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In 1956 a young man from Madras (now, Chennai) reaches ISI, Calcutta (now, Kolkata) to continue his studies.
He was late by a day to join the course. When he attended the first class, there was an ordinary looking man
lecturing and conducting practical session. When asked if he brought practical note book, the young man replied
that he did not know and would get it later. The teacher was stern and told him that even if he is late, he should
have found out before attending the class. The young man who did not like the stern warning, went to complain
to the director C. R. Rao. But on entering the office, he quickly turned back. That ordinary looking teacher was
C. R. Rao and the young man was K. R. Parthasarathy (KRP).

KRP contributed significantly, and established himself as a leading player in several areas. The present article
covers some of his contributions in the beginning years of his career.

After completing the three-year advanced statistician’s training course, he approached C. R. Rao (CRR) for a
problem to work on. CRR advised him ‘learn information theory’. This advice of CRR turned out to be prophetic;
not only was KRP’s thesis topic information theory, on problems he asked himself after reading Khinchin’s book;
he returned to information theory in his last years, but now to Quantum information Theory.

Here are two of the problems discussed in his thesis. Consider a finite set A and the two sided infinite product

oo
space A’ = x A; where each A; = A. This is a compact metric space when each coordinate is equipped
—00

with discrete topology. Points in this space are denoted by x = (x, : —00 < n < 00). The coordinate random
variables are denoted by (X, : —00 < n < 00) and thus X, (x) = x, forx € A’ The shift transformation on
the space is denoted by 7. Thus if x = (x,), then T'(x) = y where y, = x,_; . Let ;1 be a probability on A’
which is invariant under 7' (stationary channel). For each n-tuple (xi, ..., x,), we denote w({(xy, ..., x,)) =
w(X;i =x;; 1 <i <n).Define

1
K =—lim — > p(xr...x.)) log w({xy ... X)),

n—oon
(X150eesXn)

where the sum is over all n-tuples of the alphabet A. For a stationary p (channel) this limit exists and is known
as rate per letter of the source.

KRP proved, among other things, that there is a function 4 on Al such that K (u) = f hd u for any stationary
w. The analysis depends on the Kryloff-Bogoliouboff theory as explained by Oxtoby [17]. Here is the essential
starting point of this latter theory. Let 7 be a homeomorphism of a compact metric space 2. Firstly, using the
Birkhoff Ergodic theorem and the fact that C(2) is separable, we can see the following: given any ergodic (for
T) probability u, there is at least one p € €2 such that ergodic averages of all f in C(£2) converge. Secondly,
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the Riesz representation theorem now allows you to read ergodic measure p through such points p € . Finally
one knows that any invariant measure is mixture of ergodic measures. These allow one to get such a function h.

In a subsequent paper he shows, among other things, the following. Consider the bilateral product >< M; of

a complete separable metric space M = M; (for all i) along with the shift transformation 7. Then the set sm of
all ergodic measures is a dense G in the space of probabilities under weak topology. Further the set of periodic
measures is dense in the set of ergodic measures. Such an evaluation of the size of sets is along the lines of earlier
results of Halmos on the size of weakly mixing transformations and of Rokhlin on the set of strongly mixing
transformations and of Kakutani on the size of the Quasiregular points (points at which the ergodic averages
converge for each continuous function). Oxtoby who had earlier given an exposition of the Kryloff-Bogulioboff
theory appreciated this result of KRP and showed later that the results hold in general separable Borel spaces.

V. S. Varadarajan felt that Kolmogorov consistency theorem is very fundamental and one should be able to
derive many results using this theorem. He himself used it to prove the Riesz Representation theorem for positive
linear functionals on C(X) for locally compact Hausdorff space X [18]. The idea is the following. For finite
product of two point set {0, 1} it is hand calculation; for uncountable product X of two point space, Kolmogorov
consistency theorem does the job. Then using that a compact Hausdorff space is continuous image of a closed
subset of such an X one deduces the result; finally for locally compact Hausdorff spaces one argues locally
on each open set with compact closure and pieces the measures defined on these compact sets together. KRP,
collaborating with Bingham proved the Bochner theorem on positive definite functions on the dual of a locally
compact abelian group — via Kolmogorov consistency Theorem [2]. Again the first step is to prove it for 7", a
finite product of unit circle by hand calculation and then use Kolmogorov consistency theorem for uncountable
products of 7. Finally the general result is deduced from this by an interesting argument. In a subsequent paper,
KRP uses this probabilistic technique to prove, among other things, Pontryagin duality theorem for locally
compact abelian groups.

