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Abstract This is a brief survey of papers of K R Parthasarathy on weak Markov flows and on extreme points of
various convex sets appearing in Probability and Quantum Probability.
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1 Introduction

The goal here is to provide an overview of articles by K R Parthasarathy on two specific somewhat unrelated
areas mentioned in the title. The papers on ‘Weak Markov Flows’ is limited to the decade 1990-1999, and is
about a quantum analogue of classical Markov processes. The second topic ‘Extreme points of Convex sets’ is
a lifelong favorite of Parthasarathy and the papers are spread over several decades and it includes problems and
ideas from both classical and quantum probability. Typically the tools come from elementary linear algebra and
the final answers are simple and elegant. For the convenience of reader we include the references of papers of
Parthasarathy in the main text itself.

2 Weak Markov flows

After the discovery of quantum Ito formula by Hudson and Parthasarathy in 1980’s, the subject of Quantum
Stochastic Calculus came into existence and quickly it became an area of hectic research activity. Apart from
the founders several prominent names such as L. Accardi,V. Belavkin, F. Fagnola, A. Holevo, Un Cig Ji, J. M.
Lindsay, K. B. Sinha, W. Waldenfels, and their collaborators and students also got engaged in developing this
theory.

One of the early achievements of this theory was to describe a beautiful class of QSDE’s with unitary
processes as solutions. When their defining coefficients satisfy some structure equations, conjugation by these
unitary processes solve the dilation problem for quantum dynamical semigroups in the bounded generator case.
Here we elaborate a bit on this problem. One parameter semigroups of unital completely positive maps on
C∗-algebras are the quantum analogues of semigroups of stochastic maps describing probabilities of Markov
transitions in classical Markov process theory. They are known as Quantum Markov semigroups. They are used
to model open systems or irreversible systems in quantum theory. Can we write them as expectation semigroups
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of ‘quantum Markov processes’ in some sense is the question. Now if the quantum Markov semigroup has a
bounded generator then we can explicitly write down quantum stochastic differential equations and as mentioned
above Hudson-Parthasarathy theory provides conjugations by unitary processes as solutions. In other words the
theory is quite satisfactory in the bounded generator case. However, keeping interesting examples in mind, it is
important to consider quantum Markov semigroups with unbounded generators. As demonstrated by Fagnola,
Sinha and others, extending the Hudson-Parthasarathy theory to include such unbounded generators has been
successful in some special cases with stringent domain conditions on the generator. However, the method is very
analytic in nature and so it has its limitations.

On the other hand, in classical probability theory, thanks to Kolmogorov’s existence theorem there is a
Markov process arising from every Markov semigroup of stochastic maps. This raised the question as to whether
we can have an analogous theory of constructing a suitable Markov process for quantum dynamical semigroups
without dealing with the generator. This is what the theory of ‘Weak Markov Flows’ accomplishes. Now let us
look at the papers of K R Parthasarathy in this area.

(1) K. R. Parthasarathy, A continuous time version of Stinespring’s theorem, Quantum Probability and
Applications-V, Lecture Notes in Mathematics 1442 (1990) 296-300. Every unital completely positive (CP)
map dilates to a unital ∗-homomorphism and this is known as Stinespring’s theorem. Construction of a
Markov process, starting with a quantum Markov semigroup required stitching together Stinespring dilations
of individual completely positive maps of the semigroup. An early attempt in this direction can be seen in
this paper. However, there is no explicit mention of quantum Markov processes in this article.

(2) B V Rajarama Bhat and K. R. Parthasarathy, Markov dilations of nonconservative quantum dynamical
semigroups and a quantum boundary theory, Annales de l’I.H.P. Probabilités et statistiques, 31(1995) no. 4,
pp. 601-651. This article was the main content of the author’s Ph.D. thesis, written under the supervision of K
R Parthasarathy. Here for the first time, the notion of ‘Weak Markov Flows’ has been defined and studied. In
this article unital semigroups are called conservative and contractive completely positve semigroups, which
are not necessarily unital are called nonconservative semigroups. This is a terminology inspired from classical
stochastic processes, and is not so common in recent papers. Let H0 be a complex separable Hilbert space
and let A ⊆ B(H0) be a von Neumann algebra (for some of the constructions C∗-algebras also will do).
Consider a non-conservative one parameter semigroups of completely positive maps (quantum dynamical
semigroup) on A:

T = {Tt : t ≥ 0}.
The basic construction in this paper, allows us to construct a triple (H, F, j), where:

(a) H is a Hilbert space containing H0 as a subspace and is called the dilation space. It is like the measure space
constructed in the Kolmogorov construction of Markov processes;

(b) F = {Ft : t ≥ 0} is an increasing family of projections on H, where F(0) is the projection onto H0. This
family provides the analogue of filtration of classical theory. The von Neumann algebra {F(t)X F(t) : X ∈
B(H)} is like the algebra of bounded functions measurable with respect to the σ -field at time t. The maps
Et : B(H) → B(H) defined by

Et (X) = F(t)X F(t), X ∈ B(H)
are the associated conditional expectation maps.

