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Abstract We use the crystallised C*-algebra C(SU,(2)) at ¢ = 0 to obtain a unitary that gives an approximate
equivalence involving the GNS representation on the L2 space of the Haar state of the quantum SU (2) group
and the direct integral of all the infinite dimensional irreducible representations of the C*-algebra C(SU,(2))
for nonzero values of the parameter ¢. This approximate equivalence gives a K K class via the Cuntz picture in
terms of quasihomomorphisms as well as a Fredholm representation of the dual quantum group Sm) with
coefficients in a C*-algebra in the sense of Mishchenko.
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1 Introduction

The quantum group SU,(2) was studied in the context of Connes’ set up of spectral triples independently by
Chakraborty & Pal [1] and Dabrowski et al [7]. Subsequently Connes [5] studied the equivariant spectral triple
in [1] for SU4(2) in great detail, in particular determined its dimension spectrum, established regularity and
showed that the local index theorem proved by him and Moscovici applies to this spectral triple. His idea was
then carried forward by a host of authors for studying equivariant specral triples for cartain quantum groups and
their homogeneous spaces that were known at that time ( [15], [8], [3], [14]). A few years later, Neshveyev & Tuset
[13] constructed an equivariant Dirac operator for a large class of quantum groups, namely the g-deformations
of all simple simply connected compact Lie groups.

However, despite the work of Neshveyev & Tuset setting the stage, further work on local index formulas
did not take off. In particular regularity, discreteness of dimension spectrum and computation of local cyclic
cocycles still remain open. This calls for a closer look at the papers by Connes [5] and Neshveyev & Tuset
[13]. The most important idea used in Connes’ paper is the observation that if one substitutes ¢ = 0 in the
expressions for the actions of the generating elements v and 8 on L(S U, (2)), one gets a representation of the
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C*-algebra C(SU,(2)) at ¢ = 0 (which is just the C*-algebra if one replaces ¢ = 0 in the defining relations
of C(SU4(2))), and a lot of simplifications occur. Connes was then able to connect the GNS representation
Ag on the L? space of the Haar state with another faithful representation 7, of C(SU,(2) that one gets by
combining all the irreducible representations for these C*-algebras, which have been characterized and listed by
results of Soibelman [10]. Following [11], henceforth we will refer to this representation 7, as the Soibelman
representation. It is computationally much more tractable and acts on the Hilbert space ¢>(Z x N). The Dirac
operator of Neshveyev & Tuset, on the other hand, comes from the classical Dirac through a twisting procedure,
and while it has a sound conceptual origin, as Hilbert space operators, both this Dirac D as well as the C(G)
elements are rather difficult to work with. Therefore, following Connes’ idea, it is reasonable to try to make use
of the Soibelman representation.

With this in mind, we tried to see what is going on behind the computations in Connes’ paper at the C*-
algebra level. In the present paper, we make our observation precise and explicit. In particular, we prove a certain
approximate equivalence between the GNS representation for the quantum SU (2) group and an ampliation of
the Soibelman representation. The key step in proving this approximate equivalence is obtaining the unitary that
gives the equivalence. We obtain this unitary by using the crystallised quantised function algebra C(SU,(2)) at
g = 0. We obtain the unitary in Section 2 and prove the approximate equivalence in Section 3. In Section 4, we
list a few consequences of this equivalence. The approximate equivalence also gives an element of the K K group
via the Cuntz picture. Further, we extend the notion of a Fredholm representation of a discrete group introduced
by Mishchenko [12] and show that the appg(i\mate equivalence presents us with an example of a Fredholm

representation for the dual quantum group SU, (2). Finally we describe how the approximate equivalence sets
up a relation between the equivariant spectral triple constructed in [1] and another spectral triple studied by the
authors in [2], which is precisely what lies behind Connes’ computations in [4].

