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Consider a locally compact second countable topological group G. By a distribution on G we mean a probability
measure on G defined on the o-algebra of Borel subsets of G. We denote by P(G) the class of distributions
on G, and consider it equipped with the weak* topology. On P (G) there is also a multiplication arising as the
convolution product of distributions, making P (G) a topological semigroup. The (convolution) product of any
u,v € P(G) will be denoted by pv and correspondingly for n € N the nth (convolution) power of any A will
be denoted A". By a continuous one-parameter semigroup {u,} in P(G) we mean a family of u;’s, r > 0, such
that g, = pgys forall s, t € R, such that  — p, is continuous.

Givena pu € P(G) itis of interest to know whether it lies in a continuous one-parameter semigroup, namely
whether there exists a continuous one-parameter convolution semigroup {u;} in P(G) such that u; = u; when
this holds we say that  is embeddable. When p represents the transition probability of a random walk on G,
embeddability corresponds to the question whether there is a continuous time stochastic process on G, of which
the walk is the unit-time specialization. One reason for the interest is that continuous one-parameter semigroups of
distributions are amenable to what can be broadly termed “methods of calculus". These one-parameter semigroups
admit what is called the Levy-Khintchine representation, which helps understanding them; extending the classical
studies, such a theory was developed by G. A. Hunt, in a paper in 1956, for the case of (connected) Lie groups; it
was extended to the general case of locally compact groups later, by Hazod and Siebert, in 1973; see [4], p. 331.

Itis easy to see that a necessary condition for embeddability of a distribution y is that it must admit convolution
roots of all orders; u with this property is said to be infinitely divisible. For various classes of distributions of
interest such a property can be derived by other means. The question then is which infinitely divisible distributions
are embeddable.

In the classical framework for distributions on the group of real numbers such a question was considered in
a somewhat different form. The distributions were considered equivalent if they were translates of each other,
focusing on their centered versions in a way; such a formulation arose from the context of the distributions which
had barycenters, which it was considered appropriate to suppress. Thus a distribution ;& was considered infinitely
divisible if for all n there exists a distribution whose n-th power is a translate of 1, and embeddable if a translate
of u lies in a one-parameter convolution semigroup. Embeddability of infinitely divisible distributions in this
sense was established by P.Lévy, in 1954. A generalization of the result for locally compact abelian groups was
proved in one of KRP’s early papers, jointly with R.Ranga Rao and S.R. S. Varadhan [10], in 1963, in the similar
formulation of the concepts, with the distributions considered equivalent if they are translates of each other; note
that the group being abelian the left and right translates of a distributions are the same.

The version of the embedding problem not involving equivalence upto translations, as formulated above, was
introduced by K.R. Parthasarathy (KRP, in sequel) in his 1967 paper [7]. The modification in the formulation
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has been important in furthering the study on the general theme; in [4] (see p.245) Herbert Heyer refers to it as
“a more generalizable approach to the theorem ... proposed by Parthasarathy".

KRP motivated this question in [7] by recalling Hunt’s representation theorem mentioned above, on the
one hand, and embeddability results proved in the older formulation, on the other hand; the latter included
his result with Ranga Rao and Varadhan, as in [10], and also a result proved independently R. A. Gangolli and
V.N. Tutubalin (in 1964 and 1962 respectively), which is an analogue of the embeddability assertion for distri-
butions for symmetric spaces, in place of groups. He emphasizes exploring a direct interrelationship, confirming
embeddability within the framework of probability theory on groups, rather than via techniques of harmonic
analysis which had been the fulcrum of earlier work. In his words, “The method adopted in these papers is to
obtain a formula for the “Fourier transform" and then deduce the imbeddability. However, Hunt [4] has obtained
directly the representation of one-parameter convolution semigroups in any connected Lie group. The question
naturally arises whether one can directly imbed an infinitely divisible distribution in a one-parameter convolution
semigroup and deduce the Levy-Khinchine representation theorem."

Apart from introducing the problem which has been a source of much further activity, KRP led the way,
in the paper, by introducing certain techniques towards its resolution, which have played a crucial role in the
subsequent developments. In the paper he proved the embedding theorem (in the new formulation) for R, with
the method extending also to R” for n > 2, and compact connected (not necessarily abelian) Lie groups, giving
expression to the techniques. We shall discuss below some details of the ideas introduced, and their impact in a
wider context. Before doing so it would be convenient to note certain points to put the matter in perspective.

