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In the “short pedagogical essay” [1], published in 2010, K.R. Parthasarathy illustrated the notion of a quantum
Gaussian state as a natural extension of the idea of Gaussian or normal distribution in classical probability. This
presentation led to some interesting open problems on symmetry transformation and other properties of quantum
Gaussian states, calling for further investigation which he continued in the following years.

This was just one, perhaps the last, topic he had considered in his long and productive life: Gaussian stochastic
analysis within Quantum Probability. In the last decade, despite declining health, he continued his studies in this
field along the lines that I will try to summarize later. However, I cannot resist saying a few words about my
contacts with him and his influence on my research in Quantum Probability (QP).

I first met Partha, as his colleagues and friends familiarly called him, at the conference Quantum Probability
and Applications IIT (QP3) held in Oberwolfach, 25-31 January 1987. I had started to be interested in QP
after some seminars by Luigi Accardi and, having a background in the theory of classical stochastic processes,
quantum stochastic calculus seemed to me to be a very promising and interesting development. I remember that
the first words I exchanged with him concerned the notion of stopping time in QP. At a certain point, I asked
him why some mathematical physicists present at the conference seemed skeptical about the usefulness of the
notion. Briefly, he told me that he did not care too much with the applications of his discoveries, he was doing
mathematics for fun. Today, I believe this was a distinctive feature of his mathematical research. Throughout his
life Partha constantly enjoyed solving mathematical problems, in this way he left so many influential ideas and
contributions that the community of mathematicians in general, and quantum probabilists in particular, owe him
a great debt for the legacy of his work.

Over the years, in my visits to ISI and in the recurring meetings of the Quantum Probability conference
series, I had the pleasure to follow his enjoyable brilliant talks and to discuss scientific problems. Moreover,
I’ve been amused by several post-seminar walks; “after each talk, take a walk™ was one of his favourite maxims.
These discussions, his speeches, his scientific works (not only in content, but also in the way of organizing
the presentation) and, more generally, his approach to mathematics were of such great inspiration to me that I
consider him as a guru.

Returning to the thread of the discussion on Partha’s contributions to quantum gaussian distributions and
applications, I will briefly describe the problems he studied in the papers listed in the references.

In his second paper [2] he continued investigation on the structure of quantum Gaussian states in an n-mode
Fock space. First he found in a direct way the explicit canonical form of the density as the product of an m-mode
Gibbs state and an (n — m) mode vacuum state conjugated with a unitary Weyl operator and another unitary
operator implementing a Bogoliubov transformation. Then he showed that any Gaussian state in an n-mode Fock
space can be viewed as the marginal of a pure Gaussian state on a 2n-mode Fock space. Finally he classified
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Gaussian symmetries, namely unitary operators U such that, for any Gaussian state p, Up U* is still a Gaussian
state, by proving that they are the product of a Weyl operator and another unitary implementing a Bogoliubov
transformation up to a phase factor.

In [3] he first proved that every real 2n x 2n real matrix admits a dilation to (roughly speaking, can be realized
as a corner of) a 2(n + m) x 2(n 4+ m) symplectic matrix, then he mentioned some open problems on quasi-free
Gaussian channels (i.e. channels that transform Gaussian states to Gaussian states and are characterized by two
matrices). This was the first of three papers in which he tried to use the concept of dilation in the analysis of
Gaussian states and quantum Gaussian maps. I have the feeling that he wanted, on the one hand, to attack open
problems on quantum Gaussian channels by using dilation techniques, as not yet explored in the literature on the
topic, in a framework that was familiar to him and, on the other hand, to highlight how Hudson-Parthasarathy’s
quantum stochastic calculus is a natural tool for quantum stochastic Gaussian analysis. This aim is clear in
[4] where he shows that quantum Markov (or quantum dynamical, in the physics terminology) semigroups of
quasi-free completely positive maps admit a dilation by means of a family of unitary operators solving a quantum
stochastic differential equation driven by the fundamental noises of Hudson-Parthasarathy’s quantum stochastic
calculus. These semigroups are not strongly continuous but their predual semigroups map quantum Gaussian
states to quantum Gaussian states (see [10] for an account with Partha’s notation also filling some gaps in the old
mathematical physics literature). They were introduced in the seventies and their generators were shown to be of
the Gorini-Kossakowski-Sudharsan-Lindblad (GKSL) type with unbounded operators in their representation in
this form. They were recently investigated in the context of quantum information theory in some papers where
some of the open problems stated in [3] were also considered.

