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I became aware of KRP’s work in the late 1960’s from his two papers: “On the derivation of the Schrödinger
equation in a Riemannian manifold” [20], and “Projective unitary, antiunitary representations of locally compact
groups" [21] when I was a student in the U.S.A. completing my PhD thesis work on Mathematical theory of
Quantum Fields. These two, written while KRP was working in the U.K., alerted me to his style of writing and
thinking. They were both related to the mathematical concepts of Quantum Mechanics - the first one establishes
Schrödinger equation in Riemannian manifold, while the second one about the consequences of Wigner’s theorem
in Quantum Mechanics to representation theory of locally compact groups, which often appear as groups of
symmetry of a quantum system. At this stage, KRP seemed to be interested in the structural aspects of the
foundations of Quantum Theory and not so much the details of the solutions of the Schrödinger equation or of
the (unbounded) generators of the various symmetry groups involved, which gives possibilities of describing
different physical models and details of the Schrödinger evolutions.

KRP, as his early training and background shows, is first and foremost a probabilist with a wide perception
of the subject. However, in the mid 1960’s, in ISI Kolkata, the lectures of V S Varadarajan on the structures (in
algebro-geometric settings rather than probabilistic) of Quantum theory had a deep influence on him. Later in his
professional life the synthesis of Probability theory and concepts of Quantum Mechanics seemed to have played
a bigger role.

At some point in the late 1970’s after his return to India from the UK, KRP developed interest in the theory
of perturbation of linear operators in an infinite dimensional Hilbert space and gave a lecture course in the
Bangalore campus of TIFR, mostly based on the work of T. Kato on the subject. This first change of direction
in his mathematical attention led to two papers: the first on the eigenvalues of analytic matrix-valued maps [23]
and the second on the exact bound of the Coulomb potential with respect to the free Dirac operator [22]. These
researches possibly grew out of his lecture course on perturbation theory earlier.

It is possibly important to emphasise that during this decade of the 70’s, KRP’s research were in various areas
of mathematics of the Quantum theory. Some of these were directly related, some not so much, to Probability
theory, e.g. on positive definite functions, infinitely divisible distributions, current algebras, etc. These will be
written about in this collection elsewhere. Here it is mentioned to bring forth a feeling of the breadth of the
mathematical canvas of KRP and also to prepare for the next level of major research activity that erupts in this
canvas of KRP.

The next major direction of KRP’s research possibly begins with his work with R. L. Hudson and P. D. F. Ion
in “The Feynman-Kac Formula for Boson Wiener Processes" [7], and in which probably the first attempt to model
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Wiener process as processes associated with Bosonic Field was made. It must be mentioned that approximately
around this time (1980-), in the UK, R. L. Hudson and R. F. Streater along with their collaborators, had already
started related mathematical constructions, Hudson in the CCR Fock space over L2(R+) and Streater in the
CAR-Fock space (e.g. [4]). Having completed a PhD thesis work on the representation of the CCR (with infinite
degrees of freedom) and mathematical theory of quantum fields, I went to University of Geneva and switched fields
completely to the mathematical theory of scattering in the Quantum Mechanics (of finite degrees of freedom).
The major developments in the Quantum Field Theory (QFT) in the 1950’s and 60’s were very exciting, but in
my views, did not go far into solving physically important problems. The real reason in my view is that may be
it was very difficult and demanding. On the other hand, the mathematics needed for a wide range of physical
problems with finite degrees of freedom were either already developed or were emerging rapidly. Thus I had
spent the whole of the decade of 1970, working in this area of quantum theory, ending with writing the first book
on Mathematical Theory of Scattering, with Jauch and Amrein in Geneva. However the subject of the theory
of Quantum Fields remained alive, though in the back of my mind. It is possible that listening to the lectures
(mostly of KRP) in the ISI Delhi centre on this newly emerging subject of Quantum Stochastic Calculus at first
ignited my interest - may be this will provide an interesting approach to some of the unsolved problems of QFT.
But as it turned out, that’s not to be; rather the new theory of Quantum Stochastic Processes, probably did more
to model the dissipative processes in quantum theory than for the QFT, aside from expanding the mathematical
horizon to bring in different theories of probability, some of which do not satisfy the axioms of the classical
probability theory of Kolmogorov. Having had a background in the theory of unbounded operators in a Hilbert
space and after learning some probability theory from KRP’s lectures, I was ready to venture into a marriage of
Stochastics and Quantum theory.

