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Abstract This is part of an ongoing project of formulating notion(s) of quantum group of outer automorphisms
of a C∗ or von Neumann algebra. Motivated by the fact that the group of outer automorphism of a I I1 factor
can be viewed as a subgroup of the group of group-like or invertible objects in the category of Hilbert bimodules
of finite ranks, we explore a natural class of objects in the bimodule category of a finite dimensional (i.e. direct
sum of matrix algebras) von Neumann algebra A which may come from the (co-action) of a discrete quantum
group. In particular, we prove that any discrete quantum group giving an outer quantum symmetry on A in a
sense defined by us must be a finite dimensional quantum group. We relate the analysis of such quantum groups
or the corresponding fusion rings with certain combinatorial objects involving matrices with nonnegative integer
entries and do some explicit computations in a few simple examples.

Keywords Quantum group · Fusion ring · Category · Automorphism

1 Introduction

Quantum groups are well-known symmetry objects widely used in mathematics and physics, generalizing groups.
There are several types of framework or formulation of quantum groups, ranging from pure algebraic to analytic,
using C∗ or von Neumann algebra, multiplicative unitaries and so on. We list just a few references (far from
exhaustive or even encompassing all the above frameworks) in the bibliography, notably [17,18] for compact
quantum groups, [20] for discrete quantum groups, [19] for locally compact quantum groups and references
therein. There is a vast literature on actions and coactions of quantum groups on various types of algebras,
often called ‘quantum symmetry’ of such algebras and notions of ‘quantum automorphism groups’ which are
universal in some sense in a suitable category of quantum symmetry groups (see [1–3,15,16] and references
therein, motivated by the ideas in [22]). In this context, it is natural to look for an analogue of outer automorphism
group in the framework of quantum groups. This note is a partial step towards understanding this, focussed mainly
on finite dimensional algebras. Although most of the literature on quantum automorphism mentioned above are
in the framework of compact quantum groups, there are a few recent works ([13,14]) in the framework of discrete
quantum groups and in this paper, we find it technically simpler to restrict to discrete quantum groups only.

For any unital algebra A, the group of outer automorphism Out(A) is the quotient of the group Aut(A) of
automorphisms by the normal subgroup of the so-called inner automorphisms, which are automorphisms of the
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form a �→ uau−1 for some invertible element u ∈ A. Thus, a generalization to the realm of (discrete) quantum
groups should be done in three steps: first, formulate and prove existence of a quantum discrete automorphism
group, say Qaut(A), second, define some suitable quantum group of ‘inner’ quantum automorphism and finally,
prove that it is a normal quantum subgroup in the sense of , e.g. [10,11] and references therein. In an ongoing
work [4], following ideas of Vaes communicated in private, we have defined a version of Qaut(A) for an arbitrary
von Neumann algebra. However, we are not yet able to prove normality of a natural candidate of inner quantum
automorphism group there. On the other hand, when A is a type I I1 factor, Out(A) can be identified with
a subgroup of invertible objects in the so-called bimodule category Bimod(A), which is also the image of a
canonical map from Aut(A) to the bimodule category. A similar result holds when A is a finite dimensional von
Neumann algebra. Moreover, in our formulation of Qaut(A), we do get a canonical functor from the category
of finite dimensional representations of Qaut(A) into Bimod(A) when A is has a finite faithful trace. Hence it
makes sense to try to identify the objects in the image of this functor which should somehow give us an idea
about a candidate of quantum group of outer automorphism, In the present work, we explore this idea for finite
dimensional algebras.

2 Preliminaries

2.1 Compact and discrete quantum groups

We work in the framework of von Neumann algebraic quantum groups. We’ll usually use ⊗ to denote both the
algebraic tensor product and von Neumann algebra tensor product unless there is any confusion. A von Neumann
algebraic CQG is a von Neumann algebra Q equipped with a normal unital ∗-homomorphism� from Q to Q⊗Q
and a faithful state τ which is bi-invariant in the sense that (τ ⊗ id) ◦ �(a) = τ(a)1 = (id ⊗ τ) ◦ �(a) for
all a ∈ Q. A von Neumann algebraic DQG M is a direct product von Neumann algebra of a family of finite
dimensional full matrix algebras, i.e. M = �i∈I Mdi (C), where I is some index set and di positive integers,
equipped with a normal coassociative unital ∗-homomorphism � : M → M ⊗ M with a pair of semifinite
faithful weights having the finite dimensional Mdi ’s in the domain and satisfying suitable invariance conditions.
There is a natural duality between CQG and DQG. Hence we’ll often write M̂ for the dual von Neumann
algebraic CQG for a von Neumann algebraic DQG M.