His studies on Gaussian quantum channels also led him to the introduction of the non-trivial extension con-
sidered in [9]. There, using the tool of quantum characteristic functions, he constructed new concrete semigroups
with unbounded generators that are also quantum Markov semigroups, but the form of their generators involves
additional features which do not appear in the standard GKSL form. In the wake of this analysis many open
problems arise naturally which are still waiting to be investigated.

Always taking inspiration from the relationship with classical probability, of which he was as well a master,
Partha also studied other properties of quantum Gaussian states which had not been considered with due attention
before such as exchangeability. However, he was also concerned with a typical concept regarding quantum states,
namely entanglement that has no classical counterpart since all classical states are not entangled (and they are
called separable). In the paper [5], in collaboration with Ritabrata Sengupta, a characterization of exchangeability
of achain of quantum Gaussian states, with a stationarity property, was given in terms of their covariance matrices.
Developing this analysis, examples of entangled stationary states were also given. In the paper [6], in collaboration
with Rajarama Bhat and Ritabrata Sengupta, the relationship between notions of extendability and separability
was investigated extending and completing previous results in the mathematical-physics literature. The classical
probabilistic viewpoint, always present, emerges also in his work [8] where various relative entropies of two
n-mode quantum Gaussian states are computed and shown to be equal to the sum of a classical part (relative
entropies of classical Gaussian distributions) and another term which is due to non-commutativity.

In all investigation on n-mode quantum Gaussian states and their properties the main difficulties are non-
commutativity, which adds to the complexity due to the high dimensionality of the problems (as in the analysis
of classical multidimensional Gaussian distributions), and the lack of a simple explicit formula for the density
of a quantum Gaussian in terms of the covariance matrix.

When I last met Partha in late January 2020 at ISI Delhi in his office at the first floor, that he still visited once
or twice a week, he had just published the work [7] in collaboration with Tiju J. Cherian in which, starting from
Klauder—Bargmann integral representation of Gaussian symmetries in terms of coherent states, they developed a
new parametrization of Gaussian states, as an alternative to the customary parametrization by position-momentum
mean vectors and covariance matrices. He showed me with his usual enthusiasm and clarity how to write the

density of a state p of the form Z ITZ 1 where Z; is the product of a normalization constant, of the second
quantization of a positive contraction operator and an operator of the form exp (Zl" j=1%,jaiaj + Z?‘:] Aja j),

where (aj)1<j<n are the annihilation operators corresponding to the n different modes [;;] is a symmetric
complex matrix and A; € C. This allowed them to get an explicit particle basis expansion of an arbitrary mean
zero pure Gaussian state vector along with a density matrix formula for a general Gaussian state, a class of
examples of pure n-mode Gaussian states that are completely entangled and applications to the tomography of
an unknown Gaussian state and other interesting consequences.

These results clarify many properties of quantum Gaussian states, often hidden in complex formulas used
by physicists. Furthermore, they reveal the profound relationship of classical Gaussian distributions of which
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quantum Gaussian states are the natural extension when one considers incompatible observables in quantum
theory. I think that, in the future, they will receive more and more attention even if it will be a slow process
because, as Partha said in the 90s (and today it is even more true), “people are so busy writing that they have no
time to read”.

Regardless of the immediate resonance of his work, he continued to produce mathematics “for fun”, supported
by Shyama, his faithful, devoted and helpful wife of a lifetime, who in recent years accompanied him on his walks
“for exercise” throughout the day. For all those who had the invaluable privilege to know Partha and exchange
ideas with him, his deep knowledge and far reaching insight on many areas of mathematics have always been
inspiring.

Partha has left an indelible influence on all the community of Quantum Probability of which he was a founding
father, his students, colleagues and many researchers that just came across his work. All his discoveries and new
knowledge will keep his memory alive.

Conflict of interest The author has no competing interests.
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