Notation: H will denote a complex separable Hilbert space. £L(H) and £(X) will denote the space of bounded
linear maps on a Hilbert space H and the space of adjointable operators on a Hilbert C*-module X respectively.
Similarly, JC(H) and IC(X) will denote the spaces of compact operators on them. We will denote the Toeplitz
algebra by .7. For a real number ¢z, ¢, and 7_ will denote its positive and negative parts respectively. Throughout
the paper, ¢ will denote a real number in the interval (—1, 1) that will be assumed to be nonzero unless explicitly

1
stated otherwise. For a positive integer n, we will denote by g(n) the number (1 - q2”) 2,

2 Unitary equivalence at ¢ = 0
2.1 Quantum SU (2) group

To fix notation, let us give here a very brief description of the quantum SU (2) group. The C*-algebra associated
with SU,(2), usually denoted by C(SU,(2)), is the C*-algebra generated by two elements « and f satisfying
the following relations:

fa+ =1, af=qpa,
ad* +¢* BB =1, ap* =qB*a,
B*B = BB*. Q.1

We will also use the symbol A, to denote this C*-algebra and use o, and B, for the generating elements
of A, instead of just o and B. The quantum group structure is given by the coproduct A which is a unital
*-homomorphism from A, to A; ® A, given by

Alag) = ag @ ay — Qﬂ; ® By, (2.2)
A(By) = By ® g +ay ® fy. (2.3)

For two continuous linear functionals p; and p; on A, one defines their convolution product by: p; * p2(a) =
(p1 ® p2)A(a). It is known [16] that A, admits a faithful state £, called the Haar state, that satisfies

hx p(a) = h(a)p(I) = p * h(a)

for all continuous linear functionals p and alla € A,. We will be concerned with the GNS space associated with
this state.
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An approximate equivalence... 881

2.2 Representation on ¢>(N) ® ¢*(Z)

Let {e,},en be the canonical orthonormal basis for £2(N), where N denotes the set of nonnegative integers. Let
us denote by Py the projection onto Ceg, by N the number operator on £2(N), and by S the left shift:
e ifk>1,

N Zk, S =
Gk = ek ek {o ifk = 0.

It is well-known and easy to show that as z varies over the unit circle S', the following constitute all inequivalent
infinite dimensional irreducible representations of the C*-algebra A:

ag > Sy 1—¢g*N

ﬂqquN.

The direct integral of these representations gives a faithful representation 7, of A, on the Hilbert space H; :=

£2(N) ® £>(Z) given by
m(ag) =SYI—g* N @1, 7B =q" ®S, (2.4)

where we have used the same symbol S to denote the left shift e > ex—1 on 62(Z).

2.3 GNS representation on the L? space

LetH = L2(S U, (2)) denote the GNS space for the Haar state on A,. Let A, denote the GNS representation (i.e.
the representation by left multiplication) of A, on H. By the Peter-Weyl theorem for compact quantum groups,
and the representation theory for the quantum group SU, (2), it follows that  has a natural orthonomal basis
{e;’j /S %N, i,j=-n,—n—+1,...,n—1,n} where e;’j’s are the normalized matrix entries of the irreducible
unitary (co-)representations of SU,(2). Thus H can be identified with £2(T") where

1
F:{(n,i,j):nezN, i,je{—n,—n—i—l,...,n—l,n}}.

The representation A, of A, can be written down explicitly using Clebsch-Gordan coefficients (see Equations
(2.1-2.2), [1]) as follows:

1 _1
hgleg) el > ap(nii e} +a(ni. Ne 2 (2.5)
2:J72 I=2,J72
N =) )
hg(By) : €l > by(n, z,])ei’;%fj_% +b_(n.i, J)eli%fj_%, (2.6)
where
L —j+Dgn—i+1
apin.i, jy = gritin ST e ) @7)
gn+1Hgn+2)
a_(n7 i’ ]) o w’ (28)
g2n)g2n+1)
g —j+1 i+ 1
betn.i ) = o/ EU X DS D) 29)
g2n+ 1)g2n +2)
b_(n,i, j) = q’”riw (2.10)

g@2n)gn+1) "

