1}, {3}, {1}), ({2}, {1}, {1}), ({3}, {1}, {2}), ({4}, {3}, {2}),
({1, 3}, {2}, {1, 2}), ({1, 3}, {4}, {1, 2})}.

By our later Theorem 4.7, it follows that A witnesses the rsrank of f . The corresponding rank witnessing reaction
system B for g which is obtained by the transformation in the proof of Theorem 4.1 is given below:

B = {({1}, {3}, {3}), ({2}, {1}, {3}), ({3}, {1}, {4}), ({4}, {3}, {4}),
({1, 3}, {2}, {3, 4}), ({1, 3}, {4}, {3, 4})}.

Theorem 4.3 Suppose |S| ≥ 3 and f ∈ FU (S). Then rsrank( f ) = |S| if and only if the signature size of f is 1.

Proof Suppose the signature size of f is one. Then char[ f ] = {S}. Therefore, by Theorem 4.1, without loss
of generality, let f ({x}) = {1} for all x ∈ S. By Lemma 3.1, rsrank( f ) ≥ |S|. Hence, in order to prove that
rsrank( f ) = |S|, it suffices to show that |S| many reactions can specify f . Define

A =
|S|−1⋃

i=1

{ ({i}, {i + 1}, {1}) } ∪ { ({|S|}, {1}, {1}) }.

Since f (X) = {1} for all ∅ �= X � S, in order to show that f is specified by A, we only need to show that
for all nonempty proper subset X of S, there is a reaction in A enabled by X . There are only two possibilities: (i)
there exists an i ∈ X such that i + 1 /∈ X , for which the reaction ({i}, {i + 1}, {1}) is enabled by X ; otherwise,
(ii) |S| ∈ X and 1 /∈ X, for which the reaction ({|S|}, {1}, {1}) is enabled by X .

Conversely, suppose rsrank( f ) = |S| and A witnesses the rsrank of f which consists of maximally
f -compatible reactions. Since f (∅) = ∅ = f (S) and f ({i}) is a singleton set for every i ∈ S and |A| = |S|,
therefore, by Theorem 3.6, A must be as follows:

A = { ({1}, {x1}, f ({1})), ({2}, {x2}, f ({2})), . . . , ({|S| }, {x|S|}, f ({|S|})) }
for some not necessarily distinct elements x1, x2, . . . , x|S| of S. Assume the signature size of f is greater than
one. Fix an i ∈ S such that | f (S\{i})| > 1 (this is possible because |S| ≥ 3). This implies that there exist at
least two distinct elements j and k such that ({ j}, {x j }, f ({ j})) and ({k}, {xk}, f ({k})) are enabled by S\{i}
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(thus x j = xk = i) and f ({ j}) �= f ({k}). Now, consider the set Y = {i, j, k}. Observe that at most the
reaction ({i}, {xi }, f ({i}) can be enabled by Y . However, | f (Y )| = |{ f ({i}), f ({ j}), f ({k})}| ≥ 2. Therefore,
resA(Y ) �= f (Y ), which contradicts the fact that f can be specified by A. 
�
Theorem 4.4 Suppose |S| ≥ 2 and f ∈ FU (S). If the signature size of f is 2, then rsrank( f ) ≤ 2|S| − 2.

Proof Since the signature size of f is 2, there exist two distinct elements (say) λ and ν, and two disjoint nonempty
subsets, S1 and S2 of S such that S1 ∪ S2 = S and f ({x}) = {λ} for all x ∈ S1 and f ({y}) = {ν} for all y ∈ S2.
Let s1 and s2 be two distinct fixed elements of S such that s1 ∈ S1 and s2 ∈ S2. Now, define a reaction system A
over S as follows,

A = { ({s1}, {s2}, {λ}), ({s2}, {s1}, {ν}) } ∪ { ({s′
1}, {s1}, {λ}) | s′

1 ∈ S1 \ {s1} } ∪
{ ({s′

2}, {s2}, {ν}) | s′
2 ∈ S2 \ {s2} } ∪ { ({s1, s2}, {z}, {λ, ν}) | z ∈ S \ {s1, s2} }.

Claim f can be specified by A.

Clearly, resA(S) = ∅ = resA(∅) and by the definition of A, resA(X) ⊆ f (X) for all nonempty proper subset
X of S. Now, we consider the following cases.