(c) j = { jt : t ≥} is a family of (not necessarily unital) ∗-homomorphisms, jt : A → B(H) satisfying (i)
E0( j0(X)) = X F(0), jt (X)F(t) = E(t)( jt (X)), X ∈ A; (ii) Es( jt (X)) = js(Tt−s(X))Fs, X ∈ A, 0 ≤
s ≤ t < ∞. For obvious reasons the property (i) is called adaptedness and (ii) is called Markov property.

The triple (H, F, jt ) is called a weak Markov flow with T as its expectation semigroup. Under certain natural
minimality conditions, up to unitary equivalence, there exists a unique weak Markov flow (H, F, j) associated
with any non-conservative quantum dynamical semigroup. The naturalness and the power of this construction has
been demonstrated in the article by developing a quantum version of Feller’s boundary theory for nonconservative
semigroups.
[3] B V Rajarama Bhat and K R Parthasarathy, Kolmogorov’s existence theorem for Markov processes in C*
algebras, Proc. Indian Acad. Sci. (Math. Sci.), 104(1), (1994) pp. 253-262. This extends the basic construction
of the previous article, where now instead of semigroups we have a family of contractive completely positive
maps, {Ts,t : 0 ≤ s ≤ t} on a von Neumann algebra A, satisfying Tr,t = Ts,t Tr,s for 0 ≤ r ≤ s ≤ t. Now we
quote from the abstract of the article: Given a family of transition probability functions between measure spaces
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and an initial distribution Kolmogorov’s existence theorem associates a unique Markov process on the product
space. Here a canonical non-commutative analogue of this result is established for families of completely positive
maps between C* algebras satisfying the Chapman-Kolmogorov equations. This could be the starting point for
a theory of quantum Markov processes.
[4] K R Parthasarathy and K B Sinha, Quantum Markov processes with a Christensen-Evans generator in a
von Neumann algebra, Bull. London. Math. Soc., 31(5), (1999) 616-626. Suppose a unital quantum dynamical
semigroup T = {Tt : t ≥ 0} on a von Neumann algebra has a bounded generator. Then thanks to Christensen
and Evans [7], we know the structure of the generator. Now it is a natural problem as to whether we can construct
a weak Markov flow concretely using the generator alone instead of the abstract algebraic approach described
in [2] and [3] above, which need the knowledge of the semigroup. This article answers this affirmatively. The
construction is quite involved and is inspired by compound Poisson process of classical stochastic process theory.
[5] K R Parthasarathy and V S Sunder, Exponentials of indicator functions are total in the Boson Fock space,
�(L2[0, 1]). This article proves a beautiful technical result on exponential vectors in Fock spaces. It was estab-
lished by the authors in 1980’s when Sunder was a faculty member in Indian Statistical Institute, Delhi. However,
the result remained unpublished until some use for it was found in [4] to prove minimality of certain weak Markov
flows. This is the connection of this article with the theory of weak Markov flows. The proof is measure theoretic
and uses tools such as martingale convergence theorem. An indirect proof can be found in [6]. Now much simpler
direct proofs are available [10]. The result has found interesting applications in the study of cocycles on Boson
Fock spaces ([1] and [9]). In due course, the theory of weak Markov flows was used to obtain dilation of quantum
Markov semigroups to E0-semigroups (semigroups of unital endomorphisms) making the theory more useful in
Operator Algebra theory [5].

3 Extreme points of convex sets

The well-known Krein-Milman theorem tells us that any compact convex subset of a Hausdorff locally convex
topological vector space is the closed convex hull of its extreme points. This makes it important to determine
the set of extreme points of naturally occurring convex sets. It is seen that often the set of extreme points has a
nice description with various symmetry properties. However, in some situations there may not be any explicit
description of extreme points and we may have to be satisfied with some abstract characterizations.

Here we look at contributions of K R Parthasarathy in this circle of ideas. He has considered various convex
sets of primary interest in quantum theory. One of the recurring theme, is to look at coupled systems with fixed
marginals. To begin with we see some papers which deal with elementary classical probability.