One can view the representations A, as acting on the single Hilbert space £2(I") with an orthonormal basis
{efj 'n € %N, i,j=-n,—n+1,...,n—1,n}. Thus for each ¢ # 0, we have a faithful representation m, of
A, acting on H,; and another faithful representation A, acting on ¢2(T"). The actions of &, and B, are shown
in the following diagram, where the black double headed arrows represent the action of o, and the red arrows
represent the action of B;. For both, the solid colored arrow stands for the second terms in (2.5) and (2.6) and
the dashed arrow stands for the first terms in (2.5) and (2.6).
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2.4 The crystallised C*-algebra Ag

The relations (2.1) at ¢ = 0, namely,

agag+ ByBo =1,  apBo =0,
ooy = 1, aofB; =0,

BoBo = BoBy .11)

generate a universal C*-algebra Ag which is isomorphic to the C*-algebra A, = C(SU,(2)) for g # 0.
Analogous to the representations 7, and A, for A,, the C*-algebra Ag has the following faithful representations
on Hy and H respectively:

molag) =S @1,  mo(Bo) = Po® S. (2.12)
1
n—L efljlz ,+] ifi = —n,
. ei_f o ifi, j > —n, . 72T
ro(ao)e;; = 272 ro(Bole;; = n—14 . (2.13)
J . I —e. ., ifj=-—n,
0 otherwise. i—5,j+73
0 otherwise.

Remark 2.1 As mentioned in the introduction, Pal & Giri [9] have introduced the notion of crystallisation of
quantised function algebras for g-deformations of classical compact Lie groups in the type A, case and Matassa
& Yuncken [11] for the general case. The C*-algebra described above is the crystallised C*-algebra according to
their notions for the SU, (2) case. However, in this case the C*-algebra is very easy to obtain and was described
by Woronowicz in [16].

2.5 The unitary

In this section, we obtain the unitary that will be used in the main theorem for the equivalence. This is done by
passing to ¢ = 0 and studying the behaviour of the operators Ao (o) and 1o(Bp). As observed by Connes in [5],
significant simplifications happen at ¢ = 0: one term from (2.5) and (2.6) disappear and the actions of og and
Bo becomes simpler, as shown in the following diagram:
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Ao(g)
—>

A0(Bo)
R

I3 Iy Iy Iy
2
Ag on £-(T")

Let us denote the sheet consisting of the right and rear face of the pyramid by I'g, i.e.
. | .
N'o=1(n.i,j):ne EN’ i,je{-n,—n+1,....,n—1,n}, max{i, j} =ny.

Then one can naturally identify I'g with N x Z as the next diagram illustrates, which means there is a unitary Vj
between £2(Tg) and ¢>(N x Z). As the actions of Ag(cg) and A0(Bo) keep the sheet I'y invariant, through this
unitary, they are equivalent to operators on £2(N x Z). In fact they turn out to be precisely 7o (cg) and 7o (Bo).
Next, taking the sheet I'g out, IT" is left with an identical replica of itself. Denote by I'j by the union of the right
and rear face of this remaining part. Continue in this fashion and define, for k € N,

1 k

I'y = {(n,i,j):n € EN’ n> > i,je{-n,—n+1,...,n—1,n}, max{i,j}:n}.

Then just like I'g, each Iy is kept invariant by Ao (o) and Ao(Bp), can naturally be identified with N x Z through

a unitary Vi and kao(ao)Vk* and kao(ﬁo)Vk* are precisely the operators mg(xg) and mo(Bg) on ZQ(N X 7).
Virolag) Vi =S® 1

Vih V¥ =Py® S*
Vi k*0(Bo) Vg 0

T

0,-3)

0,3)

Tk

2
£=(Tg) 2N x 7)
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Taking the direct sum of all these unitaries Vj, one gets a unitary U from EZ(F) to the space EZ(N) ® 2 (N x Z):
Urplag)U¥ =1®@S®1
U=V, Uro(B)U* =1 ® Py ® S*
T~

N
VKZ
N
2(I) 2
(N x N x Z)

In the
remaining part of this section, we carry out the proof outlined above.