From now on, let us drop the adjectives ‘von Neumann algebraic’ and simply write CQG and DQG for
the quantum groups to be considered. Coaction of a DQG M on a von Neumann algebra A is a unital normal
injective ∗-homomorphism α : A → A ⊗ M satisfying (α ⊗ id) ◦ α = (id ⊗�) ◦ α and that the linear span of
α(A)(1 ⊗ M) is ultra-weakly dense in A ⊗ M, The coaction is called faithful if the ultraweak closure of the
algebra generated by elements of the form (ω ⊗ id)(α(a)) with a ∈ A, ω normal bounded functional on A, is
the whole of M.

A very important tool to construct CQG or DQG is the Tannaka reconstruction, which involves a unitary
tensor category (UTC for short) equipped with a fibre functor. In particular, given a DQG M the set of (π,H),
where H is a finite dimensional Hilbert space and π unital normal ∗-homomorphisms π from M into B(H),
constitute the set of objetcs of a UTC Rep(M) with natural operations and it is equipped with a canonical
forgetful fibre functor, which allows one to reconstruct M. We refer the reader to [6,12] for details of UTC
and Tannaka (or Tannaka-Krein) reconstruction. We also note a useful fact: for any quantum subgroup S of the
DQG M, Rep(S) can be identified with a subcategory of Rep(M) and the corresponding fibre functor is just
the restriction of the original one to this subcategory. We refer to the literature on quantum groups mentioned
earlier for the definition and properties of quantum subgroups.

The concept of Z+ rings as in [12] is also relevant for our discussion. A Z+ ring R is a ring with unit 1 such
that :
(a) R is free as a Z+ module with a basis {bi , i ∈ I } (called a Z+ basis) such that bi b j = ∑

k ck
i j bk for some

nonnegative integers ck
i j , i, j ∈ I ,

(ii) 1 = ∑
i ni bi for some ni ∈ Z+.

Write I0 = {i ∈ I : ni �= 0}. A Z+ ring is called unital Z+ ring if 1 = bi for some i . It is called a based Z+
ring if there is an involution a �→ a on R satisfying certain conditions, for which we refer [12]. Let us note that
1 = ∑

i∈I0
bi for a based ring.
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Remark 2.1 Note that a Z+ ring always contains a unit 1 but our definition of unital Z+ ring requires further
that 1 is a basis element. This is slightly confusing terminology but somehow standard in the literature, so we
did not change it. We refer the reader to Remark 3.1.2 of [12] in this context.

Two classes of examples of Z+ rings will be important for us:

(i) ZRep(Q) for a DQG Q, with the basis consisting of the irreducible objects of Rep(Q). This is a unital based
ring with the canonical involution coming from the usual conjugate of representations. Here, the map τ on
an object of Rep(Q) indeeds counts the multiplicity of the unit object in its decomposition into irreducibles.

(ii) The Z-ring generated by the objects of the bimodule category Bimod(A) (to be discussed later) for a von
Neumann algebra A with finite dimensional centre and faithful finite trace is a possibly non-unital based
ring. It is unital if and only if A is a factor.

2.2 Discrete quantum automorphism group

The author would like to thank Stefaan Vaes for useful discussion through private communication on the material
of this subsection.

Fix a von Neumann algebra A and consider a category DA whose objects are given by X = (α,H), where
H is a finite dimensional complex Hilbert space, α : A → A ⊗ B(H) is a normal, unital ∗-homomorphism and
such that the following conditions hold:
there are s ∈ H⊗H, t ∈ H⊗H (where H denotes the complex conjugate Hilbert space of H), α̂ : A → A⊗B(H)
normal unital ∗-homomorphism satisfying

((α̂ ⊗ id) ◦ α(a))(1 ⊗ s) = a ⊗ s, ((α ⊗ id) ◦ α̂(a))(1 ⊗ t) = a ⊗ t ∀a ∈ A,
(R∗

s ⊗ 1H)(1H ⊗ Rt ) = 1H, (R∗
t ⊗ 1H)(1H ⊗ Rs) = 1H,

where for a vector v in some finite dimensional vector space K we denote by Rv the map from C to K given by
z �→ zv.