(1) K. R. Parthasarathy, On extremal correlations, C R Rao 80th birthday felicitation volume, Journal of Statistical
Planning and Inference, 103(2002) 173-180. By definition a correlation matrix of order n is an n ×n positive
semi-definite matrix whose diagonal entries are equal to 1. They are correlation matrices of random variables
with unit variance. Clearly the set En of all correlation matrices of order n forms a convex compact set in
the space of all n × n (real or complex) matrices. Determining its set of extreme points seems to be a hard
problem. Earlier it was shown by Grone et al [8] that if A is an extreme point of En , then k := rank (A),
satisfies

k(k + 1) ≤ 2n.

Parthasarathy completely characterizes the set of extreme correlation matrices of rank k, as matrices having
some special block decompositions. The result of Grone et al., is a simple corollary of this characterization.
Some remarks connecting this result to Bell inequalities of quantum theory can also be found in this article.

(2) K. R. Parthasarathy, A Remark on Spin Correlations, Sankhyā: The Indian Journal of Statistics, Series A
(1961-2002), 51(2), (1989), pp. 192-195. In quantum theory, self-adjoint operators are the quantum random
variables and are known as observables. On any measurement, the values taken by observables are points in
the spectrum. Spin observables are those which take only {+1,−1} as their values. In other words, they are
both self-adjoint and unitary. Given a non-empty set X , a function K : X × X → C, is said to be a positive
kernel if for any finite subset {x1, x2, . . . , xn} of X , the matrix:

[K (xi , x j )]1≤i, j≤n

is positive semi-definite. Observe that if K (x, x) = 1 for every x ∈ X , then these matrices are correlation
matrices. Consider a positive kernel K on a set X , such that K (x, x) = 1 for all x . It is shown that there exists
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a Hilbert space H with a unit vector �, a family {Ux , x ∈ X} of unitary operators and a spin observable S,
such that on considering spin observables Sx = U−1

x SUx , x ∈ X,:

〈�, Sx�〉 = 0;
〈�, Sx Sy�〉 = K (x, y), ∀x, y ∈ X.

In other words, any preassigned correlation structure can be achieved by a family of spin observables, which
are all unitarily equivalent to each other.

(3) K. Balasubramanian; J. C. Gupta and K. R. Parthasarathy, Remarks on Bell’s inequality for spin correlations,
Sankhyā, Ser. A 60(1), (1998), 29-35. A random variable ξ is said to be a spin variable if the only values
taken by it are {+1,−1}. This is the classical probability analogue of spin observables introduced before. In
the current article, only ‘symmetric’ spin variables, i.e., those satisfying P(ξ = +1) = P(ξ = −1) = 1

2 are
considered. If {ξi : 1 ≤ i ≤ n} is a family of symmetric spin variables. Clearly they have expectation E(ξi )

equal to zero. Consider the correlation matrix � = [σi j ]n×n defined by

σi j = E(ξiξ j ), 1 ≤ i, j ≤ n.

Note that σi i = 1 as P(ξ2
i = 1) = 1.Now the famous, Bell’s inequalities ( [3] ) can be expressed in the form

1 + εiε jσi j + ε jεkσ jk + εkεiσki ≥ 0, ∀1 < i < j < k ≤ n

where ε1, ε2, . . . εn are ±1. It is not hard construct real correlation matrices which violate Bell’s inequalities.
In other words, there are correlation matrices which can’t be realized as correlation matrices of classical
symmetric spin random variables. In the present article it is shown that for n ≤ 4, Bell’s inequalities are
also sufficient to ensure that the given correlation matrix � is the covariance matrix of a set of symmetric
spin random variables. However, for n ≥ 5, this is not the case. Interestingly, a correlation matrix � where
all off-diagonal entries are equal (say, σi j ≡ σ, i 
= j , is the correlation matrix of a family of symmetric
spin random variables iff 1 ≥ σ ≥ − 1

n−1 if n is even and 1 ≥ σ ≥ − 1
n if n is odd. In the quantum setting

Bell’s inequalities can be violated by spin observables. In fact it is shown that any correlation matrix can be
realized as correlation matrix of spin observables.

(4) K R Parthasarathy, Extreme Points of the Convex Set of Joint Probability Distributions with Fixed Marginals,
Proc. Indian Acad. Sci. (Math. Sci.) 117(4), (2007) 505-515. From the title of this article the convex set under
consideration is clear. The surprise is in the proof technique. The article uses Stinespring’s theorem, which
characterizes completely positive maps on C∗-algebras. Applying this theorem to commutative algebras
various characterizations are obtained for extreme points of the joint distributions with fixed marginals. As a
special case, a new proof of the classical Birkhoff-von Neumann theorem identifying extreme points of the
set of doubly stochastic matrices as permutation matrices has been obtained. The following open problem has
been mentioned: Characterize the possible support sets of extreme joint distributions in terms of the given
marginal distributions.