We will denote by H,,;; the multiplicity space ?2(N) in what follows. The unitary U : 2T =
Ly(8U4(2)) — Huuir ® Hy is given by

Uen = 1€ —j.ntij—i) ifi <j,
P (=i em —iyn+ j, j—i) ifi>j
= (=D e(n— (v j),n+Gnj),j—i). (2.14)
We then have
r+52+\t\ )
e _ st rts+e lft > 09
Ue(r,s,t) =4 = 2 +r

I r+s+[i]
—Dlfle, .2 ifr <0
( ) r+52+\t\+r’s_r+s2+\f| —

r+s+|t|

= (= 1)1’6#%7, SIS (2.15)

Theorem 2.2 For any a € A, one has Ury(a)U* = I ® mp(a).

Proof We will show that the equality holds for the generating elements o and By. From (2.15), one has

r

Uro(ao)U*e(r, s, 1) = (—1)" Uho(ag)e> L 2 ¢
2172

Note that

L5 —s-U=—r4s Lifandonlyifs+7 =0,

2. —5 s -l =—r 454 Lifandonlyifs+rp =0,

SO R R B A A R et P R A At
r s t r s t r s t

4 (3tr-3-IAE5Hr+H5-)=—3+53-5 5
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Therefore it follows that

Uto(ag)U*e(r, s, t)

] 1

S
LARE SR L .
1’—Ue 2o ifs # —f_and s # —t,,
D gy 107 i
0 otherwise
(=) HEEH D= 5+5+5-D)

(G+s+8-bH-s+3+4-D,

GHs+U L p+s-U_ L t) if s # —t_ands # —1,,
0 otherwise
e(r,s —1,t) ifr>0ands #0,
=qe(r,s—1,t) ift <Oands #0,
0 otherwise
= (I @ mo())e(r, s, 1).
Similarly one has
s t 5+3 +\r\
Uro(Bo)UTe(r, s, 1) = (— 1)‘U/\o(/3o)€2 f st
—2Trtt
Note that
L—5—s-U=—r435 Lifandonlyifs+7_ =0,
2. 53—l =_r 454 Lifandonlyifs+z =0.
Therefore
r It 1
_ i +3+5+3 e
(—D'-Ue? Toiyl %+, e ifs =—1y,
* _ 1
Uko(Bo)UTe(r, s, 1) =\ (_1y-peT73t2 2 if s # —1y ands = —1_,

0

t 1 ros gt
—3ti—atyatita-

N—=

ifs # —fy ands # —1_.

Observe that

1. onehass # —t_ and s # —t if and only if s # O,

2. onehass # —t;y ands = —¢_ifand only if s =0 and 7 > 0,

3. s=—tyifandonlyifs =0andr <0,

4.(—§+%—§+%)v(—§+%+§—%) —§+§+(%)+,
r s t r S t r M 11—

S (mztz— 3t DAz trtr D=3+ (F)-
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Therefore

Uro(Bo)U*e(r, s, t)
0 ifs 0,

(=)~ TEE+H D55+
(Gt —H -5 igho,
- GHi+i-DH+s+5-(5hH 1—1) ifs=0ands >0,

(=R D (D)

e((§+%+§+%)— 5+ 5+ FH,
(§+§+%+%)+(—g+§—(%)_),t—1) ifs=0ands <0

0 ifs #0,

e(r,s,t—1) ifs =0

= (I @ mo(Bo))e(r, s, ).

