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In the paper [9] we have tried to give an idea of some of the main achievements in the huge scientific production
of K. R. Parthasarathy (KRP or Partha in the following) highlighting the conceptual structures behind them and
some, among the many, possible developments. KRP’s production, in more that 60 years of uninterrupted scientific
activity, would have been sufficient to create the reputation, not for one, but for three or four mathematicians of
the highest international level. The fact that his main contribution to science has been the creation, with Robin
Hudson, of quantum stochastic calculus, risks to let people forget about his contributions to the theory of infinitely
divisible laws of classical probability and its quantum development into the theory of factorizable structures, to
the theory of group representations, to classical and quantum information as well as to classical statistics.
His books are masterpieces of clarity of exposition and completeness of information: some of them will remain
as classics of mathematics. He had many students and many collaborators, but they constitute a tiny fraction with
respect to the generations of mathematicians he has influenced with his books and papers.
This note is dedicated to some memories of my personal interactions with KRP in a scientific dialogue that has
continued uninterrupted for fifty years and which for me continues even after his passing. My emphasis will be
on the many things I learned from him directly, from long discussions over the years, or indirectly, by studying
his papers and books or listening to his talks or lectures. I will quickly describe how, some of the seeds planted in
my brain through these interactions blossomed, sometimes years, sometimes decades later. The message I would
like to convey is that the study and meditation on his writings has great inspirational potential for those who
intend to participate in the construction of the new historical level of probability theory that begun to emerge in
the early 1970s with the development of quantum probability.
The remembrance of our first meeting is still so vivid in my memory that I can see it in my mind like a movie. It
was in the summer 1982, during the Q P1–conference in Villa Mondragone. It was the second public occasion in
which he and Robin Hudson were presenting at a conference the just born quantum stochastic calculus (QSC),
not yet completed with the preservation process: no published paper about it had yet appeared.
In the first one, a few months earlier, they had expounded the contents of the two papers [4], with emphasis on
the classical formulation of the basic quantum martingales, and [5] dealing with the purely quantum case.
Their contribution to the Q P1–conference [3] was a development of [5], because it was addressed to a public of
quantum probabilists and the classical language was abandoned except as a pure analogy. I was sitting next to
KRP, who had not yet given his talk, and Robin was expounding the new stochastic calculus to a public who, like
me never heard about such a thing. I knew, from Robin’s previous work on the quantum central limit theorem,
that he was realizing, in two ways, i.e. through the position and momentum fields, the classical brownian motion
process inside the boson Fock space over L2(0,+∞), but I was missing the main point because I had the feeling
that the techniques used were of classical probability. I remember expressing under my breath, during Robin’s
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talk, this doubt to KRP by saying: But these are two classical processes! His immediate reply, Yes, but they do not
commute!, made me think. I looked more carefully at Robin’s transparencies on the screen(in 1982 they were still
the main tool used in conferences!), where the precise commutation relation between these two classical brownian
motions was written, and for the first time I realized that QSC is a stochastic calculus in which two classical
brownian motions, satisfying a very special and non–trivial commutation relation are simultaneously considered.
I was not able to understand much more than this vague intuition, because at those times my knowledge even of
classical stochastic calculus was very superficial, since I had never used it in my research. I could not imagine
that, in the next twenty years, my research would have rotated around this barycenter, like the planetary system
around the sun. Yet this vague intuition was enough to convince me that I was in front of something deep and I
am at a loss for words to describe my happiness when Partha, towards the end of the conference, approached me
asking if I wanted to visit him at the Indian Statistical Institute (ISI) in New Delhi.
The two months I spent at ISI in Delhi in the early 1983, were probably the most intensive period of my scientific
life, in the sense that I think that never before or after in my life I learned so many things in such a short period.
Partha’s knowledge of mathematics was deep and wide and he loved to transmit it to younger people. On my
side, I perceived this depth and width and was eager to treasure even the smallest piece of information I received
from him. I dedicated my evenings to improve and expand the notes I had been taking during our conversations
in the day, trying to fill my comprehension gaps and to complete some of the proofs, that were often sketchy.
However the material kept on accumulating at such a rate that the task I had set for myself became impossible to
accomplish. These notes continued to accompany me throughout my scientific life up to today and I periodically
take up and elaborate some parts of them in various directions, both out of pure curiosity and for concrete
applications to my research work. These notes turned out to be a treasure for me in later years but, during my
1983 stay in ISI in Delhi, I have not had time to delve into all the numerous scientific stimuli received from Partha
because the main part of my efforts were dedicated to learn from him quantum stochastic calculus (and classical
as well: I think I have been one of the first mathematicians to learn classical SC as a corollary of quantum SC,
rather than learning QSC as a generalization of classical SC). It was clear for me I was experiencing a unique
opportunity in my scientific life and I was determined not to waste it.