Morphisms Mor(X,Y ) for objects X = (α,H) and Y = (β,K) are given by linear maps T : H → K such
that

(1 ⊗ T )α(a) = β(a)(1 ⊗ T )∀a ∈ A.
Tensor product and direct sum operations are as usual, given by:

(α,H)⊕ (β,K) := (α ⊕ β,H ⊕ K),
(α,H)⊗ (β,K) := ((α ⊗ id) ◦ β,H ⊗ K).

To verify the defining conditions for objects of the category for the ones on the right hand sides of the above,
let us write X = (α,H),Y = (β,K) and sX , sY , tX , tY , α̂, β̂ for some (not unique) choices of the vectors s, t
and the normal homormorphism required to be satisfied by opbjects of the category. We have the canonical
direct sum decomposition (H ⊕ K) ⊗ (H ⊕ K) into (H ⊗ H) ⊕ (H ⊗ K) ⊕ (K ⊗ H) ⊕ (K ⊗ K). Take
tX⊕Y to be the vector tX ⊕ 0 ⊕ 0 ⊕ tY with respect to the above decomposition. Similarly we can define a
choice sX⊕Y . Take α̂ ⊕ β = α̂ ⊕ β̂ and we can easily verify the required conditions. For the tensor product,
we need to use the standard leg numbering of tensor copies and also the unitary isomorphism or identification
of H1 ⊗ H2 with H2 ⊗ H1 for two finite dimensional Hilbert spaces H1,H2 and the consequent isomorphism
between B(H1 ⊗ H2) with B(H2 ⊗ H1) given by flip. Now, writing αX⊗Y = (α ⊗ id) ◦ β, we set α̂X⊗Y to be
(β̂⊗id)◦α̂ : A → A⊗B(K⊗H) ∼= A⊗B(H ⊗ K). Also, we take sX⊗Y ∈ H ⊗ K⊗(H⊗K) ∼= K⊗H⊗H⊗K to
be the vector (sY )(14)⊗(sX )(23) ≡ σ(sX ⊗sY ), using the leg numbering notation, or using the unitary isomorphism
σ which sends a ⊗ b ⊗ c ⊗ d to c ⊗ a ⊗ b ⊗ d from H ⊗ H ⊗ K ⊗ K to K ⊗ H ⊗ H ⊗ K. In a similar way, we
define a choice for tX⊗Y and verify all the conditions.

The unit object is given by 1 := (idA,C). It is easy to see that 1 ⊗ X ∼= X ∼= X ⊗ 1 in the category under
consideration. A conjugate or dual of X = (α, α̂) is X = (α̂,H) (choosing sX = tX and tX = sX ) and the maps
RX ∈ Mor(1, X ⊗ X) and RX ∈ Mor(1, X ⊗ X) are given by RX = Rt , RX = Rs . By standard arguments of
category theory one can prove that a conjugate object is unique upto isomorphism in the category.

We refer to [4] for the following
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Theorem 2.2 DA is a UTC and we have a canonical fibre functor F from the UTC DA to Hilb (UTC of finite
dimensional Hilbert spaces) given by F(α,H) = H and F(T ) = T for any morphism T .

By Tannaka-Krein Theorem this will give us a DQG, or equivalently the dual CQG. The DQG is called
the universal DQG of quantum automorphism for A, denoted by Qaut(A). Moreover, we have the following
universal property (see [4] for proof and other details):

Theorem 2.3 (i) There is a faithful coaction 
 : A → A ⊗ Qaut(A).
(ii) For any DQG S with a coaction γ : A → A ⊗ S there is a unique normal unital ∗-homomorphism γ̂ from

Qaut(A) to S such that (id ⊗ γ̂ ) ◦
 = γ .
(iii) If, furthermore, γ is faithful then γ̂ is surjective.