Case 1 Either X ⊆ S1 or X ⊆ S2.

If X ⊆ S1, then resA(X) = {λ} = f (X) because if s1 ∈ X , then the reaction ({s1}, {s2}, {λ}) is enabled by X ,
and otherwise if s1 /∈ X , then the reaction ({s′

1}, {s1}, {λ}) is enabled by X for any s′
1 ∈ X . Similarly, if X is

completely contained in S2, then resA(X) = {ν} = f (X).

Case 2 X ∩ S1 and X ∩ S2 are both nonempty (this is possible only when |S| ≥ 3).

In this case, f (X) = {λ, ν} by the definition of S1 and S2 and union-additivity of f .

Case 2.1 cX ∩ {s1, s2} = {s1, s2}.
For any z ∈ S \ X , the reaction Case 2.2 ({s1, s2}, {z}, {λ, ν}) of A is enabled by X . Thus, f (X) = {λ, ν} =
resA(X).

Case 2.2 I f X ∩ {s1, s2} = {s1} or {s2}.
Without loss of generality, suppose X ∩ {s1, s2} = {s1}. By our assumption, there exists s′

2 ∈ S2 ∩ X such that
s′

2 �= s2. It follows that resA(X) = f (X) = {λ, ν} as the reactions ({s1}, {s2}, {λ}) and ({s′
2}, {s2}, {ν}) of A are

enabled by X .

Case 2.3 X ∩ {s1, s2} = ∅.

There exist two distinct elements s′
1 and s′

2 of S\{s1, s2} respectively such that s′
1 ∈ S1 and s′

2 ∈ S2. Then
resA(X) = f (X) = {λ, ν} as the reactions ({s′

1}, {s1}, {λ}) and ({s′
2}, {s2}, {ν}) are enabled by X .

Hence, from all cases, resA = f . Since the number of reactions in A is 2+|S1|−1+|S2|−1+|S|−2 = 2|S|−2.
Therefore, rsrank( f ) ≤ 2|S| − 2. 
�
Theorem 4.5 Suppose |S| ≥ 3. Let f ∈ FU (S) such that the signature size of f is 2. If there exists a unique
element x ∈ S such that f ({x}) �= f ({y}) for all y ∈ S \ {x}, then rsrank( f ) = 2|S| − 2.

Proof Since the signature size of f is 2, by Theorem 4.4, rsrank( f ) ≤ 2|S| − 2. It suffices to show that
rsrank( f ) ≥ 2|S| − 2. Since there exists a unique element x ∈ S such that f ({x}) �= f ({y}) for all y ∈ S\{x},
it follows that char[ f ] = { {x}, S \ {x} }. Without loss of generality, we may assume char[ f ] = {{1}, S\{1}} (up
to the relabeling of the elements of S). Now, by Theorem 4.1, without loss of generality, let f ({1}) = {1} and
f ({s}) = {2} for all s ∈ S\{1}. By Proposition 3.4, let f = resA, where A consists of maximally f -compatible
reactions witnessing the rsrank of f . Since f ({1}) = {1}, it follows that ({1}, {x1}, {1}) ∈ A for some x1 ∈ S.
Similarly, for each s ∈ S\{1}, ({s}, {xs}, {2}) ∈ A for some xs ∈ S. For any s ∈ S \ {1, x1}, since f (S \ {s}) =
{1, 2}, it follows that some reaction as = (Ras , Ias , Pas ) such that 1 ∈ Pas must be enabled by the set S \ {s}
(thus Ias = {s}). Note that as �= as′ , whenever s′ �= s. Therefore,

{({1}, {x1}, {1})} ∪ { ({s}, {xs}, {2}) | s ∈ {2, 3, . . . , |S| }} ∪ {as | s ∈ S \ {1, x1} } ⊆ A

and thus rsrank( f ) = |A| ≥ 2|S| − 2. 
�
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The following corollary follows immediately from Theorem 4.5.

Corollary 4.6 Suppose |S| = 3. Let f ∈ FU (S) such that the signature size of f is 2. Then rsrank( f ) = 4.

Theorem 4.7 Suppose |S| = 4. Let f ∈ FU (S) such that the signature size of f is 2. Then rsrank( f ) = 6.