We note that there are some exceptions to embeddability being implied by infinite divisibility, in the renewed
formulation. Consider the group G = Q, of rational numbers equipped with the discrete topology, and a point-
mass distribution u = 8, where x € Q. Then it is infinitely divisible since 8,,, is a convolution root of order
n, for all n € N. However it is easy to see that it can not be embeddable, unless x = 0. A similar phenomenon
arises in the case of p-adic numbers. A conjecture emerged in the aftermath of KRP’s above mentioned paper,
that if G is a connected Lie group then every infinitely divisible distribution on G is embeddable.

The 1967-paper is from his Manchester years. Though on returning to India in the 1970s he largely moved
on to other areas, he did revisit the embedding problem, and contributed the papers [8] and [9], and the latter
especially was to have major influence on further progress.

In a major development on the question, it was proved by M. McCrudden in 1981 that if G is a connected
Lie group and u is an infinitely divisible distribution with the further property that its support is not contained
in a proper closed subgroup of G then u is embeddable. The review of the paper in Mathematical Reviews is by
KRP. In it he attests it saying “This settles a long-standing problem of probability theory on Lie groups.” and
adds, with an evident sense of satisfaction, “As the author points out the method used is a modification of the
argument employed by the reviewer.” Indeed the reference here is to his paper [9].

McCrudden, incidentally, worked at the University of Manchester. He did not actually overlap with KRP
there, but got introduced to the problem and the area, on account of a student there, Quentin Burrell, to whom KRP
had suggested the problem. McCrudden’s first work on the problem was with Burrell, extending KRP’s result
to connected nilpotent Lie groups. Though KRP evidently did not think of the condition on the supports of the
distributions as being a serious restriction, McCrudden was passionate about eliminating it. In 1985 McCrudden
and I were both at a conference at Oberwolfach, Germany, where he introduced me to the problem. That was to
result in a long collaboration between us, leading to proof of the embedding theorem for all infinitely divisible
distributions for a large class of connected Lie groups, though not all. I shall not go into the details here; the
reader is referred to [2] for an exposition on the theme, including also some of my later work with Yves Guivarc’h
and Riddhi Shah, and the current status on the question.

While a good deal of technicalities and new ideas have gone into further developments, there has always been
a core part of the strategy which can be traced back to KRP’s 1967 paper. It may be briefly described as follows.
Let 1 be an infinitely divisible distribution. To get an embedding {u,} one aims at identifying candidates for .,
r any rational number, which would give a “rational embedding", and ensuring that it would extend continuously
to a continuous embedding with real parameter. For r = g, P, q natural numbers, the candidate would have to
be of the form )»f; where A, is a gth root of . When p is infinitely divisible one gets an abundant supply of gth
roots; if m = kq and A, is a mth root then )‘ﬁ1 is a gth root; (they may not be distinct, but one does not need to
worry about it). For any r = g the set say P, of possible )J; s that can be produced in this way is a closed set. It
turns out that if it is actually compact then taking limits suitably one can arrive at rational embeddings, which
can then be seen to extend to continuous embeddings; when the P,’s are not compact the endeavour is to find
suitable compact subsets of them to which also the strategy can be applied.
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A strategy to arrive at compactness of P;s as above was introduced by KRP in [7] via an interesting property
of convolution products of distributions proved in [10] (see also [6] for an exposition); this property has in fact
has been useful in a variety of other contexts as well (see [1] in particular): Let G be a locally compact second
countable group. Let {§,} and {5, } be sequences of distributions such that {&,n,} is relatively compact. Then
there exists a sequence {g,} in G such that the sequences {§,g,} and {g, 'nn) are relatively compact. If {£,} is
a sequence in P, as above with r < 1, then we readily get a sequence {1,} in Pj_, such that &,n, = n. The
theorem therefore implies that {&,g,} is relatively compact for a sequence {g,} in G. In the case of R (and R")
with some further arguments KRP was able to prove that sequence {g,} is relatively compact, proving in this case
that P, is compact. Various variations of the theorem and strategies are involved in various subsequent works
see [2] for details. The legacy lives on.
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