The initial thrust of Hudson and KRP seemed to be in the direction of a kind of “multiplicative and non-
commutative integral” (e.g. with Hudson and Ion [8] and the earlier references) as infinite product of “unitary
infinitesimals” driven by the “increments of the creation and annihilation operators” in a Fock space. Formally this
made good sense but computations are very awkward in this formulation and hence good results were hard to come
by. In the same period, KRP and I started looking at a Trotter-Kato product of evolutions with unbounded operator-
coefficients driven by classical Brownian motion [29] and we could show that having a limit of these random
products is the same as having solutions of classical stochastic differential equations with operator coefficients in
a Hilbert space. These were constructive evolutions, constructed out of the independent increments of classical
Brownian process. Further generalisations of this idea were carried out by J. M. Lindsay and this author [18]
driven by all the three basic quantum martingales with bounded operator coefficients and by D. Goswami, B.
Das, and this author [6] on quantum stochastic flows on ∗-algebras with unbounded coefficients. In 1981-82,
one of the two important ingredients, viz. namely stochastic differential equations to replace “infinite product
integrals” have lodged itself in the minds of Hudson and Parthasarathy. The second, viz. that of continuous tensor
product, possibly came from his much earlier work on “infinitely divisible distributions” and his collaborations
with K. Schmidt [28]. These led Hudson and KRP to realise that the Fock space representation of the Weyl-Segal
commutation relation (often used by physicists) on L2(R+) provides an ideal setup to implement the continuous
tensor product structure. Another way of expressing this would be to say that the “exponential functoriality” of
the map

� : h � H �→ Fock ( over H),

(this is called the “second quantisation" by the physicists) stating that �(h1 ⊕ h2) is unitarily equivalent to
�(h1) ⊗ �(h2), where h j ∈ H j , j = 1, 2, weaves neatly into the factorisation

�(L2(R+)) = �
(

L2([0, s]) ⊕ L2([s, t]) ⊕ L2([t,∞))
)


 �
(

L2([0, s])
)

⊗ �
(

L2([s, t])
)

⊗ �
(

L2 ([t,∞))
)

for 0 ≤ s ≤ t < ∞.

Formally speaking this can accommodate a “product integral” as “infinitesimal factorised product” in

�(L2(R+)) 
 �(L2([0, t])) ⊗ �(L2([t, t + δt])) ⊗ �
(

L2 ([t + δt,∞))
)

,

leading to writing of an integral with respect to a stochastic (yet possibly by non-commutating or quantum)
“integrator". The first factor would represent the “past", the last the “future", while the infinitesimal operator-
integrator (the second factor) commutes with “what is in the past space", though the final integrated solution
may not be commutating.

The stage is now set for the emergence of the seminal paper of Hudson and Parthasarathy [10] giving:
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(i) mathematically satisfactory structure in Bosonic Fock space �(L2(R+)) of operator valued processes,
(ii) the operator-integrators (operator-martingales),

(iii) a theory of integration in this background (somewhat in the spirit of Ito integrals), and
(iv) quantum Ito multiplication table of products of operator increments.

Though Hudson in an earlier single authored paper, did give Ito-table with only creation and annihilation incre-
ments, this is the first time the full table with conservation process as well appeared. Then they went on to
consider quantum stochastic differential equation (qsde) with bounded operator coefficients and the conditions
under which the solution will be an unitary operator valued process in h ⊗ L2(R+), where h is the space in
which the quantum physical system is described.

This paper also observed a remarkable feature of the theory - viz. in the same structure, both classical
processes - Brownian motion and Poisson process - are mathematically describable which is impossible in the
classical theory of stochastic process. This impossibility is due to the fact that the σ -algebra constructed out of
the increments of Brownian motion and that of the Poisson process are incompatible: “in a world of knowledge
made up of experiments on the Brownian motion, one can not answer questions on the Poisson process”. But
this is the magic of quantum theory - in a sense, one can create a large algebra (in this case B(�(L2(R+))), the
∗-algebra of bounded linear operators on Fock space) which contains as commutative sub-∗-algebras, both the
Brownian motion and the Poisson algebras. In fact, B(�(L2(R+))) is generated by these two commutative (but
mutually non-commutative) sub-algebras.