Suppose we have a process X; for0 < ¢ < 1 which is relatively stationary in the following sense: if » > 1 and
(t1,....ty)and (1 + h, ..., 1, +h)areallin [0, 1] then (X;,, ..., X;,) and (X, 44, ..., X4, +1) have the same
distribution. Question: Can we extend this as a stationary process to all of the real line? In other words can we
find a stationary process (¥; : t € R) such that (¥;,0 <t < 1) and (X;, 0 <t < 1) have the same distribution?
KRP, collaborating with Varadhan, showed in [9] that the answer is affirmative when the given process is real
valued and is continuous in probability. They first prove a Hahn-Banach type theorem on extension of a positive
linear functional which is invariant under action by the group of rationals. Interestingly enough as a consequence
they obtain, using Gaussian processes, the following theorem of M. G. Krein: A continuous positive definite
function given on [—1, 1] can be extended as a continuous positive definite function on all of R. This problem
of extending stationary processes was taken up nearly thirty years later by Kamm in her thesis ( see [4]) in the
context of Hausdorff space valued process. However the basic questions whether the extension is unique, whether
there is an Ergodic extension, or whether similar result holds for random fields etc. appear unanswered.

From the deep study, by KRP, Ranga Rao and Varadhan, of probability measures on locally compact second
countable abelian groups [8], especially the Levy-Khinchin Representation, it follows that an infinitely divisible
distribution can be embedded in a convolution semigroup. KRP takes up this embedding problems for not neces-
sarily abelian groups in [11] and [14] and frees the problem from the existence of Levy-Khinchin representation.
For instance he proves that this can be done after a shift, on a compact second countable group if the measure
has no idempotent factors. This problem, of embedding an infinitely divisible probability in a one parameter
semigroup of probabilities, was later taken up by several authors including S. G. Dani and M. McCrudden.

In an appendix to the book of Kolmogorov and Gnedenko [5] , Doob makes an interesting statement. Since
the limit distributions for sums of independent random variables are usually discussed through convolutions
of characteristic functions, it is possible to develop a theory, not mentioning the word random variable, but
restricting to positive definite functions. KRP, collaborating with K. Schmidt took this up in a wider context of
tensor products of Hilbert spaces and discussed limits of products of uniformly infinitesimal families of positive
definite kernels.

The work on Locally Compact Abelian groups, jointly with Ranga Rao and Varadhan is a seminal contribution.
There were some studies earlier on extending the study of probability distributions and weak convergence on
structures beyond the reals. In [8] the authors provide definitive extensions, for LCA groups, of (i) Levy-Khinchin
Representation theorem for infinitely divisible distributions, (ii) criteria for weak convergence of i.d.laws and
(iii) Khinchin’s theorem on sums of infinitesimal summands.

The book Probability Measures on Metric Spaces [10], published in 1967 is an ever green and lasting
contribution for both researchers and students. This book has over 4500 citations on Google Scholar, unusual for
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aresearch level book in mathematics that is not a text book. While visiting Sheffield, KRP gave a course for PhD
students and wrote notes on the subject. Eugene Lukacs, visiting the department, saw the notes and apparently
said, “T am the editor of a series run by Academic Press, can I have these notes for publication”.

The book is based on work of the group of four- V. S. Varadarajan, Ranga Rao, Varadhan and KRP. The four
had met when they were working towards their PhD at Indian Statistical Institute, Kolkata, and were there for
some time subsequently. Though the book is called Probability Measures on Metric Spaces, it has lot of material
going beyond metric spaces. Perhaps the name was suggested after the content were written.

In the 1950s, going beyond Euclidean spaces, the focus on measures was on locally compact topological
spaces. It was clear that from probability theory point of view, when dealing with stochastic processes, one had
to go beyond locally compact spaces, as even C[0, 1] is not locally compact, while Wiener had constructed a
measure on this space (later called the Wiener measure).

Doob, Donsker and others had started working on ways to extend approximation theorems such as Central
limit theorem to i.i.d. observations from a stochastic process, which required them to deal with C[0, 1] and
D[0, 1] - the space of right continuous functions having left limits. The Russian school of probability had started
working on convergence in distribution for random variables taking values in a metric space.

Varadarajan had worked on convergence in distribution of stochastic processes, presumably unaware of
Prohorov’s work published few years earlier in Russian. Varadarajan’s work appears with details in KRP’s book,
for C[0, 1] and also for D[0, 1] valued stochastic processes. Around the same time as publication of this book
(1967), Billingsley’s book Convergence of Probability Measures [1] was also published. While Billingsley’s
focus in the book was weak convergence of measures, KRP’s book connects weak convergence to topological
aspects of the set of measures on a metric spaces.

As Dudley says in his review [3] of KRP’s book this was written at just the right time when the subject matter
reached the appropriate degree of maturity; carefully and cogently done. As Tom Liggett points out in his review
[16], much of the material presented is made available here for the first time in book form.

Competing interest No Competing Interest.
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