2.3 Bimodule category of tracial von Neumann algebras

Given a von Neumann algebra A equipped with a finite faithful normal trace tr, there is a multi-tensor category
(in the sense of [12]) Bimod(A) whose objects are Hilbert bimodules on A with finite left and right rank, i.e.
Hilbert spaces H with left and right A-module structures denoted by say Hl and Hr such that dimA(Hl) and
dimA(Hr ) are both finite. Morphisms are the bimodule maps. We refer to [7,9] for the precise definition and
discussion on these. Let us just note that the conjugate of a bimodule H is given by the complex conjugate
Hilbert space H with the left and right actions essentially reversed, i.e. given by Ra∗ and La∗ respectively, where
La, Ra denote the left and right A-actions on H respectively and for T ∈ B(H), the map T ∈ B(H) is defined
by T (u) = T u. The unit object of the bimodule category is L2(A, tr) with the canonical left and right actions of
A, denoted by al and ar respectively,

If A also has a finite dimensional centre, isomorphic to the algebra of functions on a finite set of k points, then
the objects of the bimodule category will generate a possibly non-unital (unital if and only if k = 1, i.e. when
A is a factor) based Z+-ring. We can define a tensor functor � : DA → Biimod(A) where DA is the category
defined in the previous section and �((α,H)) is defined to be the Hilbert bimodule L2(A, tr)⊗ H with the left
and right module structure given by α(a) and ar ⊗ 1 respectively. On level of morphisms, we define�(T ) = T .

3 Outer quantum symmetry of finite dimensional von Neumann algebra

3.1 General formulation

Before restricting to finite dimensional ones, let us consider a von Neumann algebra A with finite dimensional
centre and faithful finite trace. As noted in the introduction, if we consider the subcategory of DA corresponding
to the automorphism group (not quantum), i.e. those generated by (α,H) with H one dimensional, � will
identify two automorphisms which are inner equivalent. More precisely, denote by [α] the equivalence class of
an automorphism α in Out(A) and consider the map from Out(A) to Bimod(A) which sends [α] to �(α,C).
Extend this as a tensor functor say H on Rep(C0(
)) where 
 = (Out(A)). Clearly, this is well-defined and
we get a copy of the representation category of C0(
) in Bimod(A) generated by a subgroup of the group-
like or invertible objects of the latter. Let η denote the functor from Rep(C0(Aut(A)) to Rep(C0(
)) given by
η(α) = [α] on irreducible objects, i.e. α ∈ Aut(A). Then the functor H is seen to satisfy H ◦ η = � on the
subcategory Rep(C0(
)) of Rep(Qaut(A)), where � is as defined in the previous subsection. In fact, we have
a short exact sequence 1 → Out(A) → Gp(Bimod(A)) → Fund(A) → 1, where Gp(·) denotes the set of
group-like objects and Fund(A) is the so-called fundamental group of A.

Remark 3.1 We can proceed in a similar way for some subgroup Q of Out(A), considering the restriction of
H (to be denoted by H again by a slight abuse of notation) to Rep(C0(Q)). Let S ⊆ Aut(A) be the subgroup
consisting of the inverse images of η on irreducible objects in Rep(C0(Q)), and the restrictions η′,�′ of η and
� (respectively) to Rep(C0(S)) satisfy �′ = H ◦ η′.

It is important to note that when A is not a factor, the unit object of Bimod(A) is not irreducible, so the
image of irreducible object of Out(A) need not remain irreducible. Nevertheless, on the level of objects, the
image Out(A) generates a unital based Z+-ring in the sense of [12] inside the possibly non-unital based Z+ ring
generated by the objects of Bimod(A). In the quantum group case, the image of the functor � defined in the
previous paragraph is contained in the bimodules which have both left and right A-dimensions being equal to
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some integer. Let us denote by Bimod(A)IN the subcategory by restricting the objects to the set of bimodules of
above type, i.e. having equal and integral left and right dimension.

Motivated by what we have discussed, it is natural to propose the following definition of outer quantum
symmetry of a finite dimensional von Neumann algebra. Let us fix such a von Neumann algebra A = Md1 ⊕
. . . ⊕ Mdk for the rest of the paper. Note that, as the fundamental group of a finite dimensional von Neumann
algebra is trivial, we do have an isomorphism between Out(A) and the set of group-like objects in the bimodule
category.