Since we have Ury(a)U™* = (I ® mg(a)) for a = ap and a = By, the result follows. |

3 Approximate equivalence for nonzero ¢

We now come to the main result of the paper, which says that the unitary that gave us equivalence in the ¢ = 0
case gives an approximate unitary equivalence between A, and I ® 7, for g # 0.

Theorem 3.1 For any a € C(SU,(2)), one has
Uhg@U* =1 Q@my(a) € T Q@ K(Hr). 3.

Proof Observe that it is enough to show that (3.1) holds for the generating elements «,; and 8, of A,. Let us
first prove that

qu(aq)U* —I®mny(ay) € T @ K(Hy). (3.2)
Note that

Uhg(ag)U"e(r, s, 1)
; r4s+lt|
= (_ 1) - U)\q (O‘q)e 7r§s—t , —r+2s+t

_ (—1)’*U(q2s+|"+l gr+i_+Dglr +14 +1) e%
gr+s+1tl+Dglr+s+ 1] +2) === ===
gls+r)gls +12) e% )
gUr+s+1Dglr+s+r| +1) == =5
Since max{ 7r+327171 R 7r+s2+l71 } = _r'H'zH”_l and min{ *r+s27171 , 7r+s2+lfl } = —r+32—|t\—1 . we have
U)\q(aq)U*e(r’ s, 1)
:q2s+|t\+l gr+t_+Dglr+tp+1) et +1.5.1)
gir+s+t|+Dglr+s+1t]+2)
t i
gls+1ty)gls +1) (s —1.1), 33)

gr+s+1thgtr +s+t|+ 1)

For the representation 7, one has

(I @ my(ag)e(r,s, t) = g(s)e(r,s — 1,1).
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From (3.3) and (3.4), we have

(qu(aq)U* -I® nq(aq)>e(r, s, 1)
s+l 8r+i-+ Dglr+1p +1)

-1 g(r+s+|r|+1)g(r+s+|,|+2)6(r+1,s,;)
g(s +11)8(s +1-)
<8(V+S+|t|)g(r+s+|r|+1) gm)‘?(”s L1).
= (RIS*®I®D + R(I®S®I))e(r, s, 1), s

where S is the left shift on ¢2(N) and

o1 8r+i-+Dglr+1p+1)

Rie = e(r,s,t), 3.6
torer =4 G ts i+ Dgr st Y G0
g+t +Dgls+t—+1)
Rrer s = - s+1)er,s,t. 3.7
ersi = (e T T oo 1o T~ 40+ D)ew s (3.7
Define operators R3 and R4 on H as follows:

Ryes; = q> 1 e(s, 1), (3.8)

Raes; = g(s + D(g(s + [t + 1) — De(s, ). (3.9

It is straightforward to check that R3 and R4 are compact operators. We will show that R; — (I ® R3) and R, —
(I ® R4) are both compact operators on H,,1; @ Hy . It will then follow from (3.5) that UL, (etg ) U* — I @ 14 ()
isin 7 @ K(Hx).

Observe that
- +1 t 1
<R1 -(I® R3))e(r, s, 1) = gZtiiFl < gU i+ Dgr+ir+ 1) - 1) e(r, s, t).
gr+s+ |t +Dgr +s+ ] +2)
We will now use the following estimates for the proof of this:
11— g(k)| < g* forallk > 1. (3.10)
There exists ¢ > 0 such that )1 — g(k)_l‘ < cq forall k > 1. 3.11)
From the above estimates, it follows that
g ¥+ ( gr+t-+Dgr+e,+1) ]>’ — (g2l
gr+s+t|+ Dglr+s+t|+2) ’
so that
Ry — (I ® R3) € K(Homuir ® Hy). (3.12)

Similarly, we have

(R2 = @ Ry))etrs,1)

_( g+t +Dgls+t—+1)
S \g(r+s+1t|l+Dgr+s+t]+2)

—gs D+ g+ DA —g(s + 1] + 1)))e(r, 5.1)