Proof Since the size of the signature of f is 2, this implies that there exist two nonempty disjoint subsets S1 and
S2 of S such that S1 ∪ S2 = S and f ({x}) �= f ({y}) for all x ∈ S1 and y ∈ S2. By Theorem 4.5, it remains to
consider the case where char[ f ] = { S1, S2 } such that |S1| = |S2| = 2. Without loss of generality, we may assume
char[ f ] = {{1, 2}, {3, 4}} (up to the relabeling of the elements of {S1, S2}). Now, by Theorem 4.1, without loss
of generality, let f ({1}) = {1} = f ({2}) and f ({3}) = {2} = f ({4}). Suppose f = resA, where A consists of
maximally f -compatible reactions. By Theorem 4.4, we have rsrank( f ) ≤ 6, so it suffices to show that |A| ≥ 6.
We argue by contradiction. Assume |A| = 5. Note that B = {({1}, {x1}, {1}), ({2}, {x2}, {1}), ({3}, {x3}, {2}),
({4}, {x4}, {2})} must be a subset of A, for some not necessarily distinct elements x1, x2, x3, x4 ∈ S, because
otherwise f ({i}) �= resA({i}) for some i ∈ S. Now, we discuss the following cases.

Case 1 resB({1, 2, 3}) = {1, 2}.
Then, x3 = 4 and either x1 = 4 or x2 = 4. We may assume x1 = 4 as the other case is similar. Since

1 ∈ resA({1, 3, 4}) = f ({1, 3, 4}), it follows that some reaction a = (Ra, {2}, Pa) such that 1 ∈ Pa is enabled
by {1, 3, 4}. Hence, A = B ∪ {a}. Now, considering resA({1, 2, 4}) = {1, 2}, it follows that x2 = x4 = 3.
However, none of the reactions in A can be enabled by {2, 3, 4}, contradicting that resA({2, 3, 4}) = {1, 2}.
Case 2 resB({1, 2, 3}) �= {1, 2}.

Since resA({1, 2, 3}) = f ({1, 2, 3}) = {1, 2}, it follows that another reaction a = (Ra, {4}, Pa) not in B
must be enabled by {1, 2, 3}. Hence, A = B ∪ {a}. Now, resA({1, 3, 4}) = {1, 2} implies that x1 = 2 and at least
one of x3 or x4 is 2. We may assume x3 = 2 as the other case is similar. Considering resA({2, 3, 4}) = {1, 2}, it
implies that x2 = x4 = 3. However, it now follows that resA({2, 3, 4}) = ∅, which gives a contradiction. 
�

5 Reaction system ranks of functions in FU (S) with one-to-one signatures

In this section, we will study the lower bound of reaction system ranks of functions f ∈ FU (S) admitting a
one-to-one signature. By Proposition 3.4, every rs function over S admits a specifying reaction system witnessing
the rsrank of f that consists of maximally f -compatible reactions. Recall that if a is any f -compatible reaction
over S, then Pa ⊆ f (X) whenever a is enabled by some X ⊆ S. For every reaction a over S, define

Ha = {(X, q) | X ⊆ S, a is enabled by X, and q ∈ Pa }.
For every A such that resA = f , by definition, every reaction in A is f -compatible, and we have

⋃

a∈A

Ha = { (X, q) ∈ 2S × S | q ∈ f (X) }.

Before moving on to the reactions system ranks of functions from the class FU (S) with one-to-one signatures,
we first establish some results.

Lemma 5.1 Suppose |S| ≥ 2. Let f ∈ FU (S) and a = (Ra, Ia, Pa) be a maximally f -compatible reaction in
S. Then |Ha | = 2|S|−|Ra |−1 · |Ra |.
Proof Since a can be enabled by all subsets that contain Ra and mutually disjoint with Ia , the number of enabling
subsets of S for a is 2|S|−|Ra |−|Ia | by counting. It follows that |Ha | = 2|S|−|Ra |−|Ia | · |Pa |. The desired result
follows immediately from Theorem 3.6. 
�
Remark 5.2 If f ∈ FU (S), then the reactant and inhibitor set of any f -compatible reaction over S cannot be
the empty set. Therefore, by Lemma 5.1, |Ha | ≤ 2|S|−2 for every maximally f -compatible reaction a over S as
2|S|−|Ra |−1 · |Ra | ≤ 2|S|−1−1 · 1.