Definition 3.2 A DQG Q is said to give an outer quantum symmetry of A if there is a quantum subgroup S of
Qaut(A) and tensor functors G from Rep(S) to Rep(Q) and H : Rep(Q) → Bimod(A) such that

(i) �S := H ◦ G (where � is the functor defined in Subsection 2.3 and �S denotes the restriction of this
functor to the sub-category Rep(S) of DA),

(ii) On the object level, H extends to a one-to-one homomorphism (denoted by H again) of based Z+ ring
ZObj(Rep(Q)) into that generated by Obj(Bimod(A)),

(iii) H(Obj(Rep(Q))) = Im(H)
⋂

Obj(Bimod(A)).
(iv) H sends the unit object 1Q of Rep(Q) to 1A.

Remark 3.3 To see how the classical notion of outer automorphism fits into the above definition, recall Remark
3.1. For any subgroup Q of the classical outer automorphism group, we can take Q = C0(Q), S = C0(S)where
S is the subgroup of Aut(A) as in Remark 3.1, G = η′,�S = �′ in the notation of that remark.

Remark 3.4 Just as in the classical situation, a quantum group giving outer symmetry of A does not necessarily
mean that it may have any coaction on A. Classically, Out(A) is a quotient of Aut(A) and in general, they may
not be identified with any subgroup of it, so that there may not be any well-defined action by any subgroup of
Out(A) on A. Only in some special cases, we can get such an action.

Remark 3.5 It should be noted that we have defined only a a quantum version of the classical notion of outer
action by a discrete group but not a universal quantum group among all those giving outer (quantum) symmetry.
In fact, we are not yet able to prove any result about existence of any such universal quantum group in this article,
so any notion of a quantum counterpart of Out(A) remains elusive. We hope to pursue this in future work, after
studying more concrete examples in details.

Note that the conditions in the above definition hold for the embedding of ZOut(A) in ZBimod(A).

3.2 Connection with matrices with nonnegative integer entries

Let A = Md1 ⊕ . . .⊕ Mdk as before. Write Ai = Mdi and let pi be the central projection in A corresponding to
Ai , i.e. Ai = piA. Let al and ar denote the left and right action of a ∈ A on L2(A). As any ∗-homomorphism
of a full matrix algebra is determined by the multiplicity upto unitary equivalence, the bimodule category of A
is a multi-tensor category with the irreducibles Ei j = C

di ⊗ Cd j with left and right actions of A given by the
corresponding actions of Mdi on C

di and that of Md j on C
d j respectively. Any bimodule upto isomorphism is

uniquely determined by the multiplicities say mi j of Ei j . If the bimodule, say X , is given by a Hilbert space H
with the left A action given by the ∗-homomorphism α ≡ πl : A → B(H) and the right action is given by πr ,
then the multiplicity mi j is is given by,

mi j = Tr(πl(pi )πr (p j ))

di d j
.

Here Tr denotes the usual matrix trace. Indeed, writing H as a direct sum of Ai − A j bimodules Hi j ∼=
Ei j ⊗ C

mi j ∼= (pi )l(p j )r L2(A) ⊗ C
mi j , we see that the left action of Ai , say αi j , is unitarily equivalent to

(pi )l ⊗ (p j )r ⊗ 1, 1 being the identity on C
mi j , hence Tr(αi j (pi )) = Tr((pi )l(p j )r ⊗ 1) = di d j mi j .

Consider the conjugate or dual object of X , denoted by X and recall the notation A ∈ B(h) for A ∈ B(h),
where h is a Hilbert space and A(u) = Au. Moreover, note that Tr(A) = Tr(A), where for some complex number
c, c is denotes the usual complex conjugate of scalars. It is also easy to show that AB = A B. Now, by definition
of X , the left and right module structures of H are given by πl(a) = πr (a∗) and πr (a) = πl(a∗). Hence, the
multiplicity mi j of Ai in A j corresponding to X is given by
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mi j

= Tr(πr (pi )πl(p j ))

di d j

= Tr(πr (pi )πl(p j ))

di d j

= 1

di d j
Tr(πr (pi )πl(p j ))

= 1

di d j
Tr(πl(p j )πr (pi ))

= m ji ,

where we have used the fact that Tr(AB) = Tr(B A) ≥ 0 (hence a real number) when A, B are nonnegative
matrices, which in this case are πl(p j ) and πr (pi ) respectively.