(5) K R Parthasarathy, Comparison of completely positive maps on a C* algebra and a Lebesgue decomposition
theorem, In Athens Conference on Applied Probability and Time Series Analysis, Lecture Notes in Statistics
-114 (1996) 34-54. The convex set of completely positive maps dominated by a given completely positive
map can be described using positive contractions in the commutant of the range of the ∗-homomorphism
of Stinespring’s representation (W. Arveson [2] had observed this). The positive contraction which gives
the dominated map can be considered as an analogue of Radon-Nikodym derivative. In the article we see a
quantum version of the result from classical probability that the Radon-Nikodym derivatives of a measure Q
dominated by a measure P , on an increasing filtration of sub-σ−fields forms a convergent martingale with
respect to P . Further, a quantum analogue of Lebesgue decomposition theorem for two completely positive
maps has been obtained.

(6) K R Parthasarathy, Extreme Points of the Convex set of Stochastic Maps on a C∗-Algebra, Infinite Dimen-
sional Analysis, Quantum Probability and Related Topics, 1(4) (1998), pp. 599-609. This article characterizes
the set of extreme points of the convex set of unital completely positive maps on a C∗-algebra. The main tool
is the Stinespring’s representation theorem. In case of maps on full matrix algebras, the extreme points can
be characterized using the corresponding Choi-Kraus coefficients. The result with suitable modifications can
be extended to unital quantum channels.
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(7) K R Parthasarathy, Extremal decision rules in quantum hypothesis setting, Infinite Dimensional Analysis,
Quantum Probability and Related Topics, Vol. 02, No. 04, pp. 557-568 (1999), It is assumed that a quantum
system can be in any of the n, known states (density matrices) {ρ1, ρ2, . . . , ρn}. The problem is to determine
as to which is the right state. This requires a ‘decision rule’, which basically means choosing a positive
operator valued measure (POVM) on {1, 2, . . . , n} taking values in the cone of positive operators on a finite
dimensional Hilbert space H:

{(X1, X2, . . . , Xn) : X j ∈ B(H), X j ≥ 0,∀ j,
∑

j

X j = I }.

Clearly the set of POVMs is a compact convex set. In fact, this collection is in a natural one to one correspon-
dence with the set of unital CP maps on the commutative algebra of continuous functions on {1, 2, . . . , n}
with values in B(H). Consequently the extreme points of the set of decision rules can be determined using
the results of previous paper. The optimal decision rules are those which minimize a given cost functional and
Holevo had certain equations characterizing them. In this article Holevo’s equations for an optimal decision
are derived through elementary means and a simple example is given in order to illustrate the non-uniqueness
of optimal decision rules.

(8) K R Parthasarathy, Extremal quantum states in coupled systems, Ann. I. H. Poincaré, PR 41 (2005) 257-268.
The problem here is very similar to the problem discussed above of joint measures with given marginals.
Let H1,H2 be finite dimensional complex Hilbert spaces describing the states of two finite level quantum
systems. Suppose ρi is a state in Hi , i = 1, 2. Consider the convex set of all states in H = H1 ⊗ H2 whose
marginal states in H1 and H2 are ρ1 and ρ2 respectively. The article provides a necessary and sufficient
criterion for an element in this set to be an extreme point. Such a condition implies, in particular, that for

a state ρ to be an extreme point, it is necessary that the rank of ρ does not exceed (d2
1 + d2

2 − 1)
1
2 where

di = dim Hi , i = 1, 2. Further when H1 and H2 coincide with the 1-qubit Hilbert space C
2 with its standard

orthonormal basis {|0〉, |1〉} and marginal states ρ1, ρ2 are given by ρ1 = ρ2 = I
2 , it turns out that a state is

extremal if and only if it is of the form |�〉〈�|, where

� = |0〉|ψ0〉 + |1〉|ψ1〉,
with any arbitrary ortho-normal basis {|ψ0〉, |ψ1〉} of C

2. In particular, the extremal states are the maximally
entangled states. Using the Weyl commutation relations in the space L2(A) of a finite Abelian group A, a
mixed extremal state with marginals 1

n In,
1

n2 In2 has been obtained for n ≥ 2. This paper has garnered a large
number of citations, showing the interest in this sort of problems in quantum information theory community.
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