Remark 5.3 If f, g ∈ FU (S) and both with one-to-one signatures, then char[ f ] = char[g] = { {x} | x ∈ S }.
By Theorem 4.1, rsrank( f ) = rsrank(g). Henceforth, if f ∈ FU (S) admits a one-to-one signature, then without
loss of generality, we may assume f ({x}) = {x} for all x ∈ S in order to determine its reaction system rank.
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Theorem 5.4 Suppose |S| = 3 and f ∈ FU (S) admits a one-to-one signature. Then rsrank( f ) = 5.

Proof By Remark 5.3, without loss of generality, let f ({1}) = {1}, f ({2}) = {2} and f ({3}) = {3}. It is clear
that rsrank( f ) ≤ 5 as f can be specified by

{ ({1}, {2}, {1}), ({2}, {1}, {2}), ({3}, {1}, {3}), ({1, 2}, {3}, {1, 2}), ({1, 3}, {
2}, {1, 3}) }.

By Proposition 3.4, let f = resA, where A consists of maximally f -compatible reactions witnessing the rsrank
of f . We need to show that |A| ≥ 5. Note that q ∈ f (X) if and only if q ∈ X for any nonempty proper subset
X of S. Since |S| = 3, for any fixed q ∈ S, the number of nonempty proper subsets of S containing q is three.
Hence, |{ (X, q) ∈ 2S × S | q ∈ f (X) }| = 9. By Lemma 5.1, |Ha | = 2 for every maximally f -compatible
reaction a. Since ∪a∈AHa = { (X, q) ∈ 2S × S | q ∈ f (X) }, it follows that f cannot be specified by a set of
maximally f -compatible reactions of size less than five. 
�

To determine the lower bound of reaction system ranks of functions from the class FU (S) with one-to-one
signatures, we establish Lemma 5.5.

Lemma 5.5 Suppose |S| ≥ 2. Let f ∈ FU (S) be f ({x}) = {x} for all x ∈ S. Then

|{ (X, q) ∈ 2S × S | q ∈ f (X) }| = (2|S|−1 − 1) · |S|.
Proof By the definition of f ∈ FU (S), x ∈ f (X) if and only if x ∈ X for any nonempty proper subset X
of S. Since for any fixed q ∈ S, the number of proper subsets containing q is 2|S|−1 − 1, this implies that
|{ (X, q) ∈ 2S × S | q ∈ f (X) }| = (2|S|−1 − 1) · |S|. 
�
Theorem 5.6 Suppose |S| = 4 and f ∈ FU (S) admits a one-to-one signature. Then rsrank( f ) = 8.

Proof By Remark 5.3, without loss of generality, we assume f ({i}) = {i} for i ∈ {1, 2, 3, 4}. It can be verified
that f can be specified by the reaction system consisting of the following eight reactions:

({1}, {2}, {1}), ({2}, {1}, {2}), ({3}, {4}, {3}), ({4}, {3}, {4})
({1, 2}, {3}, {1, 2}), ({1, 2}, {4}, {1, 2}), ({3, 4}, {1}, {3, 4}), ({3, 4}, {2}, {3, 4}).

By Proposition 3.4, let f = resA, where A consists of maximally f -compatible reactions witnessing the rsrank
of f . It remains to show that |A| ≥ 8. Recall by Theorem 3.6 and Corollary 3.7 that Pa = Ra and |Ia | = 1.

We argue by contradiction. Assume |A| = 7. First, we show that |Pa | ≥ 3 for some a ∈ A. For s ∈ S, each
singleton {s} must be enabled by some reaction of the form ({s}, {xs}, {s}) for some xs ∈ S. Let a1, a2, a3 be the
remaining three reactions in A and assume |Pai | ≤ 2 for all i ∈ {1, 2, 3}. Since the inhibitor set is nonempty, for
some s0 ∈ S, none of the ai is enabled by S\{s0}. This implies that ({s}, {xs}, {s}) must be enabled by S\{s0}
for every s ∈ S\{s0} (and thus xs = s0) because f (S\{s0}) = S\{s0}.