The above discussion can be summarized by

Theorem 3.6 Let A = Md1 ⊕ . . . ⊕ Mdk as in the beginning of the present subsection. There is a bijective
map � from Obj(Bimod(A)) onto the set Mk(Z+) of k × k matrices with nonegative integer entries given by
�(X) = ((m X

i j )), where m X
i j denotes the multiplicity of Ei j in X as discussed before. This map is a Z+ ring

isomomorphism and satisfies �(X) = �(X)′, where ′ denote transpose.

We are interested in the image of the objects in the subcategory Bimod IN (A), which is given by the following:

Corollary 3.7 Under the isomorphism �, Obj(Bimod IN (A)) gets mapped onto the subset, say Gd ,consisting
of k × k matrices A with nonnegative integer entries such that both A and its transpose A′ have the vector
d = (d1, . . . , dk) as an eigenvector corresponding to a common nonnegative integral eigenvalue i.e.

{A ∈ Mk(Z+) : ∃n ∈ Z+ s.t. Ad = nd, A′d = nd}.
Proof For an object X in Bimod IN (A), with left and right rank equal to an integer n, we have the corresponding
Hilbert space being L2(A)⊗C

n and the homomorphism α giving the left action is a unital homomorphism from
A to A ⊗ Mn . From the expression for mi j obtained earlier, we have

∑
i di mi j = 1

d j

∑
i Tr(πl(pi )πr (p j )) =

1
d j

Tr(πr (p j )) = nd2
j

d j
= nd j , using the fact that

∑
i πl(pi ) = α(1) = 1. Similarly, interchanging the roles of πl

and πr the other equality is verified.
On the other hand, for any matrix A in Gd , there is a unique X in Bimod(A) such that �(X) = A. It is clear

from discussion in the preceding paragraph that the left and right ranks of X are equal to an integer n, so that X
is an object in Bimod IN (A). ��

We are now in a position to state and prove the main result in this subsection. For X ∈ BimodIN (A) denote
the common left/right dimension by nX to be called the rank of X and also the rank of �(X) ∈ Gd . We also
identify Obj(BimodIN (A)) with Gd . Gd is a Z+ ring containing 1 (k × k identity matrix) but it is not necessarily
a based ring.

Theorem 3.8 Suppose that Q gives a quantum outer symmetry of A in the sense defined earlier, with a pair of
functors G, H. Then for any irreducible object α of Rep(Q), with X = H(α) ∈ BimodIN (A) and A = �(X),
we have :

(i) nX must be an integer belonging to the set { di
d j
, i, j = 1, . . . , k}, so nX is bounded by max{ di

d j
, i, j =

1, . . . , k}.
(ii) Hence any DQG which gives an outer quantum symmetry of A must be a finite dimensional quantum group.

Proof Denote by Mn the subset of B ∈ Mk(Z
+) (set of k × k matrices with nonnegative integer entries)

s.t. Bd = nd, B ′d = nd. If we write B = ((bi j )) for B ∈ Mn we have
∑

j bi j d j = ndi and as bi j are

nonnegative, bi j ≤ n di
d j

≤ nN , where N = max{ di
d j
, i, j = 1, . . . , k}. Hence each bi j must be chosen from the

set {0, 1, . . . , nN } and hence Mn has a cardinality less than or equal to (nN + 1)k
2
, i.e. each Mn is a finite set.
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Moreover, Gd = ⋃
n Mn . As (i) implies A = �(X) ∈ ⋃

1≤n≤N Mn , which is a finite set, and � is 1 − 1, there
are only finitely many choices for A, which proves the statement (ii). Hence we complete the proof of theorem
by proving (i).

Let us write B ≥ C for B,C ∈ Mk if B − C has all entries nonnegative. Clearly, if B ∈ Mm, C ∈ Mn for
some m, n then B ≥ C implies m ≥ n and B − C ∈ Mm−n .