( gs+Dgs+t|+1)
gr+s+tl+Dglr+s+1t+2)

—g(s+ Dgls + |t + l))e(r, s, 1).
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Using (3.10) and (3.11), we obtain

g+ Dgs+1t|+1)
gr+s+t|+Dglr+s+t|+2)

— o(s + Dgls + |t] + 1)‘

1

<86+ DU =g+l + M|l = e T Y

— 0(q2r+2r+2|t\)'

Hence
Ry—(IQRy) € K(Hmult ® Hyz). (3.13)

Combining (3.5), (3.12) and (3.13), we have (3.2).
Next let us show that

qu(ﬁq)U* —I1®ny(By) € T ®K(Hy). (3.14)
As before, note that

qu(ﬁq)U*e(ra s, t)
r+s+|t]

= (_1)t7 U)Lq (13(1)6 —r-gx—t ) —r-E.H—t

— - s+t gr+i—+Dgls+i-+1) rsi+
= (_1) U —q + eirﬁ.i“rl s

gr+s+1t|+Dglr +s+ |t +2) 5. ==
g(s +14)g(r + 1) rhstil=l )

efr 5 — —r+s —
gr+s+thg(r +s + |t] + 1) ==yt =5t

+ qs—&-t,

_r+52—t+1’ —r+s2+t—1} — —r“;"_”,we have

Since max{

Uhg(By)U e(r, s, 1)

+t g(r+Dg(s+1)
—" mrahs e e s+ L =1

g(s+1)g(r+r1) .
+ 4" s s st =1 ifr>1,
— (3.15)
s gr+t|+Dgls+t|+1)
2o rs T De st € 8, 1 = D

+lt g(s)g(r) ;
— ¢ s eC — Ls = Li =1 ifr < 1.

For the representation 7,
(I @my(By)e(r,s, 1) = g’e(r,s, t —1). (3.16)
From (3.15) and (3.16), we have

(Vr(BpU* = A @7y (ByD))etrs. )
_qs-i-t gr+Dg(s+1) er+1,s+1,t—1)

gUr+s+i+Dglr+s+1+2)
g(s+t)g(r+t) '
+qs(8(r+5+t)g(r+s+t+1) - 1)e(r, s, t—1) ifr>1,
gr+lt|+Dg(s+t|+1)
S(3(’+S+|f\+1)g(r+s+|z|+2) —1e(r,s, t —1)
s+t 8(s)g(r) ]
—q"" ‘g(’+S+|t|)g(r+s+|t|+1)e(” —lLs—1,t-1) ift <1

=NV ®S+SRS®)+T(I®IQS)e(r,s, 1),
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where S denotes the left shift and

s+ g(r)g(s) .
—¢" s e s 0 () # (0,00, 20,
_ +t gr+Dg(s+1) ;
Tiers, = 1—¢"" lg(r+s+|t\+1)g(r+s+|,|+2)e(r, s, t) if (r,s) #(0,0),t <0, (3.18)
0 if (r,s) = (0, 0)
K g(r+|t|+Dg(s+t]+1) :
qY(g(r+s+|l\+1)g(r+s+|t|+2) - l)e(r’s’ n ifr =0,
Taerss = (D (s 1)) G19
g(r g(s .
‘IS(g(r+s+|t\)g(r+s+|t\+1) - 1>e(r, s,t)  ifr <.

Define operators 73 and 74 on H, as follows:

—g*tlg(s)e(r, s, 1) if (r,5) #(0,0),1 >0,

Tsesr = y—q* Mg(s + De(r, s,1) if (r,5) # (0,0),7 <0, (3.20)
0 if (r,5) = (0,0),
¢*(gG+ 11+ D= 1)e(5.0) if1 =0,

Ties, = 3.21)

q’lg(s +t]) — 1)e(r, s, 1) ifr <0.