We claim that the inhibitor sets of any two ai ’s must be different. Suppose the contrary holds and let X
be the union of the inhibitor sets of all the ai ’s along with {s0}. Then 2 ≤ |X | ≤ 3 and at most the reaction
({s0}, {xs0}, {s0}) of A can be enabled by X as xs = s0 for all s ∈ S\{s0}. This leads to a contradiction as
f (X) = X but resA(X) ⊆ {s0}. Therefore, the inhibitor sets of the ai ’s are mutually distinct.

Hence, for each s ∈ S\{s0}, at most one of the ai ’s can be enabled by S\{s}. Additionally, among the reactions
({s}, {xs}, {s}) for s ∈ S and the sets S\{s} for s ∈ S\{s0}, only the reaction ({s0}, {xs0}, {s0}) is enabled by
S\{xs0}. Since f (S\{s}) = S\{s} for all s ∈ S\{s0}, this leads to a contradiction as

|Pa1 | + |Pa2 | + |Pa3 | + |{s0}| ≤ 2 + 2 + 2 + 1 < 3 · 3 =
∑

s∈S\{s0}
|S\{s}|.

Therefore, |Pa | ≥ 3 for some a ∈ A and for this a, in fact, |Pa | = |Ra | = 3 and so |Ha | = 3 by Lemma 5.1.
Meanwhile, by Remark 5.2, |Ha | ≤ 4 for every other reaction a. Since

⋃
a∈A Ha = {(X, q) ∈ 2S × S | q ∈

f (X)}, it leads to a contradiction as |⋃a∈A Ha | ≤ 3 + 4 · 6, but |{(X, q) ∈ 2S × S | q ∈ f (X)}| = 7 · 4 by
Lemma 5.5. 
�
Theorem 5.7 Suppose |S| ≥ 5 and f ∈ FU (S) admits a one-to-one signature. Then rsrank( f ) ≥ 2|S|.
Proof By Remark 5.3, without loss of generality, let f ({x}) = {x} for all x ∈ S. By Proposition 3.4, let
f = resA, where A consists of maximally f -compatible reactions witnessing the rsrank of f . We need to show
that |A| ≥ 2|S|. By Lemma 5.5, |{ (X, q) ∈ 2S × S | q ∈ f (X) }| = (2|S|−1 − 1) · |S|, and for every maximally
f -compatible reaction a, |Ha | ≤ 2|S|−2 by Remark 5.2. Since

⋃
a∈A Ha = { (X, q) ∈ 2S × S | q ∈ f (X) },

it follows that f cannot be specified by a set of maximally f -compatible reactions of size less than 2|S| as
(2|S| − 1) · 2|S|−2 < (2(|S|−1) − 1) · |S| for all |S| ≥ 5. 
�
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6 Conclusion and future direction

This paper focuses on the study of reaction system ranks of functions from the class FU (S) with small signature
sizes by utilizing the notion of characteristic sets. In particular, we proved that for every f ∈ FU (S), rsrank( f ) =
|S| if and only if the signature size of f is one (Theorem 4.3). If the signature size of f ∈ FU (S) is two, then
2|S| − 2 is the upper bound of the rsrank of f (Theorem 4.4). This upper bound is the rsrank of all functions
associated with the specific characteristic set {{x}, S \ {x}} over the background set of size larger than two
(Theorem 4.5), and also for all the functions over the quaternary alphabets (Theorem 4.7). Hence, as a future
direction, we will study whether rsrank( f ) = 2|S| − 2 whenever the signature size of f is two.

Moreover, we have established the reaction system rank with one-to-one signatures over the ternary (Theo-
rem 5.4) and the quaternary (Theorem 5.6) alphabets respectively. Theorem 5.7 provides a lower bound (2|S|) of
the reaction system rank of functions f ∈ FU (S) with one-to-one signatures for |S| ≥ 5. The simple counting
argument in the proof of Theorem 5.6 shows that 2|S| is not likely to be close to the rsrank of f when |S|
increases. Therefore, another potential future direction is to determine the rsrank of one-to-one functions from
the class FU (S) over larger background sets.

We hope that our research will contribute to a deeper study of functions from the class FU (S), precisely for
determining the reaction system ranks for other signature sizes.
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