We claim that for X = H(α) where α is an irreducible in Rep(Q) and A = �(X), there must be some row
for which the only nonzero entry is 1. Suppose not. Then it is easy to see that each diagonal entry of AA′ is at
least 2, which means AA′ ≥ 2I . Writing B = AA′ − 2I = H(α⊗ α− 21Q), denoting by 1Q the unit object of
Rep(Q), we observe that B is in the intersection of image of H with Obj(Bimod(A)) = H(Obj(Rep(Q))). Say
γ be the object in Rep(Q) such that B = H(γ ). In other words, α⊗ α− 21Q = γ , i.e. the unit object 1Q of the
UTC Rep(Q) has multiplicity at least 2 in α ⊗ α, which is impossible as α is an irreducible object in a UTC.

Now, suppose w.l.g. that there is i s.t. ai j = 1 and ail = 0 for all l �= j . Then we have, ndi = ∑
l dlail = d j ,

i.e. n = d j
di

. ��
Corollary 3.9 Consider either of the two possibilities:

(1) di > 1 for each i and no di divides d j for any j �= i ,
(2) di = d j for all i, j .

Then any DQG giving outer quantum symmetry must be isomorphic with the (algebra of functions on) some
subgroup of the group of outer automorphism, ie Out(A). In other words, in this case there is no genuine
(non-classical) outer quantum symmetry given by discrete quantum groups.

3.3 Examples and computations

In this concluding subsection we would like to study a few examples in details. Basically, in each case, we will
try to pin down the possible elements A in Gd which may be candidates for the images of irreducibles (let us
simply call them irreducible matrices in what follows) coming from Rep(Q) using the constraints obtained in
Theorem 3.8, namely, the rank n A is in the set { di

d j
, i, j = 1, . . . , k} and also A has some row with exactly one 1

and all other 0.

Example 1 A = Mq ⊕ . . .⊕ Mq , (k times), where q is a positive integer. By Corollary 3.9, there is no genuine
outer quantum symmetry and the maximal quantum outer symmetry is given by the classical outer automorphism
group, which is C(Sk) in this case, where Sk is the group of permutations of k objects. This can be compared
with a well-known result due to Birkhoff. Indeed, as di = q for all i here, Mn in the notation of the proof of
Theorem 3.8 is nothing but the set of k × k matrices with nonnegative integer entries such that the sum of entries
of each row and that of each column is equal to n . By Birkhoff’s theorem, any such matrix can be written as
a sum of n permutation matrices. Note that any permutation matrix uniquely corresponds to a (classical) outer
automorphism of A obtained by permuting the copies of Mq according to the permutation given by the matrix.

Remark 3.10 It is interesting to see that although there are a lot of genuine quantum group symmetries for the finite
set with k points for k ≥ 4, when the Wang’s compact quantum permutation group is infinite dimensional and so-
called ‘discretization’ of this quantum group will produce infinite dimensional discrete quantum automorphism
as well, our results show that the only quantum outer symmetries come from the finite group of permutations.
That is, in some sense most of the genuine quantum symmetries are outer equivalent to a finite set of classical
automorphisms.

Example 2 k = 2, d1 = 1, d2 = 2. Here, the possible dimensions of irreducibles are 1 and 2 and an easy
enumeration gives that I is the only irreducible A within this range which also satisfies the criteria that there is
at least one row or one column containing 1 as the only nonzero entry. Hence the corresponding quantum group
is the trivial group.

Example 3 k = 3, d1 = d2 = 1, d3 = 2. Here again, possible dimension of irreducibles are 1 and 2. Moreover,
observe that the algebra is C ⊕ C ⊕ M2 which is the underlying algebra of C∗(S3), where S3 is the permutation
group of 3 objects. Hence it has a natural coaction of C∗(S3), say α : A ∼= C∗(S3) → C∗(S3)⊗ C∗(S3), being
the coproduct of the group algebra C∗(S3). This identifies C∗(S3) as a quantum subgroup of Qaut(A) (say) and
we take the functors G, H in the definition of outer quantum symmetry as G = id and H to be restriction of �
to the subcategory Rep(C∗(S3)) in Rep(Qaut(A)).
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Decomposing α(a) = (α1(a) ⊕ α2(a) ⊕ α3(a)) w.r.t. the decomposition of the target of α as C∗(S3) ⊕
C∗(S3)⊕ C∗(S3)⊗ M2 we get 3 bimodules, say E1, E2, E3 and let Ai = �(Ei ) be the corresponding matrices.
It is easy to write down these matrices explicitly:

A1 =
⎛

⎝
1 0 0
0 1 0
0 0 1

⎞

⎠ , A2 =
⎛

⎝
0 1 0
1 0 0
0 0 1

⎞

⎠ , A3 =
⎛

⎝
0 0 1
0 0 1
1 1 1

⎞

⎠ ,

Note that {A1, A2, A3} is a linearly independent set in Mk(C), hence in particular over Z, i.e. they form a Z+ basis
of the Z-linear span of them. This implies that the canonical Z-linear extension of H indeed gives an isomorphism
of Z-rings ZRep(C∗(S3)) and Z(A1, A2, A3) ⊂ Mk(Z). Moreover, if any element A = ∑3

i=1 ni Ai (ni ∈ Z) is
in Obj(Bimod(A)), identified via� with Mk(Z+), then each entry of A is nonnegative. Looking at the structure
of Ai , i = 1, 2, 3, it follows that ni coincides with (1, i)-th entry of A for i = 1, 2, 3, hence each of the ni must
be nonnegative too. This verifies all the conditions for quantum outer symmetry.

We now claim that these are the only possible choices of irreducible matrices in this example. By Theorem
3.8, it is enough to look at possible irreducible matrices A with rank (i.e. n A ) equal to 1 or 2 only. Writing
A = ((ai j )), it is clear that for n = 1, a13 = a31 = a23 = a32 = 0 and a33 = 1. Then it reduces to finding the
first 2 × 2 block and there are two choices giving us A1 and A2. Now, for n = 2, a13 can either be 1 or 0. In
the former case, a little thought would show that we are left with A3 being the only choice. For the latter case,
i.e. a13 = 0, the first row can be one of the following three possibilities : (2, 0, 0), (1, 1, 0), (0, 2, 0). It is easy
to argue that the rest of the entries will be fixed according to one such choice and the three choices above will
lead to 2A1, A1 + A2 and 2A2 respectively. However, none of these satisfy the condition about some row with
exactly one nonzero entry being 1. This implies A1, A2, A3 are the only candidates of irreducible matrices, i.e.
the claim is proved.

Remark 3.11 We see from our computations of Example 3 that, any DQG giving an outer quantum symmetry
of A must have the corresponding fusion ring of representations isomorphic with. a sub-ring of the fusion ring
corresponding to C∗(S3). Thus the fusion ring of C∗(S3) turns out to be the universal fusion ring for an outer
quantum symmetry,

This is interesting because we recover the (quantum) group structure of S3, or at least the associated fusion
rules, from the underlying algebra structure of the group algebra by exploring the discrete quantum outer sym-
metry. However, this may be a coincidence and one should explore at least C∗(Sk)) for higher k, i.e. k ≥ 4 to
see what happens.

Another remarkable fact is that in this case, the classical group of outer automorphism Out(A) is isomorphic
with the two-point group S2 = Z2 which swaps the two copies of C. So we have an example here with strictly
bigger quantum outer symmetry.

Remark 3.12 We have basically defined and explored fusion rings corresponding to outer quantum symmetry of
a finite dimensional algebra and in all the three examples discussed, we have obtained a largest or universal fusion
ring of this type. We need to study many more examples to understand the general situation but it is tempting to
conjecture that there does exist a universal fusion ring giving outer quantum symmetry group in general, at least
for any finite dimensional von Neumann algebra.

We end with a few open problems. Fix A = Md1 ⊕ . . . . . .⊕ Mdk as before and recall the subset Gd , Let us
call A ∈ Gd indecomposable if A ≥ B for B ∈ Gd with nB ≥ 1 implies A = B. A is called admissible if it is
indecomposable and m = 1 is the only positive integer for which AA′ ≥ m I .
Problem 1: Characterize/ understand the set of admissible A ∈ Gd .

Problem 2: Do the admissible matrices generates a fusion ring in the multi-fusion ring Mk(Z) ?
Problem 3: Recall the canonical functor � : DA → Bimod(A). Characterize the image ψ ◦ �(Obj(DA)) in
Gd .
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