It is straightforward to check that 73 and T4 are compact operators on H, . We will show that 71 — (I ® 73) and
T» — (I ® Ty) are both compact operators on Hy,,ir @ Hy. It will then follow from (3.17) that U, (B,)U* —
I ®@my(By)isin T @ K(Hy).

Observe that

(Tl —Ud® T3))e(r, 5.1)

~"1186) (srrrmiiererren — 1)et 5.0 if (7, 5) # (0,0), 1 > 0,
=1 =0 gl + ) (g — )els.0 i (9 # 0,01 <0,
0 if (. 5) = (0. 0).

From the estimates in (3.10) and (3.11), it follows that the right hand side above is O(q””"'). Hence

T — (I ®T3) € K(Hmuir ® Hr)- (3.22)
Similarly, one has
(72— @ Tw)ets.0
_Jatss e+ 1)(g(,+s+|§|ﬁ)';‘(fﬁg+ltHz) - 1>e(r, s,0) ift >0,
e |t|)(g(r+5+|§\()’:€_l(—i!t-ll—)s+|t\+l) — 1>e(r, s, 1) ift <0.

Using (3.10) and (3.11), we conclude that the right hand side is O (g"+*Il). Therefore
= U®Ty) € K(Hpuir @ Hr). (3.23)

Thus combining (3.17), (3.22) and (3.23), we get (3.14). |

4 Applications

We now describe three different contexts in noncommutative topology and geometry where the main result of
the last section can be used.
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4.1 K K-groups

The first is in the context of K K theory. The approximate equivalence tells us that
Ukg(@U* — 1 Q@my(a) € T @ K(Hy) foralla € A,. 4.1)
Since I @ my(a) € T Q@ L(Hz) and T ® L(Hz) € M(T ® K(Hz)), one gets
Uhg(@)U* € M(T @ K(Hyz)) foralla € A,. 4.2)

It now follows that the pair (UA,(-)U*, I ® m,(-)) gives a quasihomomorphism in the Cuntz description (see
[6]) of the KK group K K (Ag4, 7). In other words, we have the following theorem.

Theorem 4.1 There is a unitary U : L2(SUq (2)) = Hupuir ® Hy such that (Ury (U™, 7y) is a quasihomo-
morphism and gives a K K -class in the group KK (Aq, 7).

4.2 Fredholm representation of Sm)

Next we will show that the above approximate equivalence also gives an example of a Fredholm representation
of the dual quantum group SUy (2). Let us first recall the notion of a Fredholm representation of a discrete group.

Definition 4.2 (Mishchenko [12]) Let I be a discrete group. A pair of unitary representations w1 and p of I’
acting on a Hilbert space H together with a Fredholm operator F € L(H) is called a Fredholm representation
of I'if Fmi(g) —m(g)F € K(H) forall g € T.

This notion admits an immediate extension to discrete quantum groups where the representations 71 and mp will
be elements of M (A ® K(H)), where A stands for the C *-algebra associated with the quantum group and the
condition Frri(g) — ma(g)F € K(H) gets replaced by (I ® F)m) —m(I Q F) € A® K(H).

We now extend this notion further and incorporate coefficients from a C*-algebra B.

Definition 4.3 Assume that the Hilbert space H on which the two representations act is of the form H; ® H>,
and that B is a C*-subalgebra of £() such that one has

m,m € M(A® B ®K(Hy)).
We call (i1, 3, F) a Fredholm representation with coefficients in B if
IQF)m —m(IQF)c AQ K(BQH),

where B ® H denotes the standard Hilbert B-module ¢2(B).

Given a representation 7 of the C*-algebra A = C(G) for a compact quantum group G, one can associate
a co-representation of the dual quantum group G with its opposite coproduct as follows. Let I be the set of
equivalence classes of unitary representations of the compact quantum group G. Denote by u) the irreducible
unitary representation indexed by y € I' acting on a finite dimensional Hilbert space #,,. Thus u ») ¢ L(H,)®A.
Let A denote the co-direct sum @, cr L(H,). Then u := Gayu(y) is a unitary element of M (A ® A) and satisfies
the following two identities:

((d @ Ag)u =ujpu13, (Ag®id)u =us3u; 3.