Among the many things I learned from Partha in that period one played a particular role. He told me that Levy
had proven that any martingale with continuous trajectories is, up to a random time change, a classical brownian
motion (BM). Since quantum stochastic calculus was based on quantum brownian motion, it was natural to
wonder if the above mentioned Levy’s characterization could be extended from classical to quantum BM. I made
a formal calculation that indicated that such a characterization should be possible: it was far from being a proof,
just an intuitive suggestion. So, when I explained this idea to Partha, I was afraid he would have dismissed it as
nonsense. To my surprise, that wasn’t the case: he showed interest and we spent long hours over the next few
days discussing the possible ways to make this intuition rigorous.
The problem was fraught with difficulties, both technical and conceptual: the essential assumption in Levy’s
theorem was the continuity of trajectories, but trajectories do not exist in the quantum case; moreover, nobody
up to that moment had considered the quantum analogue of a random time change in a QSDE (simply because
such equations had not yet been invented); but the crucial issue was that the boson commutation relations (CR),
which are the starting point to define quantum BM, were not available. On the contrary, not only the CR, but even
the gaussianity of the state, had to be deduced starting from two purely probabilistic assumptions (martingale
property and continuity of the trajectories) of which only one had a quantum analogue at that time. Therefore,
to extend the proof technique developed by P. Levy to the quantum case, we could not rely on the Hudson–
Parthasarathy stochastic calculus because the central aim of our research was to deduce the quantum BM, not to
start from it.
Evidently such an undertaking required time while, precisely in those days, my stay at ISI in Delhi was coming
to an end. We therefore continued to work in this direction by communicating through letters and, after just over
a year, we were able to present a first version of our results [8] at the QP2 conference held in Heidelberg from 1
to 5 October, 1984. The paper [7], that was accepted in 1986, but appeared in print only in 1988, summed up the
minimal analytical conditions sufficient to guarantee the emergence of the boson commutation relations and of
the gaussian nature of the quantum brownian process from quantum probabilisic assumptions of Levy type. The
assumptions in [7] were slightly stronger than in [8] with the exception of the fermion case that, differently from
[8], was deduced from the unification result, obtained one year before by Hudson and KRP [2]. The most difficult
conceptual problem, i.e. how to express continuity of trajectories in a quantum context, was eventually overcome
with the observation that a condition on the 4th moments of a classical stochastic process that, according to
a theorem due to Kolmogorov, guaranteed the continuity of trajectories of the process, made sense also in the
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quantum case. So we simply took this sufficient condition as a quantum analogue of the continuity of trajectories
and it turned out that this was sufficient to prove the coincidence of the mutual quadratic variation with the
conditional quadratic variation, which is the crucial distinction between diffusions and processes with jumps.
The history of quantum Levy theorems had many sequels, in different ramifications of quantum probability, but
for reasons of space, these will be discussed elsewhere.
I limit myself to mention that the fourth moment condition, introduced in [7] was used in classical probability,
and became very fashionable in that field, about twenty years later to prove results similar to those considered
by us in the quantum case (which includes the classical).
The above mentioned two papers are the only joint papers I have with Partha, but several of my own articles after
them have been affected by his influence. I would like to conclude this small note giving a few examples of how
the influence of the notes I took on his Delhi teachings in 1983 has materialized concretely in my own research
activity.