Possibly for sometimes in 1985 onwards, KRP started regular courses on this newly emerging subject which
was regularly attended by me and a few graduate students. There was of course the KRP-hallmark in each of
his lectures - the clarity of statements and proofs, even the depth of casual remarks and above all, the masterly
organisation of material. These lectures metamorphosed to first ISI lecture notes and then to his famed monograph
“An introduction to Quantum Stochastic Calculus”, Birkhauser, 1992 [27].

This book also contains some of other very interesting observations of Hudson and KRP - viz. that the
Fermionic process {F(t)}t≥0 can be realised in the Bosonic Fock space as a quantum stochastic integral (with
respect to the Bosonic operator-integrators) satisfying the canonical anti-commutator relation (CAR);

{F(t), F(s)} ≡ F(t)F(s) + F(s)F(t) = 0,

{F(t), F(s)∗} = min{t, s}, 0 ≤ s, t ≤ ∞.

The book describes in details the construction of the processes, driven by a countable-infinite member of mutually
independent basic quantum process, i.e. creation, annihilation, and conservation process, originally by Mohari
and the present author (another presentation appears in the book [19]). This later book by the very well known
classical probabilist Paul-André Meyer gave, in part a classical probabilist’s point of view to the new subject
at that time and introduced the concept of a toy Fock space, which often turned out to be quite useful in
understanding the basic probabilistic ideas. Furthermore, the central ideas behind the construction of quantum
stochastic evolutions via a family of ∗-homomorphic flows on a ∗-algebra of observables are also studied in both
these books. This is constructed by a conjugation by unitary solutions of appropriate qsdes just as one computes
the Heisenberg evolution from the unitary Schrodinger operators [11]. Some of the central theme of these topics
appeared slightly earlier in the paper by L. A. Accardi, A. Frigerio, and J. T. Lewis [1]. These evolutions have
more recently been called quantum diffusions or quantum flows.

During the period of 1985 – 1992 before these books have made their appearance and has created an impact
in the domains of quantum theory and of probability, KRP had a flurry of academic activities in many different
directions, with central theme of quantum stochastic processes, of which I’ll mention a few. The first of these on
“The passage from random walk to diffusion in quantum probability” [15], in which he continued successfully
his efforts to model quantum flows on a ∗-sub-algebra of B(H) by approximating the stochastic (noise)-part by
countably infinite tensor products of B(C2)-pieces. Each step of the random walk produces a B(C2)-element
associated with the interval ( jh, j + 1h) as a new tensor element. With bounded operator coefficients, it was
demonstrated that the quantum random walk (suitably scaled with respect to h, the walk-length) converges
strongly to a quantum stochastic diffusion in B(R), obtained by conjugation by the unique unitary solutions of
a stochastic Hudson-Parthasarathy (H-P) equation. Some improvements on these results were noted in article of
this author “Quantum random walk revisited”, [36].

The concept and use of the (random) stop times (in relation to a stochastic process) is a beautiful and powerful
tool in the hands of classical probabilists. Hudson had already started an investigation into the possibility of
incorporating this concept into the realm of quantum probability as an adapted family of spectral measures in
Fock spaces �(L2(R+)). KRP and the present author [31,32] undertook a systematic analysis of this in the Fock
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space calculus, defined the random stopped-past and -future Fock spaces, and proved that for each stop-time
operator S (unbounded non-negative self-adjoint operator in Fock space), the strong Markov property holds, i.e.

�(L2(R+)) = Fock space forS-stopped past ⊗ Fock space forS-stopped future.

This work led to further researches into interesting questions on the anomalies in the consequential definitions
of random stopped past- and future- quantum observables (algebras) [3,5] There are still many unanswered
questions in this sub-area.

Slightly earlier there was the fundamental work of KRP with the present author on integral representation
of martingales [30], emulating the famous representation theory of square integrable martingales of Kunita and
Watanabe. Hudson and Lindsay had also looked at this problem, in a limited context, in [9]. The 1986 paper
mentioned above, introduces a concept of bounded regular martingales and proves that a quantum martingale in
Fock space satisfies a H-P qsde with bounded operator coefficients if and only if it is bounded regular. This led
to many interesting consequences, e.g. a note on “A martingale of bounded operators that is not representable
as a stochastic integral", by J.-L Journé. and P.-A. Meyer, in [14] and a rejoinder by KRP on the note in the
same volume [24]. The bounded regularity is too strong a constraint and some progress was made by going
over to white noise theory (or looking at second quantisation over a somewhat restricted class of functions in
constructing the Fock-like space (but not Fock), see e.g. the article by Un Cig Ji and this author in [13].