Now define w,; := (id ® w)u. Then w, is a unitary element of M(A ® H) and satisfies (Aé ®id)yw,; =

(Wr)2,3(wx)1,3- Thus the element w, gives a unitary (co-)representation of the dual quantum group G which
has the same set of intertwiners as 7.
Next, note that

T QKMHz) =K(T ®@Hxr), M(T @K(Hz)) = L(T @ Hn),
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where (7 @ Hy) and L(.7 @ H ) denote the space of compact operators and the space of adjointable operators
respectively on the Hilbert .7-module .7 ® H;. Thus we have for all a € A,

Urg@U*, 1 ®@y(a) € L(T @Hz), Urg@U* — 1 @m4(a) € K(T @ H). (4.3)

If we denote by w; and w, the co-representations of the dual quantum group Sm) corresponding to the
representations U, (-)U* and I ® m, (-) respectively of the C*-algebra A, and by A, the C*-algebra associated

with the dual Sm), then w;, and w, are unitary elements of M (A; ® K(£2(N) ® Hy)). It follows from (4.1)
that

w) — Wy e;l;@/C(ﬂ@Hﬂ).

Thus (wy, wy, I) gives a Fredholm representation of the dual S@) with coefficients in the Toeplitz algebra.

4.3 Spectral triples

The spectral triples corresponding to the two representations A, and 7, givenin[2] and [1] are (62 (NxZ),ny, D,T)
and (L? (SU4(2)) , Aq, D;.), and one has

Uhy(@)U* = I ® y(a) modulo 7 @ K(¢*(N x 7)),
UID|U*=1®|Dz| +N®1I,
UsignD,)U* = Py® (signDy) — (I — Py) ® 1.

One can now establish that the differences UA, (@) U™ — I ® m,(a) belong to certain finer ideals of the compacts
for specific collections of elements a € A, and this enables one to use the knowledge of regularity and dimension
spectrum of the spectral triple in [2] to draw similar conclusions on the spectral triple in [1].

Remark 4.4 For odd dimensional quantum spheres Sg”“, which are the homogeneous spaces SU,(n +
1)/SU,(n), using the C*-algebra C (qu’”‘l) at ¢ = 0 one can prove an approximate equivalence between
the representation of C(Sj”“) on the L2-space of the invariant state and a faithful representation that is easier

to work with computationally. In this case, if one works with the basis for the L2-space that comes from the GT
basis for the L2-space of the Haar State on S Uy (n + 1), then the resulting I', though more complicated than
the SU,(2) case, is very similar and can be handled in essentially the same way to arrive at the unitary. The
approximate equivalence can then be derived in a very similar manner as in the present case.

Remark 4.5 It is worthwhile to make a remark at this point about crystallisations of the C*-algebras C(G)
where G, stands for the g-deformation of a connected simply connected compact Lie group. In two recent papers,
Pal & Giri [9] and Matassa & Yuncken [11] introduced the notion of crystallisation of these C*-algebras. The
paper [9] then focuses on studying the irreducible representations of the crystallised C*-algebra in the type A
case, while in [11] the authors exploit the link with Kashiwara’s crystal basis theory to study certain properties
of the crystallised C*-algebras. Our present paper is an illustration of how these crystallised C*-algebras can
be useful in the type A case. One can hope to obtain similar decomposition results for higher rank cases and
for deformations of Lie groups of other types (B, C, D etc.) using the crystallised C*-algebras introduced in
[9] and [11], which in turn should pave the way for a detailed study of the Neshveyev-Tuset Dirac operators for
q-deformations of Lie groups of higher ranks.

Conflict of Interest The authors declare that they have no competing interests.
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