One of the first things KRP taught me was the connection between the classical theory of random processes
with independent and stationary increments, the theory of projective representations of groups and the process
of second quantization. He explained to me how all these connections were born in a paper of Kolmogorov
on helices in Hilbert spaces, evolved twenty years later in a series of papers by Araki and Araki–Woods who
introduced the notion of factorizable structures and were further extended by himself and Schmidt in their
Springer LNM volume [6] and later by Guichardet Gui72 (see [9] for more details on this issue). Curiosity for
these structures is one of the themes that has accompanied me since 1983 till the present time, but about twenty
years after my first visit to Delhi, I noticed that some factorizable structures naturally emerged in the programs
of non–linear quantization and of C∗–quantization (which for reasons of space cannot be described here), so I
decided that the time had come for me to go deeper into this issue and I begun to look at the original papers. In
this historical–scientific research, I discovered that, in Kolmogorov’s original papers [16], [17], where he first
introduced Hilbert space techniques in probability theory, using them to determine the structure of stationary
processes with independent increments, the author does not use the term helix but generically speaks of curves
in Hilbert space. In [9] it is described how this approach led to the notions of positive definite and conditionally
positive definite kernels, to the identification of Kolmogorov’s curves in Hilbert space with the increments of
a real valued stationary increment stochastic process indexed by the intervals of R and with what today we
call 1–cocycles (for the action on R on itself by translations), to the fact that any such process is canonically
associated to a Hilbert space uniquely determined by its Levy-Khinchin function and finally to the proof that
this Hilbert space is naturally identified to a boson Fock space, . . . .
In addition to probability theory, Kolmogorov’s papers had a tremendous influence in many branches of math-
ematics. One year after the first Kolmogorov paper, which was set in complex Hilbert spaces, Schönberg and
von Neumann [21] discussed the real Hilbert space case. Shortly after, Aronszajn [11], describing a part of
Kolmogorov’s construction, introduced the name reproducing kernels and this name caught up in the western
literature, giving rise to an intensive line of research on various aspects of these kernels which continues to this
day. To my knowledge, the first use of the term helix in Hilbert space is due to Masani [19], [18]. A. M. Yaglom
extended Kolmogorov’s approach from stationary processes to translation invariant random fields and he also
considered kernels given not by functions, but by positive definite distributions (a direction pursued later also
by W. von Waldenfels). Quite interesting is another, relatively recent, extension of Kolmogorov’s theory due to
Fuglede, where helices are generalized to spirals.

Definition 1 ([14]) A (logarithmic) spiral of order α ∈ R is defined as a continuous path t �→ x(t) in a real
Hilbert space such that

‖x(t1 + t) − x(t2 + t)‖ = eαt‖x(t1) − x(t2)‖ , t, t1, t2 ∈ R (1)

For α = 0 the spiral becomes a helix.

This definition highlights the fact that, in the early developments of the theory, the natural environment for the
notion of helix, generalizing that of increments of a stochastic process, was that of a normed (or at least metric)
space. As testified by the above mentioned Fuglede’s paper, this terminology continues to be used nowadays.
However, in the extensions of Kolmogorov approach to the theory of stationary independent increment processes
that begun with Araki’s work [10] and culminated with the KRP–Schmidt monograph [6], the various general-
izations of the notion of increments of a process (to groups, or spaces acted upon by a group, or Lie algebras
or co–algebras, . . . ) are described in terms of the more algebraic notion of 1–cocycle (for the action of a given
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group). The last part of the monograph [6], dedicated to the determination of the structure of the 1–cocycles for
various types of group actions, suggests that the use of the cohomological terminology derives from the work
of Bargmann who determined the structure of the 2–cocycles of the additive group R

d . In the theory of group
representations, the term 2–cocycle is used as a synonymous of multiplier (or of logarithm of multiplier) and it
would be historically interesting to know if the theory of independent increment stationary processes played a
role in the development of this terminology. In any case it would be interesting to understand if, in any application,
the metric notions of helix or spiral can be deduced from an underlying notion of 1–cocycle or a modification of
it.
For example, denoting R

∗ := R \ {0} and

(i) t ∈ R �→ Tt the translation action of the additive group R on an increment process (x(s,t]), indexed by the
family of intervals of the form (r, s] ⊂ R,

Tt x(r,s] := x(r+t,s+t]

(ii) M : (y, x) ∈ R
∗ × R → My x := y · x ∈ R the multiplication action of the multiplicative group R

∗ on R

(considered now as the state space of the process (x(s,t])), we see that, for each α ∈ R, t ∈ R �→ eαt ∈ R
∗

is a parametrization of R
∗. So the group representations (T · ) and (M · ) are examples respectively of the

kinematical and state space symmetries discussed in Section 3 of [9].