A mention needs to be made of several significant papers in this period: “A martingale characterization
of canonical commutation and anticommutation relations,” [2], “Azéma martingales and quantum stochastic
calculus”, in R.R. Bahadur, editor, Proc. R.C. Bose Memorial Symposium (1988), and “Cohomology of power
sets with applications in quantum probability” in [16]. The first of the above (with Accardi) emulates classical
work of Levy in characterising the Brownian motion from the property of it being a martingale and having a
characteristic quadratic variation to that of the CCR and CAR in Fock space by their respective properties. The
second of the two relates to a very special classical martingale (studied by Azéma) made out of the signature of
the Brownian motion and its last zero before time t (it is a process without continuous trajectories). Following up
on a suggestion of P.-A. Mayer, KRP showed that the Azéma martingale is one of a class of commutative quantum
martingales satisfying a linear qsde. This allowed the use of considerable amount of resources of the development
of the quantum stochastic calculus to the problem to study the properties of the whole class, parameterised by a
real parameter c ∈ [−1, 1]. This article is one of the many instances of writing by KRP which displays beautifully
his mastery of the classical and quantum probability theories. He uses the Fock space quantum stochastic calculus,
Maassen’s kernel calculus in Guichardet Fock space and the classical Ito calculus of standard Brownian motion
in an interwoven fashion to prove a large number of interesting results. For example, for each c ∈ [−1, 1], the
solution Xc(t) is a family of commutative self-adjoint processes, of which all but X1(t) are bounded operator
families and furthermore he shows that while X1(t) is the classical Brownian motion, X−1(t) is closely related to

the Fermionic process, and the process (2t)− 1
2 X0(t) has the density function closely related to the arc-sine law.

Thus this article establishes one kind of continuous interpolation among various quantum stochastic processes.
Another article by KRP and this author [33]) addressed one fundamental issue in the subject, taking a quantum

stochastic flow jt : A �→ A ⊗ B(�(L2(R+))) where A ⊆ B(h) with h being the initial Hilbert space of the
observed system, does the family { jt (x) : a ∈ A; t ≥ 0} constitute a commutative sub-algebra in the range of
ĵt (·) if A is a commutative ∗-algebra to start with. Equivalently one can ask if the initial observable set are all
‘classical’, does the flow remains ‘classical’? In the said paper, the authors showed that if the map coefficients
driving the flow ĵt (·) map A boundedly into A, then the answer is yes. This structure accommodates a large class
of classical Markov processes on a measurable set, and this aspect of the theory does need further exploration,
which somehow has not happened.

The theme of unification of various noises (classical, Bosonic, and Fermionic) engaged KRP in his article in
[25], and was also extended (with this author, “Unification of quantum noise processes in Fock spaces”, [34])
where the free noise (coming from free commutation relations) also could be accommodated, however at the
cost of the need to use non-adapted integration theory, or more precisely, the integration of the future-adapted
integrands.

The structure of the generator of a uniformly continuous dynamical, semigroups, described by Lindblad,
and later by Christensen and Evans in von Neumann algebras led KRP to two important articles. The first (with
the present author: “Quantum Markov processes with a Christensen-Evans generator (CE) in a von Neumann
algebra”, [35]) achieves the quantum stochastic dilation of the said semigroup with CE-parameters by

(i) constructing a compensated Poisson process in the Fock space by using the CP-map in the CE-parameters
and then,
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(ii) perturbing this process by a suitable unitary-cocycle to reach the stochastic dilation.

The second paper (with J. M. Lindsay, [17]) investigates the properties of CP-map-valued, uniformly contractive,
though not necessarily ∗-homomorphic, stochastic flows on a von Neumann algebra, and also constructs a class
of such flows for a given set of CE-parameters.

There were a few other areas of chaotic/stochastic motions in non-commutative sets, in which KRP made
important contributions in collaboration with R. L. Hudson and others, e.g. [12] about which very little will
be said here. Another important area that will be dealt with elsewhere in this volume are, his work with B.
V. R. Bhat in constructing general quantum Markov process, not necessarily described by q.s.d.e.’s and his
later systematic studies on finite dimensional quantum Gaussian distribution. And there will remain unsaid,
unwritten areas/ideas of discussions that I have had the privilege of having with him (e.g. relations between
non-commutative probability and non-commutative geometry) which shall have to wait for future to see their
unfolding.
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