With these notations, the spiral condition (1) is implied by the algebraic condition

Tt x(t1,t2] = Meαt x(t1,t2] := eαt · x(t1,t2] := eαt · (x(0,t2] − x(0,t1]) (2)

Now notice that (2) can be equivalently written in the form

Tt x(t1,t2] = Tt (x(0,t2] − x(0,t1]) = x(t,t2+t] − x(t,t1+t] = Meαt x(t1,t2] (3)

Therefore, putting t1 = 0 and using x∅ = 0, (2) and (3) imply that (2) can be equivalently written in the form

Tt x(0,t2] = Meαt (x(0,t2+t] − x(0,t]) (4)

which, for α = 0 expresses the fact that the map t �→ x(0,t] is a 1–(T · )–cocycle. In this sense we say that the
metric condition (1) can be deduced from the natural modification of the algebraic notion of 1–cocycle given
by (4). It is likely that this deduction can be extended to more general groups.
Additional notes on the historical development of the subject can be found in [19], [18] and in the more recent
[13].

Another example of non–trivial implications for my research of an input received by Partha in 1983 is also related
to factorizable structures, but this time the input concerns a very technical result. Among the many things Partha
taught me about factorizable structures in my 1983 stay in Delhi, one remained in a corner of my mind for several
years. Namely, when explaining to me the proof of the totality of the exponential vectors in the boson Fock space,
he told me that, while it is easy to prove that exponential vectors with test functions restricted to step–functions
are total, there was a non–trivial result, proved in the unpublished thesis of the French mathematician Delorme
(if I transcribed his name correctly), according to which, to prove totality it is sufficient to further restrict the test
functions to finite sums of characteristic functions of disjoint intervals (see [12], in fact Partha mentioned to me
Delorme’s thesis, but I was not able to find a reference for it).
As I already said, my main concern in that period was to learn QSC and to make some progress in the proof of the
quantum Levy martingale characterization of BM, so I had no much time to devote to other issues. Nevertheless,
I made some unsuccessful attempts to prove this result by myself and I arrived to the conclusion that the result
was indeed non–trivial. Some years later KRP and Sunder [1] published a proof of this result, but still rather
complicated. Eventually Michael Skeide, using some ideas of Arveson, was able to produce a short proof of this
result [22].
In the early 2000s, I was studying with S. Kozyrev the quantum theory of interacting particle systems and some
difficulties with the infinite volume limit lead us to consider the following question: It is known, and intuitively
obvious, that a stochastic differential equation contains more information than the semigroup equation deduced
by it. Can one quantify how much more is this information? The question applies both to classical and quantum
SDE. I don’t now why but, thinking about this problem, the idea came to my mind that Delorme’s result, that
Partha described to me about twenty years earlier, could be of help in this issue. In fact it turned out to be the
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essential technical tool for the proof that a stochastic flow (i.e. the solution of a, classical or quantum, SDE) is
equivalent to four semigroups (the 4–semigroup theorem). I reported this result at the conference in honour of
Prof. Kalyan B Sinha held at the ISI in Kolkata (20—23 December 2003) and still remember Partha’s reaction
because this has been the only time in my life in which he explicitly told me that he liked a result I had obtained.

Between the last decades of 20th century and the first decades of the 21th, probability theory has undergone a
revolution that can only be compared to what happened in geometry starting from the beginning of 1800. In this
revolution, the role of KRP has been outstanding. Those who had the privilege of having scientific interactions
with him will remember him with gratitude and admiration. Those who had not, can rest assured that their
scientific personality will grow enormously through meditation on his writings several of which can already be
considered classics of contemporary mathematics.

Competing interest The author has no competing interests to declare.
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